EUCLID’S ELEMENTS OF GEOMETRY 


The Greek text of J.L. Heiberg (1883-1885) 

from Euclidis Elementa, edidit et Latine interpretatus est I.L. Heiberg, in aedibus 

B.G. Teubneri, 1883-1885 

edited, and provided with a modern English translation, by 

Richard Fitzpatrick 



First edition - 2007 
Revised and corrected - 2008 

ISBN 978-0-6151-7984-1 



Contents 


Introduction 

4 

Book 1 

5 

Book 2 

49 

Book 3 

69 

Book 4 

109 

Book 5 

129 

Book 6 

155 

Book 7 

193 

Book 8 

227 

Book 9 

253 

Book 10 

281 

Book 11 

423 

Book 12 

471 

Book 13 

505 

Greek-English Lexicon 

539 



Introduction 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction 
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond 
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and 
number theory. 

Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of 
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and 
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to 
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow 
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously 
discovered theorems: e.g., Theorem 48 in Book 1. 

The geometrical constructions employed in the Elements are restricted to those which can be achieved using a 
straight-rule and a compass. Eurthermore, empirical proofs by means of measurement are strictly forbidden: i.e., 
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater 
than the other. 

The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ¬ 
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding 
the sum of the angles in a triangle, and the P 5 n:hagorean theorem. Book 2 is commonly said to deal with “geometric 
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates 
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg¬ 
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion. 
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals 
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with 
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems 
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen¬ 
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration. 
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative 
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the 
five so-called Platonic solids. 

This edition of Euclid’s Elements presents the definitive Greek text— i.e., that edited by J.L. Heiberg (1883- 
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious 
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included. 
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still 
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English) 
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or 
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material 
which is implied, but not actually present, in the Greek text. 

My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U. 
Mississippi), and Gregory Wong (UGSD) for pointing out a number of errors in Book 1. 
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ELEMENTS BOOK 1 


Fundamentals of Plane Geometry Involving 

Straight-Lines 



ETOIXEIfiN a. 


ELEMENTS BOOK 1 


''Opoi. 

a. Srjpeiov eaxiv, ou [ispoQ oOi^ev. 

P'. Tpa^pr) 5e pfixot; dTiXaTSC- 
y'. rpapt(ifjc; 5s nepocTa ari(iEla. 

6'. EuT^Ela Ypapipr] saxiv, fjTK; s^ Taou toi<; scp’ sauTfjc; 
ar)(iEioi.c; xslxai. 

s'. ’Exicpavsia he saxiv, 6 (ifjxoc; xai TiXdxoc ptovov ex^<- 
9 '. ’ExicpavEiac; 5£ uspaxoc 

C- ’ExinsSot; ExicpavEid saxiv, fjxK; s^ laou xdic; scp’ 
Eauxfjc; EUTSsiaic; XEixai. 

T)'. ’EkikeSoc; Be saxiv rj sv exixeScp Buo YP«lJ^pwv 

dxxopsvwv dXXr^Xcov xal (if) ex’ EuDsiag XEipsvwv xpoc; 
dXXfjXai; xwv yP“P-(J^15v xXiaic;. 

f)'. "Oxav Be oii xspiExouaai xfjv Ywviav YpaiJ^P-oil eMElai 
Saiv, EufluYpapiioc; xaXElxai f) y<^'^i«- 

i'. "Oxav Be eutSeIoc ex’ eutSeIocv axaflslaa xdc; EcpE^fjc; 
Ywviac; ’lacxc; dXXfjXaic; xoifj, opflfi sxcxxEpa xwv ’lawv ywviwv 
saxi, xoil f) EcpsaxTixuia Euflsla xaffExoi; xaXslxai, scp’ f]v 
ECpSaXTjXEV. 

la'. ’AjipXEla Y<i>v[a saxiv f) (lEi^wv op'dfji;. 
iP'. ’O^Ela Be f) sXdaawv opflfic;. 
iy'. ''Opoc; saxiv, 6 xivoc; saxi xspac;. 
iB'. Sxf)(id saxi x6 uxo xivog fj xivwv opwv xspiExojiEvov. 
ie'. KuxXoc; saxi axfjpia exixeBov 0x 6 (iidc; YP°‘P-!J^fi‘^ 
x£piEx6(i£vov [f] xaXElxai xEpicpEpsia], xpoc; f)v dtp’ svoc; 
ar)(i£[ou xwv Evxog xou axfi(iaxo(; X£i(i£V6iv xfiacti at 
xpoaxixxouaai euDeIcxi [xpot; xfjv xou xuxXou xspicpspEiav] 
’laai dXXfjXaic; siaiv. 

19 '. Ksvxpov Be xou xuxXou x6 ar)(i£Tov xaXslxai. 
iC- Aid(i£xpoc; Be xou xuxXou saxiv EuflEld xk; Bid xou 
XEvxpou fjYjiEVT) xal xEpaxoujisvr) scp’ sxdxspa xd (ispr) 
0x6 xfjc; xou xuxXou xEpicpspEiac;, fjxic; xal Bixa xsjivEi x6v 
xuxXov. 

IT)'. 'HjiixuxXiov Be saxi x6 xspiExojiEvov axfjpta 0x6 xs 
xfji; Bia(i£xpou xal xfji; dxoXaiiPavojiEvrjc; Ox’ aOxfjc; xspi- 
(pspEiac;. XEvxpov Be xou fijiixuxXiou x6 aOxo, 6 xal xou 
xuxXou saxiv. 

I'd'. S)(f](iaxa £0f)uYpoi(i(id saxi xd 0x6 EU'dsiwv xe- 
pi£X6(iEva, xpixXsupa (isv xd 0x6 xpiwv, xExpdxXsupa Be xd 
0x6 xEaadpwv, xoXuxXsupa Be xd 0x6 xXsiovcov f) xsaadpwv 

EU'dElWV X£piEx6(i£Va. 

x'. Twv Be xpixXsupwv axTi(idxcov laoxXsupov (isv 
xpiYWvov saxi x6 xdc; xpslc; ’laac; sxov xXsupdc;, laoaxEXsc; 
Be x6 xdc; Buo [iovac; ’laac; sxov xXsupdc;, axaXrjvdv Be x6 
xdc; xpslc; dviaouc; sxov xXsupdc;. 

xa' ’Elxi Be xwv xpixXEupcov axri[idxwv opdoY^viov (isv 
xpiYWvov saxi x6 sxov opdfjv d(ipXuYd)viov Be x6 

sxov d(ipX£'iav Y<Jviav, o^UYtoviov Be x6 xdc; xpsTc; o^Eiac; 
EXov yciViaz. 


Definitions 

1. A point is that of which there is no part. 

2. And a line is a length without breadth. 

3. And the extremities of a line are points. 

4. A straight-line is (any) one which lies evenly with 
points on itself. 

5. And a surface is that which has length and breadth 
only. 

6. And the extremities of a surface are lines. 

7. A plane surface is (any) one which lies evenly with 
the straight-lines on itself. 

8. And a plane angle is the inclination of the lines to 
one another, when two lines in a plane meet one another, 
and are not lying in a straight-line. 

9. And when the lines containing the angle are 
straight then the angle is called rectilinear. 

10. And when a straight-line stood upon (another) 
straight-line makes adjacent angles (which are) equal to 
one another, each of the equal angles is a right-angle, and 
the former straight-line is called a perpendicular to that 
upon which it stands. 

11. An obtuse angle is one greater than a right-angle. 

12. And an acute angle (is) one less than a right-angle. 

13. A boundary is that which is the extremity of some¬ 
thing. 

14. A figure is that which is contained by some bound¬ 
ary or boundaries. 

15. A circle is a plane figure contained by a single line 
[which is called a circumference], (such that) all of the 
straight-lines radiating towards [the circumference] from 
one point amongst those lying inside the figure are equal 
to one another. 

16. And the point is called the center of the circle. 

17. And a diameter of the circle is any straight-line, 
being drawn through the center, and terminated in each 
direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in half.l 

18. And a semi-circle is the figure contained by the 
diameter and the circumference cuts off by it. And the 
center of the semi-circle is the same (point) as (the center 
of) the circle. 

19. Rectilinear figures are those (figures) contained 
by straight-lines: trilateral figures being those contained 
by three straight-lines, quadrilateral by four, and multi¬ 
lateral by more than four. 

20. And of the trilateral figures: an equilateral trian¬ 
gle is that having three equal sides, an isosceles (triangle) 
that having only two equal sides, and a scalene (triangle) 
that having three unequal sides. 
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xP'. T(bv Be TexpaxXeOpwv axr]piaTWv Texpayovov (lev 
eaxLv, 6 iaoxXeupov xe eaxi xal op'Ooywvi.ov, exepopirjxec 
Be, o op'doycBvi.ov piev, oOx iaoxXeupov Be, p6(jLpoi; Be, 6 
laoxXeupov (lev, oOx op'doywviov Be, popipoei.8e<; Be x6 xocc; 
dxevavxbv TiXeupdc; xe xai yoviac Ioolq a.Xkr^Xou.z exov, 6 
ouxe laoxXeupov eaxiv ouxe op'doywvi.ov xd Be xapd xaOxa 
xexpdxXeupa xpaxe^ia xaXeLaTL>co. 

xy'. IlapdXXrjXoL eiaiv euiSelai, aixivec; ev xw aOxw 
eTiLTieBo) ouaai xal exPaXXopievai eiz dTieipov ecp’ exdxepa 
xd piepr] era pirjBexepa aupi7i;i7i;xouai.v dXXr)Xai.(;. 


21. And further of the trilateral figures: a right-angled 
triangle is that having a right-angle, an obtuse-angled 
(triangle) that having an obtuse angle, and an acute- 
angled (triangle) that having three acute angles. 

22. And of the quadrilateral figures: a square is that 
which is right-angled and equilateral, a rectangle that 
which is right-angled but not equilateral, a rhombus that 
which is equilateral but not right-angled, and a rhomboid 
that having opposite sides and angles equal to one an¬ 
other which is neither right-angled nor equilateral. And 
let quadrilateral figures besides these be called trapezia. 

23. Parallel lines are straight-lines which, being in the 
same plane, and being produced to infinity in each direc¬ 
tion, meet with one another in neither (of these direc¬ 
tions) . 


t This should really be counted as a postulate, rather than as part of a definition. 


AiTTjfiaTa. 

a'. ’Hixfiadto dito iiavxoc; arjpeiou era Ttav aqpcTov 
euUelav ypappfjv dyayelv. 

P'. Kal Ttexepaapevrjv eudelav xaxd x6 ouvex£<; sn 
ev'dsiaz cxPaXcTv. 

y'. Kal Ttavxl xevxpw xal 8i.aaxr)paxi xuxXov ypacpea'dat. 

8'. Kal naaoLQ xdc; ophac ywvlac; Xaaz dXXr]Xai<; clvat. 

e'. Kal edv eic; Buo eudeiat; eOflela cpitlitxouoa xdc; evxoc; 
xal era xd auxd pcpr) ytoviac; Buo opDcov ekaoaovaz itoif), 
cxpaXXopevac; xdc; Buo eMeiac; eit’ diteipov aupitinxeiv, ecp’ 
d pepT) elalv al xcov Buo opDcov cXdaaovec;. 


Postulates 

1. Let it have been postulated! to draw a straight-line 
from any point to any point. 

2. And to produce a finite straight-line continuously 
in a straight-line. 

3. And to draw a circle with any center and radius. 

4. And that all right-angles are equal to one another. 

5. And that if a straight-line falling across two (other) 
straight-lines makes internal angles on the same side 
(of itself whose sum is) less than two right-angles, then 
the two (other) straight-lines, being produced to infinity, 
meet on that side (of the original straight-line) that the 
(sum of the internal angles) is less than two right-angles 
(and do not meet on the other side).! 


t The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative ’HiTriaffco 
could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The 
literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek, 
t This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 


Koiva'i svvoiai. 

a'. Ta xw auxm laa xal cxXXqXoic; eaxlv laa. 

P'. Kal eav laoic; laa itpoaxeilf), xa oXa eaxlv laa. 
y'. Kal eav dito lamv laa dcpaipeDf), xd xaxaXeixopevd 
caxtv laa. 

B'. Kal xd ecpappo^ovxa ex’ dXXf]Xa laa dXXrjXoi.(; eaxlv. 
s'. Kal x6 oXov xou pepouc; pel^ov [eaxtv]. 


Common Notions 

1. Things equal to the same thing are also equal to 
one another. 

2. And if equal things are added to equal things then 
the wholes are equal. 

3. And if equal things are subtracted from equal things 
then the remainders are equal.! 

4. And things coinciding with one another are equal 
to one another. 

5. And the whole [is] greater than the part. 


"1^ As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains 
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an inequality of the same type. 


a'. 

’Era Tfjc; SoiElelaric; £0i[}£iai; TteTtepaatxsvr]!; Tpiywvov 
laoiiXeupov auaTrjaaaiLlai. 



’TlaTO) f) BoTJelaa eOi^ela TteTtspaapievri f) AB. 

Aei hr] era xfjq AB eu-delac; Tptywvov laoTtXeupov 
auaxrjoaa'dcft. 

Kevxpw piev xw A 6iocaxif][iocxi 5e xw AB xuxXoq 
o BFA, xal TtaXtv xevxpto piev xw B 5iaaxr]p,axi 8e 
xw BA xuxXoq Y^YP^fp^w o AFE, xal diio xoO F arjpiebu, 
xaD’ 6 xejivouaiv dXXrjXouq oi xuxXoi, eiii x6c A, B arijiela 
exe^eux'dwaav euiSeTai ai FA, FB. 

Kal exel x6 A arjjielov xevxpov eoxl xoO FAB xuxXou, 
’I'aT) eaxlv rj AF xfj AB- iidXiv, exel x6 B arijielov xevxpov 
£0x1 xoO FAE xuxXou, ’lor) eoxlv fj BF xfj BA. eSeix-dr) 5e 
xal f) FA xfj AB ’lor)- exaxepa dpa xc3v FA, FB xrj AB eoxiv 
’loT). xd 5e xw aOxw ’loa xal dXXrjXoiq eoxlv ’loa- xal fj FA dpa 
xfi FB eoxiv ’loT)- al xpelc; dpa al FA, AB, BF ’(oai dXXrjXaic; 
eloiv. 

’looxXeupov dpa eoxl x6 ABF xpiy^vov. xal ouveoxaxai 
era xfjc; SoTileloriq euDeiaq 'n:£iiepaop,£vr)i; xfjq AB. oxep eSei 
Ttoifjoai. 


Proposition 1 

To construct an equilateral triangle on a given finite 
straight-line. 



Let AB be the given finite straight-line. 

So it is required to construct an equilateral triangle on 
the straight-line AB. 

Let the circle BCD with center A and radius AB have 
been drawn [Post. 3], and again let the circle ACE with 
center B and radius BA have been drawn [Post. 3]. And 
let the straight-lines CA and CB have been joined from 
the point C, where the circles cut one another,! to the 
points A and B (respectively) [Post. 1]. 

And since the point A is the center of the circle CDB, 
AC is equal to AB [Def. 1.15]. Again, since the point 
B is the center of the circle CAE, BC is equal to BA 
[Def. 1.15]. But CA was also shown (to be) equal to AB. 
Thus, CA and CB are each equal to AB. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, CA is also equal to CB. Thus, the three (straight¬ 
lines) CA, AB, and BC are equal to one another. 

Thus, the triangle ABC is equilateral, and has been 
constructed on the given finite straight-line AB. (Which 
is) the very thing it was required to do. 


f The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption 
that two straight-lines cannot share a common segment. 


flpoq xo SoOevxi arjpeiw xfj Sohelar) eOOeia’lariv euhelav 
'Oeahai. 

’350X0) x6 pev Boilev aripelov x6 A, fj 6e Bodelaa eudela 
f] BF- Bel 8r) ttpoq xw A arjpeiw xf) Boileiar) eOileia xfj BF 
’(aqv einlelav hea'dai. 

’ETte^euy-do) yap xoO A arjpeiou etii x6 B aqpelov 
eOhela ■() AB, xal auveaxdxo) ett’ auxfjq xp[YO)vov iaoTtXeupov 
x6 AAB, xal expepXf]a'do)aav in eOheiaq xalq A A, AB 


Proposition 2^ 

To place a straight-line equal to a given straight-line 
at a given point (as an extremity). 

Let A be the given point, and BC the given straight- 
line. So it is required to place a straight-line at point A 
equal to the given straight-line BC. 

For let the straight-line AB have been joined from 
point A to point B [Post. 1], and let the equilateral trian¬ 
gle DAB have been been constructed upon it [Prop. 1.1]. 




ETOIXEIfiN a. 


ELEMENTS BOOK 1 


eMelai ai AE, BZ, xal xevxpw (jev tw B 6i.aaTr)(iaTi 6s tw 
BE KOxXoc, y£YP«T'®“ o rH0, xai twxXlv xsvxpw tw A xal 
BiaaTri^aTi xS AH koxXoc, y£YP«T'®‘^ o HKA. 



’Ekei ouv to B arj^xsTov xsvxpov saxl xoO FH©, lar) saxiv 
f) BF xfj BH. xdXiv, skei to A arjpiETov xsvxpov saxl xoO 
HKA xOxXou, lar) saxiv fj A A xfj AH, Sv fj A A xfj AB Tar] 
saxiv. Xoixf] dpa f) AA Xoixfj xfj BH saxiv Tar]. sBsix'dr] 8 e 
xai f] BF xfj BH larj- sxaxspa dpa xAv AA, BF xfj BH saxiv 
lar]. xd 6 e xA aOxA laa xal dXXf]Xoi<; saxiv Taa' xal f) AA 
dpa xfj BF saxiv lar]. 

Hpoc; dpa xA BotJevti arj^xsia) xA A xfj BoiDsiar] EuDsia 
xfj BF lar) sODsTa xsTxai f) AA- oTisp e6ei xoi-rjaai. 


And let the straight-lines AE and BF have been pro¬ 
duced in a straight-line with DA and DB (respectively) 
[Post. 2]. And let the circle CGH with center B and ra¬ 
dius BC have been drawn [Post. 3], and again let the cir¬ 
cle GKL with center D and radius DG have been drawn 
[Post. 3]. 



Therefore, since the point B is the center of (the cir¬ 
cle) GGH, BG is equal to BG [Def. 1.15]. Again, since 
the point D is the center of the circle GKL, DL is equal 
to DG [Def. 1.15]. And within these, DA is equal to DB. 
Thus, the remainder AL is equal to the remainder BG 
[C.N. 3]. But BG was also shown (to be) equal to BG. 
Thus, AL and BG are each equal to BG. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, AL is also equal to BG. 

Thus, the straight-line AL, equal to the given straight- 
line BG, has been placed at the given point A. (Which 
is) the very thing it was required to do. 


t This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations, 
Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader. 


y'- 

Auo 6oOEiaAv sOOsiAv dviacov atto x-ijc psi^ovoc; xfj 
sXdaaovi larjv sO-dslav dcpEXsIv. 

’'Eaxwaav ai BohsTaai 66o su-dslai dviaoi al AB, F, Av 
psi^tov saxto f) AB- 6 e 1 6fi dtio xfjg psi^ovoc; xfji; AB xfj 
sXdaaovi xfj F larjv sMsIav dcpsXsIv. 

KsiaOw Tipoc xA A arjpsiw xfj F sO-dsia larj f) AA- xal 
XEvxpcp psv xA A 6iaaxf]paxi 6e xA AA xuxXoc; Y£YP«'f'®“ 
6 AEZ. 

Kal ETtsl x6 A arjpsTov xsvxpov saxl xoD AEZ xuxXou, 


Proposition 3 

For two given unequal straight-lines, to cut off from 
the greater a straight-line equal to the lesser. 

Let AB and G be the two given unequal straight-lines, 
of which let the greater be AB. So it is required to cut off 
a straight-line equal to the lesser G from the greater AB. 

Let the line AD, equal to the straight-line G, have 
been placed at point A [Prop. 1.2]. And let the circle 
DEF have been drawn with center A and radius AD 
[Post. 3]. 
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laT) eaxlv f) AE Tfj AA- aXka xal rj E tt) AA eaxiv larj. 
exaTspa apa tAv AE, E xf) AA eaxiv larj- Aaxe xctl fj AE 
xfj E eaxiv far). 

r 



Auo apa SoiSeiaAv eMeiAv dvfawv xAv AB, E duo xfji; 
[iei^ovoc; xfji; AB xfj eXdaaovi xfj E far) d(pf)pr)xai f) AE- oxep 
e5ei xoifjaai. 

6 '. 

’Edv 6 uo xpiywva xdi; 6 uo xXeupdc; [xafa] 5ual xXeupafa 
faai; eyrf] exaxepav exaxepa xal xf)v ycoviav xfj ywvia far)v 
exT) xf)v uxo xAv fatov eMeiAv xepiexop,evr)v, xal xf)v 
pdaiv xf) pdaei far)v e^ei, xal x 6 xpiywvov xA xpiyAvo faov 
faxai, xal at Xoixal yoviai xafa Xoixafa ycoviaic faai eaovxai 
exaxepa exaxepa, Ocp’ ac, al faai xXeupal uxoxeivouaiv. 


A A 



Tlaxw 5uo xpiywva xd ABE, AEZ xdg 5uo xXeupdc 
xdc; AB, AE xafa dual xXeupafa xafa AE, AZ faa<; exovxa 
exaxepav exaxepa xf)v ptev AB xfj AE xf)v 5c AE xfj AZ 
xal ywviav xf)v uxo BAE ywvia xfj 0x6 EAZ far)v. Xeyto, 
6 x 1 xal pdaic f) BE pdaei xfj EZ far) eaxiv, xal x 6 ABE 
xpiyovov xA AEZ xpiyAvw faov eaxai, xal al Xoixal ywviai 
xafa Xoixafa yorviaic; faai faovxai exaxepa exaxepa, Ocp’ dc; 
al faai xXcupal Oxoxclvouaiv, f) picv 0x6 ABE xfj 0x6 AEZ, 
f) 5c 0x6 AEB xfj 0x6 AZE. 

’Ecpapjioi^ojievou ydp xou ABE xpiyAvou cxl x 6 AEZ 
xpiywvov xal xi-depicvou xou picv A ar)p,c[ou exl x 6 A ar)p,cTov 


And since point A is the center of circle DEF, AE 
is equal to AD [Def. 1.15]. But, C is also equal to AD. 
Thus, AE and C are each equal to AD. So AE is also 
equal to C [C.N. 1]. 

c 



Thus, for two given unequal straight-lines, AB and C, 
the (straight-line) AE, equal to the lesser C, has been cut 
off from the greater AB. (Which is) the very thing it was 
required to do. 

Proposition 4 

If two triangles have two sides equal to two sides, re¬ 
spectively, and have the angle (s) enclosed by the equal 
straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri¬ 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an¬ 
gles. 


A D 



Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, re¬ 
spectively. (That is) AB to DE, and AC to DF. And (let) 
the angle BAC (be) equal to the angle EDF. I say that 
the base BC is also equal to the base EE, and triangle 
ABC will be equal to triangle DEF, and the remaining 
angles subtended by the equal sides will be equal to the 
corresponding remaining angles. (That is) ABC to DEF, 
and ACB to DEE. 

For if triangle ABC is applied to triangle DEF,^ the 
point A being placed on the point D, and the straight-line 
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Tfjc 5s AB su'deiat; era tiqv AE, ecpap^oaei xal to B aripieTov 
era TO E 6ia to larjv elvai ttjv AB tt) AE- e(pap[ioaaar)i; 5f) 
Tfjt; AB era ttjv AE ecpappioaei xal fj AE eMela era ttjv AZ 
5ia TO larjv elvai Trjv 0x6 BAF ywviav tt) 0x6 EAZ- &ote xal 
t6 F arijielov exl t6 Z arijielov ccpappioaei 6ia t6 larjv xaXiv 
elvai Tiqv AF Tfj AZ. dXXa pifjv xal t6 B exl t6 E ccprjppioxei- 
&OTS pdaic; fj BF exl pdaiv Tr)v EZ ccpappioaei. ei yap too 
[iev B exl t6 E e(pap(i6aavToc; toO 8c F exl t6 Z fj BF pdaic; 
exl TTjv EZ oOx ecpapjioaci, 8uo euTLlclai x<^plov xcpic^ouaiv 
oxep eaxlv dSOvaxov. ecpapjioaci dpa f) BF pdaic exl Tf]v 
EZ xal XoT] aOxf) caxai- Aaxc xal oXov t6 ABF xpiytovov 
exl oXov t6 AEZ Tpiycovov ccpappioaei xal laov auTW eaxai, 
xal ai Xoixal ytoviai exl tok; Xoixdc ytoviac; c(pap(i6aouai xal 
laai auTalc eaovxai, rj picv 0x6 ABF tt) 0x6 AEZ fj 8e 0x6 
AFB TT) 0x6 AZE. 

’Edv dpa 60o xpiycova xac; 60o xXcupdc; [xalc] 8uo 
xXeupalc; laac; exT) exaxepav exaxepcx xal ttjv ywviav tt) 
ywvia larjv exT) Trjv 0x6 tAv lacov cO-deiAv xcpicxojievriv, 
xal TTjv pdaiv tt) pdaci larjv c^ei, xal t6 xpiywvov tA 
TpiyAvw laov caxai, xal ai Xoixal ywviai Talc Xoixalc 
ycoviaic laai caovTai cxaTcpa exaTcpcx, Ocp’ Sc ai laai xXeupal 
OxoTCivouaiv oxep eSci Sel^ai. 


AB on DE, then the point B will also coincide with E, 
on account of AB being equal to DE. So (because of) 
AB coinciding with DE, the straight-line AC will also 
coincide with DE, on account of the angle BAG being 
equal to EDE. So the point C will also coincide with the 
point E, again on account of AC being equal to DE. But, 
point B certainly also coincided with point E, so that the 
base BC will coincide with the base EE. For if B coin¬ 
cides with E, and C with F, and the base BC does not 
coincide with EE, then two straight-lines will encompass 
an area. The very thing is impossible [Post. l].l Thus, 
the base BC will coincide with EE, and will be equal to 
it [C.N. 4]. So the whole triangle ABC will coincide with 
the whole triangle DEE, and will be equal to it [C.N. 4]. 
And the remaining angles will coincide with the remain¬ 
ing angles, and will be equal to them [C.N. 4]. (That is) 
ABC to DEE, and ACB to DEE [C.N. 4]. 

Thus, if two triangles have two sides equal to two 
sides, respectively, and have the angle (s) enclosed by the 
equal straight-line equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri¬ 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an¬ 
gles. (Which is) the very thing it was required to show. 


t The application of one figure to another should be counted as an additional postulate, 
t Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 


s'. 

TAv laoaxeXAv xpiyAvtov ai Tp6c; Tfj paaei ytuviai laai 
dXXr)Xai<; eiaiv, xal xpoaexpXrjOeiaAv tAv lawv eODsiAv al 
ux6 Tf]v pdaiv ycpviai laai dXXrjXaic saovTai. 


A 



TiaTW Tpiywvov iaoaxcXec; t6 ABF larjv zjov Tf]v 
AB xXcupdv TT) AF xXeupa, xal xpoaexp£pXr]aiI)cPaav ex’ 
eODeiai; Talq AB, AF eu-delai al BA, FE- Xeyco, oti f) pev 
0x6 ABF ytpvia Tfj 0x6 AFB ’lar) eaxiv, fj 8e 0x6 FBA tt) 
0x6 BFE. 

EiXf]cp'dw ydp exl Tfjq BA tux6v arjpelov t6 Z, xal 
d(pr)pf]a'd(P dx6 Tfjc; pei^ovoc; Tfjc; AE Tfj eXdaaovi Tfj AZ 


Proposition 5 

For isosceles triangles, the angles at the base are equal 
to one another, and if the equal sides are produced then 
the angles under the base will be equal to one another. 


A 



Let ABC be an isosceles triangle having the side AB 
equal to the side AC, and let the straight-lines BD and 
CE have been produced in a straight-line with AB and 
AC (respectively) [Post. 2]. I say that the angle ABC is 
equal to ACB, and (angle) CBD to BCE. 

For let the point E have been taken at random on BD, 
and let AG have been cut off from the greater AE, equal 


11 




ETOIXEIfiN a. 


ELEMENTS BOOK 1 


laT) f) AH, xai STie^euxiSwaav ai ZF, HB eMelai. 

’Ekei ouv Tar] saxlv f) ^ev AZ xfj AH f) Be AB xfj AF, 
5uo 8 iq ai ZA, AF 6uai xaTc HA, AB laai Eialv sxaxEpa 
ExaxEpqc xal ywviav xoivrjv xEpiExouai xrjv uxo ZAH- pdaic; 
dpa f) ZF pdasi. xfj HB !ar) saxiv, xai x6 AZF xpiyovov xw 
AHB xpiyovo) laov saxai, xal ai Xoixal ywviai xalg Xoixalt; 
ycoviaic; laai saovxai sxaxspa sxaxspa, Ocp’ ac, ai laai xXEupai 
uxoxEivouoiv, f) pEv 0x6 AFZ xfj 0x6 ABH, fj Be 0x6 AZF 
xfi 0x6 AHB. xal exeI oXt) fj AZ oXr) xfj AH saxiv larj, 5v 
f) AB xfi AF saxiv larj, Xoixf) dpa f) BZ Xoixfj xfj FH saxiv 
I'aT). edeix'drj Be xal f) ZF xfj HB larj- BOo Bf) ai BZ, ZF Bual 
xalc; FH, HB laai sialv sxaxspa sxaxspa- xal ywvia fj 0x6 
BZF ywvia xr) 0x6 FHB larj, xal pdaic; aOxwv xoivf) f) BF- 
xal x6 BZF dpa xpiywvov xw FHB xpiywvw laov Eaxai, xal 
ai Xoixal ywviai xalc; Xoixalc; ywviaic; Taai saovxai sxaxspa 
sxaxspa, Ocp’ dc; ai laai xXsupal Oxoxsivouaiv- larj dpa saxiv 
f) (isv 0x6 ZBF xf) 0x6 HFB fj Bs 0x6 BFZ xfj 0x6 FBH. 
Exsl ouv oXt) f) 0x6 ABH ywvia oXr) xfj 0x6 AFZ ywvia 
EBsix'dr) larj, 5v f) 0x6 FBH xfj 0x6 BFZ larj, Xoixf) dpa f) 
0x6 ABF Xoixf) xf) 0x6 AFB saxiv lar)- xai siai xp6(; xfj 
pdasi xoO ABF xpiytovou. EBEix-dT) Bs xal f) 0x6 ZBF xfj 
0x6 HFB la-/)- xai siaiv 0x6 xf)v pdaiv. 

Twv dpa laoaxsXwv xpiycovwv ai xp6c; xfj pdasi ywviai 
laai dXXfjXaic; siaiv, xal xpoaExpXif)TL)Eia6fv xwv lacov sOflsiClv 
ai 0x6 xf)v pdaiv ywviai laai dXXfjXaic; saovxai- oxsp sBsi 
Bsl^ai. 


f'. 

’Edv xpiycOvou ai BOo ywviai laai dXX'f)Xai(; SSaiv, xal 
ai 0x6 xdi; laac; ytoviac; Oxoxsivouaai xXsupal laai dXXfjXaic 
saovxai. 


A 



Tlaxw xpiywvov x6 ABF Tar)v sxov xf)v 0x6 ABF ywviav 
xfj 0x6 AFB ywvia- Xsyw, 6xi xal xXsupd f) AB xXsupa xfj 
AF saxiv lar). 


to the lesser AF [Prop. 1.3]. Also, let the straight-lines 
FC and GB have been joined [Post. 1]. 

In fact, since AF is equal to AG, and AB to AG, 
the two (straight-lines) FA, AC are equal to the two 
(straight-lines) GA, AB, respectively. They also encom¬ 
pass a common angle, FAG. Thus, the base FC is equal 
to the base GB, and the triangle AFC will be equal to the 
triangle AGB, and the remaining angles subtendend by 
the equal sides will be equal to the corresponding remain¬ 
ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC 
to AGB. And since the whole of AF is equal to the whole 
of AG, within which AB is equal to AC, the remainder 
BF is thus equal to the remainder CG [C.N. 3]. But FC 
was also shown (to be) equal to GB. So the two (straight¬ 
lines) BF, FC are equal to the two (straight-lines) CG, 
GB, respectively, and the angle BFC (is) equal to the 
angle CGB, and the base BC is common to them. Thus, 
the triangle BFC will be equal to the triangle CGB, and 
the remaining angles subtended by the equal sides will be 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, FBC is equal to GCB, and BCF to CBG. There¬ 
fore, since the whole angle ABG was shown (to be) equal 
to the whole angle ACF, within which CBG is equal to 
BCF, the remainder ABC is thus equal to the remainder 
AGB [C.N. 3]. And they are at the base of triangle ABC. 
And FBC was also shown (to be) equal to GCB. And 
they are under the base. 

Thus, for isosceles triangles, the angles at the base are 
equal to one another, and if the equal sides are produced 
then the angles under the base will be equal to one an¬ 
other. (Which is) the very thing it was required to show. 

Proposition 6 

If a triangle has two angles equal to one another then 
the sides subtending the equal angles will also be equal 
to one another. 


A 



to the angle AGB. I say that side AB is also equal to side 
AC. 
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Ei yap avLooc; eaxiv f) AB xfj AT, fj exspa aOxCSv 
eaxiv. EOTW fj AB, xai d(pr)pr]a'dw duo Tfjc [iei^ovoc; 

Tfjc; AB TT) eXdxTovi xfj AF larj fj AB, xctl exe^euxiSw fj AF. 

’Exei ouv far) eaxiv fj AB xfj AF xoivf] 8s f] BF, 50o Bf) 
ai AB, BF 8uo xaTc AF, FB laai. sialv exaxepa exaxepa, xal 
ycovioc f) UKo ABF ywvia xfj 0x6 AFB saxiv Tor)' pdaic; dpa f) 
AF pdasi XT) AB larj eaxiv, xal x6 ABF xpiywvov xw AFB 
xpiycovw laov eaxai, x6 eXaaaov xw piei^ovr oxep dxoxov 
oOx dpa dviaoc; eaxiv fj AB xfj AF- ’larj dpa. 

’Edv dpa xpiywvou ai 60o ywviai laai dXXfjXait; Qaiv, xai 
ai 0x6 xdg laac; ytoviag Oxoxeivouaai xXeupal laai dXXfjXaic; 
eaovxai- oxep eSei Bel^ai. 


For if AB is unequal to AC then one of them is 
greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB 
[Prop. 1.3]. And let DC have been joined [Post. 1]. 

Therefore, since DB is equal to AC, and BC (is) com¬ 
mon, the two sides DB, BC are equal to the two sides 
AC, CB, respectively, and the angle DBC is equal to the 
angle ACB. Thus, the base DC is equal to the base AB, 
and the triangle DBC will be equal to the triangle ACB 
[Prop. 1.4], the lesser to the greater. The very notion (is) 
absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus, 
(it is) equal.I 

Thus, if a triangle has two angles equal to one another 
then the sides subtending the equal angles will also be 
equal to one another. (Which is) the very thing it was 
required to show. 


t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use 
is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be 
equal to one another. 


C'. 

’Exi xfjc; auxfjq eudeiaq 8uo xalq auxalq eOileiaic; dXXai 
8uo euOelai laai exaxepa exaxepa oO auaxadfiaovxai xpdq 
dXXcp xal dXXq) arjpeiq) exl xd auxd pcpr) xd auxd xepaxa 
exouaai xdiq e^ dp^fjc; euOeiaic;. 

r 



Ei ydp 8uvax6v, exl xfji; auxfjc; eudeiac; xfjc; AB 8uo xalq 
auxalq eOdeiaiq xdic; AF, FB dXXai 8uo eOdelai al AA, AB 
laai exaxepa exaxepa auveaxdxwaav xp6<; dXXq) xal dXXw 
aqpeiw xw xe F xal A exl xd auxd pepr) xd auxd xepaxa 
exouaai, waxe larjv elvai xfjv pev FA xfj AA x6 aux6 xepac; 
exouaav auxfj x6 A, xf)v 8e FB xfj AB x6 aux6 xepaq exou- 
aav auxfj x6 B, xal exe^euxdo) f] FA. 

’Exel ouv Tar] eaxiv f] AF xfj AA, lar) eaxl xal ywvia f) 
ux6 AFA xfj ux6 AAF- pei^wv dpa fj ux6 AAF xfjq 0x6 
AFB- xoXXw dpa -f) 0x6 FAB pei^wv eaxi xfjc; 0x6 AFB. 
xdXiv exel lar] eaxiv -f) FB xfj AB, lar) eaxl xal ywvia -f) 
0x6 FAB ywvicx xfj 0x6 AFB. eBeixUr) 8e aOxfjc; xal xoXXw 
pei^wv- oxep eaxiv d8uvaxov. 

OOx dpa exl xfjq auxfjc; eudeiac; 5uo xalc; aOxdic; eOdeiaiq 


Proposition 7 

On the same straight-line, two other straight-lines 
equal, respectively, to two (given) straight-lines (which 
meet) cannot be constructed (meeting) at a different 
point on the same side (of the straight-line), but having 
the same ends as the given straight-lines. 

c 



For, if possible, let the two straight-lines AC, CB, 
equal to two other straight-lines AD, DB, respectively, 
have been constructed on the same straight-line AB, 
meeting at different points, C and D, on the same side 
(of AB), and having the same ends (on AB). So CA is 
equal to DA, having the same end A as it, and CB is 
equal to DB, having the same end B as it. And let CD 
have been joined [Post. 1]. 

Therefore, since AC is equal to AD, the angle ACD 
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is) 
greater than DCB [C.N. 5]. Thus, CDB is much greater 
than DCB [C.N. 5]. Again, since CB is equal to DB, the 
angle CDB is also equal to angle DCB [Prop. 1.5]. But 
it was shown that the former (angle) is also much greater 
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aXkoLi 6uo eMelai laai exaTspa exaxepqc auaTa'dr]aovTai Tipoc; 
aXXcp xal aXXo arjpeLO exl tol auxa pspr) xa auxa xepaxa 
exouaai xaTc ^PX'^'^ euiSeiaK;' onep eBei Sei^ai. 


’Eav 5uo xpiywva xac; 8uo xXeupat; [xalg] 60o xXsupai<; 
XooLQ exn exaxepocv exaxepa, exTl xocl xrjv pdaiv xfj pdaei 
Tarjv, xai xi^v ytoviav xfj larjv e^ei xf]v 0x6 xwv lawv 

eO'deiov xepiexotJ-E'^'n'^- 



Tilaxw 8uo xpiywva xd ABF, AEZ xdt; 8uo xXeupdi; 
xdc; AB, AF xdic; 6uo xXeupaTc; xdic; AE, AZ Xaa<^ exovTa 
exaxepav exaxepa, xi^v (lev AB xfj AE xi^v 8e AF xfj AZ- 
cxexo) 8e xal pdaiv xrjv BF pdaei xfj EZ larjv Xeyw, 6xi xal 
ycovia 1 ^ 0x6 BAF ywvia xfj 0x6 EAZ eaxiv Tar]. 

’Ecpappo^opevou ydp xou ABF xpiyAvou exl x6 AEZ 
xpiyovov xal xi-depevou xou pcv B ar)(ieiou exl x6 E arjiieTov 
xfjc; 8e BF eOiDeiai; exl xf]v EZ e(pap(i6aei xal x6 F arjiieTov 
exl x6 Z 8id x6 ’(ar]v elvai xf]v BF xfj EZ- e(pap(ioadar]c; 8-f) 
xfji; BF exl xfjv EZ ecpappoaouai xal ai BA, FA exl xd<; EA, 
AZ. ei ydp pdaic; (lev fj BF exl pdaiv x-f)v EZ ecpappoaei, at 
8e BA, AF xXeupal exl xd<; EA, AZ oOx ecpapiioaouaiv 
dXXd xapaXXd^ouaiv (be; al EFE, HZ, auaxa-di^aovxai exl xfjc 
aOxfjc; eO-deiae; 80o xaTc aOxale; eO-deian; dXXai 80o eO-delai 
laai exaxepa exaxepa xp6<; dXXcp xal dXX(p arjpeia) exl xd 
aOxd pspr] xd aOxd xepaxa exouaai. oO auviaxavxai 8e- 
oOx dpa e(pap(io^o(jev-r)<; xfjc; BF pdaecoc; exl xf)v EZ pdaiv 
oOx ecpapiioaouai xal al BA, AF xXeupal exl xd<; EA, AZ. 
ecpapiioaouaiv dpa- Aaxe xal ycovia -f) 0x6 BAF exl ycoviav 
xf]v 0x6 EAZ ecpappoaei xal la-r) aOxfj eaxai. 

’Edv dpa 8uo xpiycova xdc; 8uo xXeupdc; [xdi(;] 8uo 
xXeupaTc; laac; exT) cxaxcpav exaxepa xal x-f)v pdaiv xfj pdaei 
iar]v exT), xal xf]v ycoviav xfj ycovia larjv e^ei xf)v 0x6 xAv 
laciiv eO-deiAv xepiexo|ievr)v- oxep e8ei OeT^ai- 


(than the latter). The very thing is impossible. 

Thus, on the same straight-line, two other straight¬ 
lines equal, respectively, to two (given) straight-lines 
(which meet) cannot be constructed (meeting) at a dif¬ 
ferent point on the same side (of the straight-line), but 
having the same ends as the given straight-lines. (Which 
is) the very thing it was required to show. 

Proposition 8 

If two triangles have two sides equal to two sides, re¬ 
spectively, and also have the base equal to the base, then 
they will also have equal the angles encompassed by the 
equal straight-lines. 



Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is) AB to DE, and AC to DF. Let 
them also have the base BC equal to the base EE. I say 
that the angle BAC is also equal to the angle EDF. 

For if triangle ABC is applied to triangle DEF, the 
point B being placed on point E, and the straight-line 
BC on EF, then point C will also coincide with F, on 
account of BC being equal to EF. So (because of) BC 
coinciding with EF, (the sides) BA and CA will also co¬ 
incide with ED and DF (respectively). For if base BC 
coincides with base EF, but the sides AB and AC do not 
coincide with ED and DF (respectively), but miss like 
EG and GF (in the above figure), then we will have con¬ 
structed upon the same straight-line, two other straight¬ 
lines equal, respectively, to two (given) straight-lines, 
and (meeting) at a different point on the same side (of 
the straight-line), but having the same ends. But (such 
straight-lines) cannot be constructed [Prop. 1.7]. Thus, 
the base BC being applied to the base EF, the sides BA 
and AC cannot not coincide with ED and DF (respec¬ 
tively). Thus, they will coincide. So the angle BAC will 
also coincide with angle EDF, and will be equal to it 
[C.N. 4]. 

Thus, if two triangles have two sides equal to two 
side, respectively, and have the base equal to the base. 
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Tf)v Bo'delaav ytoviav eu^UYpatJ.liov 6i)(a T£(ielv. 

A 



TilaTa) f] Bo'delaa ywvia sO'duypapipioc fj Otio BAT. Bel 
5i^ auTTjv Tspiew. 

EiXi^cpiSw ekI Tfjc; AB xu^ov ariptetov to A, xai a{pr)pr]a'dw 
duo xfjc; AF xf) AA larj fj AE, xal eke^eux^w rj AE, xal 
auvEaxdxw sxl xfjc AE xpiywvov laoxXEupov x6 AEZ, xal 
EXE^eux'^^ XZ- Xsyw, oxi f] 0x6 BAF ywvia 5[xa xsxpirjxai 
0x6 xfji; AZ EUi^Eiat;. 

’Exei ydp Tar) soxiv fj AA xfj AE, xoivr] de f] AZ, 5uo 5i^ 
al AA, AZ 8uai xaTc EA, AZ laai Eialv sxaxspa Exaxspa. 
xal (iaoLc; f) AZ pdaEi. xfj EZ lar] saxiv ywvia dpa f] 0x6 
AAZ ywvia xfj 0x6 EAZ lar) saxiv. 

'F[ dpa BoflETaa yovla £0'duypapi(joc; fj 0x6 BAF 6[xa 
xExpirjxai. 0x6 xfjc; AZ sOTjElac;- oxsp eBei. xoifjaai. 


l'. 

Tf)v BoDsIaav EOflelav xEXEpaapievrjv 5lxa xEpiElv. 

Tlaxw f) BoDsTaa EODsTa xEXEpaapLEvr) f) AB- BsT 6f] xf]v 
AB sO-dsTav x£X£paa(i£vr)v 8 lxa xEpiElv. 

SuvEaxdxw ex’ aOxfjc; xplywvov iaoxXsupov x6 ABF, xal 
xExpirja'dw f) 0x6 AFB ywvla 6lxa xfj FA sO-dsla- Xeycd, 6xi 
f] AB sO-dsTa 6lxa xsxpirixai xaxd x6 A arjiisTov. 

’ExeI ydp ’lar) saxiv f] AF xfj FB, xoivf) Be f) FA, 5uo 6f) 
al AF, FA 5uo xaTc; BF, FA ’(aai slalv sxaxspa Exaxspa- xal 
ywvla f] 0x6 AFA ywvla xfj 0x6 BFA ’(arj saxiv pdaic; dpa 


then they will also have equal the angles encompassed 
by the equal straight-lines. (Which is) the very thing it 
was required to show. 

Proposition 9 

To cut a given rectilinear angle in half. 


A 



Let BAC be the given rectilinear angle. So it is re¬ 
quired to cut it in half. 

Let the point D have been taken at random on AB, 
and let AE, equal to AD, have been cut off from AC 
[Prop. 1.3], and let DE have been joined. And let the 
equilateral triangle DEE have been constructed upon 
DE [Prop. 1.1], and let AF have been joined. I say that 
the angle BAC has been cut in half by the straight-line 
AF. 

For since AD is equal to AE, and AF is common, 
the two (straight-lines) DA, AF are equal to the two 
(straight-lines) EA, AF, respectively. And the base DE 
is equal to the base EE. Thus, angle DAE is equal to 
angle EAF [Prop. 1.8]. 

Thus, the given rectilinear angle BAC has been cut in 
half by the straight-line AF. (Which is) the very thing it 
was required to do. 

Proposition 10 

To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is re¬ 
quired to cut the finite straight-line AB in half. 

Let the equilateral triangle ABC have been con¬ 
structed upon {AB) [Prop. 1.1], and let the angle ACB 
have been cut in half by the straight-line CD [Prop. 1.9]. 
I say that the straight-line AB has been cut in half at 
point D. 

For since AC is equal to CB, and CD (is) common. 
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f) AA pdaei xf) BA lar) eaxiv. 


r 



'H dpa 6oi[}£Taa £Ui[}£Ta neTiepaapisvr] f] AB 6[xa xex(jLrixai 
xaxd x6 A- onep sBei Koirjaai. 

la'. 

Tf) Bo^eiar) eMeia dxo xoO upoc; aOxfj Bo'devxoc; ar)p.£[ou 
xpoc opiSdc Ywviac; euiSsTav dYaYsfv. 

z 



Tilaxw f] piev So'delaa euT^ela rj AB x6 6e BoiSev arj^ieTov 
ex’ ocuxfjc; x6 F- 5el 8f) dxo xou F arj^iebu xfj AB eMeia 
xpog op'ddc; Y^J'^bg eMelav yp^P-IJ^^v dYocYeXv. 

ElXr^cp'dw exl xfjc; AF xuxov arj^ieXov x6 A, xal xeiaiSco 
xfi FA ’larj f) FE, xal auveaxdxw exl xfji; AE xpiYWvov 
laoxXeupov x6 ZAE, xal exe^euxDw fj ZF- 6xi xf) 

SoXlelar) euXlela xfj AB dxo xou xpoc; auxfj SoXlevxoc; ar)p.£[ou 
xou F xpoc; opDac; Y^^'^bc; euXleXa Ypa(ip.i^ rjxxai fj ZF. 

’Exel Y«P ’br) eaxiv rj AF xfj FE, xoivf) 8e fj FZ, 8uo 
8f) al AF, FZ 6ual xalg EF, FZ ’laai eialv exaxepa exaxepqc 
xal pdaic f) AZ pdaei. xfj ZE ’larj eaxiv Y^'^b dpa fj 0x6 
AFZ Y^via xf) 0x6 EFZ ’lar) eaxiv xai eiaiv ecpe^fjc;. oxav 
86 eOXleXa ex’ euflelav axaflelaa xdc ecpe^fjc Y^^bi; ’iaa<; 
dXXf]Xai<; xoifj, opDf) exaxepa xwv ’lawv y^>^viwv eaxiv op-df) 
dpa eaxiv exaxepa xAv 0x6 AFZ, ZFE. 


the two (straight-lines) AC, CD are equal to the two 
(straight-lines) BC, CD, respectively. And the angle 
ACD is equal to the angle BCD. Thus, the base AD 
is equal to the base BD [Prop. 1.4]. 


c 



in half at (point) D. (Which is) the very thing it was 
required to do. 

Proposition 11 

To draw a straight-line at right-angles to a given 
straight-line from a given point on it. 

F 



Let AB be the given straight-line, and C the given 
point on it. So it is required to draw a straight-line from 
the point C at right-angles to the straight-line AB. 

Let the point D be have been taken at random on AC, 
and let CE be made equal to CD [Prop. 1.3], and let the 
equilateral triangle FDE have been constructed on DE 
[Prop. 1.1], and let EC have been joined. I say that the 
straight-line EC has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 

For since DC is equal to CE, and CE is common, 
the two (straight-lines) DC, CE are equal to the two 
(straight-lines), EC, CE, respectively. And the base DF 
is equal to the base FE. Thus, the angle DCF is equal 
to the angle ECF [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
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Tf) apa Boi^eiar) eMeia xfj AB duo toO npoq aOxfj 
BotJevtoc ar)(ieiou tou F npoQ op'ddc Ywviac; euiSeTa Ypa(ipi^ 
rjxxai f) rZ- onep sBei noifjaai. 


iP'. 

’Era Tf]v BoTJetaav euiDelav axeipov anb tou BoiSevtoc; 
ar)(iEiou, 6 [i/] saxiv en auTfjc, xai^Exov Eui^Elav Ypa^^ti^v 
dYaYSxv. 

z 



’Tlaxw f] psv Bo-dsTaa EU'dEla dTiEipoc fj AB x 6 Be BoiSev 
arjiJETov, 6 pr) saxiv ek’ aOxf)<;, x 6 F- BeT Bi^ sxl xi^v BoiSElaav 
eMeIsv dxEipov xf]v AB dxo xou Boil>£vxo<; ar)p,£[ou xou F, 
6 pr) EaxLv eti’ aOxfjc, xd'dExov euiSeTocv yp^H^Ij^^v dYaYS^'^- 

ElXr^cp'dto Yap eAi xd sxEpa ^lEpr) xfji; AB £u{>£[a(; xu^dv 
arj^iEtov x 6 A, xal XEvxptp ^sv xw F Biaaxr^^axi Be xw FA 
xuxXog YEYpatp'dw 6 EZH, xal xET^r^aDw fj EH EuDEla Bixa 
xaxd xd 0 , xal STiEJ^EUxiSwaav al FH, F 0 , FE EuiilElai- 
Xeyw, 6 x 1 Era xi^v BoiSElaav Eui^Elav dnEipov xf)v AB dxd 
xou BoDevxoc; arijiEiou xou F, 6 [ir] saxiv ex’ auxfji;, xd^Exoc; 
rjxxai f) F 0 . 

’ExeI Yap ’lar) saxiv fj H 0 xfj 0 E, xoivf] Be fj 0 F, Buo 
Bf) ai H 0 , 0 F Buo xalc; E 0 , 0 F ’laai slalv sxaxspa ExaxEpoc 
xal pdaii; fj FH pdasi xfj FE saxiv ’larj' y(^i\^ 0 L dpa fj uxd 
F 0 H YOivia XT) uxd E 0 F saxiv ’larj. xai Eiaiv Ecps^fjc;. oxav 
Be EU^Ela ex’ suDsIav axaDsIaa xdt; EcpE^fjc; Y^J'^iac; ’laac; 
dXXrjXaic; xoifj, dpiE)!^ sxaxspa xwv ’lacov y^viwv saxiv, xal 
f) EcpEaxrjxuIa EuDsIa xd^Exoc xaXslxai Ecp’ rjv EqjEaxrjXEv. 

’Exl xf)v BoDsIaav dpa Eu^slav dxEipov xiqv AB dxd xou 
BotlIevxoc; ar)p,£[ou xou F, 6 [ir] saxiv ex’ aOxfji;, xd'dsxoi; 
rjxxai r) F 0 - oxsp eBei xoifjaai. 


makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, each 
of the (angles) DCF and FCE is a right-angle. 

Thus, the straight-line CF has been drawn at right- 
angles to the given straight-line AB from the given point 
C on it. (Which is) the very thing it was required to do. 

Proposition 12 

To draw a straight-line perpendicular to a given infi¬ 
nite straight-line from a given point which is not on it. 


F 



Let AB be the given infinite straight-line and C the 
given point, which is not on (AB). So it is required to 
draw a straight-line perpendicular to the given infinite 
straight-line AB from the given point C, which is not on 
(AB). 

For let point D have been taken at random on the 
other side (to C) of the straight-line AB, and let the 
circle EFG have been drawn with center C and radius 
CD [Post. 3], and let the straight-line EG have been cut 
in half at (point) F[ [Prop. 1.10], and let the straight¬ 
lines CG, CH, and CE have been joined. I say that the 
(straight-line) CH has been drawn perpendicular to the 
given infinite straight-line AB from the given point C, 
which is not on (AB). 

For since GH is equal to HE, and HC (is) common, 
the two (straight-lines) GH, HC are equal to the two 
(straight-lines) EH, HC, respectively, and the base CG 
is equal to the base CE. Thus, the angle CHG is equal 
to the angle EHC [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle, and the former straight- 
line is called a perpendicular to that upon which it stands 
[Def. 1.10]. 

Thus, the (straight-line) CH has been drawn perpen¬ 
dicular to the given infinite straight-line AB from the 
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ly'. 

’Eav eOiSsTa en’ euiSeiav aTaiSeiaa ywviocc; noif), riToi 5uo 
op'dai; f] 6uaiv op'daTc; laac; Koirjaei. 



A B r 


EOi^eTa y^P 'H AB en’ su'de'iav Tf]v FA aTai^elaa 
ywviac KoiSLTO) xac, uno FBA, ABA' Xeyco, oti ai tmb FBA, 
ABA ywviai. 't^toi 6uo op-dai siaiv •?] 6ualv opiDaTc laai.. 

Ei piev ouv lar) eaxlv rj Oko FBA xfj uxo ABA, 6uo opiSai 
elaiv. el Se ou, (xtio xoO B arjpielou xfj FA [eMela] xpog 
op'daz f) BE' al apa bnb FBE, EBA 6uo op'dal eiaiv xal 
exel f] UTio FBE 5uai xaTc Oxo FBA, ABE ’lar) eaxlv, xoivf] 
xpoaxela'dw ir) bnb EBA- al apa bnb FBE, EBA xpiai xalc 
0x6 FBA, ABE, EBA ’laai. elaiv. xaXiv, exei ir) 0x6 ABA 
8uai xaTc 0x6 ABE, EBA ’lar) eaxlv, xoivr) xpoaxela'da) f) 
0x6 ABF' al apa 0x6 ABA, ABF xpiai xaTc 0x6 ABE, EBA, 
ABF ’laai elaiv. eSelyiLlriaav 8e xal al 0x6 FBE, EBA xpiai 
xaT<; a0xaT(; laai' xa 6e xA aOxA laa xal dXXr]Xoi<; eaxlv laa- 
xal al 0x6 FBE, EBA dpa xaTc 0x6 ABA, ABF laai elaiv 
dXXd al 0x6 FBE, EBA 60o op-dal elaiv xal al 0x6 ABA, 
ABF dpa 8ualv op'dalc laai elaiv. 

’Edv dpa eO'dela ex’ eODelav axaDelaa ywvlac; xoifj, 'rjxoi 
8uo opUdc; '1] 8ualv op'dalt; ’laac; xoir^aei' oxep c8ei 8el^ai. 


given point C, which is not on (Ai?). (Which is) the very 
thing it was required to do. 

Proposition 13 

If a straight-line stood on a(nother) straight-line 
makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. 



For let some straight-line AB stood on the straight- 
line CD make the angles CBA and ABD. I say that 
the angles CBA and ABD are certainly either two right- 
angles, or (have a sum) equal to two right-angles. 

In fact, if CBA is equal to ABD then they are two 
right-angles [Def. 1.10]. But, if not, let BE have been 
drawn from the point B at right-angles to [the straight- 
line] CD [Prop. 1.11]. Thus, CBE and EBD are two 
right-angles. And since CBE is equal to the two (an¬ 
gles) CBA and ABE, let EBD have been added to both. 
Thus, the (sum of the angles) CBE and EBD is equal to 
the (sum of the) three (angles) CBA, ABE, and EBD 
[C.N. 2]. Again, since DBA is equal to the two (an¬ 
gles) DBE and EBA, let ABC have been added to both. 
Thus, the (sum of the angles) DBA and ABC is equal to 
the (sum of the) three (angles) DBE, EBA, and ABC 
[C.N. 2]. But (the sum of) CBE and EBD was also 
shown (to be) equal to the (sum of the) same three (an¬ 
gles). And things equal to the same thing are also equal 
to one another [C.N. 1]. Therefore, (the sum of) CBE 
and EBD is also equal to (the sum of) DBA and ABC. 
But, (the sum of) CBE and EBD is two right-angles. 
Thus, (the sum of) ABD and ABC is also equal to two 
right-angles. 

Thus, if a straight-line stood on a(nother) straight- 
line makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. (Which is) the very thing it was required to show. 
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i6'. 

’Eav npoQ tivi eMeiqt xal tw npoQ auxfi 6 uo 

eMelod ^11^ enl xa aOxoc xei^ievai xag ecpe^fjc; ytoviac; 
5 uaiv op'doclc; laocc; noiwaiv, in eMeiac eaovxai aXkfikaiQ at 
eMelod. 


A E 



IIpoc; yap xivi eu'deia xfj AB xal xw npoc; auxf) arijieiw 
x« B 6uo euDelai al BE, BA ^f) ekI xa auxa ^epr) xei^ievai 
xac; e(fe'E,r\c, ywviat; xa<; unb ABF, ABA 8uo opDaTc ioolq 
■KOLEixwaav Xsyw, oxi. en EuDElac; saxi xfj FB f] BA. 

El yap prj saxi xfj BF ex’ EuflElac f) BA, saxw xfj FB 
ex’ EOi^Eiac f] BE. 

’Exei ouv EuHEla f) AB ex’ EuDElav xf]v FBE EcpEaxrjXEv, 
al apa 0x6 ABF, ABE ywvlai 60o opDalc ’(aai Elalv Elal 56 
xal al 0x6 ABF, ABA 5uo 6p'daT(; ’laai.' ai apa 0x6 FBA, 
ABE xaTc 0x6 FBA, ABA ’(aai Eiaiv. xoivf) d(pr)pf]a'dw f) 
0x6 FBA- XoLxf) dpa f] 0x6 ABE Xoixfj xfj 0x6 ABA saxiv 
’laT), -f) sXdaawv xfj p,E[^ovi- oxEp saxiv dSOvaxov. oOx dpa 
ex’ EU-dslac; saxiv f) BE xfj FB. o^olcoc; 5f) Ssl^opiEv, oxi oOSs 
dXXr) xic; xXfjv xfjc BA- ex’ EU-dslac; dpa saxiv fj FB xfj BA. 

’Edv dpa xpoc; xivi EU-dsla xal xw xp 6 (; auxfj arijiElw 
56 o sOflsTai ^if) sxl auxd ^ispr) xsl^svai xdt; scps^fjc; ytovlag 
5 ualv op-dalc; ’laac; xoiwaiv, ex’ EU-dslat; Eaovxai dXXfjXaic; al 
Eu-dslai- oxsp eBei Bsl^ai. 


iz'. 

’Edv 5uo EU-dsIai xEjivcoaiv dXX-f]Xac;, xdc; xaxd xopucpfjv 
ywvlai; ’laac; dXXfjXaic; xoiouaiv. 


Proposition 14 

If two straight-lines, not l 3 hng on the same side, make 
adjacent angles (whose sum is) equal to two right-angles 
with some straight-line, at a point on it, then the two 
straight-lines will be straight-on (with respect) to one an¬ 
other. 


A E 



For let two straight-lines BC and BD, not lying on the 
same side, make adjacent angles ABC and ABD (whose 
sum is) equal to two right-angles with some straight-line 
AB, at the point B on it. I say that BD is straight-on with 
respect to CB. 

For if BD is not straight-on to BC then let BE be 
straight-on to CB. 

Therefore, since the straight-line AB stands on the 
straight-line CBE, the (sum of the) angles ABC and 
ABE is thus equal to two right-angles [Prop. 1.13]. But 
(the sum of) ABC and ABD is also equal to two right- 
angles. Thus, (the sum of angles) CBA and ABE is equal 
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an¬ 
gle) CBA have been subtracted from both. Thus, the re¬ 
mainder ABE is equal to the remainder ABD [C.N. 3], 
the lesser to the greater. The very thing is impossible. 
Thus, BE is not straight-on with respect to CB. Simi¬ 
larly, we can show that neither (is) any other (straight- 
line) than BD. Thus, CB is straight-on with respect to 
BD. 

Thus, if two straight-lines, not lying on the same side, 
make adjacent angles (whose sum is) equal to two right- 
angles with some straight-line, at a point on it, then the 
two straight-lines will be straight-on (with respect) to 
one another. (Which is) the very thing it was required 
to show. 

Proposition 15 

If two straight-lines cut one another then they make 
the vertically opposite angles equal to one another. 
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Auo yap eMelai ai AB, FA TEjivETwaav aXkrikac, xaxa 
TO E arjpisTov Xsyw, oti. lar) eaxiv f) (jev Otio AEF ywv[a xf) 
UTo AEB, f) 5e Ono FEB xf) utco AEA. 


A 



’Ekei yap EUiSEla f] AE en EUiSETav xrjv FA scpsaxTiXE 
ywviac xoLoOaa xac; 0x6 FEA, AEA, ai apa 0x6 FEA, AEA 
yoviai. 6uaiv op'dalc laai. Eiaiv. xdXiv, exeI EU'dEla rj AE ex’ 
EU'dElav xrjv AB EcpsaxrjXE ywviac; xoiouaa xocc; 0x6 AEA, 
AEB, oLi dpa 0x6 AEA, AEB ywviai 5ualv opTSatc;’laai Eiaiv. 
sBELX'O'naav Be xal ai 0x6 FEA, AEA Buaiv op'dalc ’(aar at 
dpa 0x6 FEA, AEA xdic; 0x6 AEA, AEB Xaai Eiaiv. xoivrj 
dcprjpr^a'dw rj 0x6 AEA- Xoixi^ dpa fj 0x6 FEA Xoixf] xfj 0x6 
BEA ’(ar) saxiv opioiwc 6f] 5Ei.x'i9'no£'cao 6xi xal ai 0x6 FEB, 
AEA ’(oai Eioiv. 

’Edv dpa 5uo EO-dElai xsptvwaiv dXXr]Xac;, xdc xaxd xo- 
pu{pir)v ywviac Ioolq aXkr\kou.z xoioOaiv oxEp eBei. BeT^oh- 


If'. 

navx6<; xpiyAvou (jLia<; xwv xXEupAv xpoaExpXr]'d£iar)<; 
f) £Xx6c; ycovia £xax£pa<; xAv £vx6c; xal dxEvavxiov ywvi.Av 

[iEL^WV EOXIV. 

’naxw xpiywvov x6 ABF, xal xpoasxpEpXrja'dw aOxou 
piia xXEupd ir) BF sxl x6 A- Xsyw, oxi. ir) £xx6<; ywvia ir) 0x6 
AFA ptsi^wv Eoxlv Exaxspai; xAv £vx6i; xal dxEvavxiov xAv 
0x6 FBA, BAF ywviAv. 

TExpLi^a-dw f] AF Bix® xaxd x6 E, xal £xiCeux'®^^'^“ t BE 
ExpEpXi^a-dw ex’ EO-dEiai; sxl x6 Z, xal XEia-dw xfj BE ’larj f) 
EZ, xal EXECeOxiSw f) ZF, xal Birix-do f) AF sxl x6 H. 

’ExeI oOv ’(arj saxlv f] piEv AE xfj EF, f) Be BE xfj EZ, Buo 
8f) ai AE, EB Bual xaTc FE, EZ ’(aai Eialv sxaxspa Exaxspa- 
xal ywvia -f) 0x6 AEB ywvia xfj 0x6 ZEF ’lar] saxiv xaxd 
xopu(pf)v ydp- pdai<; dpa f) AB pdoEi xfj ZF ’iar) saxiv, xal x6 
ABE xpiywvov xA ZEF xpiyAvo) saxiv ’iaov, xal ai Xoixal 


For let the two straight-lines AB and CD cut one an¬ 
other at the point E. I say that angle AEC is equal to 
(angle) DEB, and (angle) CEB to (angle) AED. 


A 



For since the straight-line AE stands on the straight- 
line CD, making the angles CEA and AED, the (sum 
of the) angles CEA and AED is thus equal to two right- 
angles [Prop. 1.13]. Again, since the straight-line DE 
stands on the straight-line AB, making the angles AED 
and DEB, the (sum of the) angles AED and DEB is 
thus equal to two right-angles [Prop. 1.13]. But (the sum 
of) CEA and AED was also shown (to be) equal to two 
right-angles. Thus, (the sum of) CEA and AED is equal 
to (the sum of) AED and DEB [C.N. 1]. Let AED have 
been subtracted from both. Thus, the remainder CEA is 
equal to the remainder BED [C.N. 3]. Similarly, it can 
be shown that CEB and DEA are also equal. 

Thus, if two straight-lines cut one another then they 
make the vertically opposite angles equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 16 

For any triangle, when one of the sides is produced, 
the external angle is greater than each of the internal and 
opposite angles. 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is greater than each of the internal and opposite 
angles, CBA and BAC. 

Let the (straight-line) AC have been cut in half at 
(point) E [Prop. 1.10]. And BE being joined, let it have 
been produced in a straight-line to (point) F.l And let 
EF be made equal to BE [Prop. 1.3], and let EC have 
been joined, and let AC have been drawn through to 
(point) G. 

Therefore, since AE is equal to EC, and BE to EF, 
the two (straight-lines) AE, EB are equal to the two 
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ywviai. Toclc; Xoinoit; y(^i\^onQ law. eialv exaxepct exaTspa, ucp’ 
a.<z ai laai xXeupal OxoTeivouaiv larj apa eaxlv rj bnb BAE 
Tfj Oxo EEZ. piei^wv 8s saxiv fj 0x6 EEA xfji; 0x6 EEZ- 
piSL^wv apa f) 0x6 AEA xfj<; 0x6 BAE. 'Opioiwc; 5f] xfji; BE 
xExpir)(iEvr)<; BEi.x'drjaExai xai f) 0x6 BFH, xouxsaxiv f) 
0x6 AEA, piEiCwv xai xfji; 0x6 ABE. 



navx6; apa xpiyAvou piia; xAv xXsupAv xpoasx- 
pXrj'dEiar); f) £xx6; ytovia sxaxEpa; xAv £vx6; xai dxE- 
vavxiov ywviAv (lEiJ^wv saxiv oxsp eBei. BsT^ai.. 


(straight-lines) CE, EF, respectively. Also, angle AEB 
is equal to angle EEC, for (they are) vertically opposite 
[Prop. 1.15]. Thus, the base AB is equal to the base EC, 
and the triangle ABE is equal to the triangle EEC, and 
the remaining angles subtended by the equal sides are 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, BAE is equal to EOF. But ECD is greater than 
ECF. Thus, ACD is greater than BAE. Similarly, by 
having cut SC in half, it can be shown (that) BCG —that 
is to say, ACD —(is) also greater than ABC. 



Thus, for any triangle, when one of the sides is pro¬ 
duced, the external angle is greater than each of the in¬ 
ternal and opposite angles. (Which is) the very thing it 
was required to show. 


t The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate. 


iC'. 

Ilavxd; xpiyAvou ai 5uo ywvlai 5uo opOAv EXdaaovE; 
Eiai xdvxrj pExaXapPavopEvai. 

A 



Tiaxw xplyovov x6 ABE' Xcyw, oxi. xoO ABE xpiyAvou 
ai 8uo ywvlai 6uo opDAv eXoixxove; Eiai xdvxrj pcxaXap- 
PavopEvai. 


Proposition 17 

For any triangle, (the sum of) two angles taken to¬ 
gether in any (possible way) is less than two right-angles. 

A 



B CD 

Let ABC be a triangle. I say that (the sum of) two 
angles of triangle ABC taken together in any (possible 
way) is less than two right-angles. 
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’ExpepXr^a'dw yap rj BF ekI to A. 

Kal enel xpiytovou tou ABF exxot; eaxi. ywvia f) 0x6 
AFA, [iei^wv eaxl xfjc; evxog xal dxevavxiov xfji; 0x6 ABF. 
xoivf) xpoaxeiaiSw fj 0x6 AFB- ai dpa 0x6 AFA, AFB xwv 
0x6 ABF, BFA pei^ovec; eiaiv. dXX’ ai 0x6 AFA, AFB 
80o op'ddit; laai. eiaiv ai dpa 0x6 ABF, BFA 50o opiDAv 
eXdaaovsc eiaiv. optoiwi; 5r) 5ei^o(jev, 6xi xal ai 0x6 BAF, 
AFB 60o op'dwv eXdaaovec eiai xal exi ai 0x6 FAB, ABF. 

F[avx6i; dpa xpiyAvou ai 60o ywviai. 60o opDAv eXda<;- 
ovez eiai xdvxfj pi8xaXa(iPav6(ievai.- oxep e6ei BeT^ai. 


11 ^'. 

navx6(; xpiywvou f) piei^wv xXeupd xf]v (lei^ova ywviav 
Oxoxeivei. 


A 



Tiaxw ydp xpiyovov x6 ABF (jei^ova e^ov xr)v AF 
xXeupdv xfjc AB- Xeyw, 6xi xal ywvia f) 0x6 ABF piei^wv 
eaxl xfjc 0x6 BFA- 

’Exel ydp piei^wv eaxlv f) AF xfjc AB, xeia-dw xfj AB lar] 
f] AA, xal exe^eOx'dw f] BA. 

Kal exel xpiyAvou xoO BFA exxoc saxi ywvia f) 0x6 
AAB, (jei^ov eaxl xfjc evx6c xal dxevavxiov xfjc 0x6 AFB- 
lar] 5e f] 0x6 AAB xfj 0x6 ABA, exel xal xXeupd f] AB xfj 
AA eaxiv larj- ptei^wv dpa xal f) 0x6 ABA xfjc 0x6 AFB- 
xoXXw dpa f] 0x6 ABF ptei^wv eaxl xfjc 0x6 AFB. 

navx6c dpa xpiyAvou f) (lei^wv xXeupd xf)v ptei^ova 
ywviav Oxoxeiver oxep e8ei. BeT^ai- 

navx6c xpiytovou 0x6 xfjv (lei^ova ywviav f] piei^wv 
xXeupd Oxoxeivei. 

Tiaxw xpiywvov x6 ABF (jei^ova e^ov xf]v 0x6 ABF 
ywviav xfjc 0x6 BFA- Xeyw, 6xi xal xXeupd f] AF xXeupdc 
xfjc AB piei^wv eaxiv. 


For let BC have been produced to D. 

And since the angle ACD is external to triangle ABC, 
it is greater than the internal and opposite angle ABC 
[Prop. 1.16]. Let ACB have been added to both. Thus, 
the (sum of the angles) ACD and ACB is greater than 
the (sum of the angles) ABC and BCA. But, (the sum of) 
ACD and ACB is equal to two right-angles [Prop. 1.13]. 
Thus, (the sum of) ABC and BC A \s less than two right- 
angles. Similarly, we can show that (the sum of) BAC 
and ACB is also less than two right-angles, and further 
(that the sum of) CAB and ABC (is less than two right- 
angles). 

Thus, for any triangle, (the sum of) two angles taken 
together in any (possible way) is less than two right- 
angles. (Which is) the very thing it was required to show. 

Proposition 18 

In any triangle, the greater side subtends the greater 
angle. 

A 



For let ABC be a triangle having side AC greater than 
AB. I say that angle ABC is also greater than BCA. 

For since AC is greater than AB, let AD be made 
equal to AB [Prop. 1.3], and let BD have been joined. 

And since angle ADB is external to triangle BCD, it 
is greater than the internal and opposite (angle) DCB 
[Prop. 1.16]. But ADB (is) equal to ABD, since side 
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is 
also greater than ACB. Thus, ABC is much greater than 
ACB. 

Thus, in any triangle, the greater side subtends the 
greater angle. (Which is) the very thing it was required 
to show. 

Proposition 19 

In any triangle, the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than BCA. 1 say that side AC is also greater than side 
AB. 
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Ei yap pir], t]tol larj eaxlv fj AF AB r] eXdaawv lar] 
[iev ouv oOx eaxiv f) AF xf) AB- lar] ydp dv rjv xal ywv[a f) 
0x6 ABF xfj 0x6 AFB- oOx saxi 6s- oOx cipa’(or] saxlv fj AF 
xfj AB. o06e (if]v sXdaawv saxlv fj AF xfjc; AB- sXdaawv 
ydp dv rjv xal ywvla f) 0x6 ABF xfji; 0x6 AFB- oOx saxi 
6s- oOx dpa sXdaawv saxlv fj AF xfji; AB. s6six'dr) 6s, 6xi 
o06s lar] saxlv. pisl^wv dpa saxlv fj AF xrj<; AB. 


A 



navx6(; dpa xpiycOvou 0x6 xrjv [isl^ova ywvlav fj [isl^tov 
xXsupd Oxoxslvsr oxsp e6si. 6El5ai- 

/ 

X . 

navx6(; xpiywvou ai 6uo xXsupal x-rjc Xoix-rjc ptsl^ovsc; 
slai xdvxrj (jsxaXapiPavopiEvai. 


A 



Tilaxw ydp xplywvov x6 ABF- Xsyw, 6xi xoO ABF 
xpiycOvou ai 6uo xXsupal x-ijc Xoixfjc; pisl^ovsc; siai. xdvxr] 
piExaXa(jLpav6(JEvai., al (isv BA, AF xfjc; BF, ai 6e AB, BF 
xfj? AF, ai 6e BF, FA xfj? AB. 


For if not, AC is certainly either equal to, or less than, 
AB. In fact, AC is not equal to AB. For then angle ABC 
would also have been equal to ACB [Prop. 1.5]. But it 
is not. Thus, AC is not equal to AB. Neither, indeed, is 
AC less than AB. For then angle ABC would also have 
been less than ACB [Prop. 1.18]. But it is not. Thus, AC 
is not less than AB. But it was shown that (AC) is not 
equal (to AB) either. Thus, AC is greater than AB. 


A 



Thus, in any triangle, the greater angle is subtended 
by the greater side. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 20 

In any triangle, (the sum of) two sides taken to¬ 
gether in any (possible way) is greater than the remaining 
(side). 


D 



For let ABC be a triangle. I say that in triangle ABC 
(the sum of) two sides taken together in any (possible 
way) is greater than the remaining (side). (So), (the sum 
of) BA and AC (is greater) than BC, (the sum of) AB 
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yap fj BA em to A arj^elov, xal xeia'dw xf) FA 
laT) T) A A, xctl exe^eux'dw f) AF. 

’Enel ouv lar) eaxlv fj AA xfj AF, larj eaxl xal ywvia 
f) 0x6 AAF XT) 0x6 AFA- apa fj 0x6 BFA xfjc; 0x6 

AAF- xal exel xpiycovov eaxi x6 AFB [iel^ova e)(ov xrjv 0x6 
BFA ycoviav xfjc; 0x6 BAF, 0x6 5e xfjv [iel^ova ywviav f) 
[iel^tov xXeupa Oxoxelvei, f) AB apa xfjc; BF eaxi p.e[^wv. larj 
5e f) AA xfj AF- ^lel^ovei; apa al BA, AF xfjc; BF- otioicoc; 
5f) Sei^o^ev, 6xi xal ai ^ev AB, BF xfjc; FA ^ei^ovsc; siaiv, 
al 8e BF, FA xfjc; AB. 

navx6c; apa xpiywvou al 8uo xXsupal xfjc; Xoixfjc; 
^xsl^ovec; siai. xcavxr) (lexaXatxpavotJisvar oxsp e8ei 8eT5ai- 


xa'. 

’Ecav xpiyAvou exl (iiac; xwv xXeupwv (ax6 xwv xepdxwv 
80o eOiilelai evx6c; auaxa-doaiv, ai auaxa-dsTaai. xSv XoixAv 
xoO xpiyAvou 80o xXeupwv eXdxxovsc; (lev eaovxai, ^Jisi^ova 
8s ywviav xepie^ouaiv. 

A 



Tpiytovou ydp xoO ABF sxl ^Jiiac; xwv xXeupwv xfjc; BF 
dx6 xwv xspdxwv xwv B, F 80o sO-dsTai svx6c; auvsaxdxwaav 
ai BA, AF- Xsyw, 6xi ai BA, AF xAv XoixAv xoO xpiywvou 
80o xXsupAv xAv BA, AF sXdaaovsc; ^sv siaiv, (JEi^ova 8s 
yoviav xspisxouai xf)v 0x6 BAF xfjc; 0x6 BAF. 

Aifjx-dw ydp f] BA sxl x6 E. xal sxsl xavx6c; xpiyAvou 
ai 80o xXsupal xfjc; Xoixfjc; (jsi^ovsc; siaiv, xoO ABE dpa 
xpiyAvou ai 80o xXsupal ai AB, AE xfjc; BE ^si^ovsc; 
siaiv- xoivf) xpoaxsiaDw f) EF- ai dpa BA, AF xAv BE, 
EF (jsi^ovsc; siaiv. xdXiv, sxsl xoO FEA xpiyAvou ai 8uo 
xXsupal ai FE, EA xfjc; FA (JsiCovsc; siaiv, xoivf] xpoaxsiaDw 
f] AB- ai FE, EB dpa xAv FA, AB (isi^ovsc; siaiv. dXXd 
xAv BE, EF (isi^ovsc; E8six'dT]aav ai BA, AF- xoXXA dpa ai 
BA, AF xAv BA, AF ^si^ovsc; siaiv. 

ndXiv, sxsl xavx6c; xpiyAvou -f] exx6c; ywvia xfjc; evx6c; 
xal dxEvavxiov (jei^ov saxiv, xou FAE dpa xpiyAvou f] 
exx6c; ywvia f] 0x6 BAF ^si^wv saxl xfjc; 0x6 FEA. 8id 
xauxd xoivuv xal xou ABE xpiyAvou f] exx6c; ywvia -f] 0x6 


and BC than AC, and (the sum of) SC and CA than 
AB. 

For let BA have been dratvn through to point D, and 
let AD be made equal to CA [Prop. 1.3], and let DC 
have been joined. 

Therefore, since DA is equal to AC, the angle ADC 
is also equal to ACD [Prop. 1.5]. Thus, BCD is greater 
than ADC. And since DCB is a triangle having the angle 
BCD greater than BDC, and the greater angle subtends 
the greater side [Prop. 1.19], DB is thus greater than 
BC. But DA is equal to AC. Thus, (the sum of) BA and 
AC is greater than BC. Similarly, we can show that (the 
sum of) AB and BC is also greater than CA, and (the 
sum of) BC and CA than AB. 

Thus, in any triangle, (the sum of) two sides taken to¬ 
gether in any (possible way) is greater than the remaining 
(side). (Which is) the very thing it was required to show. 

Proposition 21 

If two internal straight-lines are constructed on one 
of the sides of a triangle, from its ends, the constructed 
(straight-lines) will be less than the two remaining sides 
of the triangle, but will encompass a greater angle. 

A 



have been constructed on one of the sides BC of the tri¬ 
angle ABC, from its ends B and C (respectively). I say 
that BD and DC are less than the (sum of the) two re¬ 
maining sides of the triangle BA and AC, but encompass 
an angle BDC greater than BAC. 

For let BD have been drawn through to E. And since 
in any triangle (the sum of any) two sides is greater than 
the remaining (side) [Prop. 1.20], in triangle ABE the 
(sum of the) two sides AB and AB is thus greater than 
BE. Let EC have been added to both. Thus, (the sum 
of) BA and AC is greater than (the sum of) BE and EC. 
Again, since in triangle CED the (sum of the) two sides 
CB and ED is greater than CD, let DB have been added 
to both. Thus, (the sum of) CB and EB is greater than 
(the sum of) CD and DB. But, (the sum of) BA and 
AC was shown (to be) greater than (the sum of) BB and 
BC. Thus, (the sum of) BA and AC is much greater than 
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FEB [iei^wv eaxl xfjc; Ono BAF. dXXa xiii; uno FEB [iei^wv 
edeix'dr) fj utco BAF- noXXw dpa rj uno BAF piei^wv eaxl 
xfjc; UTCO BAF. 

’Edv dpa xpiywvou exl (iiat; xwv xXeupwv duo xwv 
xspdxwv 6uo eu-dsTai evxog auaxa-dAaiv, a'l auaxa-delaai xAv 
XoikAv xoD xpiyAvou 5uo TiXeupAv eXdxxovec; piev elaiv, 
piSL^ova 5e ywviav Tispisxouaiv onep eBsi. del^ai- 


x(3'. 

’Ex xpiAv sO-deiAv, al' siaiv ’(aai xpiai xalc Bo-deiaan; 
[sOiL)eiai.c;], xp[ywvov auaxr]aaa'dai.- 6eT 6e xdc; 6uo xfjc Xoixfjc; 
[iSL^ovac; elvai. xdvxr) (JSxaXapiPavopisvac; [8i.d x6 xal Kavxoc 
xpiyAvou xdc; 6uo xXeupdc; xfjc; Xoinfjc; [isi^ovac; elvai xdvxrj 
[iSxaXapipavo(Jeva(;]. 

A- 

B- 

r- 



’Tlaxwaav at Bo-dsTaai. xpelc; su-deTai. ai A, B, F, Sv at 
8uo xfjc; XoLxfjc; (jei^ovsc; saxwaav xdvxr) (lExaXapipavopiEvai, 
ai pLEv A, B xfjc; F, ai §£ A, F xfj; B, xal sxi ai B, F x^; A- 
8eT 5f) EX xAv ’(awv xal; A, B, F xpiywvov auaxfjaaa-dai. 

’ExxEia-dw xi; EU-dEla f) AE KEXEpaapLEvr) pisv xaxd x6 
A djiEipo; Be xaxd x6 E, xai XEia-do xfj pisv A ’lar) f] AZ, 
xfj Be B ’lar) fj ZH, xfj Be F ’larj fj H0- xal xsvxptp pisv xA 
Z, Biaaxf]ptaxi. Be xA ZA xuxXo; yEypacp-dw 6 AKA- TiaXiv 
XEvxpcp [i£v xA H, Biaaxfjpiaxi Be xA H0 xuxXo; yEypdcp-dw 
6 KA0, xal EXE^EUx-dwaav ai KZ, KH- XEyco, oxi ex xpiAv 
eu-OeiAv xAv ’(atov xal; A, B, F xpiytovov auvsaxaxai x6 
KZH. 

’EkeI ydp x6 Z ar)(i£lov xsvxpov saxl xoO AKA xuxXou, 
’(or] saxlv f) ZA xfj ZK- dXXd f] ZA xrj A saxiv ’(or), xal f) 


(the sum of) BD and DC. 

Again, since in any triangle the external angle is 
greater than the internal and opposite (angles) [Prop. 
1.16], in triangle CDE the external angle BDC is thus 
greater than CED. Accordingly, for the same (reason), 
the external angle CEB of the triangle ABE is also 
greater than BAC. But, BDC was shown (to be) greater 
than CEB. Thus, BDC is much greater than BAC. 

Thus, if two internal straight-lines are constructed on 
one of the sides of a triangle, from its ends, the con¬ 
structed (straight-lines) are less than the two remain¬ 
ing sides of the triangle, but encompass a greater angle. 
(Which is) the very thing it was required to show. 

Proposition 22 

To construct a triangle from three straight-lines which 
are equal to three given [straight-lines]. It is necessary 
for (the sum of) two (of the straight-lines) taken together 
in any (possible way) to be greater than the remaining 
(one), [on account of the (fact that) in any triangle (the 
sum of) two sides taken together in any (possible way) is 
greater than the remaining (one) [Prop. 1.20] ]. 

A- 

B- 

C- 



Let A, B, and C be the three given straight-lines, of 
which let (the sum of) two taken together in any (possible 
way) be greater than the remaining (one). (Thus), (the 
sum of) A and B (is greater) than C, (the sum of) A and 
C than B, and also (the sum of) B and C than A. So 
it is required to construct a triangle from (straight-lines) 
equal to A, B, and C. 

Let some straight-line DE be set out, terminated at D, 
and infinite in the direction of E. And let DE made equal 
to A, and EG equal to B, and GH equal to C [Prop. 1.3]. 
And let the circle DKL have been drawn with center F 
and radius ED. Again, let the circle KLH have been 
drawn with center G and radius GE[. And let KF and 
KG have been joined. I say that the triangle KEG has 
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KZ apa Tfj A eaxiv lar]. KdXiv, eKs'i to H arjpiETov xevxpov 
eaxl Tou AK0 xuxXou, ’(or) eaxiv fj H0 xfj HK- dXXd f] H0 
xfj r eaxiv far)' xai f] KH dpa xfj F eaxiv tar), eaxl Be xai f) 
ZH xfj B ’(ar)' al xpeTc; dpa euiSeTai al KZ, ZH, HK xpial xaTc 
A, B, r laai. eiaiv. 

’Ex xpiOv dpa euDeLOv xwv KZ, ZH, HK, ai eiaiv 
’(aai xpial xdlc; Bo'delaai.c; euDelaK; xaTc A, B, F, xpiywvov 
auveaxaxai. x6 KZH- oxep e6ei xoifjaai.. 


xy'- 

Hpog xfj BoDeiar) eufleia xai xw xpog auxfj arjpieicp 
xfj BoiSelan ywvia eO'duYpdpi(ifc) ’larjv ywviav euiL)uypap,[iov 
auaxf]aaa'dai.. 



been constructed from three straight-lines equal to A, B, 
and C. 

For since point F is the center of the circle DKL, FD 
is equal to FK. But, FD is equal to A. Thus, KF is also 
equal to A. Again, since point G is the center of the circle 
LKFl, GFl is equal to GK. But, GiF is equal to G. Thus, 
KG is also equal to C. And FG is also equal to B. Thus, 
the three straight-lines KF, FG, and GK are equal to A, 
B, and G (respectively). 

Thus, the triangle KFG has been constructed from 
the three straight-lines KF, FG, and GK, which are 
equal to the three given straight-lines A, B, and G (re¬ 
spectively) . (Which is) the very thing it was required to 
do. 

Proposition 23 

To construct a rectilinear angle equal to a given recti¬ 
linear angle at a (given) point on a given straight-line. 



z 



’Tiaxa) f] pev BofleTaa euTjeTa f) AB, x6 Be npbz auxfj 
arjpeTov x6 A, fj Be Bo'de'ioa ywvia euTjuypappoc f) utio AFE- 
Bel Bf) xpoc; xfj BoDeiar) euOela xfj AB xai xw xpog auxfj 
arjpeiw xw A xfj BoOeiar) ywvia euOuypdppw xfj uxo AFE 
’I'aTjv ywviav euduypappov auaxfjaaadai. 

ElXficpDco ecp’ exaxepac; x£iv FA, FE xuyovxa arjpela xd 
A, E, xai exe^euyOw fj AE- xai ex xpiGv eMeiwv, ai eiaiv 
’iaai xpial xalg FA, AE, FE, xpiycovov auveaxdxw x6 AZH, 
waxe ’iarjv elvai xf)v pev FA xfj AZ, xfjv Be FE xfj AH, xai 
exi xf)v AE xfj ZH. 

’Exel ouv Buo ai AF, FE Buo xaTc; ZA, AH ’iaai eiaiv 
exaxepa exaxepa, xai pdai<; f] AE pdaei xfj ZH ’iarj, ywvia 
dpa f] uxo AFE ywvia xfj 0x6 ZAH eaxiv ’iar). 

Hpoi; dpa xfj BoUeiar) eOheia xfj AB xai xw xp6<; auxfj 
arjpeiw xw A xfj BoTJeiarj ywvia euiJuypdppw xfj 0x6 AFE 
XoT] ywvia eOUuypappoi; auveaxaxai f) 0x6 ZAH- oxep eBei 
xoifjaai. 


F 



Let AB be the given straight-line, A the (given) point 
on it, and DGE the given rectilinear angle. So it is re¬ 
quired to construct a rectilinear angle equal to the given 
rectilinear angle DGE at the (given) point A on the given 
straight-line AB. 

Let the points D and E have been taken at random 
on each of the (straight-lines) GD and GE (respectively), 
and let DE have been joined. And let the triangle AFG 
have been constructed from three straight-lines which are 
equal to GD, DE, and GE, such that GD is equal to AF, 
GE to AG, and further DE to FG [Prop. 1.22]. 

Therefore, since the two (straight-lines) DG, GE are 
equal to the two (straight-lines) FA, AG, respectively, 
and the base DE is equal to the base FG, the angle DGE 
is thus equal to the angle FAG [Prop. 1.8]. 

Thus, the rectilinear angle FAG, equal to the given 
rectilinear angle DGE, has been constructed at the 
(given) point A on the given straight-line AB. (Which 
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x6'. 

’Eav 8uo Tpiywva tocc; 8uo nXeupac; [xalc;] 60o TiXsupait; 
\aa.Q exTl exaTspav exaxspa, ti^v 6e ycoviav Tfjc Ywviac; 
[iSL^ova exT} utio twv lawv £0i[}£i.6)v xepi.exot^S'^i^^) 

Tf]v pdaiv Tfjc; pdaswc; ptsi^ova e^ei. 


A A 



TilaTW 8uo Tpiywva xd ABF, AEZ xdc; 6uo TiXsupdi; 
xdc; AB, AF xdic; 6uo xXeupdic; xdic; AE, AZ laat; 
exaxepav exocxepa, xrjv [iev AB xfj AE xf]v Be AF xfj AZ, f) 
5e xpoc; xw A ytovia xfjt; xpog xG A Y(x)^/ioc<; pei^wv eaxw 
Xeyw, oxi xal pdaig rj BF pdaewi; xfji; EZ piei^tov eaxiv. 

’Enel ydp (iei^tov fj 0x6 BAF ytovia xfjc; 0x6 EAZ 
yoviac, auveaxdxw xp6c; xfj AE £0i[}£La xal xA xp6<; aOxfj 
arjpeitp xA A xfj 0x6 BAF ytovia larj f) 0x6 EAH, xal xeiaiSw 
oxoxepa xAv AF, AZ lar) f) AFL, xal exe^eOxflwaav ai EH, 
ZH. 

’Exel oOv lar] eaxiv f] piev AB xfj AE, f] 6e AF xfj AH, 
50o 5f) ai BA, AF 5ual xdic; EA, AH laai eialv exaxepa 
exaxepqc xal ywvia f) 0x6 BAF ywviqc xfj 0x6 EAH lar)' 
pdaic; dpa f) BF pdaei xfj EH eaxiv larj. xdXiv, exel larj 
eaxiv f) AZ xfj AH, larj eaxl xal f) 0x6 AHZ ycovia xfj 0x6 
AZH- (iei^tov dpa f) 0x6 AZH xfjc; 0x6 EHZ- xoXXA dpa 
[iei^tov eaxiv f) 0x6 EZH xfjc; 0x6 EHZ. xal exel xpiytovov 
eaxi x6 EZH piei^ova £)(ov xf)v 0x6 EZH ytoviav xfjc; 0x6 
EHZ, 0x6 Be xf)v piei^ova ytoviav f) pei^cov xXeupd Oxoxeivei, 
piei^wv dpa xal xXeupd f) EH xfji; EZ. lar) Be f) EH xfj BF- 
pieii^wv dpa xal f) BF xfjc; EZ. 

’Edv dpa BOo xpiywva xdc; BOo xXeupd? Bual xXeupal? 
laa? exn sxaxepav exaxepa, xf)v Be ywviav xfj? ywvia? 
piei^ova exn xf)v 0x6 xAv lawv eODeiAv xepiexopi£vr)v, xal 
xf)v pdaiv xfj? pdaew? ptei^ova e^ei' oxep eBei Bel^ai. 


is) the very thing it was required to do. 

Proposition 24 

If two triangles have two sides equal to two sides, re¬ 
spectively, but (one) has the angle encompassed by the 
equal straight-lines greater than the (corresponding) an¬ 
gle (in the other), then (the former triangle) will also 
have a base greater than the base (of the latter). 


A D 



Let ABC and DBF be two triangles having the two 
sides AB and AC equal to the two sides BE and DF, 
respectively. (That is), AB (equal) to £>F, and AC to 
DF. Let them also have the angle at A greater than the 
angle at D. I say that the base BC is also greater than 
the base EF. 

For since angle BAC is greater than angle EDF, 
let (angle) EDG, equal to angle BAC, have been 
constructed at the point D on the straight-line DE 
[Prop. 1.23]. And let DC be made equal to either of 
AC or DF [Prop. 1.3], and let EG and FG have been 
joined. 

Therefore, since AB is equal to DE and AC to DC, 
the two (straight-lines) BA, AC are equal to the two 
(straight-lines) ED, DC, respectively. Also the angle 
BAC is equal to the angle EDG. Thus, the base BC 
is equal to the base EG [Prop. 1.4]. Again, since DF 
is equal to DC, angle DCF is also equal to angle DEG 
[Prop. 1.5]. Thus, DEG (is) greater than EGF. Thus, 
EEC is much greater than EGF. And since triangle 
EEC has angle EEC greater than EGF, and the greater 
angle is subtended by the greater side [Prop. 1.19], side 
EG (is) thus also greater than EF. But EG (is) equal to 
BC. Thus, BC (is) also greater than EF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has the angle encompassed 
by the equal straight-lines greater than the (correspond¬ 
ing) angle (in the other), then (the former triangle) will 
also have a base greater than the base (of the latter). 
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V.Z . 

’Eav 5uo xpiycova tok; 5uo nXeupag 5ual nXeupaTc; laac; 
eXTl exaTspav sxaTspa, xrjv 5s pdtaiv xfjc pdaswc ptsi^ovoc 
exT), xocl xf)v ytoviav xfjc; ywviac; [isi^ova e^si xiqv 0x6 xwv 
lawv eu'dsiwv xepisxopievrjv. 


A 



Tilaxw 5uo xpiywva xd ABF, AEZ xdg 6uo xXsupdi; 
xdc; AB, AF xdic; 6uo xXeupaTc; xdic; AE, AZ laat; exovxa 
exaxepav sxocxspa, xrjv piev AB xfj AE, xf)v 6e AF xf) AZ- 
pdaii; 6 e f] BF pdaswt; xfji; EZ ptsi^wv saxw Xsyw, oxi xal 
ycovioc T) 0x6 BAF ycoviac; xfjc; 0x6 EAZ [isi^tov saxiv. 

El ydp [iT], fjxoi larj eaxlv aOxfj f] sXdaawv lar) pisv ouv 
oOx eaxiv rj 0x6 BAF xfj 0x6 EAZ- lax] ydp dv fjv xal pdaic 
f) BF pdasi xfi EZ- oOx eaxi Be. oOx dpa larj saxl ytovla fj 
0x6 BAF xf) 0x6 EAZ- oOBe pifjv sXdaawv saxiv f) 0x6 BAF 
xfjc; 0x6 EAZ- sXdaawv ydp dv fjv xal pdaic; f) BF pdascoc; 
xfjc; EZ- oOx Eaxi Be- oOx dpa sXdaawv saxiv f) 0x6 BAF 
ywvla xfjc; 0x6 EAZ. EBslx'dr) Be, 6xi oOBe larj- pisl^wv dpa 
saxiv f) 0x6 BAF xfjg 0x6 EAZ. 

’Edv dpa Buo xplywva xdc; Buo xXsupdc; Bual xXsupalc; 
laac; £)(r) sxaxspav sxdxEpcx, xfjv Be paalv xfjc; pdascoc; 
[iEi^ova EXT), xal xf)v ytovlav xfjc; ytovlac; (iEi^ova e^ei xfjv 
0x6 xwv lacov eO-Deiwv xEpiExojiEvrjv- oxsp eBei Bsl^ai. 


Xf'. 

’Edv BOo xplywva xdc; Buo ywvlac; Bual ycovlaic; laac; sjx] 
sxaxspav sxaxspa xal (Jiav xXsupdv piid xXsupdlarjv -rjxoi xf)v 
xp6c; xdic; laaic; ywviaic; -rj xf)v Oxoxsivouaav 0x6 piiav xAv 
lacov ycoviAv, xal xdc; Xoixdc; xXsupdc; xalc; Xoixalc; xXEUpdic; 
laac; e^ei [sxaxspav sxaxspa] xal xf)v Xoixfjv ytovlav xfj Xoixfj 
ycovicx. 

Tlaxw Buo xpiyova xd ABF, AEZ xdc; Buo ywviac; xdc; 


(Which is) the very thing it was required to show. 

Proposition 25 

If two triangles have two sides equal to two sides, 
respectively, but (one) has a base greater than the base 
(of the other), then (the former triangle) will also have 
the angle encompassed by the equal straight-lines greater 
than the (corresponding) angle (in the latter). 


A 



Let ABC and DBF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively (That is), AB (equal) to DE, and AC to DF. 
And let the base BC be greater than the base EF. I say 
that angle BAC is also greater than EDF. 

For if not, (BAC) is certainly either equal to, or less 
than, (EDF). In fact, BAC is not equal to EDF. For 
then the base BC would also have been equal to the base 
EF [Prop. 1.4]. But it is not. Thus, angle BAC is not 
equal to EDF. Neither, indeed, is BAC less than EDF. 
For then the base BC would also have been less than the 
base EF [Prop. 1.24]. But it is not. Thus, angle BAC is 
not less than EDF. But it was shown that (BAC is) not 
equal (to EDF) either. Thus, BAC is greater than EDF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has a base greater than the 
base (of the other), then (the former triangle) will also 
have the angle encompassed by the equal straight-lines 
greater than the (corresponding) angle (in the latter). 
(Which is) the very thing it was required to show. 

Proposition 26 

If two triangles have two angles equal to two angles, 
respectively, and one side equal to one side—in fact, ei¬ 
ther that by the equal angles, or that subtending one of 
the equal angles—then (the triangles) will also have the 
remaining sides equal to the [corresponding] remaining 
sides, and the remaining angle (equal) to the remaining 
angle. 
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uno ABF, BFA 6ual xaTc Otio AEZ, EZA \a<XQ zyovT’x 
exaxepctv sxaxspa, xf)v pisv Oxo ABF xfj bub AEZ, xf]v 
8s bnb BFA xfj Oxo EZA- sxexw 8e xal piiav xXeupctv [iia 
xXsupa larjv, xpoxepov xrjv xpoc; xai<; laaic; YcoviaLc xf]v 
BF xfj EZ- Xeyw, oxi. xai xa<; Xoixac; TiXsupac; xalc XomaTc; 
xXsupaic laac; s^si. sxaxspav sxaxspa, xf)v pisv AB xfj AE 
xf]v 8s AF xfj AZ, xal xf]v Xoi.7if)v ywvlav xfj Xoixfj ywvla, 
xf]v UKo BAF xfj bnb EAZ. 



El yap ocviaoQ saxiv f) AB xfj AE, pila aOxAv pisl^wv 
saxlv. saxco pisl^cov f) AB, xai xsla-dw xfj AE lar) fj BH, xal 
Exs^sux-dto f) HF. 

’EksI ouv lar) saxlv fj pisv BF[ xfj AE, f) 8e BF xfj EZ, 8uo 
8f) al BH, BF 8ual xalc AE, EZ laai slalv sxaxspa sxaxspa- 
xal ycovla f) uxo HBF ycovla xfj uxo AEZ lar) saxlv- paaic; 
apa f) HF paasi xfj AZ lar) saxlv, xal x6 HBF xplywvov xw 
AEZ xpiycivcp laov saxlv, xal al Xoixal ytovlai xoic; Xoixalt; 
ycovlaic; ’laai saovxai, ucp’ ac; al laai xXsupal uxoxslvouaiv- 
I'aT) apa f) 0x6 HFB ywvla xfj 0x6 AZE. dXXa fj 0x6 AZE 
xfj 0x6 BFA OxoxEixai ’larj- xal fj 0x6 BFH dpa xfj 0x6 BFA 
I'aT) saxlv, f) sXdaawv xfj pisl^ovr oxsp d8uvaxov. oOx dpa 
dviaoi; saxiv f) AB xfj AE. ’larj dpa. saxi 8e xal fj BF xfj EZ 
I'aT)- 8uo 8fi al AB, BF 8ual xalc; AE, EZ laai slalv sxaxspa 
sxaxspa- xal ywvla f) 0x6 ABF ytovla xfj 0x6 AEZ saxiv 
I'aT)- pdaic; dpa fj AF pdasi xfj AZ lar) saxlv, xal Xoixf) ycovla 
f) 0x6 BAF xfj Xoixfj ytovla xfj 0x6 EAZ lar) saxlv. 

AXXd 8f) xdXiv saxcoaav al 0x6 xdc; laac; ycovlac; xXsupal 
Oxoxslvouoai laai, dx; fj AB xfj AE- Xsyco xdXiv, oxi xal al 
Xoixal xXsupal xalc; Xoixalt; xXsupalc; laai saovxai, f] (isv AF 
xfj AZ, f) 8e BF xfj EZ xal sxi f) Xoixf) ycovla f) 0x6 BAF 
xfj Xoixfj ywvla xfj 0x6 EAZ lar) saxlv. 

El ydp dviaog saxiv f) BF xfj EZ, [ila aOxwv pisl^wv saxlv. 
saxw pisl^wv, si 8uvax6v, fj BF, xal xslaflco xfj EZ lar) fj B0, 
xal EXE^sOxflw f) A0. xal sxsi ’larj saxlv fj pisv B0 xfj EZ 
f) 8e AB xfj AE, 80o 8fi al AB, B0 8ual xalc; AE, EZ laai 
slalv sxaxspa sxapspa- xal ycovlac; laac; xspisxouaiv- pdaic; 
dpa f) A0 pdasi xfj AZ lar) saxlv, xal x6 AB0 xplytovov xw 
AEZ xpiywvcp laov saxlv, xal al Xoixal ytovlai xalc; Xoixalc; 
ycovlaic; laai saovxai, Ocp’ dc; ai laac; xXsupal Oxoxslvouaiv- 
I'ar) dpa saxlv f) 0x6 B0A ywvla xfj 0x6 EZA. dXXd f) 0x6 


Let ABC and DBF be two triangles having the two 
angles ABC and BCA equal to the two (angles) DBF 
and BFD, respectively. (That is) ABC (equal) to DBF, 
and BCA to BFD. And let them also have one side equal 
to one side. First of all, the (side) by the equal angles. 
(That is) BC (equal) to BF. I say that they will have 
the remaining sides equal to the corresponding remain¬ 
ing sides. (That is) AB (equal) to DB, and AC to DF. 
And (they will have) the remaining angle (equal) to the 
remaining angle. (That is) BAC (equal) to BDF. 


D 




For if AB is unequal to DB then one of them is 
greater. Let AB be greater, and let BC be made equal 
to DB [Prop. 1.3], and let CC have been joined. 

Therefore, since BC is equal to DB, and BC to BF, 
the two (straight-lines) GB, BC"'' are equal to the two 
(straight-lines) DB, BF, respectively. And angle GBC is 
equal to angle DBF. Thus, the base GC is equal to the 
base DF, and triangle GBC is equal to triangle DBF, 
and the remaining angles subtended by the equal sides 
will be equal to the (corresponding) remaining angles 
[Prop. 1.4]. Thus, GCB (is equal) to DBF. But, DBF 
was assumed (to he) equal to BCA. Thus, BCG is also 
equal to BCA, the lesser to the greater. The very thing 
(is) impossible. Thus, AB is not unequal to DB. Thus, 
(it is) equal. And BC is also equal to BF. So the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DB, BF, respectively. And angle ABC is equal to 
angle DBF. Thus, the hase AC is equal to the hase DF, 
and the remaining angle BAC is equal to the remaining 
angle BDF [Prop. 1.4]. 

But, again, let the sides subtending the equal angles 
be equal: for instance, (let) AB (be equal) to DB. Again, 
I say that the remaining sides will be equal to the remain¬ 
ing sides. (That is) AC (equal) to DF, and BC to BF. 
Furthermore, the remaining angle BAC is equal to the 
remaining angle BDF. 

For if BC is unequal to BF then one of them is 
greater. If possible, let BC be greater. And let BH be 
made equal to BF [Prop. 1.3], and let AH have been 
joined. And since BH is equal to BF, and AB to DB, 
the two (straight-lines) AB, BH are equal to the two 
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EZA xf) uxo BFA eaxiv far)- xpiyAvou 6 f] xou AOF f) zxtoq 
Y( iivia. f] uxo B0A larj eaxl xf) evxog xai dxevocvxiov xfj 0x6 
BFA- oxep dSuvaxov. oOx dpa dviooc; eaxiv fj BF xfj EZ- lar] 
dpa. saxi 6 e xai f] AB xfj AE far). 60o 6 f] ai AB, BF 6 uo 
xalc AE, EZ faai. eia'iv exaxepa sxaxspqc xai ywviac Ioolq 
xepisxouar pdaic dpa f] AF pdaei xfj AZ lar) eaxiv, xai x 6 
ABF xpiytovov xo AEZ xpiyAvw laov xai Xoixf) ywvia f) 
0x6 BAF xfj Xoixf] ywvia xfj 0x6 EAZ lar]. 

’Edv dpa 80o xpiywva xdi; 60o ywviat; 6 ual yc^Miaic, Xoolz 
eXTi exaxepav exaxepa xai ^Jiiav xXeupdv (iid xXeupd larjv 
fjxoi xfjv xp 6 <; xdic; laaic; ycoviaii;, f] xf]v Oxoxeivouaav 0x6 
[iiav xAv lacov ywviAv, xai xdg Xoixdc; xXeupdg xdic; Xoixdic; 
xXeupalc XaoLQ e^ei xai xf]v Xoixfjv ywviav xfj Xoixfj ywviqc 
oxep e 6 ei BeT^ai- 


t The Greek text has “BG, BC”, which is obviously a mistake. 

xC'. 

’Edv ei<; 80o eO-deiac; eO-deTa e[jLx[xxouaa xd<; evaXXd^ 
ytoviac laoLC. dXXfjXan; xoifj, xapdXXrjXoi eaovxai dXXf]Xai<; at 
eO-delai. 



Eic, ydp 80o eO-deiai; xdc; AB, FA eO-dela ejixixxouaa f] 
EZ xdc; cvaXXd^ ytoviac; xdc; 0x6 AEZ, EZA Xaaz dXXfjXaic; 
xoieixw Xeyw, 6 xi xapdXXrjXoc; eaxiv f] AB xfj FA. 

El ydp (if], expaXX 6 (ievai ai AB, FA au(ixeaoOvxai -^xoi 
cxl xd B, A (lepr) -ij exl xd A, F. cxpepXfjaflwaav xai au(i- 
xixxextoaav cxl xd B, A (icpr) xaxd x 6 F[. xpiyAvou 8 f) xou 
FIEZ f) exx 6 c; ycovia f] 0x6 AEZ ’lar] eaxl xfj cvx 6 c; xai dxc- 
vavxiov xfj 0x6 EZH- oxep eaxiv d 8 uvaxov- oOx dpa ai AB, 
AF exPaXX 6 (icvai au(ixcaoOvxai exl xd B, A (icpr]. 6 (io[( 0 (; 


(straight-lines) DE, EF, respectively. And the angles 
they encompass (are also equal). Thus, the base AiJ is 
equal to the base DF, and the triangle ABEl is equal to 
the triangle DEE, and the remaining angles subtended 
by the equal sides will be equal to the (corresponding) 
remaining angles [Prop. 1.4]. Thus, angle BHA is equal 
to FED. But, FED is equal to BCA. So, in triangle 
ABC, the external angle BELA is equal to the internal 
and opposite angle BCA. The very thing (is) impossi¬ 
ble [Prop. 1.16]. Thus, BC is not unequal to EF. Thus, 
(it is) equal. And AB is also equal to DE. So the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DE, EF, respectively. And they encompass equal 
angles. Thus, the base AC is equal to the base DF, and 
triangle ABC (is) equal to triangle DEE, and the re¬ 
maining angle BAC (is) equal to the remaining angle 
EDF [Prop. 1.4]. 

Thus, if two triangles have two angles equal to two 
angles, respectively, and one side equal to one side—in 
fact, either that by the equal angles, or that subtending 
one of the equal angles—then (the triangles) will also 
have the remaining sides equal to the (corresponding) re¬ 
maining sides, and the remaining angle (equal) to the re¬ 
maining angle. (Which is) the very thing it was required 
to show. 


Proposition 27 

If a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel to one another. 



For let the straight-line EF, falling across the two 
straight-lines AB and CD, make the alternate angles 
AEF and EFD equal to one another. I say that AB and 
CD are parallel. 

For if not, being produced, AB and CD will certainly 
meet together: either in the direction of B and D, or (in 
the direction) of A and C [Def. 1.23]. Let them have 
been produced, and let them meet together in the di¬ 
rection of B and D at (point) C. So, for the triangle 
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5i^ 6£ix'dr]asTai, oti ouBe etiI xa A, F- ai Be sm ^rjBsTEpa xa GEF, the external angle AEF is equal to the interior 
qspr] auqTiixxouoai 7iapdXXr]Xoi Eiaiv KapdXXrjXoc dpa saxiv and opposite (angle) EFG. The very thing is impossible 
f] AB XT] FA. [Prop. 1.16]. Thus, being produced, AB and GD will not 

’Edv dpa Eic 60o EudElai; EudEla spTiiTCxouaa xd<; svaXXd^ meet together in the direction of B and D. Similarly, it 
ywviac laaz dXXrjXaic; Koifj, xapdXXrjXoi caovxai ai EuDElac can be shown that neither (will they meet together) in 
oTiEp eBel BEl^ai- (the direction of) A and G. But (straight-lines) meeting 

in neither direction are parallel [Def. 1.23]. Thus, AB 
and CD are parallel. 

Thus, if a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel (to one another). 
(Which is) the very thing it was required to show. 


XT)'. 

’Edv Eic Buo EudEiat; EudEla EpuiTCxouaa xf)v £xx 6 <; 
ywviav XT) Evxot; xal dxEvavxiov xal Exl xd auxd pspr) larjv 
xoifj T] xdc; Evxog xal ekI xd auxd pspr) Bualv op'dalt; laat;, 
xapdXXrjXoi soovxai dXXfjXaic; ai EuiUElai.. 



Eic; ydp Buo EuilEiac; xdc; AB, FA EuOEla Epxixxouaa f) 
EZ xf)v Exxoi; ycoviav xf)v 0x6 EHB xrj evxoc; xal dxEvavxlov 
yovicx xf) 0x6 H0A lariv xoieIxw t] xdc; svxdc; xal sxl xd 
aOxd pspr) xdc; 0x6 BH0, H0A Bualv op'dalc; laaq,' Xsyw, 
6 x 1 xapdXXqXoc; saxiv fj AB xr] FA. 

’ExeI ydp lar] saxiv fj 0x6 EHB xfj 0x6 H0A, dXXd f) 0x6 
EHB xfj 0x6 AH0 saxiv lar], xal f] 0x6 AH0 dpa xfj 0x6 
H0A saxiv lar)' xai siaiv svaXXd^' xapdXXqXoc; dpa saxiv f] 
AB xfj FA. 

HdXiv, exeI al 0x6 BH0, H0A Buo opOdic; laai siaiv, 
sial Be xal ai 0x6 AH0, BH0 Bualv opDalc; laai, al dpa 
0x6 AH0, BH0 xdic; 0x6 BH0, H0A laai siaiv xoivf] 
dcprjpfja'dw f] 0x6 BH0- Xoixf] dpa f] 0x6 AH0 Xoixfj xfj 
0x6 H0A saxiv laiy xai siaiv svaXXd^' xapdXXrjXoc; dpa 
saxiv f] AB xfj FA. 

’Edv dpa sic; Buo EOhsiac; EOhEla spxixxouaa xf]v sxxdc; 
ywviav xfj £vx 6 c; xal dxsvavxiov xal sxl xd aOxd pcpr] larjv 


Proposition 28 

If a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo¬ 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel to 
one another. 



For let EE, falling across the two straight-lines AB 
and CD, make the external angle EGB equal to the in¬ 
ternal and opposite angle GHD, or the (sum of the) in¬ 
ternal (angles) on the same side, BGH and GEID, equal 
to two right-angles. I say that AB is parallel to CD. 

For since (in the first case) EGB is equal to GEID, but 
EGB is equal to AGH [Prop. 1.15], AGH is thus also 
equal to GHD. And they are alternate (angles). Thus, 
AB is parallel to CD [Prop. 1.27]. 

Again, since (in the second case, the sum of) BGH 
and GHD is equal to two right-angles, and (the sum 
of) AGH and BGH is also equal to two right-angles 
[Prop. 1.13], (the sum of) AGH and BGH is thus equal 
to (the sum of) BGH and GHD. Let BGH have been 
subtracted from both. Thus, the remainder AGH is equal 
to the remainder GHD. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 
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noifj f] Tocc; evTog xctl enl xa auxoc [iepr] 6ualv op'dctlc; laac;, 
xapaXXrjXoi eoovxai al eOiSeiai' onep eBei Sei^ai. 


XtE)'. 

'H sIq xag napaXkfikouQ eu-deiaz eu'dela eptxixxouaa xa<; 
xe evaXXa^ ywviac; XaaQ dXXr^Xaic; noiel xal xf)v exxoc xf) 
evxoc xal dxevavxiov larjv xal xdt; evxoc; xal exl xd auxd 
[ispr] 5ualv op'dalc; XaaQ. 



Eiz Y“P xapaXXrjXouc eu^elac; xdg AB, FA euDela 
epiKiKxexw f) EZ- Xsyw, oxi. xdc; evaXXd^ ywvlac; xdc; bnb 
AH0, H0A Xaaz xoiel xal xf)v exxoc; ywviav xrjv uko EHB 
xfj evxoc; xal dxevavxlov xfj uko H0A iar]v xal xd<; evxoc; 
xal exl xd auxd pepr) xdc; uko BH0, H0A 6ualv opiElaTc; 
XaaQ. 

El ydp dviaoc; caxiv rj uko AH0 xrj uko H0A, [ila auxwv 
piell^wv eaxlv. eaxw piell^wv rj uko AH0- xoivr) Kpooxelaiila) 
f) UKO BH0- ai dpa uko AH0, BH0 xwv uko BH0, H0A 
[iel^ovcc; elaiv. dXXd al uko AH0, BH0 5ualv opDalc; laai 
elalv. [xal] ai dpa uko BH0, H0A 5uo opiElwv cXdaaovei; 
elaiv. al 5c aK’ eXaaaovcov r] 5uo opDcSv cx(3aXX6p,cvai 
cl<; aKCipov aujiKiKxouaiv al dpa AB, FA expaXX6(icvai 
clc; dKCipov aujiKcaouvxai- ou aupiKlKxouai 6c 6id x6 Ka- 
paXXrjXouc; auxdc; UKOxcTa'dar oux dpa dviaoc; eaxiv f) uko 
AH0 xfj UKO H0A- lar) dpa. dXXd f] uko AH0 xfj uko EFEB 
caxiv lar]- xal f] uko EHB dpa xfj uko H0A eaxiv lar]- xoivf] 
KpoaxclaDw f) uko BH0' al dpa uko EHB, BH0 xaTc; uko 
BH0, H0A laai elaiv. dXXd ai uko EHB, BH0 6uo opDalc; 
laai elaiv xal al uko BH0, H0A dpa 6uo opiSdic; laai elaiv. 

'H dpa elc; xdc; KapaXXf]Xouc; cuT^clac; cuDeTa cpiKlKxouaa 
xdc; xc evaXXd^ ywvlac; laac; dXXfjXaic koicI xal xfjv exxoc; 
xfj evxoc; xal dxcvavxlov larjv xal xdc; evxoc; xal era xd auxd 


Thus, if a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo¬ 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel (to 
one another). (Which is) the very thing it was required 
to show. 

Proposition 29 

A straight-line falling across parallel straight-lines 
makes the alternate angles equal to one another, the ex¬ 
ternal (angle) equal to the internal and opposite (angle), 
and the (sum of the) internal (angles) on the same side 
equal to two right-angles. 



For let the straight-line EF fall across the parallel 
straight-lines AB and CD. I say that it makes the alter¬ 
nate angles, AGH and GHD, equal, the external angle 
EGB equal to the internal and opposite (angle) GEID, 
and the (sum of the) internal (angles) on the same side, 
BGEl and GEID, equal to two right-angles. 

For if AGH is unequal to GHD then one of them is 
greater. Let AGH be greater. Let BGH have been added 
to both. Thus, (the sum of) AGH and BGH is greater 
than (the sum of) BGH and GHD. But, (the sum of) 
AGH and BGH is equal to two right-angles [Prop 1.13]. 
Thus, (the sum of) BGH and GHD is [also] less than 
two right-angles. But (straight-lines) being produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, AB and GD, 
being produced to infinity, will meet together. But they do 
not meet, on account of them (initially) being assumed 
parallel (to one another) [Def. 1.23]. Thus, AGH is not 
unequal to GHD. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to 
GHD. Let BGH be added to both. Thus, (the sum of) 
EGB and BGH is equal to (the sum of) BGH and GHD. 
But, (the sum of) EGB and BGH is equal to two right- 
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[ispr] 5ualv op'dctlc; laac onep eSei 5el^ai. 


X'. 

Ai xfj auxfi suT^eia TiapdXXrjXoi xai dXXr)Xai.(; eia'i TiapdXXr]- 
Xoi. 



Tilaxw sxaxspa xov AB, FA xfj EZ xapdXXrjXoc;' Xeyto, 
6 x 1 xal f) AB xfj FA saxi xapdXXrjXoc- 

’E(ixi.xxexw ydp eiz auxd<; euiSsTa f] HK. 

Kai SKEi eiz xapaXXf]Xouc; euiSsLac; xdc; AB, EZ eOiSsTa 
epiKExxwxev f] HK, Xai] dpa f] uxo AHK xfj 0x6 H0Z. 
xdXiv, exei eiz xapaXXf]Xouc; suT^eiat; xdc; EZ, FA eOiSeTa 
e^JiT^ET^TWxev f] HK, Xai] saxiv f) 0x6 H0Z xfj 0x6 HKA. 
eBsix'dr) 6 e xoi'i f] 0x6 AHK xfj 0x6 H0Z lar). xai f] 0x6 AHK 
dpa xfj 0x6 HKA eaxiv far)' xai eiaiv evaXXd^. xapciXXrjXoc; 
dpa eaxlv f] AB xfj FA. 

[Ai dpa xfj aOxfj eOfieia xapdXXrjXoi xai cxXXfjXaic eial 
xapdXXr]Xor] oxsp sBei BeT^ai. 


Aid xoO Sofievxoc; ar)p,£[ou xfj Sofieiar) eO'deicx xapciXXrjXov 
eOifelav ypa(j^f)v cxyaysTv. 

Tilaxw x6 ^i£v BotJev arj^elov x6 A, fj 6e BoiSsTGa eOiSEla 
f) BF- Bel 5f) 6id xoO A ar)(i£iou xfj BF eO'Oeicx xapciXXrjXov 
EuifElav ypa(i^f)v dyayElv. 

EiXficpiSw £xi xfji; BF xux6v arj^Elov x6 A, xai exe^euxtDw 
f] AA- xal auvEGXcxxw xp6(; xfj A A EOflEia xai xw xp6c; aOxfj 
arj^Eiw xw A xfj 0x6 AAF yovicx lar] f] 0x6 AAE- xal 


angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD 
is also equal to two right-angles. 

Thus, a straight-line falling across parallel straight¬ 
lines makes the alternate angles equal to one another, the 
external (angle) equal to the internal and opposite (an¬ 
gle), and the (sum of the) internal (angles) on the same 
side equal to two right-angles. (Which is) the very thing 
it was required to show. 

Proposition 30 

(Straight-lines) parallel to the same straight-line are 
also parallel to one another. 



Let each of the (straight-lines) AB and GD be parallel 
to EF. I say that AB is also parallel to CD. 

For let the straight-line GK fall across {AB, GD, and 
EF). 

And since the straight-line GK has fallen across the 
parallel straight-lines AB and EF, (angle) AGK (is) thus 
equal to GFIF [Prop. 1.29]. Again, since the straight-line 
GK has fallen across the parallel straight-lines EF and 
CD, (angle) GHF is equal to GKD [Prop. 1.29]. But 
AGK was also shown (to be) equal to GFIF. Thus, AGK 
is also equal to GKD. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 

[Thus, (straight-lines) parallel to the same straight- 
line are also parallel to one another.] (Which is) the very 
thing it was required to show. 

Proposition 31 

To draw a straight-line parallel to a given straight-line, 
through a given point. 

Let A be the given point, and BC the given straight- 
line. So it is required to draw a straight-line parallel to 
the straight-line BC, through the point A. 

Let the point D have been taken a random on BC, and 
let AD have been joined. And let (angle) DAE, equal to 
angle ADC, have been constructed on the straight-line 
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ex[3e[3Xr]aTL)a) ex’ eMeiat; Tfj EA euiSETa fj AZ. 



Kai SKEi eiz 8uo suT^eiat; Ta<; BE, EZ euiSeia e^JiTtixTouaa 
f) A A Ta<; svaXXa^ ycoviai; Ta<; uizb EAA, AAE laac, 
aXkrikaxQ TiSKoirjxev, xapdXXrjXoc; dpa eax'iv f) EAZ xf) BE. 

Aid xoD 8o'devxo<; dpa Gr)(jeiou xoD A xfj SoTJeiar) eOiSEia 
xfj BE KapdXXrjXoc £0i[}£Ta ypa^x^f] rjxxai fj EAZ- oxsp e8si 
xoifjaai. 

X(3'. 

Ilavxoi; xpiyAvou (iidt; xwv xXsupAv 7i;poa£xpXr]'d£iar)<; 
f) Exxoc; ytovia 6uai xdic; evxoc xal dxEvavxiov lar) egxiv, xal 
ai Evxoc xoD xpiyovou xpElc; ywviai 6i)alv op-ddic laai Eiaiv. 



B r A 


TSaxw xpiywvov x6 ABE, xal xpoaExpEpXrja'dw auxoO 
piia xXEupd f) BE exI x 6 A- XEyw, 6xi f) exxoc ywvia f) uxo 
AEA Tar] saxl 6ual xaTc evxoc; xal dxEvavxiov xdic 0x6 EAB, 
ABE, xai a! evxoc xoO xpiywvou xpElc ywviai at 0x6 ABE, 
BEA, EAB 6ualv op-daTc loai Eiaiv. 

’'Hx'dw ydp 6id xoD E arjpiEiou xfj AB EO-dEiqt xapdXXrjXoc 
f) EE. 

Kai exeI xapdXXr]X6c saxiv f] AB xfj EE, xal eic aOxdc 
E^xExxwxEv f] AE, al svaXXd^ ywviai ai 0x6 BAE, AEE laai 
dXXfjXaic Eiaiv. xdXiv, exeI xapdXXrjXoc eaxiv fj AB xf) EE, 
xal Eic aOxdc spixExxwxEv EO-dEla fj BA, fj £xx6c ywvia f) 
0x6 EEA lar) saxl xfj £vx6c xal dxEvavxiov xfj 0x6 ABE. 
sBEix'dr) 86 xal f) 0x6 AEE xfj 0x6 BAE lar)- oXr) dpa f] 0x6 
AEA ycovia lar) saxl 8ual xalc evx6c xal dxEvavxiov xalc 0x6 
BAE, ABE. 


DA at the point A on it [Prop. 1.23]. And let the straight- 
line AF have been produced in a straight-line with EA. 



And since the straight-line AD, (in) falling across the 
two straight-lines BC and EF, has made the alternate 
angles EAD and ADC equal to one another, EAF is thus 
parallel to BC [Prop. 1.27]. 

Thus, the straight-line EAF has been drawn parallel 
to the given straight-line BC, through the given point A. 
(Which is) the very thing it was required to do. 

Proposition 32 

In any triangle, (if) one of the sides (is) produced 
(then) the external angle is equal to the (sum of the) two 
internal and opposite (angles), and the (sum of the) three 
internal angles of the triangle is equal to two right-angles. 

A E 



BCD 


Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is equal to the (sum of the) two internal and oppo¬ 
site angles CAB and ABC, and the (sum of the) three 
internal angles of the triangle— ABC, BCA, and CAB — 
is equal to two right-angles. 

For let CE have been drawn through point C parallel 
to the straight-line AB [Prop. 1.31]. 

And since AB is parallel to CE, and AC has fallen 
across them, the alternate angles BAC and ACE are 
equal to one another [Prop. 1.29]. Again, since AB is 
parallel to CE, and the straight-line BD has fallen across 
them, the external angle ECD is equal to the internal 
and opposite (angle) ABC [Prop. 1.29]. But ACE was 
also shown (to be) equal to BAC. Thus, the whole an- 
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Koivi^ upoaxeio'dw f) Ono AFB- at dpa bnb ALA, AFB 
xpial Toic Otio ABF, BFA, FAB laai. eiaiv. dXX’ ai Otio AFA, 
AFB 6 ualv opiDaTc laai eiaiv xal at Oko AFB, FBA, FAB 
dpa 6uaiv op'daTc; laai eiaiv. 

IlavToc; dpa xpiyAvou piidc; tAv TiXeupAv Kpoaex- 
pXr]'dciar)<; f] exxoc; ywvia 6uai toTc evxoc; xal dnevavTiov 
XoT] eaxiv, xai ai evxoc; toO xpiyAvou xpeTc; ywviai 6uaiv 
op'daTc laai eiaiv oTiep e6ei 6eT5ai- 


Xy'. 

Ai xdc Taac xe xal napaXX'riXouc; enl xd auxd picpr] eni- 
^euyvuouaai eMelai xal aOxal laai xe xal TiapdXXrjXoi eiaiv. 

B A 



A r 


TCaxwaav laai xe xal napdXXirjXoi al AB, FA, xal cni- 
^euyvuxwaav aOxdc era xd auxd (iepr) eu'delai al AF, BA- 
Xeyw, 6 x 1 xal al AF, BA laai xe xal KapdXXrjXoi eiaiv. 

’EKe^euy'da) f) BF. xal eviel KapdXXrjXoc eaxiv f) AB xfj 
FA, xal eic auxdc eijnieKxwxev ir) BF, ai evaXXd^ ywviai ai 
UTio ABF, BFA laai dXXi^Xaic eiaiv. xal eTiel lar] eaxiv f) AB 
xfj FA xoivf] 5e f] BF, 5uo 6 f] ai AB, BF 5uo xdic BF, FA laai 
eiaiv xal ywvia f] Oko ABF ywvia xfj utio BFA lary pdaic 
dpa f] AF pdaei xfj BA eaxiv lar], xal x 6 ABF xpiywvov xA 
BFA xpiyAvw laov eaxiv, xal ai Xoixal ywviai xdic Xoixdic 
ywviaic laai eaovxai exaxepa exaxepa, Ocp’ dc ai laai nXeupal 
UTioxeivouaiv lar] dpa -f) Oko AFB ywvia xfj uno FBA. xal 
eriel eic 6 uo eu-deiac xdc AF, BA eu-dela epLTiiTixouaa fj BF 
xdc evaXXd^ ywviac laac dXXf]Xai<; 7 ie 7 i;oir]xev, 7 i;apdXXr]Xo<; 
dpa eaxiv f] AF xfj BA. eSeix-dr] 6 e auxfj xal lar]. 

Ai dpa xdc laac xe xal KapaXX-fjXouc era xd auxd (iepr] 
eni^euyvuouaai eu'delai xal auxal laai xe xal 7 i:apdXXr]Xoi 
eiaiv oTiep e 6 ei Bel^ai. 


gle ACD is equal to the (sum of the) two internal and 
opposite (angles) BAC and ABC. 

Let ACB have been added to both. Thus, (the sum 
of) ACD and ACB is equal to the (sum of the) three 
(angles) ABC, BCA, and CAB. But, (the sum of) ACD 
and ACB is equal to two right-angles [Prop. 1.13]. Thus, 
(the sum of) ACB, CBA, and CAB is also equal to two 
right-angles. 

Thus, in any triangle, (if) one of the sides (is) pro¬ 
duced (then) the external angle is equal to the (sum of 
the) two internal and opposite (angles), and the (sum of 
the) three internal angles of the triangle is equal to two 
right-angles. (Which is) the very thing it was required to 
show. 


Proposition 33 

Straight-lines joining equal and parallel (straight¬ 
lines) on the same sides are themselves also equal and 
parallel. 

B A 



D C 

Let AB and CD be equal and parallel (straight-lines), 
and let the straight-lines AC and BD join them on the 
same sides. I say that AC and BD are also equal and 
parallel. 

Let BC have been joined. And since AB is paral¬ 
lel to CD, and BC has fallen across them, the alter¬ 
nate angles ABC and BCD are equal to one another 
[Prop. 1.29]. And since AB is equal to CD, and BC 
is common, the two (straight-lines) AB, BC are equal 
to the two (straight-lines) DC, CB.^And the angle ABC 
is equal to the angle BCD. Thus, the base AC is equal 
to the base BD, and triangle ABC is equal to triangle 
DCB^, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal 
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD. 
Also, since the straight-line BC, (in) falling across the 
two straight-lines AC and BD, has made the alternate 
angles {ACB and CBD) equal to one another, AC is thus 
parallel to BD [Prop. 1.27]. And (AC) was also shown 
(to be) equal to {BD). 

Thus, straight-lines joining equal and parallel (straight- 
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t The Greek text has “BC, CD”, which is obviously a mistake, 
t The Greek text has “DCB”, which is obviously a mistake. 

X8'. 

Tmv iiapaXXr)XoYpa^i(itov )(cop[tov ai dmevavTiov iiXeupai 
T£ xal ycoviai. taai. dXXrjXctK; elaiv, xal rj Sidp-expoc; auxd 8ixa 
xepvei. 

A B 



Tilaxw TiapaXXrjXoypaijpov x^piov x6 AFAB, 6id(j£xpo<; 
5 e auxou T) BF- XEyco, 6xi xoO AFAB xapaXXrjXoypd^i^ou al 
dxEvavxiov TtXEupai x£ xal ywviai. laai dXXr]Xai<; £la[v, xal f) 
BF 8idp.£xpoc; aOxo 6ixa x£pv£i. 

’EkeI ydp 7iapdXXr]X6i; Eoxiv fj AB xfj FA, xal dq auxdc; 
EpxETtxwxEv EUT^Ela f) BF, al EvaXXd^ ywviat al 0x6 ABF, 
BFA laai dXXr]Xai<; Elalv. xdXtv exeI xapdXXr)X6<; saxtv f) AF 
xfj BA, xal eIc; aOxdc; spxsxxwxEv f] BF, al svaXXd^ ywvlai 
al 0x6 AFB, FBA laai dXXrjXatc; Elalv. 60o 8f) xplywvd saxi 
xd ABF, BFA xd<; 60o ytovlat; tolc, 0x6 ABF, BFA 8ual 
xalc 0x6 BFA, FBA Ioolq sxovxa sxaxspav sxaxspa xal plav 
xXEupdv (iia xXEupa ’(ar]v xf]v xp6<; xdlc laatc ycovlatc; xotvfjv 
aOxAv xf]v BF- xal xd<; Xoixac dpa xXEupdc; xdlc; Xoixdlc 
Xaaz E^Ei sxaxspav sxaxspa xal xf]v Xoixf]v ycovlav xfj Xotxfj 
ywvla- larj dpa f) ^ev AB xXsupd xfj FA, f] Be AF xfj BA, 
xal Ext lar] saxlv f] 0x6 BAF ywvla xfj 0x6 FAB. xal exeI 
lar] saxlv f] psv 0x6 ABF ywvla xfj 0x6 BFA, f) Be 0x6 FBA 
xfj 0x6 AFB, oXr) dpa f) 0x6 ABA okfi xfj 0x6 AFA saxiv 
lar]. eBeIx-Oti Be xal f] 0x6 BAF xfj 0x6 FAB lar). 

TAv dpa xapaXXr]Xoypd^pwv dxsvavxlov 

xXsupal x£ xal yovlai. laai. dXX-fjXatc; slalv. 

Asyw Bf], 6x1. xal f] BidpExpoc; aOxd Blxa x£[iv£i.. exeI ydp 
Xof] saxlv f) AB xfj FA, xoivf) Be f] BF, BOo Bf] al AB, BF 
Bual xdlc; FA, BF laai. slalv sxaxspa Exaxspa- xal ywvla -f] 
0 x 6 ABF ywvla xfj 0 x 6 BFA lar). xal pdaic; dpa f] AF xfj 
AB lar). xal x6 ABF [dpa] xplywvov xA BFA xpiyAvco laov 
saxlv. 

'H dpa BF Bid(i£xpo<; Bl^a x£(JV£i. x6 ABFA xapaX- 
Xr]X6ypa(jpov oxsp eBei. Bsl^ai.. 


lines) on the same sides are themselves also equal and 
parallel. (Which is) the very thing it was required to 
show. 


Proposition 34 

In parallelogrammic figures the opposite sides and angles 
are equal to one another, and a diagonal cuts them in half. 


A B 



Let ACDB be a parallelogrammic figure, and BC its 
diagonal. I say that for parallelogram ACDB, the oppo¬ 
site sides and angles are equal to one another, and the 
diagonal BC cuts it in half 

For since AB is parallel to CD, and the straight-line 
BC has fallen across them, the alternate angles ABC and 
BCD are equal to one another [Prop. 1.29]. Again, since 
AC is parallel to BD, and BC has fallen across them, 
the alternate angles ACB and CBD are equal to one 
another [Prop. 1.29]. So ABC and BCD are two tri¬ 
angles having the two angles ABC and BCA equal to 
the two (angles) BCD and CBD, respectively, and one 
side equal to one side—the (one) by the equal angles and 
common to them, (namely) BC. Thus, they will also 
have the remaining sides equal to the corresponding re¬ 
maining (sides), and the remaining angle (equal) to the 
remaining angle [Prop. 1.26]. Thus, side AB is equal to 
CD, and AC to BD. Furthermore, angle BAC is equal 
to CDB. And since angle ABC is equal to BCD, and 
CBD to ACB, the whole (angle) ABD is thus equal to 
the whole (angle) ACD. And BAC was also shown (to 
be) equal to CDB. 

Thus, in parallelogrammic figures the opposite sides 
and angles are equal to one another. 

And, I also say that a diagonal cuts them in half For 
since AB is equal to CD, and BC (is) common, the two 
(straight-lines) AB, BC are equal to the two (straight¬ 
lines) DC, CBX , respectively. And angle ABC is equal to 
angle BCD. Thus, the base AC (is) also equal to DB, 
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t The Greek text has “CD, BC”, which is obviously a mistake, 
t The Greek text has “ABCD”, which is obviously a mistake. 

Xs'. 

Ta iiapo{XXriX6Ypa(i^a xa enl xfjc; auxfjc; pdaecoc; ovxa xal 
ev xalc otUTocIc; TtapocXXrjXoK; Xaa. dXXrjXoic; eaxiv. 



B r 


Tilaxw 7tapaXXr]X6Ypa(jpa xd ABFA, EBFZ ettl xfjc 
auxfjc pdaecoc xfjc BF xal ev xalc auxalc TtapaXXfjXotc xalc 
AZ, BF' XeYW, oxi. laov eaxl x6 ABFA xA EBFZ xapaXXr)- 
XoYpd^pw. 

’Exei yap xapaXXrjXoYpaijpov eaxi. x6 ABFA, Tarj eaxiv 
f) AA xfj BF. 5id xd auxd 5f) xal fj EZ xfj BF eaxiv lar)' 
Aaxe xal f] A A xfj EZ eaxiv lar]- xal xoivf) f] AE- oXr) dpa 
f) AE oXt) xfj AZ eaxiv Tar], eaxi 5e xal fj AB xfj AF lar)- 
5uo 6f) ai EA, AB 6uo xdic ZA, AF laai eialv exaxepa 
cxaxcpa' xal Ywvia fj uxo ZAF Y^^via xfj uxo EAB eaxiv 
I'aT) f) exxoc xfj evxoc pdaic dpa f) EB pdaei xfj ZF larj eaxiv, 
xal x6 EAB xpiYWvov xA AZF xpiYAvm laov caxar xoivov 
d(pr)pf]a'd(u x6 AHE' Xoixov dpa x6 ABHA xpaxe^iov XoixA 
xA EHFZ xpaxe^icp eaxiv laov xoivov xpoaxeiaDm x6 HBF 
xpiYWvov oXov dpa x6 ABFA xapaXXrjXoYpajip-ov oXco xA 
EBFZ xapaXXr)XoYpdp,[icp laov eaxiv. 

Td dpa xapaXXr)X6Ypap.(ia xd exl xfjc auxfjc pdaewc ovxa 
xal ev xalc auxaTc xapaXXrjXoic laa dXXf]Xoic eaxiv oxep c5ei 
5el^ai. 


and triangle ABC is equal to triangle BCD [Prop. 1.4]. 

Thus, the diagonal BC cuts the parallelogram ACDB^ 
in half. (Which is) the very thing it was required to show. 


Proposition 35 

Parallelograms which are on the same base and be¬ 
tween the same parallels are equaP to one another. 



B C 


Let ABCD and EBCF be parallelograms on the same 
base BC, and between the same parallels AF and BC. I 
say that ABCD is equal to parallelogram FBCF. 

For since ABCD is a parallelogram, AD is equal to 
BC [Prop. 1.34]. So, for the same (reasons), FF is also 
equal to BC. So AD is also equal to FF. And DF is 
common. Thus, the whole (straight-line) AF is equal to 
the whole (straight-line) DF. And AB is also equal to 
DC. So the two (straight-lines) FA, AB are equal to 
the two (straight-lines) FD, DC, respectively. And angle 
FDC is equal to angle EAB, the external to the inter¬ 
nal [Prop. 1.29]. Thus, the base EB is equal to the base 
FC, and triangle EAB will be equal to triangle DFC 
[Prop. 1.4]. Let DGE have been taken away from both. 
Thus, the remaining trapezium ABCD is equal to the re¬ 
maining trapezium EGCF. Let triangle GBC have been 
added to both. Thus, the whole parallelogram ABCD is 
equal to the whole parallelogram EBCF. 

Thus, parallelograms which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


t Here, for the first time, “equal” means “equal in area”, rather than “congruent”. 


X9. 

Td xapaXXqXoYpappa xd exl lamv pdaetov ovxa xal ev 
xalc auxdic xapaXXqXoic laa dXXqXoic eaxiv. 

Tlaxw xapaXXrjXoYpappa xd ABFA, EZH0 exl lawv 
pdaetov ovxa xAv BF, ZH xal ev xalc auxdic xapaXXfjXoic 
xalc A0, BH' Xeyw, oxi laov eaxi x6 ABFA xapaX- 


Proposition 36 

Parallelograms which are on equal bases and between 
the same parallels are equal to one another. 

Let ABCD and EFGH be parallelograms which are 
on the equal bases BC and FG, and (are) between the 
same parallels AFl and BC. I say that the parallelogram 
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XrjXoYpa^ijiov xw EZH0. 


A A E @ 



’EKE^eux'dwaav yap at BE, E©. xal exei lar) eaxlv f) 
BE XT) ZH, dXXa f) ZH xfj E0 eaxiv lar), xal fj BE apa xf) 
E0 eaxiv larj. eial 6e xal xapaXXrjXoi. xal exi^euYvuouaiv 
auxai; al EB, 0E- ai 6e xac; laac; xe xal xapaXXrjXoui; exl 
xa auxa liepr) emJ^euYvuouaai laai xe xal xapaXXrjXoi eiai 
[xal al EB, 0E apa laai xe elai xal xapdXXrjXoi]. xapaX- 
XrjXoYpapijiov dpa caxl x6 EBE0. xal eaxiv laov xw ABEA- 
pdaiv xe ydp auxG xrjv auxrjv e^ei xi^v BE, xal ev xaTc aOxdic 
xapaXXr^Xoic; eaxiv auxw xdic; BE, A0. 6la xd aOxd 5r) xal x6 
EZH0 xw aOxcp xo EBE0 eaxiv laov Aaxe xal x6 ABEA 
xapaXXrjXoypapiiiov xw EZH0 eaxiv laov. 

Td dpa xapaXXrjXoypapiiia xd exl latov pdaecov ovxa xal 
cv xaTc auxaTc 7iapaXXr]Xoi<; laa dXXrjXoic; eaxiv oxep e5ei 
5eT^ai. 


XC. 

Td xplywva xd exl xf)<; auxfjc; pdaecoc; ovxa xal A xalc; 



B r 


TUaxo) xplyova xd ABE, ABE era xfjc; auxfjc; pdaewc; xfjc; 
BE xal t\> xaTc; auxdic; KapaXXrjXoic; xdi^ AA, BE- Xeyo, 6xi 
laov eaxl x6 ABE xplywvov xA ABE xpiyAvw. 

’ExpepXrja'dw fj AA ecp’ exdxepa xd piepr) era xd E, Z, xal 
5id piA xou B xfj EA xapdXXrjXoi; fjx-do) f] BE, 5la 6e xou E xfj 
BA 7iapdXXr]Xoc; fjx'Hw f] EZ. TiapaXXrjXoypaiipiov dpa eaxiv 
exdxepov xAv EBEA, ABEZ- xal eiaiv laa- exl xe ydp xfjc; 
auxfjc; pdaeAc; eiai xfjc; BE xal t\> xaTc; auxdic KapaXXfjXoic; 
xaTc; BE, EZ- xal eaxi xou piev EBEA -KapaXXrjXoypdiipiou 
fjpiiau x6 ABE xplywvov- f] ydp AB 6id(iexpoc; auxo 6lxa 
xepiver xou 6e ABEZ -KapaXXrjXoypdijpiou -J^ijiiau x6 ABE 
xplywvov- -f) ydp AE 5id[iexpoc; auxo 6lxa xepivei. [xd 5e 


ABCD is equal to EFGH. 


AD EH 



For let BE and CH have been joined. And since BC is 
equal to EG, but EG is equal to EH [Prop. 1.34], BG is 
thus equal to EH. And they are also parallel, and EB and 
iEC join them. But (straight-lines) joining equal and par¬ 
allel (straight-lines) on the same sides are (themselves) 
equal and parallel [Prop. 1.33] [thus, EB and HC are 
also equal and parallel]. Thus, EBGH is a parallelogram 
[Prop. 1.34], and is equal to ABGD. For it has the same 
base, BG, as {ABGD), and is between the same paral¬ 
lels, BG and AH, as {ABGD) [Prop. 1.35]. So, for the 
same (reasons), EFGH is also equal to the same (par¬ 
allelogram) EBGH [Prop. 1.34]. So that the parallelo¬ 
gram ABGD is also equal to EFGH. 

Thus, parallelograms which are on equal bases and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 37 

Triangles which are on the same base and between 



B C 


Let ABG and DBG be triangles on the same base BG, 
and between the same parallels AD and BG. 1 say that 
triangle ABG is equal to triangle DBG. 

Let AD have been produced in both directions to E 
and F, and let the (straight-line) BE have been drawn 
through B parallel to GA [Prop. 1.31], and let the 
(straight-line) GF have been drawn through G parallel 
to BD [Prop. 1.31]. Thus, EBGA and DBGF are both 
parallelograms, and are equal. For they are on the same 
base BG, and between the same parallels BG and EF 
[Prop. 1.35]. And the triangle ABG is half of the paral¬ 
lelogram EBGA. For the diagonal AB cuts the latter in 
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Twv latov fijiiar) Xaa. dXXrjXoic; eaxiv]. laov dpa eaxl to ABF 
xpiyovov TW ABF xpLyAvo. 

Td dpa xpiywva xd em xfjc; auxfjc pdaewc ovxa xai sv xaTc 
aOxaTc 7iapaXXr]Xoi<; laa. dXXr]Xoi<; eaxiv oTiep sBei BeT^ai.. 


t This is an additional common notion. 

Xi^'. 

Td xpiycovoc xd exl lawv pdaewv ovxa xai ev xaTc auxalc; 
xapaXXr^XoK; laa dXXr)Xoi.c; saxiv. 

H A A © 


B r E Z 

TCaxw xpiywva xd ABF, AEZ exl latov pdaetov xAv BF, 
EZ xai ev xalc; aOxalc; xapaXXr^Xoic; xaT(; BZ, AA' Xeyw, 6xi 
laov eaxl x6 ABF xplytovov xA AEZ xpiyAvw. 

’ExpepXi^a'dto ydp rj AA ccp’ exdxepa xd piepr) cxl xd F[, 
0, xai 5id picv xou B xfj FA xapdXXrjXoc; BH, 5la 5e 

xoD Z xf) AE xapdXXrjXoc; f) Z0. xapaXXr]X6ypa(jptov 
dpa eaxiv exdxepov xAv HBFA, AEZ0' xai laov x6 FEBFA 
xA AEZ0' eni xe ydp lawv pdaeAv eiai. xAv BF, EZ xai 
ev xaTc auxdlc 7tapaXXr)Xoi.(; xdlc; BZ, FE0- xa[ eaxi xoD (lev 
HBFA 7tapaXXr)Xoypdpi(Jou f^pnau x6 ABF xpiywvov. fj ydp 
AB 6i.dpiexpo(; auxo 6ixa xepivei.' xou 8e AEZ0 itapaXXr)- 
Xoypdpipiou fjpnau x6 ZEA xpiywvov fj ydp AZ 6ia(jexpo<; 
auxo 6ixa xepivei [xd 6e xAv lawv fjptlar) laa dXXr]Xoi<; eaxiv]. 
laov dpa eaxl x6 ABF xplywvov xA AEZ xpiyAvw. 

Td dpa xplytova xd cxl lawv pdaetov ovxa xai ev xaT<; 
auxdl<; xapaXXr]Xoi<; laa dXXr]Xoic; eaxiv oxep e6ei Sel^ai. 


XtE)'. 

Td laa xplywva xd era xfjc; auxfjc; pdoetoc; ovxa xai exl 
xd auxd (iepr) xai ev xdlc; auxalc; 7tapaXXr)Xoi.c; eaxiv. 

Tilaxw laa xpiywva xd ABF, ABF exl xfjc; auxfjc; pdaeoc; 
ovxa xai exl xd auxd (iepr) xfjc; BF- Xeyw, 6xi xai ev xalc; 


half [Prop. 1.34]. And the triangle DBC (is) half of the 
parallelogram DBCF. For the diagonal DC cuts the lat¬ 
ter in half [Prop. 1.34]. [And the halves of equal things 
are equal to one another.] I Thus, triangle ABC is equal 
to triangle DBC. 

Thus, triangles which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 38 

Triangles which are on equal bases and between the 
same parallels are equal to one another. 

GAD H 


B C E F 

Let ABC and DEF be triangles on the equal bases 
BC and EF, and between the same parallels BF and 
AD. I say that triangle ABC is equal to triangle DEF. 

For let AD have been produced in both directions 
to G and H, and let the (straight-line) BG have been 
drawn through B parallel to CA [Prop. 1.31], and let the 
(straight-line) FH have been drawn through F parallel 
to DE [Prop. 1.31]. Thus, GBCA and DEFH are each 
parallelograms. And GBCA is equal to DEFH. For they 
are on the equal bases BC and EF, and between the 
same parallels BF and GH [Prop. 1.36]. And triangle 
ABC is half of the parallelogram GBCA. For the diago¬ 
nal AB cuts the latter in half [Prop. 1.34]. And triangle 
FED (is) half of parallelogram DEFH. For the diagonal 
DF cuts the latter in half. [And the halves of equal things 
are equal to one another.] Thus, triangle ABC is equal 
to triangle DEF. 

Thus, triangles which are on equal bases and between 
the same parallels are equal to one another. (Which is) 
the very thing it was required to show. 

Proposition 39 

Equal triangles which are on the same base, and on 
the same side, are also between the same parallels. 

Let ABC and DBC be equal triangles which are on 
the same base BC, and on the same side (of it). I say that 
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auToit; napaXXr^XoK; saxiv. 



’EKE^eux'dco Y“P 'H XA- Xeyw, oti. KapaXXrjXoc eaxiv f) 
AA Tfj BF. 

Ei Y«P Sia ToO A arjpsbu xfj BF euiSeLa 

7 iapdXXr]Xoi; f) AE, xal ene^eux'dco f) EF. laov dpa eaxl x 6 
ABF xpiytovov xw EBF xpiy^vco' em xe y“P auxfjc; 
pdaecoc; eaxiv auxw xfji; BF xal ev xalg auxalc; xapaXXr]Xoi<;. 
dXXd x 6 ABF xw ABF eaxiv laov xai x 6 ABF dpa xw EBF 
laov caxi x 6 (iel^ov xG eXdaaovr oxep eaxiv dSuvaxov oux 
dpa KapdXXrjXoi; eaxiv f) AE xfj BF. 6 [jioiW(; 8 r) Bei^opev, 
6 x 1 ou 6 ’ dXXr) xk; xXrjv xfji; AA- fj AA dpa xfj BF eaxi 
xapdXXrjXoc;. 

Td dpa laa xpiywva xd era x-ljc auxfjc; pdaewc; ovxa xal 
era xd auxd (lepr) xal ev xaTc; auxalc; xapaXXfiXoic; eaxiv oxep 
e 6 ei 5eT^ai. 

[i'. 

Tdlaa xpiywva xd era’iawv pdaewv ovxa xal era xd auxd 
[iepr] xal ev xalc; auxdic; TCapaXX-fjXoic; eaxiv. 



Tilaxa) laa xpiywva xd ABF, FAE era lawv pdaewv xAv 
BF, FE xal era xd auxd (iepr). Xeyw, oxi xal ev xalc; auxalc; 
xapaXXfjXoic; eaxiv. 

’Exe^euxiclw ydp -f) AA- Xeyco, oxi KapdXX-rjXoc; eaxiv f) 
AA xfj BE. 

El ydp ^if], fjx-dw 5id xou A xfj BE xapdXXrjXoc; f) AZ, 
xal e-xel^euxiclw -f) ZE. laov dpa eaxl x 6 ABF xpiywvov 
xA ZFE xpiyAvcp- cxi xe ydp latov pdaeAv eiai xAv BF, 
FE xal ev xalc; auxalc; xapaXXfjXoic; xalc; BE, AZ. dXXd x 6 
ABF xpiywvov laov eaxl xA AFE [xpiycovw] - xal x 6 AFE 
dpa [xpiyovov] laov eaxl xA ZFE xpiyAvw x 6 (Jel^ov xA 


they are also between the same parallels. 



are parallel. 

For, if not, let AE have been drawn through point A 
parallel to the straight-line BC [Prop. 1.31], and let EC 
have been joined. Thus, triangle ABC is equal to triangle 
EBC. For it is on the same base as it, BC, and between 
the same parallels [Prop. 1.37]. But ABC is equal to 
DBC. Thus, DBC is also equal to EBC, the greater to 
the lesser. The very thing is impossible. Thus, AE is not 
parallel to BC. Similarly, we can show that neither (is) 
any other (straight-line) than AD. Thus, AD is parallel 
to BC. 

Thus, equal triangles which are on the same base, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 

Proposition 40^ 

Equal triangles which are on equal bases, and on the 
same side, are also between the same parallels. 



Let ABC and CDE be equal triangles on the equal 
bases BC and CE (respectively), and on the same side 
(of BE). I say that they are also between the same par¬ 
allels. 

For let AD have been joined. I say that AD is parallel 
to BE. 

For if not, let AE have been drawn through A parallel 
to BE [Prop. 1.31], and let EE have been joined. Thus, 
triangle ABC is equal to triangle FCE. For they are on 
equal bases, BC and CE, and between the same paral¬ 
lels, BE and AE [Prop. 1.38]. But, triangle ABC is equal 
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eXdaaovi.' onep eaxlv dSuvaxov oux dpa KcxpdXXrjXoc f) AZ 
Tfj BE. o^oiwc; 61 ^ Bsl^o^ev, oti ou6’ dXXrj ti<; kXtjv Tfjc AA- 
f) AA dpa Tf) BE eaxi napdXXrjXo^. 

Td dpa laa Tpiywva xd em lawv pdaswv ovxa xal era xd 
aOxd sv xaTc; auxalc xapaXXr]Xoi<; eaxlv oxep e5ei. 

BeT^ai. 


to [triangle] DCE. Thus, [triangle] DCE is also equal to 
triangle ECE, the greater to the lesser. The very thing is 
impossible. Thus, AE is not parallel to BE. Similarly, we 
can show that neither (is) any other (straight-line) than 
AD. Thus, AD is parallel to BE. 

Thus, equal triangles which are on equal bases, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


t This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 


[ia'. 

’Edv xapaXXrjXoYpappov xpiytovtp pdaiv xe exT) xf]v 
auxrjv xai ev xaTc; aOxalc itapaXXriXoK; fj, BtTtXdaiov eaxi 
x 6 TtapaXXrjXoypappov xoO xpiytovou. 


A A E 



IlapaXXrjXoypappov ydp x 6 ABTA xpiycovcp xw EBT 
pdatv xe exsxw xqv aOxqv xqv BE xal ev xaTc auxalc Tta- 
paXXrjXotc eaxco xaTc BE, AE- Xeyto, 6 x 1 SiTtXdatov eaxi x 6 
ABEA TtapaXXrjXoypappov xoO BEE xpiywvou. 

’ETte^eux-dco ydp fj AE. Taov 6 r] eaxi x 6 ABE xpiywvov 
xo EBE xpiywvcp- etti xe ydp x-rjc aux-rjc pdaeAc eaxiv 
aOxo xfjc BE xal ev xdlc auxaTc TtapaXX-rjXoic xdlc BE, AE. 
dXXd x 6 ABEA TtapaXXqXoypappov BntXdaiov eaxi xou ABE 
xpiyAvou- r] ydp AE 6 idpexpoc auxo 6 ixa xepvec waxe 
x 6 ABEA 7 iapaXXr]X 6 ypappov xal xou EBE xpiyAvou eaxi 
5 i 7 tXdaiov. 

’Edv dpa TtapaXXqXoypappov xpiyAvto pdaiv xe exn xf]v 
auxf]v xal ev xdTc auxaTc itapaXXriXoic fj, 5 i 7 tXdai 6 v eaxi x 6 
TtapaXXrjXoypappov xou xpiywvou- ottep e 6 ei 5eT^ai. 

[i(3'. 

Tcp BoHevxi xpiywvw Taov itapaXXrjXoypappov auaxr]- 
aaadai ev xfj Boheiar) yovia euiUuypdppw. 

Tiaxa) x 6 pev Bohev xpiywvov x 6 ABE, ■() 6 e Bo-deTaa 
yovia euduypappoc f) A- 8 eT 6 f] xw ABE xpiywvw Taov Tta- 
paXXr)X 6 ypappov auax-rjaaa-dai ev xfj A ycovia eu'duypdppco. 


Proposition 41 

If a parallelogram has the same base as a triangle, and 
is between the same parallels, then the parallelogram is 
double (the area) of the triangle. 


A D E 



For let parallelogram ABCD have the same base BC 
as triangle EBC, and let it be between the same parallels, 
BC and AE. I say that parallelogram ABCD is double 
(the area) of triangle BEC. 

For let AC have been joined. So triangle ABC is equal 
to triangle EBC. For it is on the same base, BC, as 
{EBC), and between the same parallels, BC and AE 
[Prop. 1.37]. But, parallelogram ABCD is double (the 
area) of triangle ABC. For the diagonal AC cuts the for¬ 
mer in half [Prop. 1.34]. So parallelogram ABCD is also 
double (the area) of triangle EBC. 

Thus, if a parallelogram has the same base as a trian¬ 
gle, and is between the same parallels, then the parallel¬ 
ogram is double (the area) of the triangle. (Which is) the 
very thing it was required to show. 

Proposition 42 

To construct a parallelogram equal to a given triangle 
in a given rectilinear angle. 

Let ABC be the given triangle, and D the given recti¬ 
linear angle. So it is required to construct a parallelogram 
equal to triangle ABC in the rectilinear angle D. 
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TeT^r]a'dco fj BF Sixot xaxa to E, xai ene^eux'dto fj AE, 
xai auveaxotTW npoc; xfj EF sOTJeia xal xo Tipoc; auxfj arjpiSLa) 
x« E xfj A ywvia Tar] f] Otio FEZ, xai 6ia ^ev xoO A xfj EF 
TiapdXXrjXoi; fjx'dw f] AH, 6id 6e xoO F xfj EZ KapdXXrjXoc 
fjx'dw f] FH- napaXXrjXoYpajip.ov dpa soxi x6 ZEFH. xal exel 
lar] eaxlv f) BE xfj EF, laov eaxl xal x6 ABE xpiyovov xA 
AEF xpiywvw' eni xs ydp lawv pdaswv siai xwv BE, EF xal 
ev xalg auxali; KapaXXfjXoic; xaT<; BF, AH- BiKXdaiov dpa eaxl 
x6 ABF xpiywvov xoD AEF xpiyAvou. eaxi Se xal x6 ZEFH 
iiapaXXr)X6ypap.(iov 5iiiXdaiov xou AEF xpiycovou- pdaiv xe 
ydp auxw xf)v aOxf)v exei xal cv xaT<; auxaTc eaxiv aOxw 
■n:apaXXf]Xoi<;- laov dpa eaxl x6 ZEFH TiapaXXrjXoypaiJ^ov 
x« ABF xpiyAvo). xal exei Tf]v uko FEZ ywviav larjv xfj 
So-deiar) xfj A. 

Tw dpa Bo-devxi xpiywvw xw ABF laov xapaXXrjXoypapi- 
piov auveaxaxai x6 ZEFH ev ywvia xfj Otio FEZ, -t^xk; eaxlv 
lar] xfj A- onep e8ei Tioi-ljaai. 


PY'. 

Havxoi; TiapaXXr)Xoypd(i^ou xwv Tiepl xf]v 8 idpiexpov 71a- 
paXX-ir)Xoypdtx(jLt)v xd 7 iapa 7 iXr]pwt^axa laa dXX-f]Xoi<; eaxlv. 

Tlaxw 7 iapaXXr)X 6 ypa^(iov x 6 ABFA, Bidpiexpoi; 8 e 
aOxoO -f) AF, Tiepl 6 e xf)v AF 7 iapaXXr)X 6 ypatx(ia ^nev eaxw 
xd E 0 , ZH, xd 8 e Xey 6 (jeva TiapaiiXrjpw^axa xd BK, KA- 
Xeyw, oxi laov eaxl x 6 BK TiapaTiXf]pw^a xw KA Tiapa- 
TiXr)pA(iaxi. 

’Enel ydp 7 iapaXXr)X 6 ypa^(i 6 v eaxi x 6 ABFA, 6 id(iexpo<; 
5 e auxou f] AF, laov eaxl x 6 ABF xplywvov xA AFA 
xpiyAvfc). TidXiv, eTiel 7 iapaXXr)X 6 ypatx(i 6 v eaxi x 6 E 0 , 
Bidtxexpoc; 6 e aOxoO eaxiv -f) AK, laov eaxl x 6 AEK xplywvov 
xA A 0 K xpiyAvo). 8 id xd aOxd 6 f] xal x 6 KZF xplywvov 
xA KHF eaxiv laov. enel oOv x 6 (lev AEK xplywvov xA 
A 0 K xpiyAvcp eaxlv laov, x 6 5 e KZF xA KHF, x 6 AEK 
xplywvov ^exd xoO KHF laov eaxl xA A 0 K xpiyAvw (jexd 
xou KZF- eaxi 8 e xal oXov x 6 ABF xplyovov oXw xA AAF 
laov- XoiTiov dpa x 6 BK TiapaTiXfjp«(ia XoitiA xA KA Tiapa- 



Let BC have been cut in half at K [Prop. 1.10], and 
let AB have been joined. And let (angle) CEF, equal to 
angle D, have been constructed at the point E on the 
straight-line EC [Prop. 1.23]. And let AG have been 
drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. 
Thus, FECG is a parallelogram. And since BE is equal 
to EC, triangle ABE is also equal to triangle AEG. For 
they are on the equal bases, BE and EC, and between 
the same parallels, BC and AG [Prop. 1.38]. Thus, tri¬ 
angle ABC is double (the area) of triangle AEG. And 
parallelogram FECG is also double (the area) of triangle 
AEG. For it has the same base as {AEG), and is between 
the same parallels as {AEG) [Prop. 1.41]. Thus, paral¬ 
lelogram FECG is equal to triangle ABC. {FECG) also 
has the angle CEF equal to the given (angle) D. 

Thus, parallelogram FECG, equal to the given trian¬ 
gle ABC, has been constructed in the angle CEF, which 
is equal to D. (Which is) the very thing it was required 
to do. 


Proposition 43 

For any parallelogram, the complements of the paral¬ 
lelograms about the diagonal are equal to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EH and EG be the parallelograms about AC, and 
BK and KD the so-called complements (about AC). I 
say that the complement HK is equal to the complement 
KD. 

For since ABCD is a parallelogram, and AC its diago¬ 
nal, triangle ABC is equal to triangle ACD [Prop. 1.34]. 
Again, since EH is a parallelogram, and AK is its diago¬ 
nal, triangle AEK is equal to triangle AHK [Prop. 1.34]. 
So, for the same (reasons), triangle KFC is also equal to 
(triangle) KGC. Therefore, since triangle AEK is equal 
to triangle AHK, and KFC to KGC, triangle AEK plus 
KGC is equal to triangle AHK plus KFC. And the 
whole triangle ABC is also equal to the whole (triangle) 
ADC. Thus, the remaining complement BK is equal to 
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nXrjpw^iaxi eaxiv laov. 


A @ A 



B H r 


IlavToc; apa 7iapaXXr)XoYpd(ip.ou Tiepl xrjv 

5i.dpsxpov 7iapaXXr]XoYpd(jpwv xd xapaxXr)pa)(iaxa laa dXXrj- 
Xoic; eaxiv oxsp s6ei 5el^ai. 

Ilapd xrjv BoiSeTaav £0i[}£Tav xw Bo'dsvxi xpiYWvw laov Ka- 
paXXrjXoYpapiiov TiapapaXsIv ev xfj Bo^eiarj Y^via euiDuYpdiJ- 
piw. 



Z E K 



0 A A 


Tilaxw f] psv BoiSsTaa euiSEla f] AB, x6 8e 6o'dsv xpiYWvov 
x6 r, f) Be BoT^elaa yoivia. eu'duYpaplioc; fj A- Bel 8f] xapd 
xf)v Bo'de'iaav euiDelav xf]v AB xw BoiDevxi. xpiYAvo) xw F 
laov KapaXXrjXoYpapptov KapapaXelv ev larj xfj A 

Suveaxdxw xA F xpiYAvo) laov 7iapaXXr]X6Ypa(ipov x6 
BEZH ev Ywv[a xfj Otio EBFE, f] eaxiv lar] xfj A- xal xeiai^w 
Aaxe ex’ euT^eiac; elvai xf)v BE xfj AB, xai Bifjx'dw f] ZH 
exl x6 0, xctl Bid xoD A oxoxepa xAv BF[, EZ xapdXXrjXoc; 
fjx'dw f) A0, xai exe^euxf)w f) 0B. xal exel eiz xapaXXfjXouc; 
xdc A0, EZ euflela evexeaev f) 0Z, ai dpa 0x6 A0Z, 0ZE 
Ywviai Buaiv op'dali; eiaiv laai. ai dpa 0x6 B0FL, HZE 
BOo opflAv eXdaaovec; eiaiv ai Be dx6 eXaaaovcov yj BOo 
opflAv eic dxeipov exPaXX6p,evai aujixixxouaiv ai 0B, ZE 


the remaining complement KD. 


AH D 



B G C 


Thus, for any parallelogramic figure, the comple¬ 
ments of the parallelograms about the diagonal are equal 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 44 

To apply a parallelogram equal to a given triangle to 
a given straight-line in a given rectilinear angle. 



F E K 



HA L 


Let AB be the given straight-line, C the given trian¬ 
gle, and D the given rectilinear angle. So it is required to 
apply a parallelogram equal to the given triangle C to the 
given straight-line AB in an angle equal to (angle) D. 

Let the parallelogram BEFG, equal to the triangle C, 
have been constructed in the angle EBG, which is equal 
to D [Prop. 1.42]. And let it have been placed so that 
BE is straight-on to AB^ And let EG have been drawn 
through to El, and let AEl have been drawn through A 
parallel to either of BG or EE [Prop. 1.31], and let ElB 
have been joined. And since the straight-line HE falls 
across the parallels AH and EE, the (sum of the) an¬ 
gles AHE and HFE is thus equal to two right-angles 


43 




ETOIXEIfiN a. 


ELEMENTS BOOK 1 


apoc expaXXopievai aupLTisaoOvxai. expspXrjo'dwaav xai aupi- 
mxTeTwaav xoctoc to K, xai 6ia toO K ar]pisbu OTioxspa 
Twv EA, Z0 xapaXXriXoc KA, xai expe^Xr^aiLlwaav 

ai 0A, HB exl xa A, M arjpisTa. TiapaXXrjXoYpapLpiov apa 
eoTi TO 0AKZ, Siapiexpoc; Se auToO f) 0K, xepl 6e Trjv 0K 
iiapaXXr)X6Ypap.(ia [iev xa AH, ME, xa 8e XeYopisva xapa- 
TiXrjpoiJaxa xa AB, BZ' laov apa eaxl x6 AB xO BZ. dXXa 
TO BZ xw r xpiYWvw eaxlv laov xai x6 AB dpa xw E eaxiv 
laov. xai exel larj eaxiv fj 0x6 HBE jcdvia xfj uxo ABM, 
dXXd T) 0x6 HBE xfj A eaxiv larj, xai fj 0x6 ABM dpa x^ A 
Ywvia eaxiv larj. 

Hapd xrjv SoDelaav dpa eOiSelav xf)v AB xG SoDevTi 
xpiYcOvcp xG r laov xapaXXrjXoYpajipiov xapaPepXrjxai x6 AB 
cv Ywvia XT) 0x6 ABM, fj eaxiv larj xf) A- oxep e6ei xoifjaai. 


t This can be achieved using Props. 1.3, 1.23, and 1.31. 

[is'. 

TG BoDevTi eO'duYpdpi(iw laov xapaXXr)X6Ypa(jpiov auax- 
r^aaa'dai ev xfj BoDeiar) Y^pvia eO'duYpdpi(ifc). 

Tlaxw x6 piev Bollcv eO'duYpapipiov x6 ABEA, f) 8e 
Boi^eTaa Y^pvia eO'duYpapipioi; f] E- Be! 6f] xw ABEA eOiJu- 
Ypd(jpiw laov xapaXXr)X6Ypapi(iov auaxr]aaa'dai ev xfj BoDeian 
Yovia xf) E. 

’Exe^eO^Dw f) AB, xai auveaxdxw xw ABA xpiYWvw 
laov xapaXXrjXoYpapipiov x6 Z0 ev xfj 0x6 0KZ Y^via, f) 
eaxiv lar) xfj E- xai xapapepXfja'dw xapd xf)v H0 eOi^eTav xA 
ABE xpiYAvfc) laov xapaXXrjXoYpajipiov x6 HM ev xfj 0x6 
H0M jGivia, f) eaxiv lar) xfj E. xai exel f) E Ywvia exaxepa 
xAv 0x6 0KZ, H0M eaxiv lar), xai f) 0x6 0KZ dpa xfj 0x6 
H0M eaxiv lar). xoivf) xpoaxeiaiJa) f) 0x6 K0H- al dpa 
0x6 ZK0, K0H xdic; 0x6 K0H, H0M laai eiaiv. dXX’ al 
0x6 ZK0, K0H 5ualv opDaTc laai eiaiv xai al 0x6 K0H, 
H0M dpa 80o opDaTc laai eiaiv. xp6<; 6f] xivi eODela xfj H0 
xai xA xp6(; aOxfj arjpieio xA 0 60o eOfleTai ai K0, 0M pif) 
exl xd aOxd picpr) xeipievai xdc; e(pe5i)c; SOo opDaTc 

laac; xoioDaiv ex’ eOifeiai; dpa eaxiv f) K0 xfj 0M- xai 
exel ei<; xapaXXf]XoU(; xd<; KM, ZH eOi^eTa evexeaev f) 0H, 
ai evaXXd^ M0H, 0HZ ’iaai dXXfjXai(; eiaiv. 

xoivf) xpoaxeia'dw f) 0x6 0HA- ai dpa 0x6 M0H, 0HA xaTc 
0x6 0HZ, 0HA ’iaai eiaiv. dXX’ ai 0x6 M0H, 0HA 60o 
opDaTi; ’iaai eiaiv xai ai 0x6 0HZ, 0HA dpa 60o opDali; 
’iaai eiaiv ex’ eODeiai; dpa eaxiv f) ZH xfj HA. xai exel f) 
ZK xfj 0H ’far) xe xai xapdXXrjXoc; eaxiv, dXXd xai f) 0H xfj 
MA, xai f) KZ dpa xfj MA ’far) xe xai xapdXXr)X6<; eaxiv xai 


[Prop. 1.29]. Thus, (the sum of) BHG and GFE is less 
than two right-angles. And (straight-lines) produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, being pro¬ 
duced, HB and FE will meet together. Let them have 
been produced, and let them meet together at K. And let 
KL have been drawn through point K parallel to either 
of EA or FH [Prop. 1.31]. And let HA and GB have 
been produced to points L and M (respectively). Thus, 
HLKF is a parallelogram, and HK its diagonal. And 
AG and ME (are) parallelograms, and LB and BE the 
so-called complements, about HK. Thus, LB is equal to 
BF [Prop. 1.43]. But, BF is equal to triangle G. Thus, 
LB is also equal to G. Also, since angle GBE is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus 
also equal to angle D. 

Thus, the parallelogram LB, equal to the given trian¬ 
gle C, has been applied to the given straight-line AB in 
the angle ABM, which is equal to D. (Which is) the very 
thing it was required to do. 


Proposition 45 

To construct a parallelogram equal to a given rectilin¬ 
ear figure in a given rectilinear angle. 

Let ABGD be the given rectilinear figure,! and ^ the 
given rectilinear angle. So it is required to construct a 
parallelogram equal to the rectilinear figure ABGD in 
the given angle E. 

Let DB have been joined, and let the parallelogram 
FH, equal to the triangle ABD, have been constructed 
in the angle HKF, which is equal to E [Prop. 1.42]. And 
let the parallelogram GM, equal to the triangle DBG, 
have been applied to the straight-line GH in the angle 
GHM, which is equal to E [Prop. 1.44]. And since angle 
E is equal to each of (angles) HKF and GHM, (an¬ 
gle) HKF is thus also equal to GHM. Let KHG have 
been added to both. Thus, (the sum of) FKH and KHG 
is equal to (the sum of) KHG and GHM. But, (the 
sum of) FKH and KHG is equal to two right-angles 
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is 
also equal to two right-angles. So two straight-lines, KH 
and HM, not lying on the same side, make adjacent an¬ 
gles with some straight-line GH, at the point H on it, 
(whose sum is) equal to two right-angles. Thus, KH is 
straight-on to HM [Prop. 1.14]. And since the straight- 
line HG falls across the parallels KM and FG, the al¬ 
ternate angles MHG and HGF are equal to one another 
[Prop. 1.29]. Let HGL have been added to both. Thus, 
(the sum of) MHG and HGL is equal to (the sum of) 
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eniJ^suYvOouaiv amaz eMelai al KM, ZA- xal al KM, ZA 
apa laai ts xai xapaXXrjXoi siaw xapaXXrjXoYpapiiJov apa 
eaxl TO KZAM. xal exel laov eaxl to [iev ABA xpiYtovov 
T« Z0 7 iapaXXr)XoYpa[ip.cp, to 6 e ABF tw HM, oXov apa 
TO ABFA euAuYpapijiov 6 X 9 tw KZAM TapaXXrjXoYpapijitp 
eoTiv laov. 



Tw dpa BoAevTi. sOAuYpdlJ^lJiw tw ABFA Taov xapaX- 
Xr]X 6 Ypa(jptov auvsoTaTai to KZAM ev Y^via Tfj uxo ZKM, 
f] eoTiv lar] Tfj BoAeiar) xf) E- oxep e5si. xoirjaai. 


HGF and HGL. But, (the sum of) MHG and HGL is 
equal to two right-angles [Prop. 1.29]. Thus, (the sum of) 
HGF and HGL is also equal to two right-angles. Thus, 
FG is straight-on to GL [Prop. 1.14]. And since FK is 
equal and parallel to HG [Prop. 1.34], but also HG to 
ML [Prop. 1.34], KF is thus also equal and parallel to 
ML [Prop. 1.30]. And the straight-lines KM and FL 
join them. Thus, KM and FL are equal and parallel as 
well [Prop. 1.33]. Thus, KFLM is a parallelogram. And 
since triangle ABD is equal to parallelogram FH, and 
DBG to GM, the whole rectilinear figure ABGD is thus 
equal to the whole parallelogram KFLM. 

D 


A 


F 


K H M 

Thus, the parallelogram KFLM, equal to the given 
rectilinear figure ABGD, has been constructed in the an¬ 
gle FKM, which is equal to the given (angle) E. (Which 
is) the very thing it was required to do. 




t The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 


[i9'. 

Ako xfjc; BoAeiar]!; eOhelai; xsxpaYWvov dvaYpajjai.. 

TlaTW f] fiohelaa suAela f) AB- fiel 6f] atto xfji; AB 
eOhelai; xexpdYWvov dvaYpdtjiai.. 

TTX'Ow xfi AB euAeia axo too tipoi; auxfj arjpEiou too 
A Ttpoi; opAdi; f] AF, xal xslaAco xfj AB lar) f] AA- xal 5id 
pEv ToO A arjpEiou xfj AB TtapdXXrjXoi; fjxdw f) AE, 8td 
Be toO B aripEiou xfj AA TtapdXXrjXoc fjxAco fj BE. ttapaX- 
XrjXoYpappov dpa saxl to AAEB' lar] dpa soxlv f) pcv AB 
xfj AE, f) Be AA xfj BE. dXXd fj AB xfj AA saxiv lar)- 
al TEaaapEc dpa al BA, AA, AE, EB laai dXXfjXaic; eIoIv 
iaoTtXEupov dpa saxl x6 AAEB xapaXXrjXoYpappov. Xeyw 
B fj, 0 x 1 . xal ophoYAviov. ekeI y“P eic TtapaXXfjXouc xdc; AB, 
AE EuffEla EVETiEaEv f) AA, al dpa Otto BAA, AAE Y^vlai 
Buo ophaTc; laai Eiaiv. ophf] Be f] 0x6 BAA- op-d-f) dpa xal 


Proposition 46 

To describe a square on a given straight-line. 

Let AB be the given straight-line. So it is required to 
describe a square on the straight-line AB. 

Let AG have been drawn at right-angles to the 
straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. 
And let DE have been drawn through point D parallel to 
AB [Prop. 1.31], and let BE have been drawn through 
point B parallel to AD [Prop. 1.31]. Thus, ADEB is a 
parallelogram. Therefore, AB is equal to DE, and AD to 
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four 
(sides) BA, AD, DE, and EB are equal to one another. 
Thus, the parallelogram ADEB is equilateral. So I say 
that (it is) also right-angled. For since the straight-line 
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f) UTio AAE. Twv 5e TCapaXXrjXoypdji^cov )(wp[tov al (XTie- 
vavTiov KXeupaL xs xal ywviai. laai. dXXr]Xai<; eiaiv opii)!^ dpa 
xai Exaxspa xwv dTisvavTiov xwv 0x6 ABE, BEA yoviwv 
opiJoyAviov dpa eaxl to AAEB. eSeix'dr] 6e xal iaoxXeupov. 


r 


A E 


A B 

Texpdywvov dpa eaxlv xal saxiv dxo xfjc; AB eODslac; 
dvayeypajipievov oxep eSei xoifjaai. 

[iC. 

’Ev toXq op'doyovloi.c; xpiytovoic; to dxo Tfji; xrjv opiElrjv 
ycovlav OxoT£ivouar]i; xXeupac Texpdywvov laov eaxl toiq 
dxo Twv Ti^v opiDrjv ytovlav xspisxouaAv xXeupAv xe- 
Tpaywvoi.(;. 

’'Eaxto xplywvov op'doywvi.ov x6 ABE opDfjv exo''^ 

0x6 BAr ytovlav Xeyw, oxi. x6 dx6 xfji; BE xexpdywvov 
laov eaxl xoTc dx6 xwv BA, AE x£xpaywvoi.c;. 

AvayeypdcpDw ydp dx6 [iev xfjc BE xexpdywvov x6 
BAEE, dx6 6e xwv BA, AE xd HB, 0E, xal 6i.d xoO 
A oxoxepa xwv BA, EE xapdXXrjXoi; T]X'do f) AA- xal 
exe^eOx'dwaav ai AA, ZE. xal exel opDr] eaxiv exaxepa 
xAv 0x6 BAE, BAH ycoviOv, xp6(; Brj xivi eODela xfj BA 
xal xA xp6(; aOxfj arjpLelw xA A 60o eOlleTai al AE, AH pti^ 
exl xd aOxd (iepr) xelpievai xdc; ecpe^rjc ywvla<; 5ualv opDaTc 
Xaaz xoi.o0ai.v ex’ eOiilelac dpa eaxiv fj EA xfj AH. 6id xd 
aOxd 5i^ xal f) BA xfj A0 eaxiv ex’ eOflelac. xal exel ’lar] 
eaxiv f) 0x6 ABE ywvla xfj 0x6 ZBA- opDf] ydp exaxepa- 
xoivf) xpoaxela-dw f] 0x6 ABE- oXr) dpa f] 0x6 ABA oXr) xfj 
0x6 ZBE eaxiv ’lar). xal exel ’lar) eaxiv f) piev AB xfj BE, f) 
Be ZB xfj BA, 8uo 6f) al AB, BA 8uo xdic ZB, BE ’laai eialv 
exaxepa exaxepa- xal ywvla f] 0x6 ABA ywvlqt xfj 0x6 ZBE 
’lar]- pdaii; dpa f] A A pdaei xfj ZE [eaxiv] ’lar], xal x6 ABA 


AD falls across the parallels AB and DE, the (sum of 
the) angles BAD and ADE is equal to two right-angles 
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE 
(is) also a right-angle. And for parallelogrammic figures, 
the opposite sides and angles are equal to one another 
[Prop. 1.34]. Thus, each of the opposite angles ABE 
and BED (are) also right-angles. Thus, ADEB is right- 
angled. And it was also shown (to be) equilateral. 

c 


D E 


A B 

Thus, {ADEB) is a square [Def 1.22]. And it is de¬ 
scribed on the straight-line AB. (Which is) the very thing 
it was required to do. 

Proposition 47 

In right-angled triangles, the square on the side sub¬ 
tending the right-angle is equal to the (sum of the) 
squares on the sides containing the right-angle. 

Let ABC be a right-angled triangle having the angle 
BACa right-angle. I say that the square on BC is equal 
to the (sum of the) squares on BA and AC. 

For let the square BDEC have been described on 
BC, and (the squares) GB and HC on AB and AC 
(respectively) [Prop. 1.46]. And let AL have been 
drawn through point A parallel to either of BD or CE 
[Prop. 1.31]. And let AD and EC have been joined. And 
since angles BAC and BAG are each right-angles, then 
two straight-lines AC and AG, not l 3 dng on the same 
side, make the adjacent angles with some straight-line 
BA, at the point A on it, (whose sum is) equal to two 
right-angles. Thus, CA is straight-on to AG [Prop. 1.14]. 
So, for the same (reasons), BA is also straight-on to AEI. 
And since angle DBC is equal to FBA, for (they are) 
both right-angles, let ABC have been added to both. 
Thus, the whole (angle) DBA is equal to the whole (an¬ 
gle) FBC. And since DB is equal to BC, and FB to 
BA, the two (straight-lines) DB, BA are equal to the 
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xpiycovov TW ZBF Tpiywvw eaxiv laov xai [eaxi.] tou (lev 
ABA TpiyAvou 6i7i;Xdai.ov to BA xapaXXrjXoypapipLov pdaiv 
T£ ydp Ti^v auTf]v £)(ouai Tf]v BA xal sv xaTc; aOxaTt; siai. 
xapaXXr]Xoi<; xaTc BA, AA' xoO 6e ZBF xpiyAvou 6i.xXdaiov 
x6 FEB xexpdywvov pdaiv xs ydp xdXiv xf]v auxi^v e)(ouai 
xf]v ZB xai ev xdi<; auxdi<; eiai xapaXXrjXoK; xdic ZB, HF. 
[xd 5s xwv lawv BixXdaia laa dXXr]Xoi<; saxiv] laov dpa sax'i 
xai x6 BA 7i;apaXXr)X6ypapi(Jov xA HB xsxpayAvw. opioiw^ 
5i^ sxi^suyvupisvwv xAv AE, BK BEixiJriasxai xai x6 FA 
xapaXXr]X6ypa(jpiov laov xA 0F xsxpayAvw' oXov dpa x6 
BAEF xsxpdywvov 6uai xoTc HB, 0F x£xpayAvoi<; laov 
saxiv. xai saxi x6 (isv BAEF xsxpdywvov dxo xrjc BF dva- 
ypacpsv, xd Be HB, 0F dxo xAv BA, AF. x6 dpa dxo xfjc 
BF xXsupdi; xsxpdyovov laov saxl xoic, dxo xAv BA, AF 
xXsupAv xsxpayAvoK;. 


C0 



’Ev dpa xoTg opEEoywvioK; xpiyAvoic; x6 dxo xfjc; xf]v 
op'dfiv ycoviav uxoxsivouarjc; xXsupdi; xsxpdywvov ’laov saxl 
xoTc; dxo xAv xf)v op'dfjv [ywviav] uspisxouaAv xXsupAv xs- 
xpayAvoic;- oxsp sBsi Bsl^ai. 

t The Greek text has “FB, BC", which is obviously a mistake, 
t This is an additional common notion. 


two (straight-lines) CB, BF,^ respectively. And angle 
DBA (is) equal to angle FBC. Thus, the base AD [is] 
equal to the base FC, and the triangle ABD is equal to 
the triangle FBC [Prop. 1.4]. And parallelogram BL 
[is] double (the area) of triangle ABD. For they have 
the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And square GB is double (the 
area) of triangle FBC. For again they have the same 
base, FB, and are between the same parallels, FB and 
GC [Prop. 1.41]. [And the doubles of equal things are 
equal to one another.]! Thus, the parallelogram BL is 
also equal to the square GB. So, similarly, AE and BK 
being joined, the parallelogram CL can be shown (to 
be) equal to the square HC. Thus, the whole square 
BDEC is equal to the (sum of the) two squares GB and 
HC. And the square BDEC is described on BC, and 
the (squares) GB and HC on BA and AC (respectively). 
Thus, the square on the side HC is equal to the (sum of 
the) squares on the sides BA and AC. 


H 



Thus, in right-angled triangles, the square on the 
side subtending the right-angle is equal to the (sum of 
the) squares on the sides surrounding the right-[angle]. 
(Which is) the very thing it was required to show. 
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R'- 

’Eav xpiywvou to anb (ii&t; xwv xXeupwv xexpaywvov 
laov f) xolg (XTio xwv Xoixwv xou xpiywvou 8uo TiXsupCSv 
x£xpaywvoi.c;, f) nepiexoiievr) ywvia bnb xwv Xoltiwv xou 
xpiywvou 6uo xXsupwv op'drj eaxiv. 



Tpiytovou yap xou ABF x6 duo ptidc; xfjc; BF TiXsupdc; 
xexpdywvov laov eaxto xoTg duo xwv BA, AF xXeupwv xe- 
xpaycovoLc;' Xeyo, oxi. op'd/] saxiv /] utio BAF ywvia. 

’'Hx'do) ydp dTio xou A arjpisbu xrj AF su'deia npoQ bp’&az 
f} AA xal xsLO'dw xrj BA ’(or) /] AA, xal exe^sux'dw /] AF. 
exel lar] eaxiv rj A A xfj AB, laov eaxl xal x6 dxo x'/jc; 
AA xexpdywvov xA dxo xrji; AB xexpayAvw. xoivov xpo- 
axeladco x6 dxo xrjc; AF xexpdywvov xd dpa duo xAv AA, 
AF xexpdytova laa eaxl xoTc; dxo xAv BA, AF xexpayAvon;. 
dXXd xolc; [uev dxo xAv AA, AF laov eaxl x6 duo x'rjc; AF' 
opdr) ydp eaxiv /] uxo AAF ywvla' xoT<; §£ dxo xAv BA, 
AF laov eaxl x6 duo x'rjc; BF- unoxeixai ydp- x6 dpa dxo 
xrjg AF xexpdycovov laov eaxl xA duo x'rji; BF xexpayAvw' 
Aaxe xal nXeupd rj AF xfj BF eaxiv lar]' xal exel lar) eaxiv 
rj AA xfj AB, xoivf] Be f] AF, 5uo 5f] ai AA, AF 8 uo xalc; 
BA, AF laai eiaiv xal pdaic; fj AF pdaei xfj BF lar)' ycovia 
dpa /) uxo AAF ywvicx xfj uxo BAF [eaxiv] lar). op'd/] 8e f] 
0x6 AAF- opdf) dpa xal f] 0x6 BAF. 

’Edv dpd xpiyAvou x6 dx6 [iidc; xAv xXeupAv xexpdywvov 
laov f) xolg dx6 xAv XoixAv xou xpiyAvou 8uo xXeupAv 
xexpayAvoic;, r] xepiexojievrj ywvia 0x6 xAv XoixAv xou 
xpiyAvou 8uo xXeupAv op'd/] eaxiv oxep edei Bel^ai. 


Proposition 48 

If the square on one of the sides of a triangle is equal 
to the (sum of the) squares on the two remaining sides of 
the triangle then the angle contained by the two remain¬ 
ing sides of the triangle is a right-angle. 


C 



For let the square on one of the sides, BC, of triangle 
ABC be equal to the (sum of the) squares on the sides 
BA and AC. I say that angle BAC is a right-angle. 

For let AB have been drawn from point A at right- 
angles to the straight-line AC [Prop. 1.11], and let AD 
have been made equal to BA [Prop. 1.3], and let DC 
have been joined. Since DA is equal to AB, the square 
on DA is thus also equal to the square on AB.^ Let the 
square on AC have been added to both. Thus, the (sum 
of the) squares on DA and AC is equal to the (sum of 
the) squares on BA and AC. But, the (square) on DC is 
equal to the (sum of the squares) on DA and AC. For an¬ 
gle DAC is a right-angle [Prop. 1.47]. But, the (square) 
on BC is equal to (sum of the squares) on BA and AC. 
For (that) was assumed. Thus, the square on DC is equal 
to the square on BC. So side DC is also equal to (side) 
BC. And since DA is equal to AB, and AC (is) com¬ 
mon, the two (straight-lines) DA, AC are equal to the 
two (straight-lines) BA, AC. And the base DC is equal 
to the base BC. Thus, angle DAC [is] equal to angle 
BAC [Prop. 1.8]. But DAC is a right-angle. Thus, BAC 
is also a right-angle. 

Thus, if the square on one of the sides of a triangle is 
equal to the (sum of the) squares on the remaining two 
sides of the triangle then the angle contained by the re¬ 
maining two sides of the triangle is a right-angle. (Which 
is) the very thing it was required to show. 


t 


Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used. 
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''Opoi. 

a', nav napaXXrjXoYpapjiov opiSoYWviov TispiExso'dai. 
XeY^'cai 5uo xwv ttjv op'dfjv Tiepiex°'^‘^“''^ 

eMeiwv. 

P'. IlavToc; 5e 7iapaXXr)XoYpd(ip.ou x^pio'-* 

5ia(ieTpov auToO 7iapaXXr)XoYpd(ip.wv ev onoiovoOv auv xdic; 
5ual TiapaTiXrjptojiocai YV(J(itov xaXeia'dto. 

a'. 

’Eav wai. 6uo eOi^ETai, xpiYdf) 5s f) sxspa auxwv sic; oaa- 
BrjKoxoOv xpr)(iaxa, x6 TispiexoiiEvov opiDoYWviov 0x6 xwv 
5uo eOtJeimv laov saxl x6i<; 0x6 xe xfjc dx(ir]xou xai sxaaxou 
xov x(jr]paxwv xEpiExo(i£voi.(; 6p'doYWv[oi<;. 


A- 

B A E r 



Tilaxwaav 60o Eui^ElaL ai A, BE, xai xsxprja'dw f) BE, 
biz Exuxev, xaxa xa A, E arjiisTa- Xeyw, 6xi x6 0x6 xGv A, 
BE xspiExojiEvov op'doYAviov laov saxl xA xe 0x6 xAv A, 
BA x£pi£xop,£v(j opiSoYWviw xai xA 0x6 xAv A, AE xai sxi 
xA 0x6 xAv A, EE. 

’'Hx'dco Y^p 01 x 6 xoO B xfj BE xp 6 (; op'dac; fj BZ, xai 
xsiaDw XT) A lar) rj BH, xai 5ia psv xoO H xfj BE xapaXXriXoc 
fjx'dw f] H0, 5ia 56 xAv A, E, E xfj BH xapaXXrjXoi fjx'dwaav 
ai AK, EA, E0. 

Taov 6f] saxi x6 B0 xoTc; BK, AA, E0. xai saxi x6 
psv B0 x6 0x6 xAv A, BE' xspisxsxai psv Y^p 0x6 xAv 
HB, BE, larj 56 f] BH xfj A- x6 56 BK x6 0x6 xAv A, BA- 
xspiExsxai p6v Yap 0x6 xAv HB, BA, larj 56 f] BH xfj A. x6 
56 AA x6 0x6 xAv A, AE- larj Y^p fj AK, xouxsaxiv f] BH, 
xfj A. xai £xi opoiwc; x6 E0 x6 0x6 xAv A, EE- x6 apa 0x6 
xAv A, BE laov 6axl xA xe 0x6 A, BA xai xA 0x6 A, AE 
xai £xi xA 0x6 A, EE. 

’Eav apa Aai 60o sO'dE'iai, xpirj'dfj 56 f] sxspa aOxAv £i<; 
6 aa 6 r]xoxo 0 v x(jLf]paxa, x 6 xEpi£x 6 (J£vov opiJoYAviov 0 x 6 
xAv 5uo eOiOeiAv ’laov 6 axl xoTc 0x6 xe x'rjc axpfjxou xai 
sxaaxou xAv x(jr]paxwv x£piExo(i£voi(; op'doYWvion;' oxsp 


Definitions 

1. Any rectangular parallelogram is said to be con¬ 
tained by the two straight-lines containing the right- 
angle. 

2. And in any parallelogrammic figure, let any one 
whatsoever of the parallelograms about its diagonal, 
(taken) with its two complements, be called a gnomon. 

Proposition 

If there are two straight-lines, and one of them is cut 
into any number of pieces whatsoever, then the rectangle 
contained by the two straight-lines is equal to the (sum 
of the) rectangles contained by the uncut (straight-line), 
and every one of the pieces (of the cut straight-line). 

A- 

B DEC 





H 

K L ] 


Let A and BC he the two straight-lines, and let BC 
be cut, at random, at points D and E. I say that the rect¬ 
angle contained by A and BC is equal to the rectangle(s) 
contained by A and BD, by A and DE, and, finally, by A 
and EC. 

For let BE have been drawn from point B, at right- 
angles to BC [Prop. 1.11], and let BG be made equal 
to A [Prop. 1.3], and let GB have been drawn through 
(point) G, parallel to BC [Prop. 1.31], and let E>K, EL, 
and CH have been drawn through (points) D, E, and C 
(respectively), parallel to BG [Prop. 1.31]. 

So the (rectangle) BH is equal to the (rectangles) 
BK, DL, and EH. And BH is the (rectangle contained) 
by A and BC. For it is contained by GB and BC, and BG 
(is) equal to A. And BK (is) the (rectangle contained) by 
A and BD. For it is contained by GB and BD, and BG 
(is) equal to A. And DL (is) the (rectangle contained) by 
A and DE. For DK, that is to say BG [Prop. 1.34], (is) 
equal to A. Similarly, EH (is) also the (rectangle con¬ 
tained) by A and EC. Thus, the (rectangle contained) 
by A and HC is equal to the (rectangles contained) by A 
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e5sL BsT^ai. 


P- 

’Eav euiSsTa ypa^x^f] T^r]'dfj, (be stuxsv, to Oko xfje 6Xr]e 
xa'i exaTspou tc 5 v T(jr]piaTCOv xspisxoiievov op'doycbvi.ov laov 
eaxl Tcb dxo Tfje oXrje TETpayebvep. 


AT B 



A Z E 


Eui^eta ydp fj AB xex^r^a'dw, (be exuxev, xocxoc x6 F 
arjiielov Xeyoj, 6xi x6 0x6 xGv AB, BF xspisx6(ievov 
6pTL)oy(bviov p,£xd xoO 0x6 BA, AF x£pi£xoiJ^E''^o'J op'do- 
ycoviou laov eaxl x(S d(x6 xfje AB xexpaytovtp. 

AvayeypcxcpiDoi ydp dx6 xfje AB xexpdy(ovov x6 AAEB, 
xai fjxiDoi 6id xoO F oxoxepqc xwv AA, BE xapdXXrjXoe 'H 
FZ. 

Taov 6f] eaxl x6 AE xoTe AZ, FE. xai eaxi. x6 ^Jiev AE 
x6 dx6 xfje AB xexpdyojvov, x6 6e AZ x6 0x6 xAv BA, 
AF x£pi.ex6tx£vov op'doyAvi.ov xepi.£X£xai ^^ev ydp 0x6 xAv 
A A, AF, lar] 6e fj A A xrj AB- x6 6e FE x6 0x6 xAv AB, 
BF- lar) ydp f) BE xrj AB. x6 dpa 0x6 xAv BA, AF (lexd 
xoO 0x6 xAv AB, BF laov eaxl xA dx6 xfje AB xexpayAvoj. 

’Edv dpa eO-dela ypapi^f) xtiTj-dTj, Ae exuxev, x6 0x6 xfje 
oXrje xai exaxepou xAv x^r)(idx(£)v xepiexotJievov op-doyAviov 
laov eaxl xA dx6 xfje oXrje xexpayAv(p- oxep e6ei BeT^ai.. 


and BD, by A and DE, and, finally, by A and EC. 

Thus, if there are two straight-lines, and one of them 
is cut into any number of pieces whatsoever, then the 
rectangle contained by the two straight-lines is equal 
to the (sum of the) rectangles contained by the uncut 
(straight-line), and every one of the pieces (of the cut 
straight-line). (Which is) the very thing it was required 
to show. 

...) = a6 + ac + ad+---. 

Proposition 2^ 

If a straight-line is cut at random then the (sum of 
the) rectangle(s) contained by the whole (straight-line), 
and each of the pieces (of the straight-line), is equal to 
the square on the whole. 

AC B 



D F E 


For let the straight-line AB have been cut, at random, 
at point C. I say that the rectangle contained by AB and 
BC, plus the rectangle contained by BA and AC, is equal 
to the square on AB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let CE have been drawn through C, 
parallel to either of AD or BE [Prop. 1.31]. 

So the (square) AE is equal to the (rectangles) AE 
and CE. And AE is the square on AB. And AF (is) the 
rectangle contained by the (straight-lines) BA and AC. 
For it is contained by DA and AC, and AD (is) equal to 
AB. And CE (is) the (rectangle contained) by AB and 
BC. For BE (is) equal to AB. Thus, the (rectangle con¬ 
tained) by BA and AC, plus the (rectangle contained) by 
AB and BC, is equal to the square on AB. 

Thus, if a straight-line is cut at random then the (sum 
of the) rectangle (s) contained by the whole (straight- 
line), and each of the pieces (of the straight-line), is equal 
to the square on the whole. (Which is) the very thing it 
was required to show. 


t This proposition is a geometric version of the aigebraic identity: a (6 + c -I- d -|- 
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t This proposition is a geometric version of the aigebraic identity: ab + 

Y- 

’Eav euiiiETa Ypa^xitf] T^r]'dfj, (be stuxsv, to Oko xfje 6Xr]e 
xai evoe Tcbv T(jr]tJiaTCPv Ttepi.exoi^S'^o^ op'doytbviov laov eaxl 
TO TS UTio Tov TtJir)(idTOv Ttepiexot^evo opiJoYOvicp xai to 
dxo ToO 7tposi.pr)(i£vou T(jr]t^aToe TETpaYcbvcp. 

AT B 


Z A E 

EuT^Efa Ydp 1 ^ AB TETtxrjo'do, (be etuxsv, xaxd to E- 
Xeyo, oTi. TO Oito Tov AB, BE 7i£pi.£x6tisvov op'doYtbvi.ov 
laov EOTi TO TE Oito TOV AE, EB TtEpiExottsvco 6p'doYOvi(p 
^Exd ToO (XTtO Tfje BE T£TpaY(bvOU. 

AvaYEYP^’P''^^ Y“P TB TExpdYOvov to EAEB, 

xa'i 6ir)X'do f) EA sxl to Z, xai 6id toO A oxoTspoc tov EA, 
BE xapdXXrjXoe fix'do f) AZ. laov Brj eotl to AE xoTe AA, 
EE' xa[ EOTi TO (JEv AE to 0x6 tov AB, BE x£pi£x6(J£vov 
opiJoYOviov xEpiExsTai. ^ev yap 0x6 tov AB, BE, lar] Be 
BE Tf) BE' t6 Be AA t6 0x6 tov AE, EB' lar) Ydp t] AE 
Tfj EB' t6 Be AB t 6 dx6 xfje EB TExpaYOvov t 6 dpa 0x6 
TOV AB, BE xEpiExopiEvov op'doYOviov laov saxl to 0x 6 
TOV AE, EB xEpiExopiEvcp op-doYOvlcp ^Exd xoD dx6 xfje BE 
TExpaYtbvou. 

’Edv dpa EuiSEla Ypap^pi'n ^e etuxev, t6 0x6 x'fje 

oXrje xai £v6e tov T^r)(idTOv x£pi£x6(i£vov op'doYOviov laov 
saxl TO TE 0x6 TOV T(jr)txdTOv x£pi£xo(i£v(p opdoYOvicp xai 
TO (xx6 ToO xpo£ipr)(i£vou Tiirit'iaToe T£TpaY(bv(p' oxEp eBei 
BEl^ai. 


i This proposition is a geometric version of the aigebraic identity: (a + 

6 '. 

’Edv EudEla YP^p^pn^ “e etuxe^: dx6 xfje 

oXrje TExpayovov ’(aov saxl xoTe te dx6 tov T^truidTOv te- 
xpaytOvoie xai to Ble 0x6 tov T^truidTOv xEpiExopiEvcp opdo- 


c = if a = 6 + c. 

Proposition 3^ 

If a straight-line is cut at random then the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the rectangle con¬ 
tained by (both of) the pieces, and the square on the 
aforementioned piece. 

AC B 


F D E 

For let the straight-line AB have been cut, at random, 
at (point) C. I say that the rectangle contained by AB 
and SC is equal to the rectangle contained by AC and 
CB, plus the square on BC. 

For let the square CDEB have been described on CB 
[Prop. 1.46], and let ED have been drawn through to 
F, and let AE have been drawn through A, parallel to 
either oi CD or BE [Prop. 1.31]. So the (rectangle) AE 
is equal to the (rectangle) AD and the (square) CE. And 
AE is the rectangle contained by AB and BC. For it is 
contained by AB and BE, and BE (is) equal to BC. And 
AD (is) the (rectangle contained) by AC and CB. For 
DC (is) equal to CB. And DB (is) the square on CB. 
Thus, the rectangle contained by AB and BC is equal to 
the rectangle contained by AC and CB, plus the square 
on BC. 

Thus, if a straight-line is cut at random then the rect¬ 
angle contained by the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to the rectangle 
contained by (both of) the pieces, and the square on the 
aforementioned piece. (Which is) the very thing it was 
required to show. 

a = ah + a?. 

Proposition 4^ 

If a straight-line is cut at random then the square 
on the whole (straight-line) is equal to the (sum of the) 
squares on the pieces (of the straight-line), and twice the 
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ycovicp. 


A r B 



Eui^eTa yap ypocp^f) f) AB xex^r^a'dto, dx; exuxev, xaxa 
x 6 r. Xeyw, oxi. x 6 dxo xrjc AB xexpdywvov Taov eaxl xoi<; 
xe duo xwv AF, FB xexpaycovoic; xal xw 61c; uxo xwv AF, 
FB xepiexoiiEvcp opiSoywviw. 

AvayeypacpiDo ydp dxo xfjc; AB xexpdywvov x 6 AAEB, 
xai SKE^sux'dw f) BA, xal 6 id ^ev xou F oxoxepa xAv AA, 
EB xapdXXrjXoc; fjx'dto f) FZ, 6 id &£ xou F[ oxoxepqt xAv AB, 
AE xapdXXrjXoc; rix^w 0K. xal exel xapdXXrjXoc; eaxiv rj 
FZ XT) AA, xal elc; auxdg epiiiexxwxev fj BA, rj exxoc; ycovia 
f) uxo FHB larj eaxl xfj evxoc; xal dxevavxiov xfj 0x6 AAB. 
dXX’ T) 0x6 AAB xfj 0x6 ABA eaxiv lar), exel xal xXeupd rj 
BA xfj A A eaxiv lar)- xal f) 0x6 FFEB dpa ywvid xfj 0x6 FEBF 
eaxiv lar)' Aaxe xal xXeupd f] BF xXeupd xfj FH eaxiv laiy 
dXX’ f) ^ev FB xfj HK eaxiv larj. f] 6 e FH xfj KB- xal f) HK 
dpa xfj KB eaxiv larj- laoxXeupov dpa eaxl x 6 FHKB. Xeyw 
B-f), 6 x 1 xal op-doyAviov. exel ydp xapdXXrjXoc; eaxiv -f) FH 
xfj BK [xal eic aOxdi; e^xxexxwxev eO-dela f] FB], at dpa 0x6 
KBF, HFB yoviai 80o op-ddic; eiaiv laai. op-df) 6 e f) 0x6 
KBF- op-df] dpa xal f] 0x6 BFH- Aaxe xal a'l dxevavxiov 
al 0x6 FHK, HKB op-dai eiaiv. op-doyAviov dpa eaxl x 6 
FHKB- eBeix-d-r) 6 e xal laoxXeupov- xexpdywvov dpa eaxiv- 
xai eaxiv dx 6 x-»j<; FB. 6 id xd aOxd 6 f] xal x 6 0Z xexpdywvov 
eaxiv- xai eaxiv dx 6 xfjc; 0H, xouxeaxiv [dx 6 ] xfjc; AF- xd 
dpa 0Z, KF xexpdywva dx 6 xAv AF, FB eiaiv. xal exel 
Taov eaxl x 6 AH xA HE, xai eaxi x 6 AH x 6 0x6 xAv AF, 
FB- lar) ydp f) HF xfj FB- xal x 6 HE dpa laov eaxl xA 
0x6 AF, FB- xd dpa AH, HE laa eaxl xA 8 li; 0x6 xAv 
AF, FB. eaxi 6 e xal xd 0Z, FK xexpdywva dx 6 xAv AF, 
FB- xd dpa xeaaapa xd 0Z, FK, AH, HE laa eaxl xoTi; xe 
dx 6 xAv AF, FB xexpayAvoic xal xA 6 l<; 0x6 xAv AF, FB 
xepiexo(ievcp op-doywviw. dXXd xd 0Z, FK, AH, HE oXov 
eaxl x 6 AAEB, 6 eaxiv dx 6 xfjc AB xexpdywvov- x 6 dpa 
dx 6 xfjc AB xexpdyovov Taov eaxl xoTc xe dx 6 xAv AF, 
FB xexpayAvoic xal xA 6 lc 0x6 xAv AF, FB xepiexo(jevw 
op-doywviw. 

’Edv dpa eO-dela ypa(j)jif) xpirj-dfj, Ac exuxev, x 6 dx 6 xfjc 


rectangle contained by the pieces. 



For let the straight-line AB have been cut, at random, 
at (point) C. I say that the square on AB is equal to 
the (sum of the) squares on AC and CB, and twice the 
rectangle contained by AC and CB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let BD have been joined, and let CF 
have been drawn through C, parallel to either of AD or 
EB [Prop. 1.31], and let HK have been drawn through 
G, parallel to either of AB or DE [Prop. 1.31]. And since 
CF is parallel to AD, and BD has fallen across them, the 
external angle CGB is equal to the internal and opposite 
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, 
since the side BA is also equal to AD [Prop. 1.5]. Thus, 
angle CGB is also equal to GBC. So the side BC is 
equal to the side CG [Prop. 1.6]. But, CB is equal to 
GK, and CG to KB [Prop. 1.34]. Thus, GK is also equal 
to KB. Thus, CGKB is equilateral. So I say that (it is) 
also right-angled. For since CG is parallel to BK [and the 
straight-line CB has fallen across them], the angles KBC 
and GCB are thus equal to two right-angles [Prop. 1.29]. 
But KBC (is) a right-angle. Thus, BCG (is) also a right- 
angle. So the opposite (angles) CGK and GKB are also 
right-angles [Prop. 1.34]. Thus, CGKB is right-angled. 
And it was also shown (to be) equilateral. Thus, it is a 
square. And it is on CB. So, for the same (reasons), 
HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF and KC are 
on AC and CB (respectively). And the (rectangle) AG 
is equal to the (rectangle) GE [Prop. 1.43]. And AG is 
the (rectangle contained) by AC and CB. For GC (is) 
equal to CB. Thus, GE is also equal to the (rectangle 
contained) by AC and CB. Thus, the (rectangles) AG 
and GE are equal to twice the (rectangle contained) by 
AC and CB. And HF and CK are the squares on AC 
and CB (respectively). Thus, the four (figures) HF, CK, 
AG, and GE are equal to the (sum of the) squares on 
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oXrjc; Texpaywvov laov eaxl toXq ts duo xwv xjirjpidxwv xe- AC and BC, and twice the rectangle contained by AC 
TpoLyCvoic, xai xw 61c; unb xwv xpiri(idxwv KepLExopisvfc) opdo- and CB. But, the (figures) HF, CK, AG, and GE are 
Y«v(w- oTisp s6ei BsT^ai. (equivalent to) the whole of ADEB, which is the square 

on AB. Thus, the square on AB is equal to the (sum 
of the) squares on AC and CB, and twice the rectangle 
contained by AC and CB. 

Thus, if a straight-line is cut at random then the 
square on the whole (straight-line) is equal to the (sum 
of the) squares on the pieces (of the straight-line), and 
twice the rectangle contained by the pieces. (Which is) 
the very thing it was required to show. 

t This proposition is a geometric version of the algebraic identity: (a + b)^ = + b'^ + 2 ab. 


e'. 

’Edv eudsTa ypappr] xpridf) elc; Xaa xal dviaa, x6 0x6 xwv 
dvlawv xfjc; 6Xr]c; xpqpdxwv xepi.ex6psvov opdoyoviov pcxd 
xoD dxo xfjc; psxa^O xwv xopGv xExpaywvou (aov saxl xG 
dxo xfjc; f]pi.aElac; xExpayGvcp. 


A r A B 



EOdEfa ydp xic; f] AB xExpfjadw Eic; psv laa. xaxd x6 
r, Elc; Be dviaa xoixd x6 A' XEyco, 6xi x6 0x6 xGv AA, AB 
xEpiExopEvov opdoyGviov pExd xou dx6 xfjc; FA xExpaywvou 
laov £ 0 X 1 xG dx6 xfjc; FB xExpayGvw. 

AvayEypdcpdw ydp dx6 xfjc; FB xExpdywvov x6 FEZB, 
xal EXE^Euydco fj BE, xal Bid psv xoD A oxoxspcx xGv FE, 
BZ xapdXXqXoc; fjxdw f) AH, Bid Be xou 0 oxoxspa xGv 
AB, EZ xapdXXrjXoc; xdXiv fjxdw f) KM, xal xdXiv Bid xou A 
oxoxspcx xGv FA, BM xapdXXqXoc; fjxdw f] AK. xal exeIToov 
£0x1 x6 F0 xapaxXqpwpa xG 0Z xapaxXqpGpaxi, xoiv6v 
xpooxEiodw x6 AM' oXov dpa x6 FM oXcn xG AZ loov 
Eoxiv. dXXd x6 FM xG AA loov soxiv, exeI xal f] AF xfj 
FB EOXIV Tor]' xal x6 AA dpa xG AZ loov eoxiv. xoiv6v 
xpooxEiodw x6 F0' oXov dpa x6 A0 xG MNS^ yvGpovi 
loov EOXIV. dXXd x6 A0 x6 0x6 xGv AA, AB eoxiv lor] 
ydp f) A0 xfj AB' xal 6 MNS dpa yvGpcov laoz soxl xG 
0x6 AA, AB. xoiv6v xpooxEiodco x6 AH, 6 eoxiv loov xG 
dx6 xfjc; FA' 6 dpa MNS yvGpcov xal x6 AH loa soxl xG 
0x6 xGv AA, AB xEpiExopEvw opdoywviq) xal xG dx6 xfjc; 


Proposition 5^ 

If a straight-line is cut into equal and unequal (pieces) 
then the rectangle contained by the unequal pieces of the 
whole (straight-line), plus the square on the (difference) 
between the (equal and unequal) pieces, is equal to the 
square on half (of the straight-line). 



For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the rectangle contained 
by AD and DB, plus the square on CD, is equal to the 
square on CH. 

For let the square CEFB have been described on CB 
[Prop. 1.46], and let BE have been joined, and let DC 
have been drawn through D, parallel to either of CE or 
BE [Prop. 1.31], and again let KM have been drawn 
through H, parallel to either of AB or EF [Prop. 1.31], 
and again let AK have been drawn through A, parallel to 
either of CL or BM [Prop. 1.31]. And since the comple¬ 
ment CH is equal to the complement HF [Prop. 1.43], 
let the (square) DM have been added to both. Thus, 
the whole (rectangle) CM is equal to the whole (rect¬ 
angle) DF. But, (rectangle) CM is equal to (rectangle) 
AL, since AC is also equal to CB [Prop. 1.36]. Thus, 
(rectangle) AL is also equal to (rectangle) DF. Let (rect¬ 
angle) CH have been added to both. Thus, the whole 
(rectangle) AH is equal to the gnomon NOP. But, AH 
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FA TSTpaywvw. dXXa 6 MNS yvA^wv xai to AH oXov eaxi 
TO FEZB TETpdyovov, o eotiv duo Tfjc FB- to dpa bnb tAv 
AA, AB Tiepi.exoH^S'^o^ opiJoyAviov (JETd toO duo Tfjc; FA 
TETpaywvou laov eoti tw dTO Tfjc FB TETpaywvw. 

’Edv dpa EUT^Ela ypa(ipf) Tiiiydf) Eic laa. xal dviaa, to Oko 
T ov dviawv Tfjc oXrjc T(ir]pdTWv KEpiExopEvov op'doywvi.ov 
pETd TOO dxo Tfjc (iETa^u Twv Topwv TETpaywvou laov eotI 
TO dxo Tfjc f)(JiaEiac TETpayovo. oxEp eBei. BeT^oii- 


is the (rectangle contained) by AD and DB. For DH 
(is) equal to DB. Thus, the gnomon NOP is also equal 
to the (rectangle contained) by AD and DB. Let LG, 
which is equal to the (square) on CD, have been added to 
both. Thus, the gnomon NOP and the (square) LG are 
equal to the rectangle contained by AD and DB, and the 
square on CD. But, the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEFB, which is 
on CB. Thus, the rectangle contained by AD and DB, 
plus the square on CD, is equal to the square on CB. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the rectangle contained by the unequal 
pieces of the whole (straight-line), plus the square on the 
(difference) between the (equal and unequal) pieces, is 
equal to the square on half (of the straight-line). (Which 
is) the very thing it was required to show. 


t Note the (presumably mistaken) double use of the label M in the Greek text. 

t This proposition is a geometric version of the algebraic identity: ab + [{a + b)/2 — b]"^ = [(a -I- b)/2]^. 


f'. 

’Edv EudEla ypappf] TpriOrj Bix®i xpoaTE'dfj Be tic auTfj 
EuflETa ex’ EudEiac, to 0x6 Tfjc 6Xr)c ouv Tfj xpoaxEipEvr) xal 
Tfjc xpoaxEipsvqc xEpiExopEvov op'doywvi.ov pETd too dxo 
Tfjc f)piaEiac TETpaycbvou ’(aov eotI tw dxo Tfjc auyxEipsvqc 
EX TE Tfjc qpiaEiac xal Tfjc xpoaxEipEvrjc TETpaycuvcp. 


A r BA 



EuUEla ydp tlc f) AB TETpqaila) Biya xaTd to F arjpElov, 
xpoaxEiaTjco Be tic auTfj EudEla ex’ EudElac f] BA- Xsyw, 
OTi TO 0x6 Twv AA, AB xEpiExopEvov op-doytoviov pExd 
ToO dx6 Tfjc FB TETpaytbvou ’(aov eotI tw dx6 Tfjc FA te- 
Tpaytbvtp. 

’AvayEypdqjiilco ydp dx6 Tfjc FA TETpdytovov t6 FEZA, 
xal exe^euxtSo) fj AE, xal Bid psv toO B arjpEiou oxoTspa 
Twv EF, AZ xapdXXrjXoc fjx'hw fj BH, Bid Be toO 0 arjpEiou 
oxoTspa Twv AB, EZ xapdXXrjXoc fjx'^^ i) KM, xal eti Bid 
Tou A oxoTspa Twv FA, AM xapdXXrjXoc fjx'hto fj AK. 

’ExeI ouv ’larj eotIv fj AF Tfj FB, ’laov eotI xal t6 AA 


Proposition 6^ 

If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the rectangle contained by 
the whole (straight-line) with the (straight-line) having 
being added, and the (straight-line) having being added, 
plus the square on half (of the original straight-line), is 
equal to the square on the sum of half (of the original 
straight-line) and the (straight-line) having been added. 



E G F 


For let any straight-line AB have been cut in half at 
point C, and let any straight-line BD have been added to 
it straight-on. I say that the rectangle contained by AD 
and DB, plus the square on CB, is equal to the square 
on CD. 

For let the square CEFD have been described on 
CD [Prop. 1.46], and let DE have been joined, and 
let BG have been drawn through point B, parallel to 
either of EC or DF [Prop. 1.31], and let KM have 
been drawn through point H, parallel to either of AB 
or EF [Prop. 1.31], and finally let AK have been drawn 
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TO r0. dXXa TO r© TO 0Z faov eaTLv. xal to AA dpa to 
0Z eaTLv laov. xoivov xpoaxeia'do to FM' oXov dpa to 
AM TO NSO yvo^ovi eotiv laov. dXXd to AM eoTi to 0x 6 
Tov AA, AB- far) ydp eoTiv f) AM Tfj AB- xal 6 NSO dpa 
yvo)jiov faoi; eotI to 0x6 tov AA, AB [xepie)(o[i£vo opDo- 
yovio]. xoiv6v xpoaxeiaiSo t6 AH, 6 eoTiv faov to dx6 
Tfjc; BF TSTpayovo' t 6 dpa 0x6 tov AA, AB xepie)(6p.evov 
opiSoyoviov p,£Td toO dx6 Tfjc; FB TSTpayovou faov eoTi 
TO NSO yvojiovi xal to AH. dXXd 6 NSO yvop.ov xal 
t6 ah oXov sotI t 6 FEZA TSTpdyovov, 6 eotiv dx6 Tfjc; 
FA' t 6 dpa 0x6 tov AA, AB xepie)(6p,£vov op'doyovi.ov 
)ji£Td ToO dx6 Tfjc; FB TSTpayovou faov eotI to dx6 Tfjc; FA 
TETpayovo. 

’Edv dpa sOiilETa ypa)ji(if) T(ir)'dfj 6ixa, xpooTS'dfj he tic; 
aOTfj sOi^ETa ex’ EOffEiac;, t6 0x6 Tfjc; oXrjc; aOv Tfj xpo- 
axEipiEvr) xal Tfjc; xpoaxEi.pi£vr)i; xEpiExopiEvov op'doyovi.ov 
)ji£Td Tou dx6 Tfjc; fjiiiaEiac; TETpayovou faov eotI to dx6 
Tfjc; auyx£i.)X£vr)c; ex te Tfjc; f)(iia£ia(; xal Tfjc; xpoax£i(i£vr)c; 
TETpayovo- oxEp eBei SEl^ai.. 


through A, parallel to either of CL or DM [Prop. 1.31]. 

Therefore, since AC is equal to CB, (rectangle) AL is 
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan¬ 
gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus, 
(rectangle) AL is also equal to (rectangle) HF. Let (rect¬ 
angle) CM have been added to both. Thus, the whole 
(rectangle) AM is equal to the gnomon NOP. But, AM 
is the (rectangle contained) by AD and DB. For DM is 
equal to DB. Thus, gnomon NOP is also equal to the 
[rectangle contained] by AD and DB. Let LG, which 
is equal to the square on BC, have been added to both. 
Thus, the rectangle contained by AD and DB, plus the 
square on CB, is equal to the gnomon NOP and the 
(square) LG. But the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CEFD, which is 
on CD. Thus, the rectangle contained by AD and DB, 
plus the square on CB, is equal to the square on CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the rectangle contained 
by the whole (straight-line) with the (straight-line) hav¬ 
ing being added, and the (straight-line) having being 
added, plus the square on half (of the original straight- 
line), is equal to the square on the sum of half (of the 
original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: {2a + b)b + = (a + 6)^. 


C'. 

’Eav EU-dEla ypappf) Tpiydfj, (b(; etuxsv, t6 oltzo Tfj? 6Xr)(; 
xal t6 cxcp’ e’voQ tAv TprjpcxTWv Ta auvapcpoTcpa TETpcxywva 
faa eotI tA te 5li; ux6 Tfjc; oXrjc; xal too Eiprjpsvou Tpf]paToc; 
xEpiExopsvw op'doycoviw xal tA (xx6 tou XolxoO Tpf]paToc; 
TETpayAvw. 

A r B 



EOifEla ycip tk; f) AB TETpria-do, Ac fauyev, xaTa t6 F 
arjpElov XEyco, oti. Ta (xx6 tAv AB, BF TETpciywva’faa eotI 
tA te 61c; ux6 tAv AB, BF x£pi.£xop£vc> opifoycoviw xal tA 


Proposition 7^ 

If a straight-line is cut at random then the sum of 
the squares on the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to twice the rectan¬ 
gle contained by the whole, and the said piece, and the 
square on the remaining piece. 



For let any straight-line AB have been cut, at random, 
at point C. I say that the (sum of the) squares on AB and 
BC is equal to twice the rectangle contained by AB and 
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duo xfjc; FA TSTpaywvw. 

AvayeYpacpiSw ydp dTio Tfjc; AB Texpdytovov x6 AAEB' 
xal xaxayeypdcpTSw x6 axfjp.a. 

’EksI ouv laov eaxl x6 AH xw HE, xoivov npooxeia^co 
x6 rZ' oXov dpa x6 AZ oXco xw FE laov eaxiv xd dpa 
AZ, FE BmXdoid eaxi xoO AZ. dXXd xd AZ, FE 6 KAM 
eaxi yv(j[itov xal x6 FZ xexpdycovov 6 KAM dpa yvcop.wv 
xal x6 FZ dmXdaid eaxi xou AZ. eaxi 5e xoD AZ dmXdaiov 
xal x6 dig uno xwv AB, BF- larj ydp fj BZ xfj BF- 6 dpa 
KAM yvtojitov xal x6 FZ xexpdytovov laov eaxi xw Sic; Otio 
xwv AB, BF. xoivov npoaxeiaTila) x6 AH, 6 eaxiv duo xfji; 
AF xexpdywvov 6 dpa KAM yvtojitov xal xd BH, HA 
xexpdytova laa eaxi xw xe Sic; uno xwv AB, BF iiepie)(op,ev(j 
opiiloywviw xal xw d^o xfjc; AF xexpaytovw. dXXd 6 KAM 
yvtojitov xal xd BH, HA xexpdytova oXov eaxi x6 AAEB xal 
x6 FZ, d eaxiv dKO xov AB, BF xexpdywva' xd dpa dxo xAv 
AB, BF xexpdywva laa eaxi xA [xe] Sic; Ojio xAv AB, BF 
■n:epiexo(ievw opDoywviw ^exd xou dxo xfjc; AF xexpayAvou. 

’Edv dpa euiSeTa ypa^(if] x(ir]'dfj, Ac; exu^ev, x6 dxo 
xfjc; oXrjc; xal x6 d<^’ evoc; xAv x(ir]tJidxwv xd auva^cpoxepa 
xexpdywva laa eaxi xA xe Sic; uno xfjc; 6Xr]c; xal xou 
eiprjtxevou x(jf]tJiaxoc; Kepiexo^Jisva) op-doywvifc) xal xA dKo 
xou XoiTioO x(jf]tJiaxoc; xexpayAvw' OTiep eSei SeT^ai. 


t This proposition is a geometric version of the aigebraic identity: (a + 

1 ^'- 

’Edv eu'de'ia ypa^^f) xtxriDfj, Ac; exuxev, x6 xexpdxi; uko 
xfj; oXr]; xal evo; xAv x(jr]tJidxwv itepiexojievov opDoyAviov 
^exd xou dtio xou XoiTtou x(jf]tJiaxo; xexpayAvou ’laov eaxi 
xA dTto xe xfj; oXr]; xal xou eipri^tevou xtxfj(iaxo; A; olko 
^id; dvaypacpevxi xexpayAvcp. 

EuDeTa ydp xi; f] AB xexp-fiaDa), A; cxuxev, xaxd x6 
F arj^xelov Xeyw, oxi x6 xexpdxi; UTto xAv AB, BF Tie- 
piexo^tevov op-doyAviov ^exd xou dito xfj; AF xexpayAvou 
’laov eaxi xA dito xfj; AB, BF A; dxo (iid; dvaypacpevxi 
xexpayAvtp. 

’ExpepXf]a'dw ydp ex’ eui^eia; [xfj AB eOi^eTa] f) BA, 
xal xeiaDco xfj FB ’lar) f) BA, xal dvayeypdcp'dw dxo xfj; 
A A xexpdywvov x6 AEZA, xal xaxayeypdcpiDw SixXouv x6 
axfjiia. 


BC, and the square on CA. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let the (rest of) the figure have been 
drawn. 

Therefore, since (rectangle) AG is equal to (rectan¬ 
gle) GE [Prop. 1.43], let the (square) GE have been 
added to both. Thus, the whole (rectangle) AE is equal 
to the whole (rectangle) GE. Thus, (rectangle) AE plus 
(rectangle) GE is double (rectangle) AE. But, (rectan¬ 
gle) AE plus (rectangle) GE is the gnomon KLM, and 
the square GE. Thus, the gnomon KLM, and the square 
GE, is double the (rectangle) AF. But double the (rect¬ 
angle) AF is also twice the (rectangle contained) by AB 
and BG. For BF (is) equal to BC. Thus, the gnomon 
KLM, and the square CF, are equal to twice the (rect¬ 
angle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the 
gnomon KLM, and the squares BG and GD, are equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. But, the gnomon KLM and the squares 
BG and GD is (equivalent to) the whole of ADEB and 
CF, which are the squares on AB and BC (respectively). 
Thus, the (sum of the) squares on AB and BC is equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. 

Thus, if a straight-line is cut at random then the sum 
of the squares on the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to twice the rect¬ 
angle contained by the whole, and the said piece, and the 
square on the remaining piece. (Which is) the very thing 
it was required to show. 

4 + = 2{a + b) a + 

Proposition 8^ 

If a straight-line is cut at random then four times the 
rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), plus the square on the 
remaining piece, is equal to the square described on the 
whole and the former piece, as on one (complete straight- 
line) . 

For let any straight-line AB have been cut, at random, 
at point C. I say that four times the rectangle contained 
by AB and BC, plus the square on AC, is equal to the 
square described on AB and BC, as on one (complete 
straight-line). 

For let BD have been produced in a straight-line 
[with the straight-line AB], and let BD be made equal 
to CB [Prop. 1.3], and let the square AEFD have been 
described on AD [Prop. 1.46], and let the (rest of the) 
figure have been drawn double. 
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A TEA 



’Ekei oijv Tar) eotIv fj FB xfj BA, dXXa fj ^ev FB xfj HK 
EOTiv lar), f) 5e BA tt) KN, xctl fj HK dpa tt) KN eotiv lar). 
5id xd auxd 6r) xal fj HP xfj PO saxiv lar). xal exeI larj saxlv 
f) BF XT) BA, f) Be HK xfj KN, laov dpa saxl xal x6 p,£v 
FK xw KA, x6 Be HP xw PN. dXXd x6 FK xw PN saxiv 
laov xapaxXrjptojiaxa ydp xoO FO xapaXXr)XoYpd[ip,ou- xal 
x6 KA dpa xw HP laov saxiv xd xsaaapa dpa xd AK, FK, 
HP, PN laa dXXrjXoK; saxiv. xd xsaaapa dpa xExpaxXdaid 
saxi xoO FK. xdXiv exeI lar) saxiv f) FB xf) BA, dXXd r) p.£v 
BA xf) BK, xouxsaxi xfj FH lar), f) Be FB xfj HK, xouxsaxi 
xfj HH, saxiv lar), xal f) FH dpa xfj HH lar) saxiv. xal exeI 
lar) saxiv f) ^isv FH xfj HH, f) Be HP xfj PO, laov saxl xal x6 
psv AH xo MH, x6 Be HA xw PZ. dXXd x6 MH xw HA saxiv 
laov xapaxXr)pwpiaxa ydp xoD MA xapaXXr)XoYpd(jpiou' xal 
x6 AH dpa xA PZ laov saxiv xd xsaaapa dpa xd AH, MH, 
HA, PZ laa dXXf)Xoi<; saxiv xd xsaaapa dpa xou AH saxi 
xsxpaxXdaia. EBsix'dr) Be xal xd xsaaapa xd FK, KA, HP, 
PN xou FK xExpaxXdaia- xd dpa oxxA, d xEpiExsi xov ETT 
Yvwpova, xExpaxXdaid saxi xou AK. xal etieI x6 AK x6 bnb 
xAv AB, BA saxiv lar) yap f) BK xfj BA- x6 dpa xsxpdxii; 
0x6 xAv AB, BA xsxpaxXdaiov saxi xou AK. EBEixflr) Be 
xou AK xExpaxXdaioc; xal 6 ETT YvA(i6rv x6 dpa xsxpdxii; 
0x6 xAv AB, BA laov saxl xA ETT Y'^^wpovi. xoiv6v xpo- 
axsla-dw x6 50, 6 saxiv laov xA dx6 xfjc; AF xsxpaYAvw- x6 
dpa xsxpdxK; 0x6 xAv AB, BA x£pi£x6(JEvov op-doYWviov 
psxd xou dx6 AF xsxpaYcOvou laov saxl xA ETT Yvd)p,ovi 
xal xA 50. dXXd 6 ETT YvA(i«v xal x6 50 oXov saxl x6 
AEZA xExpaYWvov, 6 saxiv dx6 xfjc; AA- x6 dpa xsxpdxic; 
0x6 xAv AB, BA psxd xou dx6 AF laov saxl xA dx6 AA 
xExpaYWvw- lar) Be f) BA xfj BF. x6 dpa xsxpdxic 0x6 xAv 
AB, BF x£pi£x6(i£vov op-doYcOviov (jsxd xou dx6 AF xe- 
xpaYWvou laov saxl xA dx6 xfjc; AA, xouxsaxi xA dx6 xfjc; 
AB xal BF Ac; dx6 (Jidc; dvaYpacpsvxi xExpaYAvw. 

’Edv dpa sO-dsTa YP«lifi'n sxuxsv, x6 xsxpdxic; 

0x6 xfjc; 6Xr)c xal £v6c; xAv xpr)(idxov xspisxopsvov opDoYA- 
viov psxd xou dx6 xou Xoixou xpifj(Jaxoc xsxpaxAvou laou 



Therefore, since CB is equal to BD, but CB is equal 
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is 
thus also equal to KN. So, for the same (reasons), QR is 
equal to RP. And since BC is equal to BD, and GK to 
KN, (square) GK is thus also equal to (square) KD, and 
(square) GR to (square) RN [Prop. 1.36]. But, (square) 
GK is equal to (square) RN. For (they are) comple¬ 
ments in the parallelogram CP [Prop. 1.43]. Thus, 
(square) KD is also equal to (square) GR. Thus, the 
four (squares) DK, GK, GR, and RN are equal to one 
another. Thus, the four (taken together) are quadruple 
(square) GK. Again, since GB is equal to BD, but BD 
(is) equal to BK —that is to say, GG —and GB is equal 
to GK —that is to say, GQ—CG is thus also equal to GQ. 
And since CG is equal to GQ, and QR to RP, (rectan¬ 
gle) AG is also equal to (rectangle) MQ, and (rectangle) 
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ 
is equal to (rectangle) QL. For (they are) complements 
in the parallelogram ML [Prop. 1.43]. Thus, (rectangle) 
AG is also equal to (rectangle) RF. Thus, the four (rect¬ 
angles) AG, MQ, QL, and RF are equal to one another. 
Thus, the four (taken together) are quadruple (rectan¬ 
gle) AG. And it was also shown that the four (squares) 
GK, KD, GR, and RN (taken together are) quadruple 
(square) GK. Thus, the eight (figures taken together), 
which comprise the gnomon STU, are quadruple (rect¬ 
angle) AK. And since AK is the (rectangle contained) 
by AB and BD, for BK (is) equal to BD, four times the 
(rectangle contained) by AB and BD is quadruple (rect¬ 
angle) AK. But the gnomon STU was also shown (to 
be equal to) quadruple (rectangle) AK. Thus, four times 
the (rectangle contained) by AB and BD is equal to the 
gnomon STU. Let OH, which is equal to the square on 
AC, have been added to both. Thus, four times the rect¬ 
angle contained by AB and BD, plus the square on AC, 
is equal to the gnomon STU, and the (square) OH. But, 
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eaxl TW duo xe xfjc; oXrjc; xcxl xoO eiprjtJisvou T(ir]^aTo<; (be; 
duo [iide; dvccypacpevxi Texpaycivcp- oxep eSei 5el^ai. 


t This proposition is a geometric version of the algebraic identity: 4 (a + 

’Edv su'de'ia ypa(i^r) x(ir]'df) sic; laa xai dviaa, xd inb 
xov dviacov xfji; 6Xr)<; x(ir]txdxcov xsxpdycova 6i7tXdai.d saxi 
xoD xs dTto xfjc; f]txi.asiac; xai xoO dTto xfjc; ^sxa^ij xSiv xo^teSv 
XExpaycbvou. 


E 



EuffsTa ydp xlc; f] AB xsxtxfja'dco sic; (isv laa. xcxxd x6 
r, ek 6e dviaa xaxd x6 A' Xeyto, 6xi xd dito xebv AA, AB 
xexpdycova BiitXdaid eaxi xwv dito xc5v AE, FA xexpcxycovtov. 

’'Hx'dto ydp dito xoO F xfj AB itpoc; opfidc; f) FE, xocl 
xeia'dto lar) exaxepcx xebv AF, FB, xcxl eits^eux'dwacxv ai EA, 
EB, xoA 5id p.ev xou A xfj EF itapdXXrjXoc; yj)(f)(o fj AZ, 5id 
5e xou Z xfj AB f) ZH, xai etie^euxilIw f) AZ. xai exeI larj 
saxlv f) AF xfj FE, lor) saxl xai f) uxo EAF ytovia xfj 0x6 
AEF. xai exeI opflf] saxiv fj xpoc; xc5 F, Xoixal dpa al 0x6 
EAF, AEF p,ia opDfj laai siaiv xai siaiv laac fi(iioEia dpa 
opfifje; saxiv sxaxspa xwv 0x6 FEA, FAE. 8la xd aOxd 5f) 
xai sxaxspa xebv 0x6 FEB, EBF fj^iasid saxiv opflfjc;- oXt) 
dpa f) 0x6 AEB opflf] saxiv. xai exeI f) 0x6 HEZ fj^iaEid 
saxiv opUfjc;, opDf) Be f) 0x6 EHZ- lar) ydp saxi xfj £vx6c; xai 
dxEvavxiov xfj 0x6 EFB- Xoixf) dpa fj 0x6 EZF[ fijiiaEid saxiv 


the gnomon STU and the (square) OH is (equivalent to) 
the whole square AEFD, which is on AD. Thus, four 
times the (rectangle contained) by AB and BD, plus the 
(square) on AC, is equal to the square on AD. And BD 
(is) equal to BC. Thus, four times the rectangle con¬ 
tained by AB and BC, plus the square on AC, is equal to 
the (square) on AD, that is to say the square described 
on AB and BC, as on one (complete straight-line). 

Thus, if a straight-line is cut at random then four times 
the rectangle contained by the whole (straight-line), and 
one of the pieces (of the straight-line), plus the square 
on the remaining piece, is equal to the square described 
on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required 
to show. 

b) a + b‘^ = [(a + fe) + a]^. 

Proposition 9^ 

If a straight-line is cut into equal and unequal (pieces) 
then the (sum of the) squares on the unequal pieces of the 
whole (straight-line) is double the (sum of the) square 
on half (the straight-line) and (the square) on the (dif¬ 
ference) between the (equal and unequal) pieces. 


E 



A C D B 


For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the (sum of the) squares 
on AD and DB is double the (sum of the squares) on AC 
and CD. 

For let CE have been drawn from (point) C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB 
have been joined. And let DE have been drawn through 
(point) D, parallel to EC [Prop. 1.31], and (let) EG 
(have been drawn) through (point) E, (parallel) to AB 
[Prop. 1.31]. And let AE have been joined. And since 
AC is equal to CE, the angle EAC is also equal to the 
(angle) AEC [Prop. 1.5]. And since the (angle) at C is 
a right-angle, the (sum of the) remaining angles (of tri¬ 
angle AEC), EAC and AEC, is thus equal to one right- 
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op'dfjc;- lar) apa [eaxlv] fj vno HEZ ywvLa xf) bnd EZH- waxs 
xal xXevpa f) EH xfj HZ eaxiv larj. ndXiv enel fj xpog xw B 
ywvict fijiiaeid eaxiv opiSfii;, opiSi^ 6e fj 0 x 6 ZAB- lar) ydp 
xdXiv eaxl xfj evxoc; xal dxevavxiov xfj 0 x 6 EEB- Xoixf] dpa 
f) 0 x 6 BZA fjpiiaeid eaxiv opDfii;' lar) dpa fj xp6<; xo B ywvia 
xfj 0 x 6 AZB- Aaxe xal xXeupd f] ZA xXeupa xfj AB eaxiv 
lar]. xai exeliar] eaxiv f) AE xfj EE, laov eaxl xal x6 dx6 AE 
xo dx6 EE' xd dpa dx6 xov AE, EE xexpdywva 5 ixXdaid 
eaxi xoO dx6 AE. xoT<; 6e dx6 xAv AE, EE laov eaxl x6 dx6 
xfji; EA xexpdywvov op'df) ydp f] 0 x 6 AEE yovia' x6 dpa 
dx6 x'rji; EA 6ixXdai6v eaxi xoO dx6 x'rjc AE. xdXiv, exel Tar] 
eaxiv f) EH xfj HZ, laov xal x6 dx6 xfjc; EH xA dx6 xfjc HZ- 
xd dpa dx6 xAv EH, HZ xexpdywva 6ixXdaid eaxi xoO dx6 
xfji; HZ xexpayAvou. toiq 6 e dx6 xAv EH, HZ xexpayAvoii; 
laov eaxl x6 dx6 x'rjc EZ xexpdywvov x6 dpa dx6 xfjc; EZ 
xexpdywvov BixXdaiov eaxi xoD dx6 xfjc; HZ. lar) 8e f) HZ 
xfj EA- x6 dpa dx6 xfjc; EZ 5 ixXdai 6 v eaxi xoO dx6 xfjc; EA. 
eaxi 8e xal x6 dx6 xfjc; EA BixXdaiov xoO dx6 xfjc; AE- xd 
dpa dx6 xAv AE, EZ xexpdyova 8ixXdaid eaxi xAv d7T:6 xAv 
AE, EA xexpayAvwv. xoTi; 6e d7i;6 xAv AE, EZ laov eaxl 
x6 d7i;6 xfjc; AZ xexpdywvov opDf) ydp eaxiv f) 0716 AEZ 
yovia- x6 dpa d7i;6 xfjc; AZ xexpdywvov BixXdaiov eaxi xAv 
d'n:6 xAv AE, EA. xA 8e d7i;6 xfjc; AZ laa xd d7i6 xAv AA, 
AZ' op'df) ydp f) xpdc; xA A ywvia' xd dpa dud xAv AA, AZ 
BixXdaid eaxi xAv dud xAv AE, EA xexpayAvwv. lar) 6e f) 
AZ xfj AB' xd dpa omo xAv AA, AB xexpdywva SixXdaid 
eaxi xAv dud xAv AE, EA xexpdyAvwv. 

’Edv dpa eO'dela ypapi(if) xpii^'dfj eic; laa xal dviaa, xd and 
xAv dviawv xfjc; 6Xr)c; xpir)(idx6rv xexpdytova BixXdaid eaxi 
xoD xe dud xfjc; f)(iiaeiac; xal xoO dii6 xfjc; (iexa^O xAv xopiAv 
xexpayAvou' oxep eSei Sel^ai. 


angle [Prop. 1.32]. And they are equal. Thus, (angles) 
C-EA and CAE are each half a right-angle. So, for the 
same (reasons), (angles) CEE and EEC are also each 
half a right-angle. Thus, the whole (angle) AEE is a 
right-angle. And since GEE is half a right-angle, and 
EGE (is) a right-angle—for it is equal to the internal and 
opposite (angle) ECE [Prop. 1.29]—the remaining (an¬ 
gle) EEC is thus half a right-angle [Prop. 1.32]. Thus, 
angle GEE [is] equal to EEC. So the side EG is also 
equal to the (side) GE [Prop. 1.6]. Again, since the an¬ 
gle at E is half a right-angle, and (angle) FDB (is) a 
right-angle—for again it is equal to the internal and op¬ 
posite (angle) EGE [Prop. 1.29]—the remaining (angle) 
BFD is half a right-angle [Prop. 1.32]. Thus, the angle at 
E (is) equal to DFB. So the side FD is also equal to the 
side DB [Prop. 1.6]. And since AG is equal to GE, the 
(square) on AG (is) also equal to the (square) on GE. 
Thus, the (sum of the) squares on AG and GE is dou¬ 
ble the (square) on AG. And the square on EA is equal 
to the (sum of the) squares on AG and GE. For angle 
AGE (is) a right-angle [Prop. 1.47]. Thus, the (square) 
on EA is double the (square) on AG. Again, since EG 
is equal to GE, the (square) on EG (is) also equal to 
the (square) on GE. Thus, the (sum of the squares) on 
EG and GE is double the square on GE. And the square 
on EE is equal to the (sum of the) squares on EG and 
GE [Prop. 1.47]. Thus, the square on EE is double the 
(square) on GE. And GE (is) equal to CD [Prop. 1.34]. 
Thus, the (square) on EE is double the (square) on GE. 
And the (square) on EA is also double the (square) on 
AG. Thus, the (sum of the) squares on AE and EE is 
double the (sum of the) squares on AG and CD. And 
the square on AE is equal to the (sum of the squares) 
on AE and EE. For the angle AEE is a right-angle 
[Prop. 1.47]. Thus, the square on AE is double the (sum 
of the squares) on AG and CD. And the (sum of the 
squares) on AE and EE (is) equal to the (square) on 
AE. For the angle at E is a right-angle [Prop. 1.47]. 
Thus, the (sum of the squares) on AE and EE is double 
the (sum of the) squares on AG and CD. And EE (is) 
equal to DB. Thus, the (sum of the) squares on AE and 
DB is double the (sum of the) squares on AG and CD. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the (sum of the) squares on the unequal 
pieces of the whole (straight-line) is double the (sum of 
the) square on half (the straight-line) and (the square) on 
the (difference) between the (equal and unequal) pieces. 
(Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: a? +b‘^ = 2[([a -I- fe]/2)^ + ([a -I- &]/2 — fe)^]. 
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i. 

’Eav £0i[}£Ta ypa^xiif] T(ir]'dfj B^xa, upoaxs'dr) Se tic; auxfi 
£0i[}£To( £7;’ £M£1(X(;, x6 duo xfjc; 6Xr]c; auv xfj iipoax£i.tJi£vr) 
xai x6 duo xfjc; 7i;poax£i(i£vr)(; xd auvatJi(p6x£pa x£xpdYWva 
8i.7iXdaid £ 0 X 1 . xou x£ dxo xfjc; fj^xiOTicxc; xal xou duo xfjc; auy- 
X£i(i£vr)(; £X x£ xfjc; f]txi.a£iac; xai xfjc; 7ipoax£i.pi£vr)i; uiq dxo 
^idc; dvaypcxcpEvxoc; xExpaywvou. 


E 2 



EOffEla ydp xii; f) AB xExtxfjo'dw 5ixa xaxd x6 E, xpo- 
ox£iaiL>w Se xic; auxrj EuffEla ex’ eMeimc; f) BA- XEyw, oxi. xd 
dxo xwv AA, AB xExpdytovcx SixXdaid eoxi xwv dxo xAv 
Ar, FA xExpayAvwv. 

’'Hx'dw ydp dxo xou F arj^Eiou xfj AB xpoc; op-ddc; f) FE, 
xal XEiafla) lar) ExaxEpcx xAv AF, FB, xal EXE^EUx^waav 
al EA, EB- xal 6id ^ev xou E xfj AA xapdXXrjXoc; 

EZ, 5id Be xou A xfj FE xapdXXrjXoc; fjx'dt'^ ZA. xal exeI 
Eic; xapaXXf]XoU(; EU-dEiac; xdc; EF, ZA EU-dEld xic; evexeoev 
f] EZ, al 0x6 FEZ, EZA dpa 6ualv op-daTc; laai. Eiaiv al 
dpa 0x6 ZEB, EZA 5uo opDAv sXdaaovEc; eIoiv al Be 
dx’ sXaaaovwv fj Buo opiDAv sxPaXXopiEvai au(ix[xxouaiv 
al dpa EB, ZA ExPaXXo^iEvai sxl xd B, A ^spr) au^- 
xEoouvxai.. ExpEpXfia'dwaav xal au(ixi.xx£xa)aav xaxd x6 H, 
xal EXE^EUx-dw f] AH. xal exeI larj saxlv f) AF xfj FE, lor] 
£0x1 xal ywvla f] 0x6 EAF xrj 0x6 AEF- xal op-df) f) xp6c; xA 
F- f]tJilo£i.a dpa op-dfjc; [soxiv] sxaxspa xAv 0x6 EAF, AEF. 
Bid xd aOxd Bf] xal sxaxspa xAv 0x6 FEB, EBF f)(ilo£id soxiv 
op-dfjc;- op-df] dpa soxiv f] 0x6 AEB. xal exeI f](jlo£ia op-dfjc; 
Eoxiv f] 0x6 EBF, fjpiloEia dpa op-dfjc; xal f] 0x6 ABH. soxi 
Be xal f] 0x6 BAH op-df]- Tor] ydp soxi xfj 0x6 AFE- svaXXd^ 
ydp- Xoixf) dpa f] 0x6 AHB f]txlo£i.d soxiv op-dfj;- f) dpa 0x6 
AHB xfj 0x6 ABH soxiv Torj- Aoxs xal xXsupd f] BA xXsupd 
xfj HA Eoxiv Tor]. xdXiv, exeI f) 0x6 EHZ f]pi[o£id soxiv 
op-dfj;, op-df) Be f) xp6; xA Z- Tor) ydp soxi xfj dxsvavxlov xfj 
xp6; xA F- Xoixf) dpa f] 0x6 ZEH f]^[o£id soxiv op-dfj;- Tor] 
dpa f) 0x6 EHZ ywvia xfj 0x6 ZEH- Aoxs xal xXsupd f) HZ 
xXsupd xfj EZ EOXIV Tor), xal exeI [lor] soxiv f) EF xfj FA], 
Toov £0x1 [xal] x6 dx6 xfj; EF xsxpdywvov xA dx6 xfj; FA 


Proposition 10^ 

If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the sum of the square on 
the whole (straight-line) with the (straight-line) having 
been added, and the (square) on the (straight-line) hav¬ 
ing been added, is double the (sum of the square) on half 
(the straight-line), and the square described on the sum 
of half (the straight-line) and (straight-line) having been 
added, as on one (complete straight-line). 


E F 



(point) C, and let any straight-line BD have been added 
to it straight-on. I say that the (sum of the) squares on 
AD and DB is double the (sum of the) squares on AC 
and CD. 

For let CE have been drawn from point C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB have 
been joined. And let EF have been drawn through E, 
parallel to AD [Prop. 1.31], and let ED have been drawn 
through D, parallel to CE [Prop. 1.31]. And since some 
straight-line EF falls across the parallel straight-lines EC 
and ED, the (internal angles) CEE and EFD are thus 
equal to two right-angles [Prop. 1.29]. Thus, FEB and 
EFD are less than two right-angles. And (straight-lines) 
produced from (internal angles whose sum is) less than 
two right-angles meet together [Post. 5]. Thus, being pro¬ 
duced in the direction of B and D, the (straight-lines) 
EB and ED will meet. Let them have been produced, 
and let them meet together at C, and let AG have been 
joined. And since AC is equal to CE, angle EAC is also 
equal to (angle) AEC [Prop. 1.5]. And the (angle) at 
C (is) a right-angle. Thus, EAC and AEC [are] each 
half a right-angle [Prop. 1.32]. So, for the same (rea¬ 
sons), CEB and EBC are also each half a right-angle. 
Thus, (angle) AEB is a right-angle. And since EBC 
is half a right-angle, DBG (is) thus also half a right- 
angle [Prop. 1.15]. And BDC is also a right-angle. For 
it is equal to DCE. For (they are) alternate (angles) 


61 




STOIXEION p'. 


ELEMENTS BOOK 2 


xexpaYWvw' xa apa and xwv EF, FA xsxpdyova BiTiXdaid 
eaxi xoO duo xfji; FA xexpaywvou. xolc Se duo xwv EF, FA 
laov eaxl x6 duo xfji; EA- x6 dpa duo xi^i; EA xexpdycovov 
dixXdaiov eaxi xou duo xfjc; AF xexpaytovou. ndXiv, eTCellar) 
eaxlv f) ZH xfj EZ, laov eaxi xal x6 duo xfjc; ZH xw duo xfjc; 
ZE- xd dpa dKO xwv HZ, ZE 6i7i;Xdai.d eaxi xou dvio xfj? EZ. 
xoTc; 6e d^o xwv HZ, ZE laov eaxi x6 dKO xfjc; EH- x6 dpa 
dxo xfjc; EH BixXdaiov eaxi xou dxo xfjc; EZ. lar] 6e -f) EZ xfj 
FA- x6 dpa duo xfji; EH xexpdywvov 8i7iXdai6v eaxi xou dKo 
xfj; FA. eSeix-dr) 6e xal x6 duo xfj; EA BixXdaiov xou and 
xfj; AF- xd dpa duo xAv AE, EH xexpdywva BixXdaid eaxi 
xAv d-Ko xAv AF, FA xexpayAvwv. xoT; 6e duo xAv AE, 
EH xexpayAvoi; laov eaxi x6 duo xfj; AH xexpdywvov- x6 
dpa and xfj; AH BmXdaiov eaxi xAv duo xAv AF, FA. xA 
6e and xfj; AH laa eaxi xd and xAv AA, AH- xd dpa dKo 
xAv AA, AH [xexpdywva] BmXdaid eaxi xAv dKO xAv AF, 
FA [xexpayAvwv]. la-r) 6e f] AH xfj AB- xd dpa dvio xAv 
AA, AB [xexpdywva] BixXdaid eaxi xAv dKO xAv AF, FA 
xexpayAvwv. 

’Edv dpa eu-dela ypapi(jf] xiJiydfj 6ixa, xpoaxe-dfj 8e xi; 
auxfj eu-dela in’ eu-deia;, x6 dxo xfj; oXr]; auv xfj Tipo- 
axeipievr) xal x6 and xfj; 7i;poaxei(iev-r); xd auvapicpoxepa 
xexpdywva BmXdaid eaxi xou xe and xfj; f)(Jiaeia; xal xou 
duo xfj; auyxei(iev-r); ex xe xfj; -f)(Jiaeia; xal xfj; xpo- 
axeipievr]; A; and (iid; dvaypacpevxo; xexpayAvou- oxep 
e8ei 8eT^ai. 


[Prop. 1.29]. Thus, the remaining (angle) DGB is half 
a right-angle. Thus, DGB is equal to DBG. So side BD 
is also equal to side GD [Prop. 1.6]. Again, since EGF is 
half a right-angle, and the (angle) at F (is) a right-angle, 
for it is equal to the opposite (angle) at C [Prop. 1.34], 
the remaining (angle) PEG is thus half a right-angle. 
Thus, angle EGF (is) equal to PEG. So the side GF 
is also equal to the side EF [Prop. 1.6]. And since [EG 
is equal to GA] the square on EC is [also] equal to the 
square on GA. Thus, the (sum of the) squares on EG 
and GA is double the square on GA. And the (square) 
on EA is equal to the (sum of the squares) on EG and 
GA [Prop. 1.47]. Thus, the square on EA is double the 
square on AG. Again, since EG is equal to EF, the 
(square) on EG is also equal to the (square) on EE. 
Thus, the (sum of the squares) on GF and EE is dou¬ 
ble the (square) on EF. And the (square) on EG is equal 
to the (sum of the squares) on GF and EE [Prop. 1.47]. 
Thus, the (square) on EG is double the (square) on EF. 
And EF (is) equal to CD [Prop. 1.34]. Thus, the square 
on EG is double the (square) on Cl?. But it was also 
shown that the (square) on EA (is) double the (square) 
on AC. Thus, the (sum of the) squares on AE and EG is 
double the (sum of the) squares on AC and CD. And the 
square on AG is equal to the (sum of the) squares on AE 
and EG [Prop. 1.47]. Thus, the (square) on AG is double 
the (sum of the squares) on AC and CD. And the (sum 
of the squares) on AD and DG is equal to the (square) 
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on 
AD and DG is double the (sum of the) [squares] on AC 
and CD. And DG (is) equal to DB. Thus, the (sum of 
the) [squares] on AD and DB is double the (sum of the) 
squares on AC and CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the sum of the square 
on the whole (straight-line) with the (straight-line) hav¬ 
ing been added, and the (square) on the (straight-line) 
having been added, is double the (sum of the square) on 
half (the straight-line), and the square described on the 
sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). (Which 
is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: {2a + b)^ +b‘^ = 2 [a^ -I- (a + b)^]. 

la'. Proposition 11^ 

Tf)v SoOetaav eu-delav xepelv Aaxe x6 utio xfj; oXr); xal To cut a given straight-line such that the rectangle 
xou exepou xAv xprjpcxxwv itepiexopevov op-doyAviov laov contained by the whole (straight-line), and one of the 
eTvai xA cxxo xou Xoiitou xpqpaxo; xexpayAvw. pieces (of the straight-line), is equal to the square on the 

remaining piece. 
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Z H 



TilaTW f) 5 o^£iaa eMela fj AB- 5 ei 5 f) ttjv AB te^ieiv 

OOTE TO UTO Tfjc; okr]Q XOfl ToO ETSpOU TWV T(Jr]piaTWV 
iiEpiEx6(JEvov op'doywvi.ov laov Elvai. tw oto toO Xoltiou 
Tptrj(iaTO(; TExpaytovto. 

AvayEypacpiDo yap dmo xfjc; AB xExpdywvov to ABAF, 
xal TExpir^aiSw i] AF Sixoc xaxd to E arjpiElov, xal EXE^EUX'dto 
f] BE, xal 5 Lr]X'®“ t TA etiI to Z, xal XEio'dw xfj BE lor] f) 
EZ, xal dvayEypdcpiilco dxo xfjc; AZ TExpdytovov to Z 0 , xal 
6 Lr]X'®“ t H 0 e 7 ':l to K- Xsyw, oxi rj AB xsxpirjTai xaxd to 0 , 
waxE TO 0x6 Twv AB, B 0 xEpiExopiEvov opDoytoviov laov 
xoiElv TW dxo xfjc A 0 TExpaycOvcp. 

’ExeI ydp EUiDEla f) AF xExpirjTai. 5 ixa xaxd to E, 
xpoaxEixai 66 aOxf) f] ZA, to dpa 0 x 6 xwv FZ, ZA xe- 
piExopiEvov opDoycOviov (JExd xoO dx6 xfji; AE xExpaywvou 
laov £0x1 xSS dx6 xfjc; EZ xExpaywvw. lor] 66 f) EZ xfj EB- 
x6 dpa 0 x 6 xOv FZ, ZA piExd xoO dx6 xfjc AE loov soxl 
xw dx6 EB. dXXd xw dx6 EB loa 6axl xd dx6 xSSv BA, 
AE- op-df) ydp f] xpdg xw A ycovia- x6 dpa 0 x 6 xwv FZ, 
ZA piExd xoO dx6 xfjc; AE loov 6oxl xoTc; dx6 xwv BA, AE. 
xoiv6v dcpripyja-dw x6 dx6 xfjc; AE- Xoix6v dpa x6 0 x 6 xwv 
FZ, ZA xEpiExopiEvov op-doycOviov loov 6axl xw dx6 xfjc; AB 
xExpaycovw. xal soxi x6 p,6v 0 x 6 xwv FZ, ZA x6 ZK- lor) 
ydp f) AZ xfj ZF[- x6 66 dx6 xfjc; AB x6 AA- x6 dpa ZK loov 
£0x1 xw AA. xoiv6v dpr)pf]0'dto x6 AK- Xoix6v dpa x6 Z 0 
TO 0 A loov Eoxlv. xai 6oxi x6 (j6v 0 A x6 0 x 6 xwv AB, 
B 0 - Tor) ydp f] AB xfj BA- x6 66 Z 0 x6 dx6 xfj; A 0 - x6 
dpa 0 x 6 xwv AB, B 0 xEpiExojiEvov opDoytoviov loov soxl 
xw dx6 0 A xExpaycOvcp. 

'H dpa 6oiL)£'loa EU-dEla f] AB x£x(ir]xai xaxd x6 0 woxe 
x6 0 x 6 xwv AB, B 0 xEpiExopiEvov op-doycOviov loov xoieTv 
TO dx6 xfj; 0 A xExpayAvw- oxEp £6£i xoifjoai.. 


F G 



Let AB be the given straight-line. So it is required to 
cut AB such that the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight- 
line), is equal to the square on the remaining piece. 

For let the square ABDC have been described on AB 
[Prop. 1.46], and let AC have been cut in half at point 
E [Prop. 1.10], and let BE have been joined. And let 
CA have been drawn through to (point) E, and let EE 
be made equal to BE [Prop. 1.3]. And let the square 
EH have been described on AF [Prop. 1.46], and let GH 
have been drawn through to (point) K. I say that AB has 
been cut at H such as to make the rectangle contained by 
AB and BH equal to the square on AH. 

For since the straight-line AC has been cut in half at 
E, and FA has been added to it, the rectangle contained 
by CF and FA, plus the square on AE, is thus equal to 
the square on EE [Prop. 2.6]. And EE (is) equal to EB. 
Thus, the (rectangle contained) by CF and FA, plus the 
(square) on AE, is equal to the (square) on EB. But, 
the (sum of the squares) on BA and AE is equal to the 
(square) on EB. For the angle at A (is) a right-angle 
[Prop. 1.47]. Thus, the (rectangle contained) by CF and 
EA, plus the (square) on AE, is equal to the (sum of 
the squares) on BA and AE. Let the square on AE have 
been subtracted from both. Thus, the remaining rectan¬ 
gle contained by CE and EA is equal to the square on 
AB. And FK is the (rectangle contained) by CF and 
EA. For AE (is) equal to EG. And AD (is) the (square) 
on AB. Thus, the (rectangle) FK is equal to the (square) 
AD. Let (rectangle) AK have been subtracted from both. 
Thus, the remaining (square) EH is equal to the (rectan¬ 
gle) HD. And HD is the (rectangle contained) by AB 
and BH. For AB (is) equal to BD. And EH (is) the 
(square) on AH. Thus, the rectangle contained by AB 
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and BH is equal to the square on HA. 

Thus, the given straight-line AB has heen cut at 
(point) H such as to make the rectangle contained by 
AB and BH equal to the square on HA. (Which is) the 
very thing it was required to do. 


t This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is 
sometimes called the “Golden Section”. 


iP'. 

’Ev xoTc; dppXuytovioK; xpiytovoK; x6 dito xfjc; xrjv 
dppXelav ycoviav uiioxeivouar)i; itXeupdc; xexpdywvov pei^ov 
eaxi xcSv duo xwv xf]v dppXe'iav ywvtav rtspisyouacov 
xXeupwv xexpaytovcov xw TtspisyopEvcp 6i<; Otto xe pidq xcov 
xEpl xrjv dppXElav ywvtav, scp’ qv fj xdhExoc; xixxEi, xal xfjc; 
dxoXapPavopEvrjc; exxoc; bnb xfjc; xcxdsxou Ttpoc; xfj dppXEiqt 
ytoviqc. 


B 



A A r 


Tilaxw dppXuycoviov xptycovov x6 ABF dppXElav syov 
xf]v UTto BAF, xai fjx'dw dito xoO B arjpEiou etiI xfjv FA 
ExpXrj'dElaav xdhExoc; f] BA. Xsya), 6xi x6 dtid xfjc; BF 
xExpdywvov pEl^ov saxt xwv dtro xov BA, AF xExpcxycovcov 
xA Sic UTto xwv FA, AA TtEpiEyopEvcp opdoycovtco. 

’Ekei ydp EudEla f] FA xsxprjxai, wc; sxuyEv, xaxd x6 A 
aripEfov, x6 dpot dito xfjc; AF laov saxi xoTc; dito xwv FA, 
AA xExpaytovoic; xocl xw Sic; uxo xwv FA, AA nEpiEyopEvcp 
ophoycoviq). xoivov xpoaxEtadco x6 dxo xfjc; AB- xd dpcx 
dxo xwv FA, AB Xaa. saxl xolc; xe dxo xAv FA, AA, AB xe- 
xpaywvotc; xai xA Sic; uxo xAv FA, AA [xEptExopsvcp opdo- 
ycoviw]. dXXd xoTc; psv dxo xAv FA, AB laov saxl xd dxd 
xfjc; FB- dpOf) ydp f) xpoc; xA A ywvlcx- xoTc; Ss dxd xAv AA, 
AB laov xd dxd xfjc; AB- xd dpa dxd xfjc; FB xExpdycovov 
laov saxl xolc te dxd xAv FA, AB xExpayAvoic; xal xA Sic; 
Oxd xAv FA, AA xEptExopEvcp dp-doycovicp- AaxE xd dxd xfjc; 
FB xExpdywvov xAv dxd xAv FA, AB xExpayAvov pEl^dv 
saxt xA Sic; Oxd xAv FA, AA xEpiExopsvw dphoycovlcp. 

’Ev dpa xolc; dppXuywvloic; xpiyAvotc; xd dxd xfjc; xf]v 
dppXElav ycoviav OxoxEtvoOaqc; xXEUpac; xExpdywvov pEl^dv 
saxt xAv dxd xAv xf]v dppXElav ywvlav xEpiEyouaAv 


Proposition 12 ^ 

In obtuse-angled triangles, the square on the side sub¬ 
tending the obtuse angle is greater than the (sum of the) 
squares on the sides containing the obtuse angle by twice 
the (rectangle) contained by one of the sides around the 
obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) 
by the perpendicular (straight-line) towards the obtuse 
angle. 


B 



DA C 


Let ABC be an obtuse-angled triangle, having the an¬ 
gle BAC obtuse. And let BD be drawn from point B, 
perpendicular to CA produced [Prop. 1.12]. I say that 
the square on BC is greater than the (sum of the) squares 
on BA and AC, by twice the rectangle contained by CA 
and AD. 

For since the straight-line CD has been cut, at ran¬ 
dom, at point A, the (square) on DC is thus equal to 
the (sum of the) squares on CA and AD, and twice the 
rectangle contained by CA and AD [Prop. 2.4]. Let the 
(square) on DB have been added to both. Thus, the (sum 
of the squares) on CD and DB is equal to the (sum of 
the) squares on CA, AD, and DB, and twice the [rect¬ 
angle contained] by CA and AD. But, the (square) on 
CB is equal to the (sum of the squares) on CD and DB. 
For the angle at D (is) a right-angle [Prop. 1.47]. And 
the (square) on AB (is) equal to the (sum of the squares) 
on AD and DB [Prop. 1.47]. Thus, the square on CB 
is equal to the (sum of the) squares on CA and AB, and 
twice the rectangle contained by CA and AD. So the 
square on CB is greater than the (sum of the) squares on 


64 




STOIXEION p'. 


ELEMENTS BOOK 2 


nXeupwv Texpaytovcov xw nepixopsvw 8I1; bno xe piac; xCSv 
Kspi xf]v diipXeTav ywvLav, ecp’ f^v fj xd'dexoc; xixxei, xal xfji; 
diioXa(jpavo(ievr)<; exxoc; bnb xf)<; xa'dsxou npoQ xfj dii^Xeia 
ywvia' oxep eSei 6el^ai. 


CA and AB by twice the rectangle contained by CA and 
AD. 

Thus, in obtuse-angled triangles, the square on the 
side subtending the obtuse angle is greater than the (sum 
of the) squares on the sides containing the obtuse an¬ 
gle by twice the (rectangle) contained by one of the 
sides around the obtuse angle, to which a perpendicu¬ 
lar (straight-line) falls, and the (straight-line) cut off out¬ 
side (the triangle) by the perpendicular (straight-line) to¬ 
wards the obtuse angle. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to the well-known cosine formula: BC ^ = AB ^ -I- AC ^ — 2 AB AC cos BAC, since cos BAC = —ADjAB. 


ly'. 

’Ev xoTc; o^uywvloK; xpiywvoic; x6 duo xfjc; xrjv o^eiav 
ywvlocv uitoxeivouarjc; TtXsupdi; xexpdywvov eXaxxov eaxi 
xwv dtio xwv xrjv o^eiocv ytoviav TtepiexouoCiv itXeupwv xe- 
xpaytovcov xw Ttepiexopevw Blq 0x6 xe piaq xwv Ttepl xf]v 
o^elav ytoviav, eqj’ i^v fj xddexoc; itiitxei, xal xfjq ditoXapPa- 
vopevrjc; evxoc; uito xfjc; xaOexou iipoc; xfj o^Eia ywvia. 


A 



BAT 


Tlaxw b^uycovtov xpiywvov x6 ABF o^cTav eyov xf]v 
Tipoc; T& B ywvlav, xal fjxDa) dtio xoO A arjpclou era xf]v 
BF xd'dexoc; f) AA- Xeyw, oxi. x6 anb xfjc; AF xexpdywvov 
eXaxxov eaxi xov dtio xAv FB, BA xexpayAvwv xw 51 c; bnb 
xAv FB, BA Ttepiexopevw op'doywvlw. 

’Exel ydp eu'deTa f) FB xexprjxai., Ac; exuysv, xaxd x6 
A, xd dpa ditb xAv FB, BA xexpdywva laa eaxi xA xe 
Blq UTto xAv FB, BA Tteptexopcvc) op'doywvlw xal xA dtro 
xfjc; AF xexpayAvq). xoivov Ttpoaxeia'dw x6 dtro xfjc AA 
xexpdywvov xd dpa dtio xAv FB, BA, AA xexpdywva laa 
eaxi xA xe Blc bnb xAv FB, BA Tteptexopevcp bp'doywviw 
xal xoTc; anb xAv A A, AF xexpayAvioc;. dXXd xoTc; pev anb 
xAv BA, AA laov x6 dtro xfjc; AB- op'df) ydp f) Tipoc xA A 
ywvicx- xoTc 5 e anb xAv AA, AF laov x6 dtio xfjc AF- xd 
dpa dtio xAv FB, BA laa eaxi xA xe dito xfjc AF xal xA 5 lc 
UTto xAv FB, BA- Aaxe povov x6 inb xfjc AF eXaxxov eaxi 


Proposition 13^ 

In acute-angled triangles, the square on the side sub¬ 
tending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by the 
perpendicular (straight-line) towards the acute angle. 


A 



Let ABC be an acute-angled triangle, having the an¬ 
gle at (point) B acute. And let AD have been drawn from 
point A, perpendicular to BC [Prop. 1.12]. I say that the 
square on AC is less than the (sum of the) squares on 
CB and BA, by twice the rectangle contained by CB and 
BD. 

For since the straight-line CB has been cut, at ran¬ 
dom, at (point) D, the (sum of the) squares on CB and 
BD is thus equal to twice the rectangle contained by CB 
and BD, and the square on DC [Prop. 2.7]. Let the 
square on DA have been added to both. Thus, the (sum 
of the) squares on CB, BD, and DA is equal to twice 
the rectangle contained by CB and BD, and the (sum of 
the) squares on AD and DC. But, the (square) on AB 
(is) equal to the (sum of the squares) on BD and DA. 
For the angle at (point) D is a right-angle [Prop. 1.47]. 
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Twv duo Twv FB, BA Texpaytovtov xw 61c; uxo xwv FB, BA 
xepiexop.£v(j opTSoYWvitp. 

’Ev dpa xolc; o^uytovioic; xpiywvoic; x6 dxo xfjc; xrjv o^eiav 
ywviav uxoxeivouarjc; xXeupdc; xexpdywvov eXaxxov eaxi 
xwv dxo xwv xrjv o^eiav ywviav xepiexouawv xXeupwv xe- 
xpaytovtov xw x£piexo(ievw 5l(; 0x6 xe (iidg xwv xepl xf]v 
o^sTav ywvLocv, eqj’ fj xd'dexoc; xixxei, xal xfjc; dxoXoipiPa- 
vo(J£vr)<; £vx6i; 0x6 xfjc; xai^Excu xp6<; xfj o^eia ywv[a- 6x£p 
eBei. BEl^ai.. 


And the (square) on AC (is) equal to the (sum of the 
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of 
the squares) on CB and BA is equal to the (square) on 
AC, and twice the (rectangle contained) by CB and BD. 
So the (square) on AC alone is less than the (sum of the) 
squares on CB and BA by twice the rectangle contained 
by CB and BD. 

Thus, in acute-angled triangles, the square on the side 
subtending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by 
the perpendicular (straight-line) towards the acute angle. 
(Which is) the very thing it was required to show. 


t This proposition is equivalent to the well-known cosine formula: AC ^ = AB ^ -I- BC ^ — 2 AB BC cos ABC, since cos ABC = BD/AB. 


l6'. 

TG BoOevxi EU'duypdppcp laov xExpdytovov auaxqaac;- 

dai.. 



Tlaxw x6 BoDev Euduypappov x6 A- BeT 8f) xw A 
EU'duypdppc) (aov xExpdycovov auaxrjaaa'dod. 

SuvEaxdxw ydp xw A EU'duypdppw laov xapaXXqXo- 
ypappov opdoycovLov x6 BA' ei psv ouv lar) saxlv f] BE 
xfj EA, yEyovoq dv eIt) x 6 EXLxaxdEv. auvsaxaxai. ydp xA 
A EU'duypdppcp (aov xExpdywvov x6 BA' eI Be ou, pia xAv 
BE, EA pEi^cov Eoxiv. saxw pEi^wv f] BE, xal ExpEpXqado 
£xl x6 Z, xal XEladco xfj EA larj f] EZ, xal xExpfjo'dw f] BZ 
Blxa xaxd x6 H, xal xsvxpcp xA H, Biaaxqpaxi. Be evI xAv 
HB, HZ qpixOxXiov yEypdcpdw x6 B0Z, xal sxpEpXqadw f) 
AE £xl x6 0, xal EXE^EUxdw f] H0. 

’ExeI ouv EudEla ■() BZ xExprjxai. Eic; psvlaa xaxd x6 H, eic; 
Be dviaa xaxd x6 E, x6 dpa uxo xAv BE, EZ xEpiExopEvov 
opdoyAviov pExd xoO dxo xfjc; EH xExpayAvou laov saxl 
xA dxo xfjc HZ xExpayAvw. lar) Be f] HZ xfj H0' x6 dpa 
0x6 xAv BE, EZ pExd xou dx6 xfjq HE laov saxl xA dx6 
xfjc; H0. xA Be dx6 xfjq H0 laa saxl xd dx6 xAv 0E, EH 


Proposition 14 

To construct a square equal to a given rectilinear fig¬ 
ure. 



Let A be the given rectilinear figure. So it is required 
to construct a square equal to the rectilinear figure A. 

For let the right-angled parallelogram BD, equal to 
the rectilinear figure A, have been constructed [Prop. 
1.45]. Therefore, if BE is equal to ED then that (which) 
was prescribed has taken place. For the square BD, equal 
to the rectilinear figure A, has been constructed. And if 
not, then one of the (straight-lines) BE or ED is greater 
(than the other). Let BE be greater, and let it have 
been produced to E, and let EE be made equal to ED 
[Prop. 1.3]. And let BE have been cut in half at (point) 
G [Prop. 1.10]. And, with center G, and radius one of 
the (straight-lines) CB or GF, let the semi-circle BHE 
have been drawn. And let DE have been produced to H, 
and let GH have been joined. 

Therefore, since the straight-line BE has been cut— 
equally at G, and unequally at E —the rectangle con- 
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xexpdYWva' x6 dpa utco xwv BE, EZ piExd xoO (xko HE laa 
eaxl xoTc; dTio xwv 0E, EH. xolvov dcprjprja'dw x6 anb xf)<; HE 
xexpdywvov Xomov dpa x6 tmb xwv BE, EZ TispisxopLevov 
opiSoYWviov laov eaxl xw duo xfjc; E0 xexpaYtovw. dXXd x6 
uxo xwv BE, EZ x6 BA eaxiv lar] y“P EZ xfj EA' x6 
dpoc BA xapaXXr)X6Ypa(iptov laov eaxl xA dxo xfjc; 0E xe- 
xpaYWvw. laov 5e x6 BA xA A eu'duYpd(ip.cp. xcxl x6 A dpcx 
euDuYpaiipiov laov eaxl xA dxo xfjc; E0 dvaYpacpr]ao(jevw 
xexpaYWvw. 

TA dpa BoDevxi eOiDuYP^l^lJ^V A laov xexpdYWvov 
auveaxaxai. x6 dxo xfjc; E0 dvaYpa(pr)a6(jevov oxep e5ei. 
xoifjaai.. 


tained by BE and EF, plus the square on EG, is thus 
equal to the square on GF [Prop. 2.5]. And GF (is) equal 
to GF[. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (square) on GE[. 
And the (sum of the) squares on ElE and EG is equal to 
the (square) on GH [Prop. 1.47]. Thus, the (rectangle 
contained) by BE and EF, plus the (square) on GE, is 
equal to the (sum of the squares) on HE and EG. Let 
the square on GE have been taken from both. Thus, the 
remaining rectangle contained hy BE and EF is equal to 
the square on EH. But, BD is the (rectangle contained) 
by BE and EF. For EF (is) equal to ED. Thus, the par¬ 
allelogram BD is equal to the square on HE. And BD 
(is) equal to the rectilinear figure A. Thus, the rectilin¬ 
ear figure A is also equal to the square (which) can be 
described on EH. 

Thus, a square—(namely), that (which) can be de¬ 
scribed on EH —has been constructed, equal to the given 
rectilinear figure A. (Which is) the very thing it was re¬ 
quired to do. 
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''Opoi. 

a. Taoi xuxXoi siaiv, 5v ocl BiajiSTpoilaai elaiv, 1] 5v al 
ex Twv xevxpwv laai eiaiv. 

P'. EOiSela xuxXou ecpaTixea'dai. XeysTai., fjTK; ooiToiievr) 
ToO xuxXou xal exPaXXopcvr) oO xepvei tov xuxXov. 

y'. KuxXoi. ecpaxTeaiDai dXXrjXwv XeyovToci oixivei; dxTO- 
pevoi dXXrjXwv oO Tepvouaiv dXXrjXouc. 

6'. ’Ev xuxXw laov (XKexeiv (xko toD xevxpou eui[}cTQ(i 
XeyovTai., oxav at anb tou xevxpou ex’ aOxdc; xaiSexoi. 
dyopevai laai Saw. 

e'. Mel^ov 6e dTiexsw Xeyexai, ecp’ f^v f) (jei^wv xd'dexoc 
KLuxei.. 

9 '. Tpf)(ia xuxXou eax'i x6 Kepiexopevov axTjpa utio xe 
euiSeiai; xai xuxXou Kepicpepeiai;. 

C- Tpr)(iaxoc; 6e ywv[a eaxiv f) Kepiexopevr] 0x6 xe 
e0i[}eLai; xai xuxXou xepLcpepeiai;. 

T)'. ’Ev xpr)(iaxi 6e ywvia eaxw, oxav exl xfjc; xepi.- 
cpepeiac; xou xpr)(iaxoc; Xrjcp'dfj xi arjiielov xai dx’ auxou exl 
xd xepaxa xfjc euffeiac, fj eaxi pdaic xou xpfjiiaxoc, exi- 
^euxiDSaiv eOdelai, fj xepiexopcvr) ywvia 0x6 xSv exi^eu- 
X'deiaSv euffeiSv. 

f)'. "Oxav 6e ai xepiexouaai xf]v ywviav eOiSelai dxo- 
Xappdvwai xiva xepicpepeiav, ex’ exeivrjc Xeyexai peprjxevai 
f) ywvia. 

i'. Topeuc 5e xuxXou eaxiv, oxav xpoc xS xevxpS xou 
xuxXou auaxaiSf) ywvia, x6 xepiex6pevov axfjlia 0x6 xe xSv 
xf]v ywviav xepiexouaSv eOiSeiSv xai xfjc dxoXapPavopcvrjc 
Ox’ auxSv xepicpepeiac. 

la'. "Opoia x(jf]paxa xuxXwv eax'i xd 6ex6peva ywviac 
’(aac, f] ev oTc ai ywviai ’laai dXXfjXaic eiaiv. 


OL. 

Tou 5 of)cvxoc xuxXou x6 xcvxpov eOpew. 

’Taxw 6 BoiSelc xOxXoc 6 ABE- Bet Bfj xou ABE xuxXou 
x6 xevxpov eOpelv. 

AifjxiDw xic sic aux6v, Sc exuxsv, eui^ela fj AB, xal 
xexpfjaDw 6ixa xaxd x6 A arjiielov, xai dxo xou A xfj AB 
xpoc op-ddc fjx'dw ^ AE xal Bifjx'do exl x6 E, xal xexpf]a'da) 
f] EE 8ixa xaxd x6 Z- Xeyw, 6x1 x6 Z xevxpov eaxl xou ABE 
[xuxXou]. 

Mf) ydp, dXX’ ei 6uvax6v, eaxw x6 H, xal exe^eOx'Owaav 
ai HA, HA, HB. xal exel ’iarj eaxiv f) AA xfj AB, xoivf) 8e fj 
AH, 860 6f] ai AA, AH 860 xdic HA, AB ’iaai eiaiv exaxepa 
exaxepa- xal pdaic r) HA pdaei xfj HB eaxiv ’(ar)- ex xevxpou 
ydp' ywvia dpa f) Oko AAH ywvia xfj Oko HAB ’iar] eaxiv. 


Definitions 

1. Equal circles are (circles) whose diameters are 
equal, or whose (distances) from the centers (to the cir¬ 
cumferences) are equal (i.e., whose radii are equal). 

2. A straight-line said to touch a circle is any (straight- 
line) which, meeting the circle and being produced, does 
not cut the circle. 

3. Circles said to touch one another are any (circles) 
which, meeting one another, do not cut one another. 

4. In a circle, straight-lines are said to be equally far 
from the center when the perpendiculars drawn to them 
from the center are equal. 

5. And (that straight-line) is said to be further (from 
the center) on which the greater perpendicular falls 
(from the center). 

6. A segment of a circle is the figure contained by a 
straight-line and a circumference of a circle. 

7. And the angle of a segment is that contained by a 
straight-line and a circumference of a circle. 

8. And the angle in a segment is the angle contained 
by the joined straight-lines, when any point is taken on 
the circumference of a segment, and straight-lines are 
joined from it to the ends of the straight-line which is 
the base of the segment. 

9. And when the straight-lines containing an angle 
cut off some circumference, the angle is said to stand 
upon that (circumference). 

10. And a sector of a circle is the figure contained by 
the straight-lines surrounding an angle, and the circum¬ 
ference cut off by them, when the angle is constructed at 
the center of a circle. 

11. Similar segments of circles are those accepting 
equal angles, or in which the angles are equal to one an¬ 
other. 

Proposition 1 

To find the center of a given circle. 

Let ABC be the given circle. So it is required to find 
the center of circle ABC. 

Let some straight-line AB have been drawn through 
{ABC), at random, and let {AB) have been cut in half at 
point D [Prop. 1.9]. And let DC have been drawn from 
D, at right-angles to AB [Prop. 1.11]. And let {CD) have 
been drawn through to E. And let CE have been cut in 
half at E [Prop. 1.9]. I say that (point) E is the center of 
the [circle] ABC. 

For (if) not then, if possible, let G (be the center of the 
circle), and let GA, CD, and GB have been joined. And 
since AD is equal to DB, and DC (is) common, the two 
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oxav 6 e eOiSsTa eti’ su'de'iav axa'delaa xolq ecpe^fjc; ytoviag 
ioaz dXXrjXaic; noif), opiSi^ exaxepoc xwv latov eaxiv 

opii)!^ dpa eaxiv i] uxo HAB. eaxl 8 e xal rj 0 x 6 ZAB 6 piL)r]- 
I'aT) dpa f) uxo ZAB xfj 0 x 6 HAB, rj piei^wv xf) eXdxxovi- 
oxep eaxiv dSuvaxov. oOx dpa x 6 H xevxpov eaxl xoO ABF 
xuxXou. ojioicoc; 8 i^ 5 ei^op,ev, 6 xi o 05 ’ dXXo xi. xXf]v xoO Z. 


r 



To Z dpa arjpielov xevxpov eaxl xou ABF [xOxXou]. 

n6pia[jia. 

’Ex 8 i^ xoOxou cpavepov, 6 xi edv ev xOxXw eOlleTd xi<; 
euDeldv xiva 6 ixa xal xpoc; opTildc; xepivr), exl xfjc; xe(ivouar)(; 
eaxl x 6 xevxpov xou xuxXou. — oxep e 6 ei. xoifjaai. 


t The Greek text has “GD, DB", which is obviously a mistake. 

P- 

’Edv xuxXou exl xfji; xeptcpepelai; Xrjcp'dfj 6 uo xuxovxa 
arjiiela, f) exl xd ariptela exi^euYvujievr) euDeTa evxoc; xeaelxai 
xou xuxXou. 

’Taxco xuxXoc 6 ABF, xal exl xfjc; xeptcpepelac; auxoO 
elXf](p^w 5 uo xuxovxa aripiela xd A, B- Xeyto, oxi. f) dxo 
xou A exl x 6 B exi^euyvujievr) euDela evxoc; xeaelxai xou 
xuxXou. 

Mf) ydp, dXX’ el Suvaxov, xixxexw exxoc; (be; fj AEB, xal 
eiXrjcp'dco x 6 xevxpov xou ABF xuxXou, xal eaxco x 6 A, xal 
exeCeuxiclwaav ai AA, AB, xal 8 if]X' 0 w f] AZE. 

’Exel ouv ’lar) eaxiv f] A A xfj AB, ’lar] dpa xal ycovia f) 
0 x 6 AAE xfj 0 x 6 ABE- xal exel xpiyAvou xou AAE pila 


(straight-lines) AD, DG are equal to the two (straight¬ 
lines) BD, DG,^ respectively. And the base GA is equal 
to the base GB. For (they are both) radii. Thus, angle 
ADG is equal to angle GDB [Prop. 1.8]. And when a 
straight-line stood upon (another) straight-line make ad¬ 
jacent angles (which are) equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, GDB 
is a right-angle. And FDB is also a right-angle. Thus, 
FDB (is) equal to GDB, the greater to the lesser. The 
very thing is impossible. Thus, (point) G is not the center 
of the circle ABG. So, similarly, we can show that neither 
is any other (point) except F. 


c 



Thus, point F is the center of the [circle] ABC. 

Corollary 

So, from this, (it is) manifest that if any straight-line 
in a circle cuts any (other) straight-line in half, and at 
right-angles, then the center of the circle is on the for¬ 
mer (straight-line). — (Which is) the very thing it was 
required to do. 


Proposition 2 

If two points are taken at random on the circumfer¬ 
ence of a circle then the straight-line joining the points 
will fall inside the circle. 

Let ABC be a circle, and let two points A and B have 
been taken at random on its circumference. I say that the 
straight-line joining A to B will fall inside the circle. 

For (if) not then, if possible, let it fall outside (the 
circle), like AEB (in the figure). And let the center of 
the circle ABC have been found [Prop. 3.1], and let it be 
(at point) D. And let DA and DB have been joined, and 
let DFE have been drawn through. 

Therefore, since DA is equal to DB, the angle DAE 
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nXeupa TipoasxpspXrjTai rj AEB, apa rj Otio AEB 

yovia xfji; uizb AAE. far) 6 e f] Otio AAE xfj Otio ABE- 
apa f) Otio AEB xrj<; Otio ABE. Otio Be xf]v pei^ova 
ywviav f) p,e[^a)v TiXeupa Onoxeivei.- [ieiJ^wv apa fj AB xfjc; 
AE. Tar] Be f) AB xfj AZ. (jei^wv apa rj AZ xfjc; AE f) 
eXdxxov xfjc; pei^ovoc;- oTiep eaxlv dBuvaxov. oOx dpa f) 
aTio xoO A eTil x 6 B eTii^euyvopevr] eO-dela exxoc; Tieaelxai 
xoO xOxXou. opoioc; Bf] Bei^opev, oxi oOBe eii’ aOxfjc xfjc; 
Tiepicpepeiac;- evxoc; dpa. 



’Edv dpa xuxXou eTil xfjc; Tiepicpcpeiac; Xrjcp'dfj Buo xuxovxa 
arjiJela, f) eTil xd arip-ela CTH^euyvujievr) eO-dela evxoc; xeaelxai 
xoO xOxXou- oTiep eBei Bel^ai. 


(is) thus also equal to DBE [Prop. 1.5]. And since in tri¬ 
angle DAE the one side, AEB, has been produced, an¬ 
gle DEB (is) thus greater than DAE [Prop. 1.16]. And 
DAE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is) 
greater than DBE. And the greater angle is subtended 
by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DE (is) 
greater than DE, the lesser than the greater. The very 
thing is impossible. Thus, the straight-line joining A to 
B will not fall outside the circle. So, similarly, we can 
show that neither (will it fall) on the circumference itself 
Thus, (it will fall) inside (the circle). 



Thus, if two points are taken at random on the cir¬ 
cumference of a circle then the straight-line joining the 
points will fall inside the circle. (Which is) the very thing 
it was required to show. 


y'- 

’Edv ev xuxXcp euOeid xic; Bid xoO xsvxpou eO-deldv xiva 
pf) Bid xoO xevxpou Biya xepvr), xai Tipoc; opOdc; auxfjv xepvec 
xal edv Tipoc; opddc; auxfjv xepvr), xal Biya auxfjv xepvei. 

’Tlaxw xOxXoc; 6 ABF, xai ev auxw eudeld xic; Bid xou 
xevxpou f) FA eudeldv xiva pf) Bid xou xevxpou xfjv AB Biya 
xepvcxco xaxd x 6 Z aripelov Xeyw, 6 xi xal Tipoc; opDdc; auxf)v 
xepvei. 

EiXfic^ilto ydp x 6 xevxpov xou ABF xuxXou, xal eaxw 
x 6 E, xal CTie^euyOwaav ai EA, EB. 

Kal CTiellar) eaxlv f) AZ xfj ZB, xoivf) Be fj ZE, Buo Bualv 
laai [eiaiv]- xal pdaic; f) EA pdaei xfj EB larj- ytovia dpa f) 
UTio AZE ytovicx xfj uxo BZE lar) caxiv. oxav Be euOela ex’ 
eudelav axadelaa xdc; ccpe^fjc; ywviac; laac; dXXfjXaic; xoifj, 
op-df] exaxcpa xwv lawv ywviwv eaxiv exaxepa dpa xAv 
uxo AZE, BZE opDf] eaxiv. f) FA dpa Bid xou xevxpou 
ouaa xf)v AB pf] Bid xou xevxpou ouaav Biya xepvouaa xal 
xpoc; opddc; xepvei. 


Proposition 3 

In a circle, if any straight-line through the center cuts 
in half any straight-line not through the center then it 
also cuts it at right-angles. And (conversely) if it cuts it 
at right-angles then it also cuts it in half 

Let ABC be a circle, and, within it, let some straight- 
line through the center, CD, cut in half some straight-line 
not through the center, AB, at the point E. I say that 
(CD) also cuts (AB) at right-angles. 

For let the center of the circle ABC have been found 
[Prop. 3.1], and let it be (at point) E, and let EA and 
EB have been joined. 

And since AF is equal to EB, and EE (is) common, 
two (sides of triangle AFE) [are] equal to two (sides of 
triangle BEE). And the base EA (is) equal to the base 
EB. Thus, angle AFE is equal to angle BEE [Prop. 1.8]. 
And when a straight-line stood upon (another) straight- 
line makes adjacent angles (which are) equal to one an¬ 
other, each of the equal angles is a right-angle [Def 1.10]. 
Thus, AFE and BEE are each right-angles. Thus, the 
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A 


’AXXa 6f] f) FA xi^v AB npoz op'daz ts^vstw Xeyw, oti 
xai dixa auTi^v xe^Jivei, xouxeaxi.v, oxi. far) eaxlv fj AZ xfj ZB. 

Twv yap aOxAv xaxaaxeuaa'devxwv, exei far) eaxiv f) 
EA xfj EB, far) eaxi xal ywvia f) 0x6 EAZ xfj 0x6 EBZ. 
eaxl 6e xal opflf) f) 0x6 AZE op'dfj xfj 0x6 BZE far)- 6uo 
apa xpiywva saxi EAZ, EZB xa<; 6uo ywviat; 6uai ywv[ai<; 
faac; e)(ovxa xal (Jiav xXsupav (Jia xXsupqi far)v xoivf)v aOxwv 
xf)v EZ Oxoxslvouaav 0x6 )Ji[av xwv fawv ycoviAv xal xa<; 
Xoixac apa xXsupac; xafa Xoixafa xXeupafa faa<; e^ei' far) apa 
f) AZ xfj ZB. 

’Eav apa ev xuxXw eO-deTa xi<; Bia xoO xevxpou eO-deTav 
xiva )jif) 5i.a xoO xevxpou 6ixa xc(jvr), xal xp6c; op-dac a0xf)v 
xeftver xal eav xp6<; op-dac; a0xf)v xe(jLvr), xal 5[xa a0xf)v 
xeftver oxep e6ei BeT^ai.. 


6 '. 

’Eav ev xuxXtp 8 uo eO-delai xcjivwaiv dXXrfXac; pf) 5 la xou 
xevxpou ouaai, oO xe(ivouoiv dXXfjXac 8 [xa. 

’Elaxw xuxXoc 6 ABFA, xal ev aOxw 6 uo euDelai al AF, 
BA xe^rvexoraav dXXfjXac xaxd x 6 E [if) 6 id xou xevxpou 
ouaai- Xeyor, 6 xi oO xe[ivouaiv dXXfjXac Bixa. 

El ydp 6 uvax 6 v, xe[ivex 6 raav dXXfjXac; dixoc waxe ’far)v 
eTvai xf)v [lev AE xfj EF, xf)v 6 c BE xfj EA- xal ciXficpfla) x 6 
xcvxpov xou ABFA xuxXou, xal eaxw x 6 Z, xal cxe^cux-dw 
f) ZE. 

’Excl ouv cu-deld xit; 5 id xou xevxpou f) ZE eOflcldv xiva 
(if) 6 id xou xevxpou xf)v AF 5 [xa xc[ivei, xal iip 6 (; opfldc; 
auxf)v xe[ivei- 6 pf)f) dpa eaxlv f) 0 x 6 ZEA- xdXiv, excl cu-deld 
xic; f) ZE cu-deldv xiva xf)v BA 5 ixa xc(ivei, xal xp 6 c; opfldc; 
auxf)v xc[ivci- opflf) dpa f) 0 x 6 ZEB. e 6 c[xflr) 5 e xal f) 0 x 6 
ZEA op-df]- ’far) dpa f) 0 x 6 ZEA xfj 0 x 6 ZEB f) cXdxxwv xfj 


(straight-line) CD, which is through the center and cuts 
in half the (straight-line) AB, which is not through the 
center, also cuts {AB) at right-angles. 


c 



D 


And so let CD cut AB at right-angles. I say that it 
also cuts {AB) in half. That is to say, that AF is equal to 
FB. 

For, with the same construction, since EA is equal 
to EB, angle EAF is also equal to EBF [Prop. 1.5]. 
And the right-angle AFE is also equal to the right-angle 
BEE. Thus, EAF and EFB are two triangles having 
two angles equal to two angles, and one side equal to 
one side—(namely), their common (side) EF, subtend¬ 
ing one of the equal angles. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining 
sides [Prop. 1.26]. Thus, AF (is) equal to FB. 

Thus, in a circle, if any straight-line through the cen¬ 
ter cuts in half any straight-line not through the center 
then it also cuts it at right-angles. And (conversely) if it 
cuts it at right-angles then it also cuts it in half. (Which 
is) the very thing it was required to show. 

Proposition 4 

In a circle, if two straight-lines, which are not through 
the center, cut one another then they do not cut one an¬ 
other in half. 

Let ABCD be a circle, and within it, let two straight¬ 
lines, AC and BD, which are not through the center, cut 
one another at (point) E. I say that they do not cut one 
another in half. 

For, if possible, let them cut one another in half, such 
that AE is equal to EC, and BE to ED. And let the 
center of the circle ABCD have been found [Prop. 3.1], 
and let it be (at point) F, and let FE have been joined. 

Therefore, since some straight-line through the center, 
EE, cuts in half some straight-line not through the cen¬ 
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, 
EE A is a right-angle. Again, since some straight-line FE 
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[iSL^ovr onep eaxiv dSuvaTov. oOx dpa ai AF, BA TS(ivouaiv 
aXkrikac, hi/a. 



’Edv dpa ev xuxXw 6uo euiSeTai xepivwaiv aXkrikaz p.f) 8la 
ToO xevTpou ouaai, ou Tepivouaiv dXXrjXac 6ixa' oxep eSei 
SsT^ai. 

s'. 

’Edv 8uo xuxXoi Tspivtoaiv dXXrjXouc;, oux eaxai. auTWv 
TO auTo xevxpov. 



Auo ydp xOxXoi oi ABF, FAH Tejivexwaav dXXr]Xou<; 
xaxd xd B, F arjpisTa. Xeyco, oxi oux eaxai auxAv x6 auxo 
xevxpov. 

El ydp Suvaxov, eaxco x6 E, xal exe^euxiSw f) EF, xal 
Bir^x'dco EZH, Ac; exu^ev. xal exel x6 E arjpielov xevxpov 
eaxl xou ABF xuxXou, I'ar) eaxiv f) EF xfj EZ. xdXiv, exel x6 
E orjpielov xevxpov eaxl xou FAH xuxXou, larj eaxiv fj EF 
xfj EH- eBelx-dr) 8e f] EF xal xfj EZ larj- xal fj EZ dpa xfj EH 
eaxLv lar) f] eXdaawv xfj (Jel^ovi.- oxep eaxiv dBuvaxov. oux 
dpa x6 E arjiJeTov xevxpov eaxl xAv ABF, FAH xuxXwv. 

’Edv dpa 8uo xuxXoi xe(jLvwai.v dXXfjXouc;, oux eaxiv 


cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But 
FEA was also shown (to be) a right-angle. Thus, EE A 
(is) equal to FEB, the lesser to the greater. The very 
thing is impossible. Thus, AC and BD do not cut one 
another in half. 



Thus, in a circle, if two straight-lines, which are not 
through the center, cut one another then they do not cut 
one another in half. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 5 

If two circles cut one another then they will not have 
the same center. 



For let the two circles ABC and CDG cut one another 
at points B and C. I say that they will not have the same 
center. 

For, if possible, let E be (the common center), and 
let EC have been joined, and let EEC have been drawn 
through (the two circles), at random. And since point 
E is the center of the circle ABC, EC is equal to EF. 
Again, since point E is the center of the circle CDG, EC 
is equal to EG. But EC was also shown (to be) equal 
to EF. Thus, EF is also equal to EG, the lesser to the 
greater. The very thing is impossible. Thus, point E is not 
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auTWv TO ocuTo xevTpov onep eSei 8el^ai. 


9 '. 

’Eav 8O0 xuxXoi eqxxTiTCovTai dXXr^Xwv, oOx eaxoci auTWv 
TO auTo xevTpov. 



Auo yocp xuxXoi ol ABF, FAE ecpaxTeaiScoaav dXXrjXwv 
xaTd TO F arijielov Xsyw, oti. oux eoTai. auTWv to auTo 
xevTpov. 

Ei yap 8 uvaT6v, eoTW to Z, xai 'h xal 

8 ir]X'dw, (lx; etuxev, f] ZEB. 

’Exei oijv TO Z aripLElov xsvTpov eoTi toO ABF xOxXou, 
lax] eotIv f) ZF Tfj ZB. xdXiv, exel to Z arip-eTov xevTpov 
eoTi ToO FAE xuxXou, lar) eoTiv f) ZF Tfj ZE. s8eix'dr] 8e fj 
ZF Tfj ZB ’(ary xai f) ZE dpa Tfj ZB sotiv lar], f) eXAttcov 
T fj (JEiCovc oxEp eotIv d86vaTov. oOx dpa to Z arjiJElov 
XEVTpov EOTi Twv ABF, FAE xuxXtov. 

’Edv dpa 860 xOxXoi scpdiiTCOvTai. dXXf]X(£)v, oux soTai. 
auTOv TO auTo xsvTpov oxEp £8 ei 8ET^ai.. 


C'. 

’Edv xuxXou Exl Tfjt; 8Lap£Tpou Xr)(pf)fj ti arjpiElov, 6 pif] 
EOTI. XEVTpov ToO xuxXou, dxo 8£ Tou ar)(J£iou npoQ tov 
xuxXov xpoaxiTiTCoaiv EuffElai tivec;, p,£y[aTri p,£v soTai, Ecp’ 
fjt; TO XEVTpov, sXaxiaTT) 8 e fj XoLxfj, tAv 8£ dXXcuv d£l f) 
syyiov Tfjc 8la tou xsvTpou Tfj<; dxwTEpov (iei^cuv eotE, 
860 Se povov ’(aai duo tou ar)p,£[ou xpoaTiEaouvTai. Tipoc; 
TOV xuxXov Ecp’ ExdTEpa Tfjc; EXaxiaTrjt;. 


the (common) center of the circles ABC and CDG. 

Thus, if two circles cut one another then they will not 
have the same center. (Which is) the very thing it was 
required to show. 

Proposition 6 

If two circles touch one another then they will not 
have the same center. 



For let the two circles ABC and CDE touch one an¬ 
other at point C. I say that they will not have the same 
center. 

For, if possible, let F be (the common center), and 
let FC have been joined, and let FFB have been drawn 
through (the two circles), at random. 

Therefore, since point F is the center of the circle 
ABC, FC is equal to FB. Again, since point F is the 
center of the circle CDF, FC is equal to FF. But FC 
was shown (to be) equal to FB. Thus, FF is also equal 
to FB, the lesser to the greater. The very thing is impos¬ 
sible. Thus, point F is not the (common) center of the 
circles ABC and CDF. 

Thus, if two circles touch one another then they will 
not have the same center. (Which is) the very thing it was 
required to show. 

Proposition 7 

If some point, which is not the center of the circle, 
is taken on the diameter of a circle, and some straight¬ 
lines radiate from the point towards the (circumference 
of the) circle, then the greatest (straight-line) will be that 
on which the center (lies), and the least the remainder 
(of the same diameter). And for the others, a (straight- 
line) nearer! t;o the (straight-line) through the center is 
always greater than a (straight-line) further away. And 
only two equal (straight-lines) will radiate from the point 
towards the (circumference of the) circle, (one) on each 
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TilaTW xuxXoc 6 ABFA, 6ia(jeTpo<; 6e auToO eaxco f) AA, 
xai exl Trjc A A eiXricp'dw ti. arjpieiov to Z, 6 pir) eaxi. xevxpov 
ToO xuxXou, XEvxpov 8s xoO xuxXou saxw x6 E, xal dxo xoO 
Z Tipoi; xov ABFA xuxXov 7i;poaTii.7ixsxwaav suiSsTai xivsc at 
ZB, ZF, ZH- Xsyw, oxi piSYiaxT) pisv saxiv fj ZA, eXa^LaxT) 
8s f) ZA, xAv 8 e dXXwv fj pisv ZB xfji; ZF pisi^wv, fj 8 e ZF 
xfji; ZH. 

’Exs^sux'dwaav ydp ai BE, FE, HE. xai exeI xavxoc 
xpiyAvou ai 8uo TiXEupai xf)<; Xoi.7if)<; \ieiZovez siaiv, ai dpoi 
EB, EZ xfj<; BZ pLEi^ovsc slaiv. lar] Ss fj AE xfj BE [al otpa 
BE, EZ laai sia'i xfj AZ]- pisi^wv dpa rj AZ xfjc; BZ. xdXiv, 
exeI larj saxlv fj BE xf) FE, xoivf) 8e fj ZE, 8uo 8i^ al BE, 
EZ 8uol xalc FE, EZ Xaai slalv. dXXd xal ycovla r\ uxo BEZ 
ywviac xrjc 0x6 FEZ (jei^wv pdaic; dpa fj BZ pdastoc; xfjc 
FZ ptsl^wv saxlv. 8Ld xd aOxd 8fi xai f) FZ xfjc ZH ptsl^wv 
saxlv. 

HdXiv, EXEi ai HZ, ZE x^c EH ptsi^ovEc slaiv, lar) 8£ f) 
EH xfj EA, al dpa HZ, ZE xfjc EA ptsl^ovEc Elaiv. xoivf) 
dcprjpfjo'dw f) EZ- Xoixf) dpa f) HZ Xoixfjc xfjc ZA piEi^wv 
saxlv. piEylaxT) piEv dpa fj ZA, sXaxlaxr) 8£ f) ZA, pisl^wv 8£ 
f) piEv ZB xfjc ZF, f) 86 ZF xfjc ZH. 

Asyw, oxi xal dxo xoO Z arjpiElou 8uo piovov laai xpo- 
axsaouvxai xpoc xov ABFA xuxXov scp’ sxdxspa xfjc ZA 
sXaxlaxric- auvEaxdxo) ydp xpoc xfj EZ EU-dsla xal xA xpoc 
auxfj ar)p.£[tp xA E xfj 0x6 HEZ ytovla larj fj 0x6 ZE0, xal 
EXE^EUx-dto f) Z0. exeI ouv lar) saxlv fj HE xfj E0, xoivf) 
86 f) EZ, 80o 8f) al HE, EZ 8ual xalc 0E, EZ laai slalv 
xal ycovla f) 0x6 HEZ ywvla x^ 0x6 0EZ lar)- pdaic dpa 
f) ZH pdasi xfj Z0 lar) saxlv. Xsyw 8fj, 6xi xrj ZH dXXr) 
lar) oO xpoaxsaslxai xp6c x6v xuxXov dx6 xou Z arjpiElou. 
El ydp Suvaxov, xpoaxixxsxw f) ZK. xal exeI f) ZK xrj ZH 
lar) saxlv, dXXd f) Z0 xfj ZH [lar) saxlv], xal f) ZK dpa xfj 
Z0 saxiv lar), f) syyiov xfjc 6id xou xsvxpou xfj dxAxspov 
lar)- oxsp d8uvaxov. oOx dpa dx6 xou Z ar)(i£lou sxspa xic 


(side) of the least (straight-line). 



Let ABCD be a circle, and let AD be its diameter, and 
let some point F, which is not the center of the circle, 
have been taken on AD. Let E be the center of the circle. 
And let some straight-lines, FB, FC, and FG, radiate 
from F towards (the circumference of) circle ABCD. 1 
say that FA is the greatest (straight-line), FD the least, 
and of the others, FB (is) greater than FC, and FC than 
FG. 

For let BE, CE, and GE have been joined. And since 
for every triangle (any) two sides are greater than the 
remaining (side) [Prop. 1.20], EB and EF is thus greater 
than BF. And AE (is) equal to BE [thus, BE and EF 
is equal to AF'\. Thus, AF (is) greater than BF. Again, 
since BE is equal to CE, and FE (is) common, the two 
(straight-lines) BE, EE are equal to the two (straight¬ 
lines) CE, EE (respectively). But, angle BEF (is) also 
greater than angle CEF.^ Thus, the base BF is greater 
than the base CF. Thus, the base BF is greater than the 
base CF [Prop. 1.24]. So, for the same (reasons), CF is 
also greater than FG. 

Again, since CF and FE are greater than EG 
[Prop. 1.20], and EG (is) equal to ED, CF and FE 
are thus greater than ED. Let EE have been taken from 
both. Thus, the remainder GE is greater than the re¬ 
mainder ED. Thus, FA (is) the greatest (straight-line), 
FD the least, and FB (is) greater than FC, and FC than 
FG. 

I also say that from point F only two equal (straight¬ 
lines) will radiate towards (the circumference of) circle 
ABCD, (one) on each (side) of the least (straight-line) 
FD. For let the (angle) FEFl, equal to angle GEF, have 
been constructed on the straight-line EF, at the point E 
on it [Prop. 1.23], and let EFl have been joined. There¬ 
fore, since GE is equal to EH, and EF (is) common. 
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npoaKEasIxai upoc; tov xOxXov !ar) xfj HZ- (iia apa [iovr). 

’Eav apa xuxXou era xfjc; 6ia^expou Xricp-dfi xi arj^elov, 
6 (i/] eaxi xevxpov xoO xuxXou, dxo Be xoO ar)(jeiou xpoc; 
xov xuxXov xpoaxiKxwaiv eO-delai xivec, ^JieYLaxr) ^Jicv eaxai, 
ecp’ ■?)<; x6 xevxpov, eXaxioxr] Be f) Xoixi^, xwv Be dXXov del f) 
eyTiov x-rjc Bia xoO xcvxpou x-rjc dxwxepov ^el^wv eaxiv, Buo 
Be ^ovov laai. dxo xoO aOxoO arijieiou xpoaxeaoDvxai. xpoc; 
xov xuxXov ecp’ exdxepa xfjc; cXa^laxTic;- oxep eBei Bel^ai. 


t Presumably, in an angular sense, 
t This is not proved, except by reference to the figure. 

’Edv xuxXou XrjcpTilfi xi arjpielov exxo?, oltzo Be xou 
ar)(jeiou npbz xov xuxXov BiaxiSwaiv euTSelai xivec;, Sv [iia 
^tev Bid xou xevxpou, ai Be Xoixai, cbc; exu^ev, xwv piev xpog 
xf]v xoiXrjv Ttepicpcpeiav xpoaTtiTtxouacSv euiSeicSv pieyiaxT) 
piev eaxiv fj Bid xou xevxpou, xcov Be dXXwv del f] eyYiov x-fjc 
Bid xou xevxpou xfji; dxtoxepov (jei^cov eaxiv, xtov Be Tipoc; 
xf]v xupxrjv Ttepicpcpeiav itpoaxixxouawv euiilcicov eXaxiaxr) 
picv eaxiv ic) picxa^u xou xe arj^Jiciou xal xfjc; Bia^tcxpou, xtov 
Be dXXcov del -f) 'ejjiov xfjc; eXaxiaxrjc; xfjc; dTtoxepov eaxiv 
cXdxxcov, Buo Be ^xovov ’laai anb xou arjpiciou xpoaTtcaouvxai 
xpoc; xov xuxXov ecp’ exdxepa xfjc; eXaxiaxrjc;. 

’Elaxw xuxXoz 6 ABE, xal xou ABE ciXfjcp-dco xi aripicTov 
cxxoi; x6 A, xal dtt’ auxou Bifjx-dcoaav cu-dcTai xivcc; ai AA, 
AE, AZ, AE, eaxw Be f) AA Bid xou xcvxpou. Xcyw, 
6x1 xAv ^cv xpoc; xf]v AEZE xoiXrjv Ttepicpcpeiav Ttpoaxi- 
xxouaAv cu-dciAv ^CYiaxr) ^Jicv eaxiv -f) Bid xou xcvxpou f) 
AA, pici^wv Be f] tJicv AE xfj? AZ f] Be AZ xfjc; AE, xAv 
Be Ttpoc; xf]v 0 AKH xupxf]v Ttepicpcpeiav TtpoaxixxouaAv 
cu-dciAv eXa^iaxT) ^tev eaxiv f] AH f) picxa^u xou arj^Jiciou xal 
xfjc; Bia(icxpou xfjc; AH, del Be f] ejYLOv xfjc; AH eXaxiaxr]c; 
cXdxxov eaxl xfjc; aTtAxcpov, f] ytev AK xfjc; AA, f] Be AA 


the two (straight-lines) GE, EF are equal to the two 
(straight-lines) HE, EF (respectively). And angle GEE 
(is) equal to angle HEF. Thus, the base EG is equal to 
the base EH [Prop. 1.4]. So I say that another (straight- 
line) equal to EG will not radiate towards (the circumfer¬ 
ence of) the circle from point F. For, if possible, let FK 
(so) radiate. And since FK is equal to EG, but EH [is 
equal] to EG, FK is thus also equal to EH, the nearer 
to the (straight-line) through the center equal to the fur¬ 
ther away. The very thing (is) impossible. Thus, another 
(straight-line) equal to GF will not radiate from the point 
F towards (the circumference of) the circle. Thus, (there 
is) only one (such straight-line). 

Thus, if some point, which is not the center of the 
circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circum¬ 
ference of the) circle, then the greatest (straight-line) 
will be that on which the center (lies), and the least 
the remainder (of the same diameter). And for the oth¬ 
ers, a (straight-line) nearer to the (straight-line) through 
the center is always greater than a (straight-line) further 
away. And only two equal (straight-lines) will radiate 
from the same point towards the (circumference of the) 
circle, (one) on each (side) of the least (straight-line). 
(Which is) the very thing it was required to show. 


Proposition 8 

If some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circum¬ 
ference of the) circle, one of which (passes) through 
the center, the remainder (being) random, then for the 
straight-lines radiating towards the concave (part of the) 
circumference, the greatest is that (passing) through the 
center. For the others, a (straight-line) nearer^ to the 
(straight-line) through the center is always greater than 
one further away. For the straight-lines radiating towards 
the convex (part of the) circumference, the least is that 
between the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight¬ 
lines) will radiate from the point towards the (circum¬ 
ference of the) circle, (one) on each (side) of the least 
(straight-line). 

Let ABG be a circle, and let some point D have been 
taken outside ABC, and from it let some straight-lines, 
DA, DE, DF, and DC, have been drawn through (the 
circle), and let DA be through the center. I say that for 
the straight-lines radiating towards the concave (part of 
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Tfjc A0. 


A 



EiXi^cpiOw yap to xevxpov xou ABF xuxXou xal eaxw to 
M- xal exe^sux'dwaav ai ME, MZ, MF, MK, MA, M0. 

Kal exel Tar) eaxlv f) AM xfj EM, xolvt) xpoaxeiaiJco f) 
MA- T) apa AA larj eaxl Talc; EM, MA. dXX’ ai EM, MA 
Tfjc; EA ^lei^ovEi; eiaiv xal f) AA dpa Tfji; EA eaxiv. 

xdXiv, exel larj eaxlv f) ME xfj MZ, xoivf] 5e f] MA, ai EM, 
MA dpa xaTc; ZM, MA laai. eiaiv xal ywvia f] uko EMA 
yoviac; xfjc; 0x6 ZMA piei^wv eaxiv. pdaic; dpa fj EA pdaewc; 
xfjc; ZA piei^wv eaxiv o^oiwc; 8r) Bei^o^ev, oxi xal fj ZA xfjc; 
FA ^eiCwv eaxiv ^eyiaxr] ^Jiev dpa f) AA, ^ei^wv 6e f) ^ev 
AE xfjc; AZ, f) 6e AZ xfj; AF. 

Kal exel ai MK, KA xfj; MA ^ei^ove; eiaiv, larj 8 e fj 
MH xfj MK, Xoixf) dpa f] KA Xoixfj; xfj; HA ^ei^wv eaxiv 
Aaxe f] HA xfj; KA eXdxxwv eaxiv xal exel xpiywvou xoO 
MAA exl ^la; xAv xXeupAv xfj; MA 60o eO-delai evxo; 
auveaTcx-dTjaav ai MK, KA, ai dpa MK, KA xAv MA, AA 
eXdxxove; eiaiv lar] 6 e f] MK xfj MA- Xoixf] dpa f] AK 
Xoixfj; xfj; AA eXdxxwv eaxiv. 6 (ioiw; 6 f] Bei^o^iev, 6 xi 
xal f] AA xfj; A0 eXdxxwv eaxiv- eXa)(iaxr) (Jev dpa f] AH, 
eXdxxov 6 e f] ^ev AK xfj; A A fj 5c A A xfj; A0. 

Aeyw, 6 x 1 xal 60o (lovov laai dxo xoO A ar)(Jciou 
xpoaxcaoOvxai xpo; xov xuxXov ecp’ cxdxcpa xfj; AH 
cXaxiaxT];- auvcaxdxw xpo; xfj MA euiDcia xal xA xpo; 
aOxfj arj^ciw xA M xfj 0x6 KMA ywvia larj ywvia f) 0x6 
AMB, xal exc^eOx'Ow fj AB. xal cxcl lar] eaxiv f] MK xfj 
MB, xoivf) 5c f] MA, 60o 5f) ai KM, MA 60o xaT; BM, MA 


the) circumference, AEFC, the greatest is the one (pass¬ 
ing) through the center, (namely) AD, and (that) DE (is) 
greater than DE, and DE than DC. For the straight-lines 
radiating totvards the convex (part of the) circumference, 
HLKG, the least is the one between the point and the di¬ 
ameter AG, (namely) DG, and a (straight-line) nearer to 
the least (straight-line) DG is always less than one far¬ 
ther away, (so that) DK (is less) than DL, and DL than 
than DEI. 

D 



For let the center of the circle have been found 
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let 
ME, MF, MG, MK, ML, and MEL have been joined. 

And since AM is equal to EM, let MD have been 
added to both. Thus, AD is equal to EM and MD. But, 
EM and MD is greater than ED [Prop. 1.20]. Thus, 
AD is also greater than ED. Again, since ME is equal 
to MF, and MD (is) common, the (straight-lines) EM, 
MD are thus equal to EM, MD. And angle EMD is 
greater than angle FMD.^ Thus, the base ED is greater 
than the base ED [Prop. 1.24]. So, similarly, we can 
show that ED is also greater than CD. Thus, AD (is) the 
greatest (straight-line), and DE (is) greater than DE, 
and DE than DC. 

And since MK and KD is greater than MD [Prop. 
1.20], and MG (is) equal to MK, the remainder KD 
is thus greater than the remainder GD. So GD is less 
than KD. And since in triangle MLD, the two inter¬ 
nal straight-lines MK and KD were constructed on one 
of the sides, MD, then MK and KD are thus less than 
ML and LD [Prop. 1.21]. And MK (is) equal to ML. 
Thus, the remainder DK is less than the remainder DL. 
So, similarly, we can show that DL is also less than DLL. 
Thus, DG (is) the least (straight-line), and DK (is) less 
than DL, and DL than DLL. 

I also say that only two equal (straight-lines) will radi- 
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laai eialv exocTspa exaTspoc xal ycovia f) uxo KMA ywviqc 
xfi uxo BMA larj- pdaic; dpa fj AK pdaei xfj AB larj eaxiv. 
Xeyco [8r)], oxi. xfj AK eOiSsLa dXXr) far) ou xpoaxeasTxai 
xpoc; xov xuxXov dxo xoO A arjpisbu. ei ydp 8uvax6v, xpo- 
axixxexw xal eaxw f) AN. exei ouv f) AK xfj AN eaxiv far), 
dXX’ f) AK xfj AB eaxiv far), xal f) AB dpa xfj AN eaxiv 
far), f) eyyiov xfjc; AH eXaxfaxrjc; xfj dxAxspov [eaxiv] far)' 
oxep dSOvaxov eSeix'dr). oux dpa xXclouc; •?) 60o faai xpoc; 
xov ABF xuxXov dxo xoO A ar)pLeiou ecp’ exdxepa xrjc; AH 
eXaxfaxrjc; xpoaxeaoDvxau 

’Edv dpa xuxXou Xi^cp'dfj xi ai^ptefav sxioc,, dxo 6e xoO 
ar)(jeiou xpoc; xov xuxXov Biax'dfiaiv eu'deTal xivec;, Sv pila 
picv Bid xou xevxpou al 6e Xoixal, (be; fauxev, xebv (jev xpoc; 
xf)v xo(Xr)v xepicpepeiav xpoaxixxouawv eu'deicbv (leyfaxr) 
piev eaxiv f) 6id xou xevxou, xc5v 6e dXXcov del ■f) eyyiov x'rjc; 
8id xou xevxpou xfjc; dxcbxepov (jei^cov eaxiv, xAv 8e xpoc; 
xf)v xupxfjv xepicpepeiav xpoaxixxouaAv eui^eiAv eXaxfaxr) 
piev eaxiv f) picxa^u xou xe arjpieiou xal xfjc; 8iapiexpou, xAv 
8e dXXorv del ■f) eyyiov xfjc; eXa)([axr)(; xfjc dxAxepov eaxiv 
eXdxxwv, 6uo 5e piovov laai dxo xou ar)pie[ou xpoaxeaoOvxai 
xpoc xov xuxXov ecp’ exdxepa xfjc eXaxfaxrjc oxep e8ei 
8eT^ai. 


t Presumably, in an angular sense. 

I This is not proved, except by reference to the figure. 

’Edv xuxXou XrjcpDfj xi arjpteTov evxoc, dxo 6e xou 
ar)(ieiou xpoc xov xuxXov xpoaxixxcoai xXeiouc ■() 8uo ’faai 
eMelai, x6 Xrjcp'dev arjpielov xevxpov eaxl xou xuxXou. 

’Tlaxco xuxXoc 6 ABF, evxoc 8e auxou arjpteTov x6 A, xal 
dxo xou A xpoc xov ABF xuxXov xpoaxixxextoaav xXeiouc 
■() 5uo ’faai eMelai al AA, AB, AF- Xcyco, 6xi x6 A arjpelov 
xevxpov eaxl xou ABF xuxXou. 


ate from point D towards (the circumference of) the cir¬ 
cle, (one) on each (side) on the least (straight-line), DG. 
Let the angle DMB, equal to angle KMD, have been 
constructed on the straight-line MD, at the point M on 
it [Prop. 1.23], and let DB have been joined. And since 
MK is equal to MB, and MD (is) common, the two 
(straight-lines) KM, MD are equal to the two (straight¬ 
lines) BM, MD, respectively. And angle KMD (is) 
equal to angle BMD. Thus, the base DK is equal to the 
base DB [Prop. 1.4]. [So] I say that another (straight- 
line) equal to DK will not radiate towards the (circum¬ 
ference of the) circle from point D. For, if possible, let 
(such a straight-line) radiate, and let it be DN. There¬ 
fore, since DK is equal to DN, but DK is equal to DB, 
then DB is thus also equal to DN, (so that) a (straight- 
line) nearer to the least (straight-line) DG [is] equal to 
one further away. The very thing was shown (to be) im¬ 
possible. Thus, not more than two equal (straight-lines) 
will radiate towards (the circumference of) circle ABG 
from point D, (one) on each side of the least (straight- 
line) DG. 

Thus, if some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circumfer¬ 
ence of the) circle, one of which (passes) through the cen¬ 
ter, the remainder (being) random, then for the straight¬ 
lines radiating towards the concave (part of the) circum¬ 
ference, the greatest is that (passing) through the center. 
For the others, a (straight-line) nearer to the (straight- 
line) through the center is always greater than one fur¬ 
ther away. For the straight-lines radiating towards the 
convex (part of the) circumference, the least is that be¬ 
tween the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight¬ 
lines) will radiate from the point towards the (circum¬ 
ference of the) circle, (one) on each (side) of the least 
(straight-line). (Which is) the very thing it was required 
to show. 


Proposition 9 

If some point is taken inside a circle, and more than 
two equal straight-lines radiate from the point towards 
the (circumference of the) circle, then the point taken is 
the center of the circle. 

Let ABG be a circle, and D a point inside it, and let 
more than two equal straight-lines, DA, DB, and DC, ra¬ 
diate from D towards (the circumference of) circle ABC. 
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’EKe^suY'dwaav yap at AB, BF xai Tsxpiria'dwacxv 
hi/a xaxa xa E, Z arjpiETa, xai SKiCeuY'dsIaai. at EA, ZA 
H, K, 0, A arjpisTa. 

’Exei oijv lar) eaxiv fj AE Tfj EB, xoivi^ 6 e f] EA, 6 uo 
81 ^ ai AE, EA 8 uo Tai<; BE, EA laai eiaiv xai pdaic f) AA 
pdasL xfj AB lar)- yovia dpa f) uxo AEA ywviqc xfj 0x6 BEA 
lar] eaxiv opDf] dpa exaxepa xov 0x6 AEA, BEA yoviwv f) 
HK dpa xr)v AB xe(iv£i. 6 ixa xai xp 6 c; opDac;. xai sxei, edv 
tv xOxXfc) eODeld xlc; sODeldv xiva 6 ixa xs xai xp 6 <; opiDdc; 
xeptvr), exl xrjc xepivoOarjc eaxl x 6 xevxpov xoO xOxXou, exl 
xfjc HK dpa eaxl x 6 xevxpov xou xOxXou. 8 i.d xd aOxd 8 r) xai 
exl xfji; 0A eaxi x 6 xevxpov xou ABF xOxXou. xai o08ev 
exepov xoiv 6 v exouaiv ai HK, 0A eOiDelai. f] x 6 A arjptelov 
x 6 A dpa arjpteTov xevxpov eaxl xou ABF xuxXou. 

’Edv dpa xuxXou XrjcpDfj xi. arjpieTov evxoc;, dx 6 8 e xou 
ar)(ieiou xp 6 c; x 6 v xuxXov xpoaxixxwai xXeiouc f] 8 uo ’laai. 
eODelai, x 6 XricpDA arj^ielov xevxpov eaxl xou xuxXou' oxep 
e8eL 8eT^aL. 


l'. 

KuxXog xuxXov ou xepivei xaxd xXelova arjpiela f] 6uo. 

El ydp 8uvax6v, xuxXog 6 ABF xuxXov x6v AEZ 
xepivexw xaxd xXelova arijiela t] 8uo xd B, H, Z, 0, xai 
exL^euxDelaai at B0, BH 6ixa xepiveaDwaav xaxd xd K, A 
ar)(ieTa- xai dx6 xAv K, A xdlc B0, BH 7i;p6<; opDdc; axUsTaai. 
al KF, AM Sirjx'dwaav era xd A, E arjpLeTa. 


I say that point D is the center of circle ABC. 



For let AB and BC have been joined, and (then) 
have been cut in half at points E and F (respectively) 
[Prop. 1.10]. And ED and ED being joined, let them 
have been drawn through to points G, K, H, and L. 

Therefore, since AE is equal to EB, and ED (is) com¬ 
mon, the two (straight-lines) AE, ED are equal to the 
two (straight-lines) BE, ED (respectively). And the base 
DA (is) equal to the base DB. Thus, angle AED is equal 
to angle BED [Prop. 1.8]. Thus, angles AED and BED 
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in 
half, and at right-angles. And since, if some straight-line 
in a circle cuts some (other) straight-line in half, and at 
right-angles, then the center of the circle is on the former 
(straight-line) [Prop. 3.1 corn], the center of the circle is 
thus on GK. So, for the same (reasons), the center of 
circle ABC is also on HL. And the straight-lines GK and 
EIL have no common (point) other than point D. Thus, 
point D is the center of circle ABC. 

Thus, if some point is taken inside a circle, and more 
than two equal straight-lines radiate from the point to¬ 
wards the (circumference of the) circle, then the point 
taken is the center of the circle. (Which is) the very thing 
it was required to show. 

Proposition 10 

A circle does not cut a(nother) circle at more than two 
points. 

For, if possible, let the circle ABC cut the circle DEF 
at more than two points, B, G, F, and H. And BH and 
BG being joined, let them (then) have been cut in half 
at points K and L (respectively). And KG and LM be¬ 
ing drawn at right-angles to BH and BG from K and 
L (respectively) [Prop. 1.11], let them (then) have been 
drawn through to points A and E (respectively). 


80 




ETOIXEIfiN y'. 


ELEMENTS BOOK 3 


A 



’Ekei ouv ev xuxXtp xw ABF eu'dela ti<; f) AF sO'de'iav 
Tivoc xfjv B0 xal npoQ opiSat; t£(jLvsi., exl xfjc AF apa 
eaxl TO xevxpov xoO ABF xuxXou. TidXiv, exel ev xuxXw xw 
aOxo xw ABF eOTjeld xi<; f] NS eO'de'idv xiva xi^v BF[ B^xa 
xai npoQ op’&az xe^ivei, era xf)<; NS dpa eax'i x6 xevxpov 
xoO ABF xuxXou. eBeixiSri 6e xai era xfji; AF, xal xax’ 
o06ev au^pdXXouaiv ai AF, NS euDelai fj xaxd x6 O' x6 
O dpa arj^elov xevxpov eaxl xoO ABF xuxXou. o^xolwc 5i^ 
5e[^o^ev, oxl xai xou AEZ xuxXou xevxpov eaxl x6 O' 5uo 
dpa xuxXwv xe(Jv6vxov dXXrjXouc xov ABF, AEZ x6 auxo 
eaxi xevxpov x6 O' oxep eaxlv dSuvaxov. 

Oux dpa xuxXoc xuxXov xe^vei xaxd xXebva arj^ela f] 
8 uo' oTiep e6ei 8eT^ai. 


la'. 

’Edv 5uo xuxXoi etpdxxwvxai dXXr]Xt)v evxoi;, xal Xrjcp'dfj 
auxAv xd xevxpa, era xd xevxpa auxwv exi^euyvuijLevr) 
euDela xal exPaXXo^Jievr) era xi^v auvacpi^v xeaeTxai xAv 
xuxXwv. 

Auo ydp xuxXoi oi ABF, AAE ecpaxxea'dwaav dXXi^Xwv 
Axoi; xaxd x6 A arj^elov, xal eiXricp'dw xou ^xev ABF xuxXou 
xevxpov x6 Z, xou 6e AAE x6 H' Xeyw, 6xi fj duo xou FE era 
x6 Z exi^euyvup.evr) euTSela ex[3aXXo[ievri exl x6 A xeaeTxai. 

Miq ydp, dXX’ el Suvaxov, xiKxexw Ac; ir) ZH0, xal 
exe^eux'dwaav al AZ, AH. 

’Exel ouv ai AH, HZ xfjc; ZA, xouxeaxi xfjc; Z0, ^el^ovec; 
elaiv, xoivT) dcprjpr^a'dco rj ZH- Xoixf) dpa fj AH XoiTifjc; xfjc; 
H0 ^tel^cov eaxlv. larj 5e f) AH xfj HA- xal fj HA dpa 
xfj; H0 ^el^wv eaxlv f) eXdxxwv xfj; (lel^ovo;' oxep eaxlv 
dBuvaxov oux dpa ■f) dxo xou Z era x6 H e7i;iCeuyvu(jevr) 
euiSela exxd; Keaelxar xaxd x6 A dpa era xfj; auvacpfj; 
xeaelxai. 



Therefore, since in circle ABC some straight-line 
AC cuts some (other) straight-line BH in half, and at 
right-angles, the center of circle ABC is thus on AC 
[Prop. 3.1 corn]. Again, since in the same circle ABC 
some straight-line NO cuts some (other straight-line) BG 
in half, and at right-angles, the center of circle ABC is 
thus on AO [Prop. 3.1 corn]. And it was also shown (to 
be) on AC. And the straight-lines AC and NO meet at 
no other (point) than P. Thus, point P is the center of 
circle ABC. So, similarly, we can show that P is also the 
center of circle DEF. Thus, two circles cutting one an¬ 
other, ABC and DEF, have the same center P. The very 
thing is impossible [Prop. 3.5]. 

Thus, a circle does not cut a(nother) circle at more 
than two points. (Which is) the very thing it was required 
to show. 


Proposition 11 

If two circles touch one another internally, and their 
centers are found, then the straight-line joining their cen¬ 
ters, being produced, will fall upon the point of union of 
the circles. 

For let two circles, ABC and ADE, touch one another 
internally at point A, and let the center F of circle ABC 
have been found [Prop. 3.1], and (the center) G of (cir¬ 
cle) ADE [Prop. 3.1]. I say that the straight-line joining 
G to E, being produced, will fall on A. 

For (if) not then, if possible, let it fall like FGH (in 
the figure), and let AF and AG have been joined. 

Therefore, since AG and GF is greater than FA, that 
is to say FH [Prop. 1.20], let FG have been taken from 
both. Thus, the remainder AG is greater than the re¬ 
mainder GH. And AG (is) equal to CD. Thus, CD is 
also greater than GH, the lesser than the greater. The 
very thing is impossible. Thus, the straight-line joining F 
to G will not fall outside (one circle but inside the other). 
Thus, it will fall upon the point of union (of the circles) 
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© 



’Eav apa 5uo xuxXoi ecpaxTWvxai dXXr^Xwv smtoc,, [xal 
XTicpiSf) auTWv xa xevxpa], rj exl xa xsvxpa auxwv exL^su- 
Yvupievri euTSeta [xal sxpaXXopLEvr)] exl xf]v auvacpi^v xeasTxai 
xwv xuxXwv oxep eSei 

lP'. 

’Eav 5uo xuxXoi ecpdxxwvxai dXXrjXwv exxoc;, fj exl xd 
xevxpa auxOv exi^euYvupievr) 8id xfjc; exacpfjc; eXeuaexai. 

B 



Auo Ydp xuxXoi oi ABE, AAE ecpaxxeo'dwaav dXXrjXwv 
exxog xaxd x6 A arjpielov, xal eiXricp'dw xoO piev ABF 
xevxpov x6 Z, xou Be AAE x6 H- XeYW, 6xi f) dxo xoD 
Z era x6 H exi^euYvuiJevr) eOiSela Bid xfji; xaxd x6 A eTiacpfjc 
eXeOaexai.. 

Mi^ Y“P; Buvaxov, epxea'dw «<; f) ZFAH, xal 

exeCeuxiSwaav ai AZ, AH. 

’Exel oijv x6 Z arjpLeTov xevxpov eaxl xou ABF xuxXou, 
lax] eaxlv fj ZA xfj ZF. 7idXi.v, exel x6 H arjiieTov xevxpov 
eaxl xou AAE xuxXou, lar] eaxlv fj HA xfj HA. eBeix'dr] 


at point A. 


H 



Thus, if two circles touch one another internally, [and 
their centers are found], then the straight-line joining 
their centers, [being produced], will fall upon the point 
of union of the circles. (Which is) the very thing it was 
required to show. 

Proposition 12 

If two circles touch one another externally then the 
(straight-line) joining their centers will go through the 
point of union. 


B 



For let two circles, ABC and ADE, touch one an¬ 
other externally at point A, and let the center F of ABC 
have been found [Prop. 3.1], and (the center) G of ADE 
[Prop. 3.1]. I say that the straight-line joining F to G will 
go through the point of union at A. 

For (if) not then, if possible, let it go like EC DC (in 
the figure), and let AF and AG have been joined. 

Therefore, since point F is the center of circle ABC, 
FA is equal to FC. Again, since point G is the center of 
circle ADE, GA is equal to GD. And FA was also shown 
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5s xal f) ZA TT) Zr !ar)' ocl Spec ZA, AH xaTc ZF, HA laai 
elaiv waxe oXr) fj ZH xwv ZA, AH piei^wv eaxiv dXXa xal 
eXdxxwv oKsp saxlv dSuvaxov. oux dpa f) duo xou Z exl 
x6 H sm^EUYvujiEvr) su-dEla 5id xfje; xaxd x6 A Exaepfje; oux 
EXEuaExar 6i’ auxfjc; dpa. 

’Edv dpa Buo xuxXoi scpdxxtovxai dXXr^Xwv exxoc;, f) Exl 
xd XEvxpa aOxwv ETiL^suYvuptEvr] [EuHsIa] Bid xfji; Exaepfje 
sXEuaExai- oKsp eBei BsT^ai- 


ly'. 

KuxXog xuxXou oux scpdxxExai xaxd nXsiova arjpiEla r] 
xaU’ £v, sdv x£ Evxoc sdv xs exxoc £<pd7i;xr]xai. 



Ei Ydp Buvaxov, xuxXoc 6 ABFA xuxXou xou EBZA 
EcpanxsaDw xpoxspov svxoc xaxd nXsiova arijiEla r] sv xd A, 

B. 

Kal EiXr^tp'dto xou (isv ABFA xuxXou XEvxpov x 6 H, xou 
Be EBZA x 6 0. 

'H dpa duo xou H exI x6 0 Exi^EUYvujiEvr) sxl xd B, 
A xEasIxai. xixxsxto (be rj BH0A. xal exeI x6 H aripislov 
XEvxpov saxl xou ABFA xuxXou, larj saxlv rj BH xfj HA- 
piEil^wv dpa f) BH xfje; 0A- xoXXcb dpa pisil^wv fj B0 xfji; 0A. 
xdXiv, exeI x6 0 aripislov xsvxpov saxl xou EBZA xuxXou, 
I'aT) saxlv f) B0 xfj 0A- EBEix-dr) Be auxfjc; xal xoXXcb piEi^cjv 
oxsp dBuvaxov oux dpa xuxXoc; xuxXou scpdxxsxai svxoc; 
xaxd xXsbva ariptsla -(] ev. 

Aeyw Bf], 6 x 1 ouBe EXXOC- 

El Ydp Buvaxov, xuxXoc 6 AFK xuxXou xou ABFA 
Ecpaxxsa'dto exxoc xaxd nXslova ari(iEla fj sv xd A, F, xal 
EXE^EUX-dtO f) AF. 

TIiieI ouv xuxXcjJv xc5v ABFA, AFK E’lXrjxxai exI xfje 
xEpKpEpslac ExaxEpou Buo xuyovxa ari(iEla xd A, F, fj sxl 
xd arijiEla Exil^EUYvujiEvr) EuDsla svxoc sxaxspou xsaslxar 
dXXd xou jiEv ABFA svxoc ExsaEv, xou Be AFK exxoc 
oxsp dxoxov oux dpa xuxXoc xuxXou scpdxxsxai exxoc xaxd 
xXslova arjjiEla fj sv. sBEixiilri Be, 6 xi ouBs svxoc- 


(to be) equal to FC. Thus, the (straight-lines) FA and 
AG are equal to the (straight-lines) FC and GD. So the 
whole of FG is greater than FA and AG. But, (it is) also 
less [Prop. 1.20]. The very thing is impossible. Thus, the 
straight-line joining F to G cannot not go through the 
point of union at A. Thus, (it will go) through it. 

Thus, if two circles touch one another externally then 
the [straight-line] joining their centers will go through 
the point of union. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 13 

A circle does not touch a(nother) circle at more than 
one point, whether they touch internally or externally. 



For, if possible, let circle ABDC^ touch circle EBFD — 
first of all, internally—at more than one point, D and B. 

And let the center G of circle ABDC have been found 
[Prop. 3.1], and (the center) F[ of EBFD [Prop. 3.1]. 

Thus, the (straight-line) joining G and H will fall on 
B and D [Prop. 3.11]. Let it fall like BGFID (in the 
figure). And since point G is the center of circle ABDC, 
BG is equal to GD. Thus, BG (is) greater than HD. 
Thus, BH (is) much greater than HD. Again, since point 
H is the center of circle EBFD, BH is equal to HD. 
But it was also shown (to be) much greater than it. The 
very thing (is) impossible. Thus, a circle does not touch 
a(nother) circle internally at more than one point. 

So, I say that neither (does it touch) externally (at 
more than one point). 

For, if possible, let circle ACK touch circle ABDC 
externally at more than one point, A and C. And let AC 
have been joined. 

Therefore, since two points, A and C, have been taken 
at random on the circumference of each of the circles 
ABDC and ACK, the straight-line joining the points will 
fall inside each (circle) [Prop. 3.2]. But, it fell inside 
ABDC, and outside ACK [Def. 3.3]. The very thing 
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KuxXog apa xuxXou oux ecpaxTExai xaxa xXeiova arjpisTa 
f] [xaii)’] ev, edv xe evxoc; edv xe exxog ecpdxxrixai- oxep e5ei 
BsT^ai. 


t The Greek text has “ABCD”, which is obviously a mistake. 

l6'. 

’Ev xuxXcp ai ’laai euiileiai laov ditexouaiv dito xou 
xevxpou, xal ai ’iaov ditexouaai dxo xou xevxpou law. 
dXXr]Xai<; eiaiv. 



’Elaxw xuxXoc 6 ABFA, xai ev auxw ’(aai euiScTai eoxco- 
aav ai AB, FA' Xeyw, 6xi ai AB, FA ’iaov dxexouaiv dxo 
xou xevxpou. 

EiXricp'dw ydp x6 xevxov xou ABFA xuxXou xal eaxw x6 
E, xal dxo xou E era xd<; AB, FA xdiJexoi r\x&(iioa\> ai EZ, 
EH, xal exe^eux'dwaav ai AE, EF. 

’Exel ouv euiSeld xtc; 8la xou xevxpou f) EZ eui^eldv xiva 
pir) 5i.d xou xevxpou xrjv AB 7tp6<; opDdc; xeptvei, xal 5ixa 
auxf]v xepLvet. ’iar) dpa f) AZ xfj ZB- 5txXfj dpa f) AB xfjc 
AZ. 6id xd auxd 6f] xal fj FA xfjc FH eaxi BtxXrj- xai eaxiv 
’iar] f] AB xfj FA- ’iar] dpa xal f) AZ xfj FH. xal exel ’iar] eaxiv 
f] AE xfj EF, ’iaov xal x6 dtio x-ijc AE xw dxo x-ijc EF. dXXd 
xo (lev dxo x-ijc AE ’iaa xd dxo xwv AZ, EZ- op-df) ydp f) 
xpoi; xw Z ycovia- xw 5e dxo xfji; EF ’iaa xd dxo xAv EH, HF- 
op-df] ydp f) Tipoi; xA H ycovia- xd dpa dxo xAv AZ, ZE ’iaa 
eaxl xoTc; dxo xAv FH, HE, Sv x6 dxo x-ijc AZ ’iaov eaxl xA 
dxo xfji; FH- ’iar) ydp eaxtv f] AZ xfj FH- Xoixov dpa x6 dxo 
xfji; ZE xA dxo xfjc EH ’iaov eaxiv- ’iar] dpa f] EZ xfj EH. ev 
5e xuxXw ’iaov dticxstv dxo xou xevxpou eu-delai Xeyovxai, 
oxav ai dxo xou xevxpou ex’ auxdc; xd-dexoi dyoptevai ’iaai. 
Aaiv- ai dpa AB, FA ’iaov dxexouatv dxo xou xevxpou. 

’AXXd 8f) ai AB, FA eu-delai ’iaov dxexexwaav dxo xou 
xevxpou, xouxeaxtv ’iarj eaxw f) EZ xfj EH. Xeyw, 6xi ’iar] 
eaxl xal f] AB xfj FA. 


(is) absurd. Thus, a circle does not touch a(nother) circle 
externally at more than one point. And it was shown that 
neither (does it) internally. 

Thus, a circle does not touch a(nother) circle at more 
than one point, whether they touch internally or exter¬ 
nally (Which is) the very thing it was required to show 


Proposition 14 

In a circle, equal straight-lines are equally far from the 
center, and (straight-lines) which are equally far from the 
center are equal to one another. 



Let ABDC"' be a circle, and let AB and CD be equal 
straight-lines within it. I say that AB and CD are equally 
far from the center. 

For let the center of circle ABDC have been found 
[Prop. 3.1], and let it be (at) E. And let EF and EC 
have been drawn from (point) E, perpendicular to AB 
and CD (respectively) [Prop. 1.12]. And let AE and EC 
have been joined. 

Therefore, since some straight-line, EF, through the 
center (of the circle), cuts some (other) straight-line, AB, 
not through the center, at right-angles, it also cuts it in 
half [Prop. 3.3]. Thus, AE (is) equal to FB. Thus, AB 
(is) double AE. So, for the same (reasons), CD is also 
double CG. And AB is equal to CD. Thus, AE (is) 
also equal to CG. And since AE is equal to EC, the 
(square) on AE (is) also equal to the (square) on EC. 
But, the (sum of the squares) on AE and EF (is) equal 
to the (square) on AE. For the angle at F (is) a right- 
angle [Prop. 1.47]. And the (sum of the squares) on EG 
and GC (is) equal to the (square) on EC. For the angle 
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of 
the squares) on AE and EE is equal to the (sum of the 
squares) on CG and GE, of which the (square) on AE 
is equal to the (square) on CG. For AE is equal to CG. 
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Twv yap auxwv xaxaaxeuaa'devTWv opLoiWi; Bei^opisv, 
6 x 1 BixXf) eaxiv fj piev AB xfjc; AZ, fj 5e FA xfjc; FH- xal exel 
Tar) eaxiv rj AE x^ FE, laov eaxl x 6 duo xfji; AE xG duo 
xfjc; FE' dXXd xG [iev dxo xfjc; AE laa eaxl xd duo xwv EZ, 
ZA, xw 6 c dxo xfji; FE laa xd duo xwv EF[, FIF. xd dpa dxo 
xwv EZ, ZA laa eaxl xolg duo xwv EFI, FIF' 5v x 6 dxo xfji; 
EZ xw dxo xfjc; EF[ eaxiv laov lar) ydp f) EZ xfj EH' Xoixov 
dpa x 6 dxo xfjc; AZ laov eaxl xw duo xfjc; FH- larj dpa fj AZ 
xfj FH' xa[ caxi xfjc; picv AZ BmXfj f) AB, xfjc; 6 c FH 6 i 7 iXfj 
f) FA' larj dpa f) AB xfj FA. 

’Ev xuxXcp dpa al laai euTLlclai laov dxexouaiv duo 
xou xevxpou, xal al laov dxexouaai duo xou xevxpou laai 
dXXfjXai; claiv oxep e 6 ci 5el^ai. 


t The Greek text has "ABCD", which is obviously a mistake. 

is'. 

’Ev xuxXw pLcyiaxr] picv f) didpicxpoc;, xAv 6 c olXXc^m del 
f) cyyiov xou xevxpou xfjc; dxAxcpov pici^wv eaxiv. 

TSaxo) xuxXoc; 6 ABFA, 6 idpicxpoc; 6 c auxou eaxco f) AA, 
xcvxpov 5e x 6 E, xal cyyiov picv xfj; AA 6 iapicxpou eaxm ■f) 
BF, dxAxcpov 6 c f] ZH- Xcyw, 6 xi picyiaxr) picv eaxiv fj AA, 
piei^wv 6 c f] BF xfj; ZH. 

’'Hx'dcoaav ydp dito xou E xevxpou era xd; BF, ZH 
xaiSexoi al E0, EK. xal excl cyyiov picv xou xevxpou eaxiv 
f] BF, dxAxepov 6 c f] ZH, pici^wv dpa fj EK xfj; E0. xeiaDw 
xrj E0 larj f] EA, xal 6 id xou A xfj EK xpo; opiSd; dxDclaa 
f) AM 6 if]X' 6 w CTtl x 6 N, xal CTtcCeuxllwaav al ME, EN, ZE, 
EH. 

Kal CTtel lar] eaxiv fj E0 xfj EA, lar] eaxl xal f] BF xfj 
MN. TtdXiv, CTtel larj eaxiv fj picv AE xrj EM, fj 6c EA xfj 
EN, f) dpa AA xdi; ME, EN lar) eaxiv. dXX’ al picv ME, EN 
xfj; MN picl^ovc; ciaiv [xal f) AA xfj; MN picl^wv eaxiv], 
lar) 6c f) MN xfj BF- f) AA dpa xfj; BF picl^wv eaxiv. xal 
CTtel 6uo al ME, EN 6uo xdi; ZE, EH laai cialv, xal yorvla 
f) UTto MEN ywvla; xfj; Oito ZEH picl^wv [eaxiv], [3dai; dpa 


Thus, the remaining (square) on FE is equal to the (re¬ 
maining square) on EG. Thus, EE (is) equal to EG. And 
straight-lines in a circle are said to be equally far from 
the center when perpendicular (straight-lines) which are 
drawn to them from the center are equal [Def. 3.4]. Thus, 
AB and GD are equally far from the center. 

So, let the straight-lines AB and GD be equally far 
from the center. That is to say, let EE be equal to EG. 1 
say that AB is also equal to GD. 

For, with the same construction, we can, similarly, 
show that AB is double AE, and GD (double) GG. And 
since AE is equal to GE, the (square) on AE is equal to 
the (square) on GE. But, the (sum of the squares) on 
EE and EA is equal to the (square) on AE [Prop. 1.47]. 
And the (sum of the squares) on EG and GC (is) equal 
to the (square) on CE [Prop. 1.47]. Thus, the (sum of 
the squares) on EE and FA is equal to the (sum of the 
squares) on EG and GG, of which the (square) on EF is 
equal to the (square) on EG. For EE (is) equal to EG. 
Thus, the remaining (square) on AF is equal to the (re¬ 
maining square) on GG. Thus, AF (is) equal to CG. And 
AB is double AF, and GD double GG. Thus, AB (is) 
equal to CD. 

Thus, in a circle, equal straight-lines are equally far 
from the center, and (straight-lines) which are equally far 
from the center are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 15 

In a circle, a diameter (is) the greatest (straight-line), 
and for the others, a (straight-line) nearer to the center 
is always greater than one further away. 

Let ABGD be a circle, and let AD be its diameter, 
and E (its) center. And let BG he nearer to the diameter 
All, I and EG further away. I say that AD is the greatest 
(straight-line), and BG (is) greater than EG. 

For let EH and EK have been drawn from the cen¬ 
ter E, at right-angles to BG and FG (respectively) 
[Prop. 1.12]. And since BG is nearer to the center, 
and FG further away, EK (is) thus greater than EH 
[Def. 3.5]. Let EL be made equal to EH [Prop. 1.3]. 
And LM being drawn through L, at right-angles to EK 
[Prop. 1.11], let it have been drawn through to N. And 
let ME, EN, FE, and EG have been joined. 

And since EH is equal to EL, BG is also equal to 
MN [Prop. 3.14]. Again, since AE is equal to EM, and 
ED to EN, AD is thus equal to ME and EN. But, ME 
and EN is greater than MN [Prop. 1.20] [also AD is 
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f) MN pdaewt; Tfji; ZH [iei^wv eaxiv. dXXd f) MN xf) BF 
e5eix'dr) larj [xal rj BF xfji; ZH ^lei^wv eaxiv]. ^leyiaxT) ^lev 
dpoi f) AA Sidpiexpoc, piei^wv 6e rj BF xfji; ZH. 



’Ev xOxXw dpa pieyiaxT) piev eaxiv f) 6id(iexpo<;, xwv 8e 
dXXcov del f) eyYiov xoO xevxpou xfji; dxAxepov (jei^wv eaxiv 
oxep c8ei 8e'i^ai. 


greater than MN], and MN (is) equal to BC. Thus, AD 
is greater than BC. And since the two (straight-lines) 
ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle MEN [is] greater than angle 
FEG,^ the base MN is thus greater than the base EG 
[Prop. 1.24]. But, MN was shown (to be) equal to BC 
[(so) BC is also greater than EG]. Thus, the diameter 
AD (is) the greatest (straight-line), and BC (is) greater 
than EG. 



Thus, in a circle, a diameter (is) the greatest (straight- 
line), and for the others, a (straight-line) nearer to the 
center is always greater than one further away. (Which 
is) the very thing it was required to show. 


t Euclid should have said “to the center”, rather than ”to the diameter AD”, since BC, AD and FG are not necessarily parallel, 
t This is not proved, except by reference to the figure. 


it'. 

'H xf) SiapExpw xoO xuxXou Ttpd; opOd; an dxpa; 
dyopevT] exxo; itEaelxai xoO xuxXou, xai ei; xov pexa^u 
xoTtov xfj; x£ EudEia; xal xfj; itEpicpEpEia; sxspa EudEla ou 
xapEpTtEaElxai, xal f) psv xoO qpixuxXiou ycovia dttdar]; 
ytovia; o^Eia; EU'duypdppou pci^wv saxiv, f) 8£ XoiTtf) 
sXdxxcov. 

Tiaxa) xuxXo; 6 ABF itEpl XEvxpov x6 A xal 8idp£xpov 
xf]v AB- XEyto, 6x1 f) dito xoO A xfj AB xpo; opDd; dx’ 
dxpa; dyopEVT) exxo; xEaElxai xoO xuxXou. 

Mf) ydp, dXX’ ei 8uvax6v, itiitxExto svxo; A; f) FA, xal 
EXE^EUxllw f) AF. 

’EtceI larj saxiv f) AA xfj AF, larj saxl xal ycuvia fj 0x6 
AAF ytovia xfj 0x6 AFA. opflf) 86 f) 0x6 AAF- opDf) dpa 
xal f) 0x6 AFA' xpiyAvou 8f) xou AFA ai 8uo ytoviai ai 
0x6 AAF, AFA 8uo opOdi; laai Eiaiv 6x£p saxiv d8uvaxov. 
oux dpa f) dx6 xou A arjpEiou xfj BA xp6; opOd; dyopEvr) 
£vx6; xsaslxai xou xuxXou. opoito; 8f) 8£'i^opEv, 8xi ou8’ 
£xl xfj; xEpicpspEia;- £xx6; dpa. 


Proposition 16 

A (straight-line) drawn at right-angles to the diameter 
of a circle, from its end, will fall outside the circle. And 
another straight-line cannot be inserted into the space be¬ 
tween the (aforementioned) straight-line and the circum¬ 
ference. And the angle of the semi-circle is greater than 
any acute rectilinear angle whatsoever, and the remain¬ 
ing (angle is) less (than any acute rectilinear angle). 

Let ABC be a circle around the center D and the di¬ 
ameter AB. I say that the (straight-line) drawn from A, 
at right-angles to AB [Prop 1.11], from its end, will fall 
outside the circle. 

For (if) not then, if possible, let it fall inside, like CA 
(in the figure), and let DC have been joined. 

Since DA is equal to DC, angle DAC is also equal 
to angle ACD [Prop. 1.5]. And DAC (is) a right-angle. 
Thus, ACD (is) also a right-angle. So, in triangle ACD, 
the two angles DAC and ACD are equal to two right- 
angles. The very thing is impossible [Prop. 1.17]. Thus, 
the (straight-line) drawn from point A, at right-angles 
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IIltitstw wc f) AE- Xeyw 6r], oti. eic, tov (jetoc^u tokov 
Tfji; T£ AE EUT^Eiat; xai xfji; EGA TiEpicpcpEiat; STspa £0i[}£Ta 
oO KapEiiHEaElTai.. 

Ei yap Suvaxov, 7i;ap£(i-n:i.7i:T£TW (be; f] ZA, xal fjx'dco dxo 
ToO A arj^Eiou exI Tfjv ZA xaiSEToe; f) AH. xai exeI op-dri 
EaxLv f) 0x6 AHA, eXocttcov Be op'dfji; f] 0x6 AAH, piEi^cov 
dpa f) A A Tf)<; AH. for) Be f) A A xf) A0- p,£[^6rv dpa A0 
xfje; AH, f) EXdxxrov xfje; jiEif^ovoc;' oxEp saxlv dBuvaxov. oOx 
dpa Etc; t6v p.£Ta^0 xoxov xfje; xe EU'dEiae; xal xfje; xEpicpEpEiae; 
fospa EODEla xapEiixEaElxai.. 

Asyco, 6x1 xal f) xoO fj^ixuxXbu ycovla f) xEpiExotxsvr) 
0x6 XE xfje; BA EuDEiae; xal xfje; r0A xEpicpEpEiae; dxdarje; 
ywviae; o^Eiae; £0'duYpdtJi(iou saxiv, fj Be Xoixf) f) xe- 

piEXotrevr) 0x6 xe xfje; r0A xEpiepEpElai; xal xfj? AE EOllElai; 
dxdarje; ycovlae; o^eioLQ EODuYpdtJiiiou sXdxxcov saxiv. 

Ei ydp foxi xie; sODOypaii^oe; pisi^cov (jev xfje; 

xspiExo^Evrje; 0x6 xe xfj? BA Eui^Eiae; xal xfje; r0A xspi- 
cpspsiae;, sXdxxcov Be xfje; x£pi£xo(i£vr)(; 0x6 xe xfje; r0A 
xEpicpEpsiae; xal xfje; AE EODsiae;, sie; x6v pisxa^O x6xov xfje; 
XE r0A xEpLcpspsiai; xal xfj? AE EODsiai; EOi^ETa xapspi- 
xsaslxai., fjXLe; xoi.f]a£i. (lEi^ova (jev xfje; xEpiExojJEvrje; 0x6 
XE xfje; BA EODsiai; xal xfji; r0A xEpicpEpsiae; 0x6 eO'OeiAv 
x£pi£xo(i£vrjv, sXdxxova Be xfje; xEpisxotJisvrje; 0x6 xe xfje; 
r0A XEpicpEpsiae; xal xfje; AE sODsiae;. oO xapspixixxsi Bs' 
oOx dpa xfje; xEpiExojJEvrje; ycoviae; 0x6 xe xfje; BA EODsiae; 
xal xfje; r0A xEpicpspsiae; foxai pisi^cov o^eTa 0x6 eO'OeiAv 
xEpiExojJEvrj, oOBe pifjv sXdxxcov xfje; xspisxopisvrje; 0x6 xe 
xfji; r0A XEpicpspsiae; xal xfj? AE EODsiai;. 


to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. 
Thus, (it will fall) outside (the circle). 


B 



Let it fall like AE (in the figure). So, I say that another 
straight-line cannot be inserted into the space between 
the straight-line AE and the circumference CEL A. 

For, if possible, let it be inserted like EA (in the fig¬ 
ure), and let DC have been drawn from point D, perpen¬ 
dicular to EA [Prop. 1.12]. And since AGD is a right- 
angle, and DAG (is) less than a right-angle, AD (is) 
thus greater than DG [Prop. 1.19]. And DA (is) equal 
to DEI. Thus, DH (is) greater than DG, the lesser than 
the greater. The very thing is impossible. Thus, another 
straight-line cannot be inserted into the space between 
the straight-line (AE) and the circumference. 

And I also say that the semi-circular angle contained 
by the straight-line BA and the circumference CHA is 
greater than any acute rectilinear angle whatsoever, and 
the remaining (angle) contained by the circumference 
CHA and the straight-line AE is less than any acute rec¬ 
tilinear angle whatsoever. 

For if any rectilinear angle is greater than the (an¬ 
gle) contained by the straight-line BA and the circum¬ 
ference CHA, or less than the (angle) contained by the 
circumference CHA and the straight-line AE, then a 
straight-line can be inserted into the space between the 
circumference CHA and the straight-line AE —anything 
which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line BA 
and the circumference CHA, or less than the (angle) 
contained by the circumference CHA and the straight- 
line AE. But (such a straight-line) cannot be inserted. 
Thus, an acute (angle) contained by straight-lines cannot 
be greater than the angle contained by the straight-line 
BA and the circumference CHA, neither (can it be) less 
than the (angle) contained by the circumference CHA 
and the straight-line AE. 
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n6pia[Jia. 

’Ex 6f) TOUTou cpavepov, oti f) Tfj Biapexpw toO xuxXou 
xpot; op'dac; dx’ dxpa<; dYopevr) ecpaxTExai xou xuxXou 
[xal 6x1 eO'dsTa xuxXou xaij’ ev (jlovov ecpdxxexai orjpieTov, 
eiiei5r)7i;£p xal fj xaxd 660 auxw aupipdXXouaa evxoc; auxou 
xlxxouaa eSeix'dr)]' oxep eSei 5 El^ai. 


Corollary 

So, from this, (it is) manifest that a (straight-line) 
drawn at right-angles to the diameter of a circle, from 
its extremity, touches the circle [and that the straight-line 
touches the circle at a single point, inasmuch as it was 
also shown that a (straight-line) meeting (the circle) at 
two (points) falls inside it [Prop. 3.2] ]. (Which is) the 
very thing it was required to show. 


iC'. 


Proposition 17 


’Ako xou SodEvxoc arjpEiou xou Bo'dcvxoc; xuxXou Ecpa- 
xxopEvrjv EuOElav ypappfjv dYayeiv. 

A 


To draw a straight-line touching a given circle from a 
given point. 


A 



’Tlaxa) x 6 pcv Bodcv aripElov x 6 A, 6 Be BodEic xuxXo^ 
6 BTA- BeT Br) dxo xou A ar]pE[ou xou BTA xuxXou scpa- 
xxopEvrjv EudElav ypapprjv dyayElv. 

EiXricp'dw ydp x 6 xsvxpov xou xuxXou x 6 E, xal 
EXECEUxilw f) AE, xal xsvxpw psv xA E Biaaxf]paxL Be xA 
EA xuxXoc YEYpdcpdw 6 AZH, xal oltzo xou A xfj EA xpoi; 
opdac fixdw f) AZ, xal EXECeuxdwaav al EZ, AB- Xsyw, 
6 x 1 dxo xou A arjpEiou xou BTA xuxXou EcpaxxopEvr) fjxxai 
f) AB. 

’EkeI ydp x 6 E xsvxpov saxl xAv BTA, AZH xuxXwv, 
larj dpa saxlv f) psv EA xfj EZ, fj Be EA xfj EB- Buo Bf) 
al AE, EB Buo xaTc ZE, EA ’(aai slalv xal ywviav xoi.vf]v 
xspiExouai xf]v npoQ xA E- pdaic; dpa f] AZ pdasi. xfj AB 
’lar] saxlv, xal x 6 AEZ xplywvov xA EBA xpiyAvw ’(aov 
saxlv, xal al Xoixal ywvlai xaT(; XoixaTc; ywvlai.^- ’lar] dpa f] 
UTio EAZ xfj VKo EBA. opdf] Be f] vko EAZ- opdf] dpa xal f] 
0x6 EBA. xal saxiv f] EB ex xou xsvxpou- f] Be xfj Biapsxpw 
xou xuxXou xpoQ op'dac dx’ dxpac dyopsvr] scpdxxsxai. xou 
xuxXou- f] AB dpa scpdxxsxai xou BTA xuxXou. 

’Axo xou dpa BotDevxoc arjpslou xou A xou Bo'dsvxoc; 
xuxXou xou BTA Ecpaxxopsvr) EU'dEla ypappf] fjxxai f] AB- 
oxsp eBei xoi-fjaai. 


Let A be the given point, and BCD the given circle. 
So it is required to draw a straight-line touching circle 
BCD from point A. 

For let the center B of the circle have been found 
[Prop. 3.1], and let AB have been joined. And let (the 
circle) ABC have been drawn with center B and radius 
BA. And let DB have been drawn from from (point) D, 
at right-angles to BA [Prop. 1.11]. And let BB and AB 
have been joined. I say that the (straight-line) AB has 
been drawn from point A touching circle BCD. 

For since B is the center of circles BCD and ABC, 
BA is thus equal to BB, and BD to BB. So the two 
(straight-lines) AB, BB are equal to the two (straight¬ 
lines) BB, BD (respectively). And they contain a com¬ 
mon angle at B. Thus, the base DB is equal to the 
base AB, and triangle DBB is equal to triangle BBA, 
and the remaining angles (are equal) to the (corre¬ 
sponding) remaining angles [Prop. 1.4]. Thus, (angle) 
BDB (is) equal to BBA. And BDB (is) a right-angle. 
Thus, BBA (is) also a right-angle. And BB is a ra¬ 
dius. And a (straight-line) drawn at right-angles to the 
diameter of a circle, from its extremity, touches the circle 
[Prop. 3.16 corn]. Thus, AB touches circle BCD. 

Thus, the straight-line AB has been drawn touching 
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IT)'. 

’Eav xuxXou ecpdKTrjxai tic; euiSeTa, cxko 8s toD xsvxpou 
exl xi^v dcpfjv SKi^eux'^fi sOTjEla, fj SKiCeux'®^^'^^ xd'dsxoc; 
eaxai enl xc^v E(paxxo(JEvr)v. 



KuxXou ydp xou ABF scpcxxxsa'dw xi<; sO^sTa f) AE xaxd 
x6 r arj^sTov, xal siXrjcp'dw x6 xsvxpov xou ABF xuxXou x6 
Z, xal anb xou Z sxl x6 F EHE^EUX'da) f) ZF- XEyw, 6xi f] ZF 
xciDsToc; Eoxiv sra xf]v AE. 

Et ydp ^r], r^x'dw xou Z ekI xi^v AE xd'dsxoc; fj ZH. 

’Ekei ouv f) UKo ZHF ywvla op'Orj eoxiv, o^sTa dpa eoxiv 
f] uxo ZFH- UTio Be xc^v ^siCova ywviav fj ^sl^wv xXEupd 
uxoxslvEr ^EiC«v dpa fj ZF xfji; ZH- lor) Be f) ZF xfj ZB- 
^xeI^wv dpa xal f) ZB x-rjc; ZH fj sXdxxwv x-rjc; (jei^ovoc;- ousp 
Eoxlv dBuvaxov. oux dpa fj ZH xd'dsxoc; eoxiv exI xc^v AE. 
o^xolwc; Bi^ BeT^o^ev, 6xi ouB’ dXXrj xm; kXc^v xfjc; ZF- fj ZF 
dpa xd'dsxoc; eoxiv ekI xc^v AE. 

’Edv dpa xuxXou scpdxxrjxal xic; su'dsTa, d-xo Be xou 
XEvxpou Exl xc^v dcpi^v EKiCeux'dfj xm; su'dsTa, f] ExiCeux'dsToa 
xd'dsxoc; soxai sxl xc^v scpaxxo^Evrjv- oxsp sBsi BsT^ai.. 


’Edv xuxXou £(pdxxr]xai xic; su'dsTa, dxo Be xfjc; dcpfjc; xfj 
£(paxxop,£vr) xpoc; op'ddc; [ywviac;] sudsTa ypa[ip.fi dx'df), sxl 
xfjc; dxdEiorjc; soxai x6 xsvxpov xou xuxXou. 

KuxXou ydp xou ABF scpaxxEO'dw xic; sudsTa ic) AE xaxd 
x6 F or)(i£Tov, xal duo xou F xfj AE xpoc; opddc; 'rjx'dw T) 
FA- Xsyo, 6x1 sul xfjc; AF soxi x6 xsvxpov xou xuxXou. 


the given circle BCD from the given point A. (Which is) 
the very thing it was required to do. 

Proposition 18 

If some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir¬ 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. 



For let some straight-line DB touch the circle ABC at 
point C, and let the center F of circle ABC have been 
found [Prop. 3.1], and let FC have been joined from F 
to C. I say that FC is perpendicular to DF. 

For if not, let FC have been drawn from F, perpen¬ 
dicular to DF [Prop. 1.12]. 

Therefore, since angle FGC is a right-angle, (angle) 
FCC is thus acute [Prop. 1.17]. And the greater angle is 
subtended by the greater side [Prop. 1.19]. Thus, FC (is) 
greater than FC. And FC (is) equal to FB. Thus, FB 
(is) also greater than FG, the lesser than the greater. The 
very thing is impossible. Thus, FG is not perpendicular to 
DF. So, similarly, we can show that neither (is) any other 
(straight-line) except FC. Thus, FC is perpendicular to 
DF. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir¬ 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. (Which is) 
the very thing it was required to show. 

Proposition 19 

If some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-[angles] 
to the tangent, then the center (of the circle) will be on 
the (straight-line) so drawn. 

For let some straight-line DF touch the circle ABC at 
point C. And let CA have been drawn from C, at right- 
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Mi^ yap, dXX’ el Suvaxov, eaxto to Z, xal ene^eux'dto rj 

rz. 

’Exel [ouv] xuxXou toO ABF ecpaxTExai ti<; sO'de'ia f) AE, 
duo 5e tou xsvxpou exl xf)v dcpfjv EKe^suxxai. f) ZF, fj ZF dpa 
xd'dexoc; eaxiv exl xf)v AE- op-df) dpa eaxlv rj 0x6 ZFE. eaxl 
5e xal T) 0x6 AFE op-dr]- lar) dpa eaxlv fj 0x6 ZFE xrj 0x6 
AFE r\ eXdxxcov xfj p,e[^ovi- oxep eaxlv dSuvaxov. oOx dpa 
x 6 Z xevxpov eaxl xoO ABF xuxXou. 6 po[w<; 5f) Bei^opev, 
6 x 1 o06’ dXXo XL xXi]v exl xf)<; AF. 

’Edv dpa xuxXou ecpdxxrjxai xi<; eO-dela, dx 6 6 e x-rjc dcp-rjc 
xfj e(paxxo(ievi] xp 6 c; op-ddc eO-dela ypaijp-f) d^-dTj, exl x-rjc 
dx-dslarjc eaxai x 6 xevxpov xou xuxXou- oxep e5ei. BeT^ai- 


X. 

’Ev xuxXtp -f) xp 6 (; xw xevxpw ywvia SixXaaltov eaxl x-rjc; 
xp 6 (; XT) xepicpepeia, oxav x-fjv a0xf)v xepicpepeiav pdaiv ex“" 
aiv al ytoviai. 

Tlaxw xuxXoc 6 ABF, xal xpdc; [iev xw xevxptp aOxou 
ywvia eaxw f] 0x6 BEF, xp 6 c; 6 e xfj xepicpepeia -f) 0x6 BAF, 
exexwaav 6 e xf]v aOx-fjv xepicpepeiav pdaiv x-^jv BF- Xeyw, 
6 x 1 6 ixXaa[wv eaxlv -f) 0x6 BEF ywvia x-rjc 0x6 BAF. 

’Exi^eux-delaa ydp f] AE Bir^x-dw exl x 6 Z. 

’Exel ouv Tar] eaxlv f) EA xfj EB, Tar] xal ywvia f) 0x6 
EAB xfj 0x6 EBA- al dpa 0x6 EAB, EBA ywviai xfji; 0x6 
EAB BixXaaioui; eiaiv. lar) 6 e f] 0x6 BEZ xaTc 0x6 EAB, 
EBA- xal f] 0x6 BEZ dpa xfjc 0x6 EAB eaxi 6 ixXfj. 6 id xd 
aOxd 6 f] xal -f) 0x6 ZEF xfjc; 0x6 EAF eaxi 6 ixXfj. okf] dpa 
f] 0x6 BEF okric, xrj<; 0x6 BAF eaxi 6 ixXfj. 


angles to DE [Prop. 1.11]. I say that the center of the 
circle is on AC. 


A 



circle), and let CF have been joined. 

[Therefore], since some straight-line DE touches the 
circle ABC, and EC has been joined from the center to 
the point of contact, EC is thus perpendicular to DE 
[Prop. 3.18]. Thus, FCE is a right-angle. And ACE 
is also a right-angle. Thus, FCE is equal to ACE, the 
lesser to the greater. The very thing is impossible. Thus, 
F is not the center of circle ABC. So, similarly, we can 
show that neither is any (point) other (than one) on AC. 

Thus, if some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-angles to 
the tangent, then the center (of the circle) will be on the 
(straight-line) so drawn. (Which is) the very thing it was 
required to show. 

Proposition 20 

In a circle, the angle at the center is double that at the 
circumference, when the angles have the same circumfer¬ 
ence base. 

Let ABC be a circle, and let BEC be an angle at its 
center, and BAC (one) at (its) circumference. And let 
them have the same circumference base BC. I say that 
angle BEC is double (angle) BAC. 

For being joined, let AE have been drawn through to 
F. 

Therefore, since EA is equal to EB, angle EAB (is) 
also equal to EBA [Prop. 1.5]. Thus, angle EAB and 
EBA is double (angle) EAB. And BEF (is) equal to 
EAB and EBA [Prop. 1.32]. Thus, BEF is also double 

EAB. So, for the same (reasons), EEC is also double 

EAC. Thus, the whole (angle) BEC is double the whole 
(angle) BAC. 
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KexXdaiSw 6f] kocXiv, xal eaxw exepa ywvia fj 0x6 BAF, 
xal exiCeuxiSsTcra fj AE expepXi^a'dw exl to H. opioiwc 5i^ 
5e[^o^i£v, oTi BixXfj eaxiv fj 0x6 HEF y(^^VlaL Tfjc; 0x6 EAF, 
5v T] 0x6 HEB SixXfj eoxi Tfji; 0x6 EAB- Xoixi^ dpa fj 0x6 
BEF 6ixXfj eoTi xfjc; 0x6 BAF. 

’Ev xuxXw dpa fj xp6<; xw xevxpw ywvLa BixXaaiwv saxi 
xfjc; npoQ xf) xEpicpspeia, oxav xf)v a0xf]v x£pi.(pep£i.av pciaiv 
eX^oiv [at ywvLai]' oxsp sBei BeT^ai.. 


xa'. 

’Ev xOxXtp ai ev xA aOxA xp,ir][iaxi ywviai law. dXXfjXaic; 
elaiv. 



Tilaxw xOxXoi; 6 ABFA, xal ev xA aOxA x^xfi^axi xA 
BAEA eaxwaav ai 0x6 BAA, BEA- Xeyw, 6xi ai 

0x6 BAA, BEA ywviai laai dXXf]Xai(; eiaiv. 

EiXi^cpiSw ydp xoO ABFA xuxXou x6 xevxpov, xal eaxw 
x6 Z, xal exe^eOxDwaav ai BZ, ZA. 

Kal exel f) p,£v 0x6 BZA ytovia xp6c; xA xevxpw eaxiv, f) 
Be 0x6 BAA npoQ xfj xepicpepeia, xal exouai xf]v a0xf]v xe- 
picpepeiav pciaiv xf)v BFA, f] dpa 0x6 BZA ywvia BixXaaiov 
eaxl xfji; 0x6 BAA. Bid xd aOxd Bf) f) 0x6 BZA xal xfjc; 0x6 



So let another (straight-line) have been inflected, and 
let there be another angle, BDC. And DE being joined, 
let it have been produced to G. So, similarly, we can show 
that angle GEC is double EDG, of which GEB is double 
EDB. Thus, the remaining (angle) BEG is double the 
(remaining angle) BDG. 

Thus, in a circle, the angle at the center is double that 
at the circumference, when [the angles] have the same 
circumference base. (Which is) the very thing it was re¬ 
quired to show. 

Proposition 21 

In a circle, angles in the same segment are equal to 
one another. 



Let ABGD be a circle, and let BAD and BED be 
angles in the same segment BAED. I say that angles 
BAD and BED are equal to one another. 

For let the center of circle ABGD have been found 
[Prop. 3.1], and let it be (at point) F. And let BF and 
ED have been joined. 

And since angle BED is at the center, and BAD at 
the circumference, and they have the same circumference 
base BCD, angle BED is thus double BAD [Prop. 3.20]. 
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BEA eaxi BmXaiwv larj apa fj uko BAA xf) uxo BEA. 

’Ev xuxXw apa ai ev xA auxA xptr)(iaxi ywviai. laai. 
dXXr^Xaic; elaiv oxep eSei 5el^ai. 


x(3'. 


Ttov sv xoic, xuxXoLC xexpaxXeupwv at dxevavxiov ywviai 
5uaiv opiSaTc; laai eiaiv. 



Tilaxw xuxXoc 6 ABEA, xai ev auxA xexpdxXeupov eaxw 
x6 ABEA- Xeyw, oxi. at dxevavxfov ywviai 6ualv op'dalc laai. 
eiaiv. 

’Exe^euY'dwaav at AF, BA. 

’Exei ouv xavxoc xpiyAvou at xpeTc ywviai 6ualv op'daTc 
laai eiaiv, xoD ABF dpa xpiyAvou ai xpelc ywviai. ai 0x6 
FAB, ABF, BFA 5uaiv op'daTc laai eiaiv. lar] 5e f] piev 0x6 
FAB xf) 0x6 BAr- ev ydp xA aOxA x(jr]ptaxi eiai xA BAAF- 
f] 8e 0x6 AFB xfj 0x6 AAB- ev ydp xA aOxA xpLr]piaxi eiai 
xA A AFB- oXr) dpa f] 0x6 AAF xaTc 0x6 BAF, AFB for] 
foxiv. xoivr] xpoaxeia-dw f] 0x6 ABF- ai dpa 0x6 ABF, 
BAr, AFB xafo 0x6 ABF, AAF foai eiaiv. dXX’ ai 0x6 
ABF, BAr, AFB 6 ualv op-dafo foai eiaiv. xal ai 0x6 ABF, 
AAr dpa 6ualv op-daTc; foai eiaiv. 6pioio<; 6r] Bei^opiev, 6xi 
xai ai 0x6 BAA, AFB yoviai 6ualv op-dafo foai eiaiv. 

TAv dpa ev x6i<; xOxXoic; xexpaxXeOpwv ai dxevavxiov 
ywviai 6uaiv op'dafo foai eiaiv oxep e8ei. Sel^ai- 


xy'. 

’Exi xfjc; aOxfjc; eO-deiac; 8uo xpir^piaxa xuxXwv opioia xal 
dviaa oO auaxa-drjaexai. exl xd aOxd piepr). 

Ei ydp Suvaxov, exl xfjc aOxfjc eODeiac xfjc AB 80o 
xpifj(iaxa xuxXcov opioia xal dviaa auveaxdxw exl xd aOxd 
piepr] xd AFB, AAB, xal Sifjx-dw f] AFA, xal cxe^eux-dwaav 


So, for the same (reasons), BFD is also double BED. 
Thus, BAD (is) equal to BED. 

Thus, in a circle, angles in the same segment are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 22 

For quadrilaterals within circles, the (sum of the) op¬ 
posite angles is equal to two right-angles. 



Let ABCD be a circle, and let ABCD be a quadrilat¬ 
eral within it. I say that the (sum of the) opposite angles 
is equal to two right-angles. 

Let AC and BD have been joined. 

Therefore, since the three angles of any triangle are 
equal to two right-angles [Prop. 1.32], the three angles 
CAB, ABC, and BCA of triangle ABC are thus equal 
to two right-angles. And CAB (is) equal to BDC. For 
they are in the same segment BADC [Prop. 3.21]. And 
ACB (is equal) to ADB. For they are in the same seg¬ 
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is 
equal to BAC and ACB. Let ABC have been added to 
both. Thus, ABC, BAC, and ACB are equal to ABC 
and ADC. But, ABC, BAC, and ACB are equal to two 
right-angles. Thus, ABC and ADC are also equal to two 
right-angles. Similarly, we can show that angles BAD 
and DCB are also equal to two right-angles. 

Thus, for quadrilaterals within circles, the (sum of 
the) opposite angles is equal to two right-angles. (Which 
is) the very thing it was required to show. 

Proposition 23 

Two similar and unequal segments of circles cannot be 
constructed on the same side of the same straight-line. 

For, if possible, let the two similar and unequal seg¬ 
ments of circles, ACB and ADB, have been constructed 
on the same side of the same straight-line AB. And let 
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ai FB, AB. 



’Ekei oijv o^xoLov EOTi TO AFB T^fj^ia to AAB T^rj^aTi, 
6(ioia Se T(ir]^aTa xuxXov eotI xa BExo^iEva yoviac; ioolq, 
larj apoc eotIv fj uxo AFB yovioc tt) 0x 6 AAB f) extoc; tt) 
EVTOc;' oxEp eotIv dSuvaxov. 

Oux apa £xl Tfjt; auTfji; EU'dEiac; 5uo Tpo^piaxa xuxXcov 
6(ioia xal aviaoc auaTa'drjaETai sxl xa ocbxa (iEpr)' oxEp eBei 
5El^ai. 


ACD have been drawn through (the segments), and let 
CB and DB have been joined. 



Therefore, since segment ACB is similar to segment 
ADB, and similar segments of circles are those accept¬ 
ing equal angles [Def. 3.11], angle ACB is thus equal 
to ADB, the external to the internal. The very thing is 
impossible [Prop. 1.16]. 

Thus, two similar and unequal segments of circles 
cannot be constructed on the same side of the same 
straight-line. 


x6'. 


Proposition 24 



Similar segments of circles on equal straight-lines are 
equal to one another. 


E 




TiaToaav yap Exl laov eODelov tov AB, FA opoia 
TprjpaTa xuxXov xa AEB, FZA- Xcyo, oti loov eotI to 
AEB Tpfjpa TW FZA TpqpaTi.. 

’Ecpappoi^opcvou yap too AEB TprjpaTOi; Exl to FZA xal 
TiUcpEvou Tou pcv A arjpEiou Exl to F Tfji; Be AB EUilElai; 
£xl TTjv FA, EcpappooEi xal to B arjpElov sxl to A arjpElov 
6ia TO larjv Elvai ttjv AB Tfj FA- Tfjc; Be AB sxl xqv FA scpap- 
poadarjc; EcpappooEi xal to AEB Tpfjpa sxl to FZA. eI ydp 
f) AB EU-dEla £xl TTjv FA scpappooEi, to Be AEB Tpfjpa sxl 
TO FZA pr) EcpappooEi, fjToi evtoc; auToO xEaElTai r] extoc; 
1] xapaXXd^Ei, (bi; to FHA, xal xuxXog xuxXov TspvEi xaTd 
xXEiova arjpEla r] Buo- oxEp eotIv dBuvaTov. oux dpa scpap- 
po^opEvrjc; Tfjc; AB EudElai; sxl Tf]v FA oux scpappooEi xal 



For let AEB and CFD be similar segments of circles 
on the equal straight-lines AB and CD (respectively). I 
say that segment AEB is equal to segment CFD. 

For if the segment AEB is applied to the segment 
CFD, and point A is placed on (point) C, and the 
straight-line AB on CD, then point B will also coincide 
with point D, on account of AB being equal to CD. And 
if AB coincides with CD then the segment AEB will also 
coincide with CFD. For if the straight-line AB coincides 
with CD, and the segment AEB does not coincide with 
CFD, then it will surely either fall inside it, outside (it),I 
or it will miss like CCD (in the figure), and a circle (will) 
cut (another) circle at more than two points. The very 
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TO AEB era to FZA' ecpap^oaei apa, xctl laov auTW 

eoTai. 

Ta apa era lawv eui^eicSv o(jLoia T(jr]piaTa xuxXov Xaa 
dXXr]Xoi<; eoTiv oxep e6ei BeT^ai.. 


thing is impossible [Prop. 3.10]. Thus, if the straight-line 
AB is applied to CD, the segment AEB cannot not also 
coincide with CFD. Thus, it will coincide, and will be 
equal to it [C.N. 4]. 

Thus, similar segments of circles on equal straight¬ 
lines are equal to one another. (Which is) the very thing 
it was required to show. 


t Both this possibility, and the previous one, are precluded by Prop. 3.23. 


XS 


Proposition 25 


KuxXou TpfjpaTot; 5of)evTO(; iipoaavaYpd(J;ai tov xuxXov, 
ouxep eoTi Tpfjpa. 


A 




A 



TlaTW TO SoDev Tpfjpa xuxXou to ABT- Bel toO ABF 
Tpr)paTO(; xpoaocvcxYpa^'^^ xuxXov, ouitep eoTi Tpfjpct. 

TsTpy^aDco Yap f] AF Biya xaTd to A, xai fixOcu and too 
A arjpEiou Tfj AF ttpoi; opdac fj AB, xal ene^sux'dco f) AB- 
f] UTto ABA Ywvta dpa Tfjc 0x6 BAA -riToi eotIv f] 

lax] f] eXAttcuv. 

’TilaTW xpoTEpov pEi^cov, xai auvEOTaTO xpoc Tfj BA 
EudEia xal tA xp6<; auTfj ar]p£[o tA A Tfj 0x6 ABA Ycrvia 
lor] f) 0x6 BAE, xal Bifjxilco fj AB sxl t6 E, xal EXE^eOxilw 
f] EF. exeI oOv lar) eotIv f) 0x6 ABE Ywvia xfj 0x6 BAE, 
larj dpa eotI xal f) EB EOdEla Tfj EA. xal exeI Tar] eotIv f] 
AA Tfj AF, xotvf] Be f] AE, BOo Bf] al AA, AE BOo Talc 
FA, AE Taai eIoIv sxaTspa ExaTspoc xal Y^vla f] 0x6 AAE 
Y«v(a Tfj 0x6 FAE saxiv Tar]- op-df) Yap sxaxspa- pdaic; dpa 
f] AE pdaEi Tfj FE saTiv Tarj. dXXd f) AE Tfj BE sBEix-dr] 
Tar]- xal f] BE dpa Tfj FE saTiv Tar]- ai TpElc dpa ai AE, EB, 
EF Taat dXXfjXatc; Eiaiv- 6 dpa xsvTpA tA E BiaaTrjpaTi Be 
E vl tAv AE, EB, EF xuxXoc Ypa<pdpevo<; q^Ei xal Bid tAv 
X oixAv arjpEicuv xal saTai xpoaavaYCYpappsvoc;. xOxXou 
dpa TpfjpaToc; BoOevtoc; xpoaavaYSYpaxTai 6 xOxXoc;. xal 
BrjXov, Ac t6 ABF Tpfjpa sXaTTOv saTiv f]pixuxXiou Bid t6 
t6 E XEVTpov £xt 6<; auToO TUYxdvEiv. 

'Opoiwc [Be] xdv fj fj 0x6 ABA Y^via Tarj Tfj 0x6 BAA, 
Tfjc AA Tarjc Ye^opsvrjc sxaTspa tAv BA, AF al xpElc al 
AA, AB, AFTaai dXXf]Xai<; saovTai, xal saxai t6 A xsvxpov 
ToO xpoaavax£xXr]pwp£vou xOxXou, xal BrjXaBf] saxai t6 
ABF fjpixuxXiov. 

’Edv Be f] 0x6 ABA EXdTTcov fj xfjc 0x6 BAA, xal au- 
aTrjaApE-da xp6c; Tfj BA EU-dEia xal tA xpdc auTfj ar]p£[« 


For a given segment of a circle, to complete the circle, 
the very one of which it is a segment. 



Let ABC be the given segment of a circle. So it is re¬ 
quired to complete the circle for segment ABC, the very 
one of which it is a segment. 

For let AC have been cut in half at (point) D 
[Prop. 1.10], and let DB have been drawn from point 
D, at right-angles to AC [Prop. 1.11]. And let AB have 
been joined. Thus, angle ABD is surely either greater 
than, equal to, or less than (angle) BAD. 

First of all, let it be greater. And let (angle) BAE, 
equal to angle ABD, have been constructed on the 
straight-line BA, at the point A on it [Prop. 1.23]. And 
let DB have been drawn through to E, and let EC have 
been joined. Therefore, since angle ABE is equal to 
BAE, the straight-line EB is thus also equal to EA 
[Prop. 1.6]. And since AD is equal to DC, and DE (is) 
common, the two (straight-lines) AD, DE are equal to 
the two (straight-lines) CD, DE, respectively. And angle 
ADE is equal to angle CDE. For each (is) a right-angle. 
Thus, the base AE is equal to the base CE [Prop. 1.4]. 
But, AE was shown (to be) equal to BE. Thus, BE is 
also equal to CE. Thus, the three (straight-lines) AE, 
EB, and EC are equal to one another. Thus, if a cir¬ 
cle is drawn with center E, and radius one of AE, EB, 
or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will have been 
completed [Prop. 3.9]. Thus, a circle has been completed 
from the given segment of a circle. And (it is) clear that 
the segment ABC is less than a semi-circle, because the 
center E happens to lie outside it. 
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TO A Tfj Oto aba yovia larjv, evtoc tou ABF T(ir]^aTo<; 
neaeixai to xevxpov eiil Tfjc; AB, xal eaxai 5r)Xoc6i^ to ABF 
T^fj^ia ^leT^ov rj^ixuxXbu. 

KuxXou apa T[ir]p.aTO(; SoiSevToc; TpoaocvayeYpaT^'cai o 
xuxXoc OTiep e5ei noifjaai. 


Xf'. 

’Ev ToTg laoig xuxXoic; ai laoci yoviai enl laov nepicpe- 
psLOv psprjxaaiv, eav ts npoc; toIc; xevxpoic; eav te npoc; 
Talc KEpLcpEpEian; fiai. pEprixuIai.. 




TilaToaav laoi xuxXoi ol ABF, AEZ xal ev auTolc; laai 
yoviai EaToaav npoc; p,£v toTc; XEvxpoic; ai uno BFIF, E0Z, 
Tpog Se Talc; nEpicpEpEiaic; al Ono BAF, EAZ- Xsyo, oti larj 
EOTIV T) BKF TIEpiCpEpEia Tfj EAZ TEpicpEpEia. 

’E7iE^EU)(i9oaav yap ai BF, EZ. 

Kai eteI laoi Eialv oi ABF, AEZ xuxXoi, laai Eialv ai 
EX Tov XEVTpov 6uo 5 f) ai BH, FIF 6uo Talc; E0, 0Z laai- 
xal yovia r) upoc; to H yovia Tfj npoc; to 0 larj- paaic; apa 
f) BF pciaEi Tfj EZ egtiv lar). xal ekeI lar) eotIv f) xpoc; to 
A yovia tt) npoc; to A, opoiov apa saxl to BAF T[if)p,a to 
EAZ T[ir]p.aTi- xai Eiaiv siil laov eMeiov [tov BF, EZ]- toc 
5 e etI laov eMeiov ojioia T[i-r]p,aTa xuxXov laa cxXXr^Xoic; 
saxiv- laov apa to BAF Tp,fi[ia to EAZ. saxi 5 £ xal oXoc; 6 
ABF xuxXoi; oXo to AEZ xuxXo laoc;- Xomr) apa rj BKF 
TEpicpspEia xfi EAZ TEpicpEpEia saxlv lar). 

’Ev apa Tolc; ’iaoic; xuxXoic; ai ’iaai yoviai etI ’iaov nEpi- 
(pEpEiov p£pr]xaaiv, ecxv te iipoc; xolc; xsvxpoic scxv te Tipoc; 
Talc; KEpicpEpEiac; oai pEprjxulai- onEp eSei SEl^ai. 


[And], similarly, even if angle ABD is equal to BAD, 
(since) AD becomes equal to each oi BD [Prop. 1.6] and 
DC, the three (straight-lines) DA, DB, and DC will be 
equal to one another. And point D will be the center 
of the completed circle. And ABC will manifestly be a 
semi-circle. 

And if ABD is less than BAD, and we construct (an¬ 
gle BAE), equal to angle ABD, on the straight-line BA, 
at the point A on it [Prop. 1.23], then the center will fall 
on DB, inside the segment ABC. And segment ABC will 
manifestly be greater than a semi-circle. 

Thus, a circle has been completed from the given seg¬ 
ment of a circle. (Which is) the very thing it was required 
to do. 

Proposition 26 

In equal circles, equal angles stand upon equal cir¬ 
cumferences whether they are standing at the center or 
at the circumference. 




Let ABC and DEE be equal circles, and within them 
let BGC and EHE be equal angles at the center, and 
BAC and EDF (equal angles) at the circumference. I 
say that circumference BKC is equal to circumference 
ELF. 

For let BC and EE have been joined. 

And since circles ABC and DEE are equal, their radii 
are equal. So the two (straight-lines) BG, GC (are) equal 
to the two (straight-lines) EH, HE (respectively). And 
the angle at G (is) equal to the angle at H. Thus, the base 
BC is equal to the base EE [Prop. 1.4]. And since the 
angle at A is equal to the (angle) at D, the segment BAC 
is thus similar to the segment EDF [Def 3.11]. And 
they are on equal straight-lines [BC and EE]. And simi¬ 
lar segments of circles on equal straight-lines are equal to 
one another [Prop. 3.24]. Thus, segment BAC is equal to 
(segment) EDF. And the whole circle ABC is also equal 
to the whole circle DEF. Thus, the remaining circum¬ 
ference BKC is equal to the (remaining) circumference 
ELF. 

Thus, in equal circles, equal angles stand upon equal 
circumferences, whether they are standing at the center 
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xC'. 

’Ev toTc; laoig xuxXok; ai exl latov xepicpepeiwv peprjxuiai 
ycoviai. laai dXXr^Xaic; elaiv, edv xe xpoc; xoic; xevxpoic; edv xe 
xpog xdTc; KEpLcpepsiaK; Sai psprjxuTai. 




’Ev ydp laoic; xuxXoic; xoTt; ABE, AEZ era lawv xepi.- 
(pepeiwv xwv BE, EZ xpoc; (iev xoIc E[, 0 xevxpoic; ytovicxi 
Peprjxexwaav ai uxo BE[E, E0Z, xpog 8 e xatc; xepKpepeiaic; 
ai 0x6 BAE, EAZ- Xeyw, oxi f) p,ev 0x6 BEIE ywvia xrj 0x6 
E0Z eaxiv larj, fj 6 e 0x6 BAE xfj 0x6 EAZ eaxiv larj. 

Ei ydp dviaoc; eaxiv f) 0x6 BEEE xfj 0x6 E0Z, pia aOxwv 
pei^wv eaxiv. eaxw (Jei^ov f) 0x6 BHE, xai auveaxdxw 
xp 6 c; xfj BH eOi^eia xai xo xp 6 c; aOxfj ar)(jeicp xA H xfj 0x6 
E0Z ywvia lar) f) 0x6 BEEK- ai 6 e laai ywviai exi lawv 
xepicpepeiAv pepr]xaaiv, oxav xp 6 <; xoTc; xevxpoic; fiaiv lar] 
dpa f) BK xepicpepeia xfj EZ xepicpepeia. dXXd f) EZ xfj BE 
eaxiv lary xai f) BK dpa xfj BE eaxiv lar) f] eXdxxwv xfj 
pei^ovr oxep eaxiv dSOvaxov. oOx dpa dviaoc; eaxiv f) 0x6 
BHE ywvia xfj 0x6 E0Z- lar) dpa. xai eaxi xfjc; (lev 0x6 
BHE fj^iaeia f] xp 6 <; xA A, xfji; 8 e 0x6 E0Z fj^iaeia f) xp 6 i; 
xA A- lar) dpa xai f] xp 6 <; xA A ywvia xfj xp 6 i; xA A. 

’Ev dpa xoTc; laoic; xuxXok; ai exl lawv xepicpepeiAv pe- 
PrjXuTai ywviailaai dXXf]Xai<; eiaiv, edv xe xp 6 <; xoTc; xevxpoic; 
edv xe xp 6 c; xdic; xepicpepeiaic; Aai peprjxulai- oxep e 6 ei BeT^ai- 


XT]'. 

’Ev xoTc; laoic; xOxXoic; ai laai eODelai laac; xepicpepeiac; 
dcpaipoDai xf)v [iev [ieii^ova xfj [lei^ovi xfjv 6 e eXdxxova xfj 
eXdxxovi. 

Tiaxwaav laoi xOxXoi oi ABE, AEZ, xai ev xoTc; xuxXoic; 
laai eOflelai eaxcoaav ai AB, AE xdc; [iev AEB, AZE xepi¬ 
cpepeiac; [lei^ovac; dcpaipouaai xdc; 5e AHB, A0E eXdxxovac;- 
Xeyw, 6 x 1 f) [xev AEB [lei^wv xepicpepeia larj eaxl xfj AZE 
[leii^ovi xepicpepeicx fj 5e AHB eXdxxwv xepicpepeia xfj A0E. 


or at the circumference. (Which is) the very thing which 
it was required to show. 

Proposition 27 

In equal circles, angles standing upon equal circum¬ 
ferences are equal to one another, whether they are 
standing at the center or at the circumference. 




For let the angles BGC and EHF at the centers G 
and H, and the (angles) BAG and EDF at the circum¬ 
ferences, stand upon the equal circumferences BC and 
EF, in the equal circles ABG and DEE (respectively). I 
say that angle BGC is equal to (angle) EEIF, and BAG 
is equal to EDF. 

For if BGC is unequal to EEIF, one of them is greater. 
Let BGC be greater, and let the (angle) BGK, equal to 
angle EEIF, have been constructed on the straight-line 
BG, at the point G on it [Prop. 1.23]. But equal angles 
(in equal circles) stand upon equal circumferences, when 
they are at the centers [Prop. 3.26]. Thus, circumference 
BK (is) equal to circumference EF. But, EF is equal 
to BC. Thus, BK is also equal to BC, the lesser to the 
greater. The very thing is impossible. Thus, angle BGC 
is not unequal to EHF. Thus, (it is) equal. And the 
(angle) at A is half BGC, and the (angle) at D half EHF 
[Prop. 3.20]. Thus, the angle at A (is) also equal to the 
(angle) at D. 

Thus, in equal circles, angles standing upon equal cir¬ 
cumferences are equal to one another, whether they are 
standing at the center or at the circumference. (Which is) 
the very thing it was required to show. 

Proposition 28 

In equal circles, equal straight-lines cut off equal cir¬ 
cumferences, the greater (circumference being equal) to 
the greater, and the lesser to the lesser. 

Let ABC and DEE be equal circles, and let AB 
and DE be equal straight-lines in these circles, cutting 
off the greater circumferences ACB and DEE, and the 
lesser (circumferences) AGB and DHE (respectively). I 
say that the greater circumference ACB is equal to the 
greater circumference DEE, and the lesser circumfer- 
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r Z 



H 0 


EiXricp'dw Y“P xsvxpa tOv xOxXwv toc K, A, xal 
exe^euxAtoaocv otl AK, KB, AA, AE. 

Kal exel laoi xuxXoi elaiv, lacti elal xal ai ex xwv 
xevxpwv 5uo 5f) ai AK, KB 5ual xalc AA, AE laai. eiaiv 
xal paaig rj AB pdaei xfj AE larj- ycovia dpa rj uxo AKB 
ycovia xfj 0x6 AAE larj eaxiv. al 6e laai ywviai exl lawv 
xepicpepeiwv pepr]xaai.v, oxav xp6<; xoTc xevxpoic Saw larj 
dpa T) AHB xepicpepeia xfj A0E. eaxl 5e xal okoc, 6 ABE 
xuxXot; oXcp xS AEZ xuxXcp iao<;- xal Xoixr) dpa fj AEB 
xepicpepeia Xoixfj xfj AZE xepicpepeicx larj eaxiv. 

’Ev dpa xoic; laoic; xuxXoic; ai laai eOAelai laac; xe- 
picpepeiac; dcpaipouai xf)v (iev [iei^ova xfj piei^ovi xrjv 5e 
cXdxxova XT) eXdxxovi- oxep e5ei 5el^ai. 


xtE)'. 

’Ev xoTc; laoic; xuxXoic; xdc; laat; xepicpepeiac; laai euAelai 
Oxoxeivouaiv. 

A A 



Tilaxwaav laoi xuxXoi oi ABF, AEZ, xal ev a0xoT(; laai 
xepicpepeiai dxeiXrjcpAcoaav ai BHF, E0Z, xal exe^euxAwaav 
ai BF, EZ eOAelai- Xeyw, 6xi lar] eaxiv f) BF xfj EZ. 

EiXi^cpiSw ydp xd xevxpa xSv xOxXwv, xal eaxw xd K, 
A, xal exe^euYiDwaav ai BK, KF, EA, AZ. 

Kal exel lar) eaxiv f) BHF xepicpepeia xfj E0Z xepicpepeicx. 


ence AGB to (the lesser) DHE. 


C F 



G H 


For let the centers of the circles, K and L, have been 
found [Prop. 3.1], and let AK, KB, DL, and LE have 
been joined. 

And since (ABC and DEE) are equal circles, their 
radii are also equal [Def. 3.1]. So the two (straight¬ 
lines) AK, KB are equal to the two (straight-lines) DL, 
LE (respectively). And the base AB (is) equal to the 
base DE. Thus, angle AKB is equal to angle DLE 
[Prop. 1.8]. And equal angles stand upon equal circum¬ 
ferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DHE. And the whole 
circle ABC is also equal to the whole circle DEE. Thus, 
the remaining circumference AGB is also equal to the 
remaining circumference DEE. 

Thus, in equal circles, equal straight-lines cut off 
equal circumferences, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. (Which 
is) the very thing it was required to show. 

Proposition 29 


In equal circles, equal straight-lines subtend equal cir¬ 
cumferences. 

A D 



G H 


Let ABC and DEF be equal circles, and within them 
let the equal circumferences BGC and EHE have been 
cut off. And let the straight-lines BC and EE have been 
joined. I say that BC is equal to EE. 

For let the centers of the circles have been found 
[Prop. 3.1], and let them be (at) K and L. And let BK, 
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Tar) eaxl xal ytovia fj uno BKF xfj Otio EAZ. xal eKs'i laoi 
eia'iv oi ABF, AEZ xuxXoi, laai elal xal ai ex xwv xevxpwv 
5uo 8f) ai BK, KF 6ual xalg EA, AZ laai elaiv xal ytoviag 
\aa.Q xepiexouaiv pAaic; apa fj BF [3daei xfj EZ larj eaxiv 
’Ev dpa xoTc laoiQ xuxXoic; xd<; laa<; xepicpepeiac; law. 
eOAcTai UKoxeivouaiv oxep e8ei. 8e'i5ai- 


X'. 

Tf)v SoAeloav nepicpepeiav 8 ixa xepielv. 

A 



A r B 


Tlaxw f] 8 o'dcTaa Ticpicpcpeia f) AAB- 80 ! 8 r) xf]v AAB 
nepicpepeiav 8 ixa xepieTv. 

’ETie^euxAco f) AB, xal xexpH^aAw 8 ixcx xaxd x 6 F, xal 
duo xou F arjpieiou xf) AB euAeiqc Tzpbz op-ddc t]xAw f) FA, 
xal exe^euxAwaav ai A A, AB. 

Kal exel larj eaxiv f) AF xfj FB, xoivf) 8 e rj FA, 8 uo 
8 f) ai AF, FA 6 ual xalc BF, FA laai eiaiv xal ytovia rj 
0x6 AFA ywvia xfj 0x6 BFA lary opiLlf) ydp cxaxcpa- pdaic; 
dpa f) AA pdaei xfj AB larj eaxiv. ai 6 c laai eOAclai laac; 
xepicpcpciac; dcpaipoOai xfjv picv pici^ova xfj [ici^ovi xf)v 6 e 
cXdxxova xf) cXdxxovr xdi eaxiv cxaxcpa xwv AA, AB xc- 
picpcpeiwv cXdxxtov fjpiixuxXiou- larj dpa f) AA xcpicpepcia xfj 
AB xcpicpepcia. 

'H dpa 6 oiL)c'iaa xcpicpepcia 8 ixa xcxjirjxai xaxd x 6 A 
arjpicTov oxep e 6 ci xoifjaai. 


Xa'. 

’Ev xuxXtp f) pLCv ev xA fjpiixuxXitp ywvia opAf] eaxiv, f) 8 e 
cv xA pici^ovi x[if]piaxi cXdxxcov op'dfji;, f) 8 c ev xA eXdxxovi 
xpif)(iaxi (iciC«v opAfjc;- xal exi f) picv xoO (iciCovoi; x(if]piaxo<; 
ywvia pici^wv eaxiv opAfjc;, f) 6 c xoO cXdxxovoc x(if]piaxo<; 
ywvia eXdxxwv opAfji;. 


KC, EL, and LF have been joined. 

And since the circumference BGC is equal to the cir¬ 
cumference EHF, the angle BKC is also equal to (an¬ 
gle) ELF [Prop. 3.27]. And since the circles ABC and 
DEE are equal, their radii are also equal [Def. 3.1]. So 
the two (straight-lines) BK, KC are equal to the two 
(straight-lines) EL, LF (respectively). And they contain 
equal angles. Thus, the base BC is equal to the base EE 
[Prop. 1.4]. 

Thus, in equal circles, equal straight-lines subtend 
equal circumferences. (Which is) the very thing it was 
required to show. 

Proposition 30 

To cut a given circumference in half. 

D 


A C B 

Let ADB be the given circumference. So it is required 
to cut circumference ADB in half. 

Let AB have been joined, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let CD have been 
drawn from point C, at right-angles to AB [Prop. 1.11]. 
And let AD, and DB have been joined. 

And since AC is equal to CB, and CD (is) com¬ 
mon, the two (straight-lines) AC, CD are equal to the 
two (straight-lines) BC, CD (respectively). And angle 
ACD (is) equal to angle BCD. For (they are) each right- 
angles. Thus, the base AD is equal to the base DB 
[Prop. 1.4]. And equal straight-lines cut off equal circum¬ 
ferences, the greater (circumference being equal) to the 
greater, and the lesser to the lesser [Prop. 1.28]. And the 
circumferences AD and DB are each less than a semi¬ 
circle. Thus, circumference AD (is) equal to circumfer¬ 
ence DB. 

Thus, the given circumference has been cut in half at 
point D. (Which is) the very thing it was required to do. 

Proposition 31 

In a circle, the angle in a semi-circle is a right-angle, 
and that in a greater segment (is) less than a right-angle, 
and that in a lesser segment (is) greater than a right- 
angle. And, further, the angle of a segment greater (than 
a semi-circle) is greater than a right-angle, and the an- 
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TilaTW xuxXoc 6 ABFA, SidjiSTpot; 5e otUToO eotlj fj BF, 
xevTpov Be to E, xal ene^euxiSwaav at BA, AF, AA, AF- 
Xeyw, oTi f) piev ev tw BAF fjpiLXUxXiw Yoma. fj 0x6 BAF 
op'd/] eaxLv, /] Be ev tw ABF pteiCovi xoO rjpiixuxXbu Tp./]piaTL 
yovia /] 0x6 ABF eXdxTWv eaxiv op'drjc;, rj Be ev xw AAF 
eXdxxovL xou rjpiLXUxXiou xpirjpLaxi ywvia /] 0x6 AAF piei^wv 
eaxlv op'd'rjc. 

’Exe^eux'dw /] AE, xal Birjx'dw /] BA exl x 6 Z. 

Kai exel lar] eaxlv /] BE xfj EA, tar] eaxl xal yovia /] 
0x6 ABE xfj 0x6 BAE. xdXiv, exel Tar] eaxlv /] FE xfj EA, 
Tar] eaxl xal f] 0x6 AFE xfj 0x6 FAE- oXr) dpa /] 0x6 BAF 
Bual xolc 0x6 ABF, AFB Tar] eaxlv. eaxl Be xal f] 0x6 ZAF 
exx 6 i; xoO ABF xpiyAvou Bual xaTc 0x6 ABF, AFB ycovlaic 
Tary Tar] dpa xal f] 0x6 BAF ywvla xfj 0x6 ZAF- op'd/] dpa 
exaxepa- f] dpa ev xw BAF f]ptLXUxXlw ywvla f] 0x6 BAF 
op'd/] eaxLv. 

Kal exel xou ABF xplywvou Buo ywvlai. at 0x6 ABF, 
BAF Buo op'dwv eXdxxovcc elaiv, op'd/] Be /] 0x6 BAF, 
eXdxxwv dpa op'drjc eaxiv /] 0x6 ABF ywvla- xal eaxiv ev 
xo ABF ptcl^ovi xou rjpiixuxXlou xpL/]ptaxL. 

Kal exel ev xuxXo xexpdxXeupov eaxi x 6 ABFA, xAv Be 
ev xoT<; xuxXoic xexpaxXeupwv ai dxevavxlov ywvlai Bualv 
op'daTc Taai. elaiv [ai dpa 0x6 ABF, AAF ywvlai Bualv op'daTc 
Taac eialv], xal eaxiv /] 0x6 ABF eXdxxwv op'drjc Xoixf] dpa 
/] 0x6 AAF ywvla ptel^wv op'd/jc eaxiv xal eaxiv ev xA AAF 
eXdxxovi xou fjpiixuxXlou xpi/]piaxi. 

Aeyw, 6 x 1 xal /] (lev xou (Jel^ovoi; x(i/]piaxo<; ywvla /] xe- 
piexopicvr) 0x6 [xe] xrjc ABF xepicpepelai; xal x/j? AF eO-dela? 
picl^wv eaxlv op'drjc, /] Be xou eXdxxovoc; xpi/j(jiaxoc; ywvla /] 
xepiexopievr] 0x6 [xe] xrjc AA[F] xepicpepelai; xal xrj; AF 
eO-dela; eXdxxwv eaxlv op'd/j;. xal eaxiv a0x6'dev (pavep 6 v. 
exel ydp /] 0x6 xAv BA, AF eO-deiAv op'd/] eaxiv, /] dpa 
0x6 xrjc ABF xepicpepelai xal xrji AF eO-dela; xepiexopievr] 
piel^wv eaxlv op'd/j;. xdXiv, exel /] 0x6 xAv AF, AZ eO'deiAv 
op'd/] eaxiv, /] dpa 0x6 xrji FA eO'delai xal xrji AA[F] xepi- 


gle of a segment less (than a semi-circle) is less than a 
right-angle. 



Let ABCD be a circle, and let BC be its diameter, and 
E its center. And let BA, AC, AD, and DC have been 
joined. I say that the angle BAC in the semi-circle BAC 
is a right-angle, and the angle ABC in the segment ABC, 
(which is) greater than a semi-circle, is less than a right- 
angle, and the angle ADC in the segment ADC, (which 
is) less than a semi-circle, is greater than a right-angle. 

Let AE have been joined, and let BA have been 
drawn through to E. 

And since BE is equal to EA, angle ABE is also 
equal to BAE [Prop. 1.5]. Again, since CE is equal to 
EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the 
whole (angle) BAC is equal to the two (angles) ABC 
and ACB. And EAC, (which is) external to triangle 
ABC, is also equal to the two angles ABC and ACB 
[Prop. 1.32]. Thus, angle BAC (is) also equal to FAC. 
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the 
angle BAC in the semi-circle BAC is a right-angle. 

And since the two angles ABC and BAC of trian¬ 
gle ABC are less than two right-angles [Prop. 1.17], and 
BAC is a right-angle, angle ABC is thus less than a right- 
angle. And it is in segment ABC, (which is) greater than 
a semi-circle. 

And since ABCD is a quadrilateral within a circle, 
and for quadrilaterals within circles the (sum of the) op¬ 
posite angles is equal to two right-angles [Prop. 3.22] 
[angles ABC and ADC are thus equal to two right- 
angles], and (angle) ABC is less than a right-angle. The 
remaining angle ADC is thus greater than a right-angle. 
And it is in segment ADC, (which is) less than a semi¬ 
circle. 

I also say that the angle of the greater segment, 
(namely) that contained by the circumference ABC and 
the straight-line AC, is greater than a right-angle. And 
the angle of the lesser segment, (namely) that contained 
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(pepsiac; 7iEpiExo(i£vr) sXdTTWv saxlv op'dfjc;. 

’Ev xuxXw dpa rj pisv ev tw rjpiixuxXicp y(^^VlaL 6piL)r] eotiv, 
f] Be ev tw piEL^ovi xpiripiaTL sXdTxwv op'dfji;, f) Be ev tw 
EXdTTOvi. [Tpir)(iaTi] (jei^wv op-dTjc xai Exi. f) (jev toO [lsiCovoq 
Tpir)(iaToc; [ycovia] (lEi^wv [saxlv] opiElfit;, fj Be tou EXdxxovoc; 
T(ir]p.aTO(; [ytovia] sXdxTWv op'dfjc;' ousp eBei BeI^cxi. 


xp'. 

’Edv xuxXou EcpdxxrjToci xic; EuiDsTa, dxo Be xfjc; dcpfjc eiz 
Tov xuxXov Biax'df) xii; suiSETa Tspivouaa xov xuxXov, d<; 
xoiEl yoviac npoQ xfj EcpaxxoptEvr), laai. Eaovxai. xaTc; ev toiq 
EvaXXd^ TOU xuxXou Tpir]piaai y^viaic;. 


A 



KuxXou ydp xou ABEA scpaxxEa'dw ti<; £Ui[}£Ta f] EZ 
xaxd TO B aripisTov, xai dxo tou B ar)(J£iou Bi.r]X'®“ 
EuDsTa sic; tov ABEA xuxXov T£(Jvouaa auxov f) BA. Xsyw, 
OTi az toleT ywvlac; fj BA piExd Trjc EZ scpaxTopiEvr]!;, Ioolq 
Eaovxai xdic; ev toTc; svaXXd^ Tp.r](iaai xou xuxXou ycoviaic;, 
TouTsaxiv, 6 x 1 f) (JEV uxo ZB A ywvia larj saxl xf) ev xG BAA 
x(ir](iaxi auviaxapiEVT) ywvia, fj Be utco EBA ycovia lar) saxl 
xfi EV xw AEB x(ir](iaxi auviaxapiEvr) ywvia. 

’'Hx'Ow ydp dxo xou B xfj EZ npoQ opiSdi; fj BA, xai 
£iXr)(p'da) Era xf)<; BA TiEpicpspEiai; xuxov arjiisTov x 6 F, xai 
EXE^EUX'dwaav al AA, AF, FB. 

Kal exeI xuxXou xou ABFA Ecpdxxsxai xic; suDsIa fj EZ 


by the circumference AD[C] and the straight-line AC, is 
less than a right-angle. And this is immediately apparent. 
For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by 
the circumference ABC and the straight-line AC is thus 
greater than a right-angle. Again, since the (angle con¬ 
tained by) the straight-lines AC and AF is a right-angle, 
the (angle) contained by the circumference AD[C] and 
the straight-line CA is thus less than a right-angle. 

Thus, in a circle, the angle in a semi-circle is a right- 
angle, and that in a greater segment (is) less than a 
right-angle, and that in a lesser [segment] (is) greater 
than a right-angle. And, further, the [angle] of a seg¬ 
ment greater (than a semi-circle) [is] greater than a right- 
angle, and the [angle] of a segment less (than a semi¬ 
circle) is less than a right-angle. (Which is) the very thing 
it was required to show. 

Proposition 32 

If some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. 


A 



For let some straight-line EF touch the circle ABCD 
at the point B, and let some (other) straight-line BD 
have been drawn from point B into the circle ABCD, 
cutting it (in two). I say that the angles BD makes with 
the tangent EF will be equal to the angles in the alter¬ 
nate segments of the circle. That is to say, that angle 
FBD is equal to the angle constructed in segment BAD, 
and angle EBD is equal to the angle constructed in seg¬ 
ment DCB. 

For let BA have been drawn from B, at right-angles 
to EF [Prop. 1.11]. And let the point C have been taken 
at random on the circumference BD. And let AD, DC, 
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xaxa TO B, xcxl duo Tfjt; dcprii; '^XTai. xf) ecpaKxo^svr) Tipoc; 
op'ddi; f) BA, em xfjc BA dpa x6 xevxpov eaxl xoO ABFA 
xOxXou. f) BA dpa Bid^xsTOC eaxi xoO ABBA xuxXou- fj dpa 
UTio AAB yovia ev f)(JixuxX[o ouaa op'd/] eaxiv. Xomal dpa 
ai Otio baa, ABA ^i.a op'drj laai. eiaiv. eaxl 5e xal ■/] Oko 
ABZ op'd/)' ■/] dpa 0x6 ABZ Tar) eaxl xdic; uko BAA, ABA. 
xoivT] d(pr)pr]a'dw fj uxo ABA- Xoixr] dpa rj uxo ABZ ycovia 
I'aT) eaxl xfj cv xw evaXXd^ xtir]^axi xoO xuxXou ywvla xfj 
uxo BAA. xal exel ev xuxXtp xexpdxXeupov eaxi x6 ABBA, 
ai dxevavxiov auxoO ywviai 6ualv op'dalc laai elaiv. elal 5e 
xal ai 0x6 ABZ, ABE 6ualv opddic; laai- ai dpa 0x6 ABZ, 
ABE xalc; 0x6 BAA, BBA laai eiaiv, Sv ir] 0x6 BAA xfj 0x6 
ABZ cBeix-dr] larj- Xoixr] dpa fj 0x6 ABE xfj cv xG evaXXd^ 
xou xuxXou x^iri^axi xw ABB xrj 0x6 ABB ywvia caxlv lar]. 

’Edv dpa xuxXou ecpdxxrjxai xic; cO-dcTa, dx6 6c x-rjc; dcp'rji; 
cic; x6v xuxXov diaxdfj xic; cu-dela xcjivouaa x6v xOxXov, dc; 
xoicT ycoviac; xp6<; xfj ecpaxxotxcvr), laai. eaovxai. xdlc; cv xoTc; 
cvaXXd^ xou xuxXou x[iir](iaai ycoviaic;- oxep c5ei Bcl^ai. 


and CB have been joined. 

And since some straight-line EF touches the circle 
ABCD at point B, and BA has been drawn from the 
point of contact, at right-angles to the tangent, the center 
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA 
is a diameter of circle ABCD. Thus, angle ADB, being 
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the 
remaining angles (of triangle ADB) BAD and ABD are 
equal to one right-angle [Prop. 1.32]. And ABF is also a 
right-angle. Thus, ABF is equal to BAD and ABD. Let 
ABD have been subtracted from both. Thus, the remain¬ 
ing angle DBF is equal to the angle BAD in the alternate 
segment of the circle. And since ABCD is a quadrilateral 
in a circle, (the sum of) its opposite angles is equal to 
two right-angles [Prop. 3.22]. And DBF and DBF is 
also equal to two right-angles [Prop. 1.13]. Thus, DBF 
and DBF is equal to BAD and BCD, of which BAD 
was shown (to be) equal to DBF. Thus, the remaining 
(angle) DBF is equal to the angle DCB in the alternate 
segment DCB of the circle. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. (Which is) the very thing it was required to 
show. 


Xy'. Proposition 33 

’Exl x'tjc; Bodeiarjc; euDeiac; ypd(J;ai xpfjpa xuxXou BsyopE- To draw a segment of a circle, accepting an angle 
vov yoviav !ar]v xfj Boileiar) yovia su'duypdppw. equal to a given rectilinear angle, on a given straight-line. 



Tlaxw f] Bo-delaa suifcla f] AB, f] 6e Boifclaa ywvia Let AB be the given straight-line, and C the given 
eu'duypappot; f] xp6c; xw B- 5el Bf) exl xfjc Bodeiarjc; eu-deiac; rectilinear angle. So it is required to draw a segment 
xfjc; AB ypd(J;ai xp-rjpa xuxXou Beyopevov ytoviav iar]v xfj of a circle, accepting an angle equal to C, on the given 
xp6(; xw B. straight-line AB. 

'H 8f] xp6<; xw B [ywvia] -ijxoi o^efd eaxiv opdf) f\ So the [angle] C is surely either acute, a right-angle, 
dppXela- eaxw xpoxepov o^ela, xal (Be; exl xfjc; xpcBxrjc; xa- or obtuse. First of all, let it be acute. And, as in the first 
xaypacp'ijc; auveaxdxco xp6c; xfj AB eu-deicx xal xw A arjpeiep diagram (from the left), let (angle) BAD, equal to angle 
xfj xpde; xw B ytovicx lar] fj U7i6 BAA- o^ela apa eaxl xal f] C, have been constructed on the straight-line AB, at the 
0x6 BAA. 'ijx'dco xfj AA xp6(; op'dai; f] AE, xal xexprjadw point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let 
f) AB Biya xaxa x6 Z, xal 'ijx'dto dx6 xou Z arjpeiou xfj AB AE have been drawn, at right-angles to DA [Prop. 1.11]. 
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npot; op-dac f) ZH, xal ene^eux'dw f) HB. 

Kai eKEi lar) eaxlv rj AZ xfj ZB, xoivr) 5e rj ZH, 6uo 5f) 
ai AZ, ZH 6uo xaTc; BZ, ZH faai. siaiv xal ywvla f) vxd 
AZH [ywvla] xfj uxo BZH larj- [5daii; dpa fj AH [3aaei xfj 
BH lar] eaxiv. 6 dpa xevxpw ^sv xO H 6i.aaxfj^axi 8s xw 
HA xvxXoQ Ypacpo^Evot; fj^si xal 5id xoO B. YSYpacpiSw xal 
saxw 6 ABE, xal ExsCeux'®“ EB. exeI ouv dx’ dxpa? xfjc 
AE 8i.a^£xpou dxo xoO A xfj AE xpoc; opDdc; saxiv f] AA, 
f] A A dpa EcpdxxExai xou ABE xuxXou- exeI ouv xuxXou 
xou ABE EcpdxxExal xi<; EuflEla f] AA, xal dxo xfjc xaxd x6 
A dcpfjc eiz xov ABE xuxXov Bifjxxai xi<; suflETa f) AB, fj 
dpa 0x6 AAB Y«v(a lar) saxl xfj sv xw svaXXd^ xou xuxXou 
x)Jifj^axi Ywvla xfj 0x6 AEB. dXX’ f) 0x6 AAB xfj xp6<; xw E 
EaxLv lar)' xal f) xp6c; xw E dpa Ywvla lar) saxl xfj 0x6 AEB. 

’Exl xfjc Bo'dslaiQt; dpa sOTjEiac xfjc AB x^xfj^a xuxXou 
Y£YP°‘^''^®i AEB 8£x6(i£vov Y^viav xf)v 0x6 AEB lar)v 
xfj BoDsiar) xfj xp6c; xA E. 

AXXd 6f) op'df) saxw f) xp6(; xA E' xal Bsov xdXiv saxw 
£xl x'rjc AB Ypdtjiai. x(jfj)xa xuxXou 8 £x6(J£vov Ywvlav larjv xfj 
xp6c; xA E opDfj [y^vicx]. auvsaxdxw [xdXiv] xfj xp6c; xA E 
opDfj Y^vlalar) f) 0x6 BAA, Ac e^ei sxl x'rjc BsuxEpac; xaxa- 
Ypacpfjc, xal x£X)Jifja'dw f) AB 8[xa xaxd x6 Z, xal xsvxpw xA 
Z, 5iaaxf])Jiaxi. Be oxoxspw xAv ZA, ZB, xuxXoc y£YP«'?''®“ 
6 AEB. 

’Ecpdxxsxai dpa f) AA sODsTa xou ABE xuxXou Bid x6 
6p'df)v slvai. xf)v xp6c; xA A Y^vlav. xal lar) saxlv f) 0x6 
BAA Y^vla xfj sv xA AEB x[if])Jiaxi.' opDf) Ydp xal auxf) sv 
f))XLXUxXiw ouaa. dXXd xal f) 0x6 BAA xfj xp6<; xA E lar) 
saxlv. xal f) sv xA AEB dpa lar) saxl xfj xp6c xA E. 

EsYpaxxai. dpa xdXiv sxl x'ljc AB x)X'»j(Ja xuxXou x6 AEB 
8£x6(J£vov Y^^vlav lar)v xfj xp6<; xA E. 

AXXd 8f) f) xp6<; xA E d(ipX£la saxw xal auvsaxdxw 
aOxfj lar) xp6<; xfj AB eOtJeIcx xal xA A ar)^£lw f) 0x6 BAA, 
Ac £^£1 £xl xfjc xplxrjc xaxaYpacpfjc, xal xfj AA xp6c opDdc 
■rjX'Ow AE, xal xEx^xfja'dw xdXiv f) AB Blxa xaxd x6 Z, xal 
xfj AB xp6c opDac fjx'do f) ZH, xal sxE^sux'dw f) HB. 

Kal exeI xdXiv lar) saxlv f) AZ xfj ZB, xal xoi.vf) f) ZH, 
Buo 8f) al AZ, ZH Buo xdlc BZ, ZH laai. slalv xal Ywvla f) 
0x6 AZH Y^vla xfj 0x6 BZH lar)' pdaic dpa f) AH pdasi. 
xfj BH lar) saxlv 6 dpa xsvxpw )ji£v xA H 8i.aaxfj(iaxi Be xA 
HA xuxXoc YP«'p6pi£'^o? Sid xou B. EpxsaDw Ac 6 

AEB. xal exeI xfj AE Bia(j£xpw dx’ dxpac xp6c opiSdc saxiv 
f) AA, f) AA dpa scpdxxsxai xou AEB xuxXou. xal dx6 xfjc 
xaxd x6 A sxacpfjc Bifjxxai f) AB- f) dpa 0x6 BAA Y^vla 
lar) saxl xfj sv xA svaXXd^ xou xuxXou x)Jifj^axi xA A0B 
auviaxa)Ji£vir) Ywvla. dXX’ f] 0x6 BAA Y^^vla xfj xp6c xA E 
lar) saxlv. xal f) sv xA A0B dpa x)Jifj(iaxi Y^vla lar) saxl xfj 
xp6c xA E. 

’Exl xfjc dpa BoiDElaric suDslac xfjc AB YSYP^^ixai x)xfj(Ja 
xuxXou x6 A0B 8£x6(J£vov Y^vlav larjv xfj xp6c xA E- oxsp 
eBei xoifjaai. 


And let AB have been cut in half at F [Prop. 1.10]. And 
let FG have been drawn from point F, at right-angles to 
AB [Prop. 1.11]. And let GB have been joined. 

And since AF is equal to FB, and FG (is) common, 
the two (straight-lines) AF, FG are equal to the two 
(straight-lines) BF, FG (respectively). And angle AFG 
(is) equal to [angle] BFG. Thus, the base AG is equal to 
the base BG [Prop. 1.4]. Thus, the circle drawn with 
center G, and radius GA, will also go through B (as 
well as A). Let it have been drawn, and let it be (de¬ 
noted) ABE. And let EB have been joined. Therefore, 
since AD is at the extremity of diameter AE, (namely, 
point) A, at right-angles to AE, the (straight-line) AD 
thus touches the circle ABE [Prop. 3.16 corn]. There¬ 
fore, since some straight-line AD touches the circle ABE, 
and some (other) straight-line AB has been drawn across 
from the point of contact A into circle ABE, angle DAB 
is thus equal to the angle AEB in the alternate segment 
of the circle [Prop. 3.32]. But, DAB is equal to G. Thus, 
angle C is also equal to AEB. 

Thus, a segment AEB of a circle, accepting the angle 
AEB (which is) equal to the given (angle) G, has been 
drawn on the given straight-line AB. 

And so let G be a right-angle. And let it again be 
necessary to draw a segment of a circle on AB, accepting 
an angle equal to the right-[angle] G. Let the (angle) 
BAD [again] have been constructed, equal to the right- 
angle C [Prop. 1.23], as in the second diagram (from the 
left). And let AB have been cut in half at F [Prop. 1.10]. 
And let the circle AEB have been drawn with center F, 
and radius either FA or FB. 

Thus, the straight-line AD touches the circle ABE, on 
account of the angle at A being a right-angle [Prop. 3.16 
corn]. And angle BAD is equal to the angle in segment 
AEB. For (the latter angle), being in a semi-circle, is also 
a right-angle [Prop. 3.31]. But, BAD is also equal to C. 
Thus, the (angle) in (segment) AEB is also equal to C. 

Thus, a segment AEB of a circle, accepting an angle 
equal to C, has again been drawn on AB. 

And so let (angle) G be obtuse. And let (angle) BAD, 
equal to (G), have been constructed on the straight-line 
AB, at the point A (on it) [Prop. 1.23], as in the third 
diagram (from the left). And let AE have been drawn, at 
right-angles to AD [Prop. 1.11]. And let AB have again 
been cut in half at F [Prop. 1.10]. And let FG have been 
drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 

And again, since AF is equal to FB, and FG (is) 
common, the two (straight-lines) AF, FG are equal to 
the two (straight-lines) BF, FG (respectively). And an¬ 
gle AFG (is) equal to angle BFG. Thus, the base AG is 
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equal to the base BG [Prop. 1.4]. Thus, a circle of center 
G, and radius GA, being drawn, will also go through B 
(as well as A). Let it go like AEB (in the third diagram 
from the left). And since AD is at right-angles to the di¬ 
ameter AE, at its extremity, AD thus touches circle AEB 
[Prop. 3.16 corn]. And AB has been drawn across (the 
circle) from the point of contact A. Thus, angle BAD is 
equal to the angle constructed in the alternate segment 
AHB of the circle [Prop. 3.32]. But, angle BAD is equal 
to G. Thus, the angle in segment AE[B is also equal to 
G. 

Thus, a segment AEIB of a circle, accepting an angle 
equal to G, has been drawn on the given straight-line AB. 
(Which is) the very thing it was required to do. 

X8'. Proposition 34 

Ako too dodevToc; xOxXou Tpfjpa dcpsXsTv dcxopsvov To cut off a segment, accepting an angle equal to a 
ycoviav lariv xf) BoDelar) ywvia euDuypdpptp. given rectilinear angle, from a given circle. 



TlaTW 6 Boilek xuxXoc 6 ABF, fj 6e Bo'de'iaa ywvia Let ABG be the given circle, and D the given rectilin- 
eu'duypappo(; fj Kpoc xw A- del 6r) axo xoO ABF xuxXou ear angle. So it is required to cut off a segment, accepting 
xpfjpa dcpeXelv dexopsvov ywviav laqv xr] BoDeiar] ywvia an angle equal to the given rectilinear angle D, from the 
eMuypdppcp xf) xpoc; xw A. given circle ABC. 

’'Hx'dto xoO ABF ecpaxxopEvr) f) EZ xaxd x6 B arjpelov, Let EE have been drawn touching ABC at point B.^ 
xai auvsaxdxw xpoc xfj ZB eudsla xal xw xpoc; aOxfj ar)ps[q> And let (angle) FBC, equal to angle D, have been con- 
xA B xfj xp6<; xA A ywvla lar) f) 0x6 ZBF. structed on the straight-line FB, at the point B on it 

’Exei ouv xuxXou xoO ABF ecpdxxExai xm; EU^Ela f) EZ, [Prop. 1.23]. 
xai dxo xfji; xaxd x6 B Exacpfjc Bifjxxai f) BF, f) 0x6 ZBF dpa Therefore, since some straight-line EE touches the 
ywvia (ar) Eoxi xfj ev xA BAF svaXXd^ xpf]paxL auviaxapsvr) circle ABC, and BC has been drawn across (the circle) 
ywvia. dXX’ f) 0x6 ZBF xfj xp6(; xA A caxiv lar)- xal f) ev from the point of contact B, angle FBC is thus equal 
xA BAF dpa xpqpaxi larj caxl xfj xp6(; xA A [yovia]. to the angle constructed in the alternate segment BAG 

Ax6 xou Bo'dcvxoc; dpa xuxXou xou ABF xprjpa dcpfiprjxai. [Prop. 1.32] . But, FBC is equal to D. Thus, the (angle) 
x6 BAF 5Ex6pEvov ywvlav larjv xfj BoilEiar) ywvia Euiluypdp- in the segment BAG is also equal to [angle] D. 
pw xfj xp6c; xA A- oxEp eBel xoifjaai. Thus, the segment BAG, accepting an angle equal to 

the given rectilinear angle D, has been cut off from the 
given circle ABC. (Which is) the very thing it was re¬ 
quired to do. 

t Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through 
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point B , at right-angles to the aforementioned straight-line [Prop. 1.11]. 


Xe'. 


’Eav ev xuxXto 60o eu'delai TS[ivwaiv aXkrika.Q, to bnb 
Ttpv Tf)<; (jLia<; T(jr][iaT6iv Ttspisxoiievov op'doywvi.ov taov eaxi 
TO Olio Tov Tfjc; STspac; T[iri(iaTOv itepiexoiievo op'doYOvto. 



’Ev Y“P xuxXo TO ABEA 8uo eu'delai al AE, BA 
T£[iveToaav aXkrikac, xaxa to E ar)[i£iov Xsyo, oti to Oko 
Tov AE, EE nepiexotievov opiffoYOviov ’(aov soti to uito 
Tov AE, EB 7tepi£xo(i£vo opiSoYOvto. 

El [i£v ouv ai AE, BA 5i.a tou XEvxpou Eia'iv oote to E 
XEVTpov Elvat ToO ABEA xuxXou, cpavEpov, oti. ’laov ouaov 
TOV AE, EE, AE, EB xal to Oko tov AE, EE TtEpiExoiiEvov 
opiJoYOviov ’(aov eoti to uito tov AE, EB 7t£pi£xo(i£vo 
opiJoYOvio. 

Mr) EOToaav 8r) al AE, AB 8ia xoO xsvxpou, xal 
ElXyicpOo TO XEvxpov TOU ABEA, xal saxo to Z, xal dito 
TOU Z ETtl xdi; AE, AB EuiSElai; xotdExoi al ZH, 

Z0, xal ETtE^eux'dwaav al ZB, ZE, ZE. 

Kal etieI euDeTol ti<; 6id tou xsvxpou f] EEZ EUTSEldv xiva 
[ir] 6id TOU XEvxpou xrjv AE itpoc; opOdc; t£[iv£i, xal hi/a 
auTf]v T£[iv£f ’(ar) dpa f) AH xfj HE. sttsl ouv Eui^ETa f] AE 
T£T[ir)Tai. elz [isv Xaa xaxd to H, eiz Be dvtaa xaxd to E, to 
dpa UTto TOV AE, EE 7t£pi.£x6[i£vov opDoYOviov [lExa tou 
dito Tfjc EH TExpaYOvou ’laov saxl to dito Tfjc HE- [xoivov] 
Ttpoaxsla-do to dito xfjc HZ- to dpa uito tov AE, EE (lExa 
TOV dito TOV HE, HZ ’(aov saxl xoTc dito tov EH, HZ. dXXd 
toTc [lEv dito TOV EH, HZ ’(aov saxl to dito xfjc ZE, xolc 
Be dito TOV EH, HZ ’(aov saxl to dito xfjc ZE- to dpa uito 
TOV AE, EE [lExa tou dito xfjc ZE ’(aov saxl to dito xfjc 
ZE. ’(ar) Be f] ZE xfj ZB- to dpa uito xov AE, EE (JExd xou 
dito xfjc EZ ’(aov saxl to dito xfjc ZB. Bid xd auxd Bf) xal 
TO uito TOV AE, EB [lExa xou dito xfjc ZE laov saxl to dito 
xfjc ZB. sBElx-dr) Be xal to uito xov AE, EE [lExa xou dito 
xfjc ZE ’(aov TO dito xfjc ZB- to dpa uito xov AE, EE (JExd 
TOU dito Tfjc ZE ’(aov saxl to uito xov AE, EB [lExa xou 
dito xfjc ZE. XOIVOV dcpfjpfja'do to dito xfjc ZE- Xoiitov dpa 
TO uito TOV AE, EE it£pi.£xo[i£vov op-doYOvtov ’(aov saxl to 
uito TOV AE, EB it£pi£xo[i£vo op-doYOvlo. 

’Edv dpa EV xuxXo su-dsTai Buo T£[ivoaiv dXXfjXac, to 
uito TOV xfjc [itSc T[ir)(idTOv it£pi£x6(j£vov op-doYOviov ’(aov 


Proposition 35 

If two straight-lines in a circle cut one another then 
the rectangle contained by the pieces of one is equal to 
the rectangle contained by the pieces of the other. 




For let the two straight-lines AC and BD, in the circle 
ABCD, cut one another at point E. I say that the rect¬ 
angle contained by AE and EC is equal to the rectangle 
contained by DE and EB. 

In fact, if AC and BD are through the center (as in 
the first diagram from the left), so that E is the center of 
circle ABCD, then (it is) clear that, AE, EC, DE, and 
EB being equal, the rectangle contained by AE and EC 
is also equal to the rectangle contained by DE and EB. 

So let AC and DB not be though the center (as in 
the second diagram from the left), and let the center of 
ABCD have been found [Prop. 3.1], and let it be (at) F. 
And let EG and EH have been drawn from E, perpen¬ 
dicular to the straight-lines AC and DB (respectively) 
[Prop. 1.12]. And let EB, EC, and EE have been joined. 

And since some straight-line, CE, through the center, 
cuts at right-angles some (other) straight-line, AC, not 
through the center, then it also cuts it in half [Prop. 3.3]. 
Thus, AC (is) equal to CC. Therefore, since the straight- 
line AC is cut equally at C, and unequally at E, the 
rectangle contained by AE and EC plus the square on 
EC is thus equal to the (square) on GC [Prop. 2.5]. Let 
the (square) on GF have been added [to both]. Thus, 
the (rectangle contained) by AE and EC plus the (sum 
of the squares) on GE and GF is equal to the (sum of 
the squares) on CG and GF. But, the (square) on EE 
is equal to the (sum of the squares) on EG and GF 
[Prop. 1.47], and the (square) on EC is equal to the (sum 
of the squares) on CG and GF [Prop. 1.47]. Thus, the 
(rectangle contained) by AE and EC plus the (square) 
on EE is equal to the (square) on EC. And EC (is) 
equal to EB. Thus, the (rectangle contained) by AE 
and EC plus the (square) on EE is equal to the (square) 
on EB. So, for the same (reasons), the (rectangle con¬ 
tained) by DE and EB plus the (square) on EE is equal 
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eaxl Ttp uno twv xfjc; STspctc; xjirjpidxwv xepiexotJ-E'^V op'do- 
Y«viw- oTisp s6ei 5el^ai. 


Xf'. 

’Edv xuxXou Xr)(pii)fi xi arjpielov exxog, xal dx’ auxoO 
xpoc xov xOxXov xpoaxLxxwai. 6uo euiSsTai, xai f] ptev auxwv 
xeptvr) xov xuxXov, fj 8e ecpduxrixai, eaxai x6 0x6 oXrjt; xfji; 
xepivouarjc xai xfjc; exxog dxoXa[iPavo[ievri<; piexa^u xou xs 
arjpLeiou xai xfjc; xupxfjc; xepicpepeiac; laov xG dxo xfjc; ecpa- 
xxopievrjc; xexpaywvcp. 




KuxXou ydp xou ABF £iXf](p'dw xi arjpisTov exxoc; x6 A, 
xai dxo xou A xpoc; xov ABF xuxXov xpoaxixxsxwaav 5uo 
euffsTai at AF[A], AB- xai f] (jev AFA xs(jvsxw xov ABF 
xuxXov, f] 5e BA ecpaxxea'do- Xey^^, oxi x6 0x6 xov AA, 
AF xspisxopLEvov op'doYOviov laov eaxl xo dxo xfjc; AB 
xexpayovo. 

'F[ dpa [A]FA fjxoi 8id xou xevxpou eaxiv fj ou. eaxo 
xpoxepov 6id xou xevxpou, xal eaxo x6 Z xevxpov xou ABF 
xuxXou, xal exeJ^euxflo fj ZB- opflfi dpa eaxiv fj 0x6 ZBA. 
xal exel eOflela f) AF Si^a xexpirjxai xaxd x6 Z, xpoaxeixai 
5e aOxfj f) FA, x6 dpa 0x6 xov AA, AF (jexd xou dx6 xfjc; 
ZF laov eaxl xo dx6 xfjc; ZA. larj 8e fj ZF xfj ZB- x6 dpa 
0x6 xov AA, AF piexd xou dx6 xfjc; ZB laov eaxl xo dx6 
xfjc; ZA. xo 5e dx6 xfjc; ZA laa eaxl xd dx6 xov ZB, BA- 
x6 dpa 0x6 xov AA, AF piexd xou dx6 xfjc; ZB laov eaxl 
xoTc; dx6 xov ZB, BA. xoiv6v dcprjpfja-do x6 dx6 xfjc; ZB- 
Xoix6v dpa x6 0x6 xov AA, AF laov eaxl xo dx6 xfjc; AB 


to the (square) on FB. And the (rectangle contained) 
by AE and EC plus the (square) on EE was also shown 
(to be) equal to the (square) on FB. Thus, the (rect¬ 
angle contained) by AE and EC plus the (square) on 
EE is equal to the (rectangle contained) by DE and EB 
plus the (square) on EE. Let the (square) on EE have 
been taken from both. Thus, the remaining rectangle con¬ 
tained by AE and EC is equal to the rectangle contained 
by DE and EB. 

Thus, if two straight-lines in a circle cut one another 
then the rectangle contained by the pieces of one is equal 
to the rectangle contained by the pieces of the other. 
(Which is) the very thing it was required to show. 

Proposition 36 

If some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and the (other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer¬ 
ence, will be equal to the square on the tangent (line). 



ABC, and let two straight-lines, DC[A\ and DB, radi¬ 
ate from D towards circle ABC. And let DC A cut circle 
ABC, and let BD touch (it). I say that the rectangle 
contained by AD and DC is equal to the square on DB. 

[D]CA is surely either through the center, or not. Let 
it first of all be through the center, and let F be the cen¬ 
ter of circle ABC, and let FB have been joined. Thus, 
(angle) FBD is a right-angle [Prop. 3.18]. And since 
straight-line AC is cut in half at F, let CD have been 
added to it. Thus, the (rectangle contained) by AD and 
DC plus the (square) on FC is equal to the (square) on 
FD [Prop. 2.6]. And FC (is) equal to FB. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FB is equal to the (square) on FD. And the (square) 
on FD is equal to the (sum of the squares) on FB and 
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD 
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e(paiiTo^i£vr)<;. 

’AXXoc 8f) f) AFA eaxw 6i6c xou xevxpou xou ABF 
xuxXou, xal elXrjcpTSa) x6 xevxpov x6 E, xal duo xou E exl 
xrjv AF xd'dexoi; i] EZ, xal exe^eux'dwaav ai EB, EF, 
EA- opDf) dpa eaxlv fj Ono EBA. xal enel eMeld xi<; 6id xou 
xevxpou f) EZ euDeldv xiva [if] 5id xou xevxpou xrjv AF xpoc; 
opDai; xe(jLvsi., xal 8[xa auxi^v xepver fj AZ dpa xfj ZF saxiv 
lor]. xal exel suDeTa fj AF xsx(jLr)xai 8[xa xaxd x6 Z arjpsTov, 
Tipoaxsixai Be auxfj f) FA, x6 dpa uko xGv AA, AF pexd xou 
duo xfjc; ZF laov eaxl xw duo xfjc; ZA. xoivov xpoaxeiaiila) 
x6 dTio xfji; ZE' x6 dpa uno xAv AA, AF pexd xAv dKO xAv 
FZ, ZE laov eaxl xoTc dKO xAv ZA, ZE. xoTc; Be duo xAv 
FZ, ZE laov eaxl x6 duo xfjc; EF- op-df) ydp [eaxiv] f) uno 
EZF [ywvla]- xoTc; Be dxo xAv AZ, ZE laov eaxl x6 dTio xfjc; 
EA- x6 dpa utio xAv AA, AF p,exd xou duo xfjc; EF laov 
eaxl xA duo xfjc; EA. larj Be f) EF xf) EB- x6 dpa uko xAv 
AA, AF (jexd xou djio xfjc; EB laov eaxl xA dxo xfjc; EA. 
xA Be dxo xfjc; EA laa eaxl xd dKo xAv EB, BA- opDf] y“P 
f] bub EBA ywvla- x6 dpa utio xAv AA, AF pexd xou dKo 
xfjc; EB laov eaxl xolc; dKO xAv EB, BA. xoivov dcpripfia-dw 
x6 dxo xfjc; EB- Xoixov dpa x6 uko xAv AA, AF laov eaxl 
xA duo xfjc; AB. 

’Edv dpa xuxXou XTicp-Orj xi arj^elov exxoc;, xal dx’ auxou 
Tipoc; xov xuxXov xpoaxiTixwai Buo eu-delai, xal f] pev auxAv 
xepvr) xov xuxXov, f] Be ecpdKxrjxai, eaxai x6 bnb 6Xr]c; xfjc; 
xepivouarjc; xal xfjc; exxoc; dKoXapPavopevrjc; (jexa^u xou xe 
ar)(ieiou xal xfji; xupxfjc; nepicpepeiac; laov xA dxo xfjc; ecpa- 
7ixo(jevr)c; xexpayAvo)- oxep eBei BeT^ai. 


XC. 

’Edv xuxXou XrjcpDfj xi arj^ielov exxoi;, dxo Be xou 
ar)(jeiou xpoc; xov xuxXov xpooTiiTixwai Buo euDelai, xal 
f) (iev auxAv xejivr) xov xuxXov, f) Be xpoaxiKxr), fj Be x6 
uxo [xfjc;] oXrjc; xfjc; xe[jLvouar)c; xal xfjc; exxoc; dxoXapPa- 


and DC plus the (square) on FB is equal to the (sum 
of the squares) on FB and BD. Let the (square) on 
FB have been subtracted from both. Thus, the remain¬ 
ing (rectangle contained) by AD and DC is equal to the 
(square) on the tangent DB. 

And so let DC A not be through the center of cir¬ 
cle ABC, and let the center E have been found, and 
let EF have been drawn from E, perpendicular to AC 
[Prop. 1.12]. And let EB, EC, and ED have been joined. 
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And 
since some straight-line, EE, through the center, cuts 
some (other) straight-line, AC, not through the center, 
at right-angles, it also cuts it in half [Prop. 3.3]. Thus, 
AE is equal to FC. And since the straight-line AC is cut 
in half at point F, let CD have been added to it. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FC is equal to the (square) on FD [Prop. 2.6]. Let 
the (square) on FE have been added to both. Thus, the 
(rectangle contained) by AD and DC plus the (sum of 
the squares) on CE and FE is equal to the (sum of the 
squares) on FD and FE. But the (square) on EC is equal 
to the (sum of the squares) on CF and FE. For [angle] 
EEC [is] a right-angle [Prop. 1.47]. And the (square) 
on ED is equal to the (sum of the squares) on DF and 
FE [Prop. 1.47]. Thus, the (rectangle contained) hy AD 
and DC plus the (square) on EC is equal to the (square) 
on ED. And EC (is) equal to EB. Thus, the (rectan¬ 
gle contained) by AD and DC plus the (square) on EB 
is equal to the (square) on ED. And the (sum of the 
squares) on EB and BD is equal to the (square) on ED. 
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect¬ 
angle contained) by AD and DC plus the (square) on 
EB is equal to the (sum of the squares) on EB and BD. 
Let the (square) on EB have been subtracted from both. 
Thus, the remaining (rectangle contained) by AD and 
DC is equal to the (square) on BD. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and (the other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer¬ 
ence, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 

Proposition 37 

If some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
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vo^evric ^exa^u xoO xs arj^eiou xai xfjc xupxfjc xEpicpEpeiac 
laov xw dxo xfjc; xpoaxi'n:xouar)c;, f) xpoaxixxouaoc £(pd(J;Exai 
xoO xuxXou. 



KuxXou ydp xou ABF EtXricp'dw xi. orjpiETov sxxoc; x6 A, 
xa'i dxo xou A xpoc; xov ABF xuxXov 7i;poaxi.xx£xwaav 5uo 
EUiSElai ai AFA, AB, xal fj pisv AFA xEptvExo xov xuxXov, f) 
Be AB xpoaxiKXExw, saxw Be x6 Oko xAv AA, AF laov xA 
dxo xfji; AB. Xsyw, 6xi f) AB scpdxxExai xou ABF xuxXou. 

’'Hx'Ow ydp xou ABF EcpaxxopLEvr) f] AE, xal EiXrjcp'dw x6 
XEvxpov xou ABF xuxXou, xal saxw x6 Z, xal EXE^EUx^waav 
ai ZE, ZB, ZA. rj dpa uxo ZEA opDr] saxiv. xal exeI fj AE 
EcpdxxExai xou ABF xuxXou, xspivEi Be rj AFA, x6 dpa 0x6 
xAv AA, AF laov saxl xA dxo xfjc; AE. ■^v Be xal x6 0x6 
xAv A A, AF laov xA dx6 xfjc; AB' x6 dpa dx6 xfjc; AE 
laov saxl xA dx6 xfjc; AB- larj dpa fj AE xfj AB. saxl Be 
xal f) ZE xfj ZB larj' Buo Bf) ai AE, EZ Buo xalc; AB, BZ 
laai Eiaiv xal pdaic; auxAv xoivf) f) ZA- YCivia. dpa f) 0x6 
AEZ ytovicx xfj 0x6 ABZ saxiv larj. op'df) Be fj 0x6 AEZ- 
opflfi dpa xal fj 0x6 ABZ. xai saxiv fj ZB £x[3aXXopiEvri 
BidjiExpoc;- f) Be xfj BiajiExpw xou xuxXou xp6c; op'ddc; dx’ 
dxpac; dyopiEVT) scpdxxsxai xou xuxXou' f) AB dpa scpdxxsxai 
xou ABF xuxXou. opioiwc; Bf) BsixifliriaExai, xdv x6 XEvxpov 
£xl xfjc; AF xuyxdvT). 

’Edv dpa xuxXou Xrjcpflfj xi arjpiElov sxxoc;, dx 6 Be xou 
arjpiEiou xp 6 c; x 6 v xuxXov xpoaxixxwai Buo sOflETai, xal f) 
[i£v aOxAv x£(ivr) x 6 v xuxXov, fj Be xpoaxixxr), fj Be x6 0x6 
oXrjc; xfjc; xE^ivouarjc; xal xfjc; exx6c; dxoXapipavop.£vr)c; (isxa^u 
xou x£ arjpiEiou xal xfjc; xupxfjc; xEpicpEpsiac; laov xA dx 6 
xfjc; xpoaxixxouarjc;, fj xpoaxixxouaa scpdcjiExai xou xuxXou' 
oxsp eBei Bsl^ai. 


line) cutting (the circle), and the (part of it) cut off out¬ 
side (the circle), between the point and the convex cir¬ 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. 



For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC A and DB, radiate 
from D towards circle ABC, and let DC A cut the circle, 
and let DB meet (the circle). And let the (rectangle con¬ 
tained) by AD and DC be equal to the (square) on DB. 
I say that DB touches circle ABC. 

For let DE have been drawn touching ABC [Prop. 
3.17], and let the center of the circle ABC have been 
found, and let it be (at) F. And let FE, FB, and FD 
have been joined. (Angle) FED is thus a right-angle 
[Prop. 3.18]. And since DE touches circle ABC, and 
DC A cuts (it), the (rectangle contained) by AD and DC 
is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to 
the (square) on DB. Thus, the (square) on DE is equal 
to the (square) on DB. Thus, DE (is) equal to DB. And 
FE is also equal to FB. So the two (straight-lines) DE, 
EF are equal to the two (straight-lines) DB, BF (re¬ 
spectively) . And their base, FD, is common. Thus, angle 
DEE is equal to angle DBF [Prop. 1.8]. And DEE (is) 
a right-angle. Thus, DBF (is) also a right-angle. And 
FB produced is a diameter. And a (straight-line) drawn 
at right-angles to a diameter of a circle, at its extremity, 
touches the circle [Prop. 3.16 corn]. Thus, DB touches 
circle ABC. Similarly, (the same thing) can be shown, 
even if the center happens to be on AC. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
line) cutting (the circle), and the (part of it) cut off out¬ 
side (the circle), between the point and the convex cir¬ 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. (Which is) the very thing it 
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was required to show. 
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''Opoi. 

a'. S)(f)pa eMuypa^pov sic, axrjpa eu'duypappov eyYpacp- 
£OTL>ai Xeyetw., otolv exdaxr] xwv xoO £YYpa(po(i£vou ax'npax- 
oc; Ywviwv £xdaxr)i; xXeupac; xou, sic; 6 SYYpdcpexai, dxxrjxcxi. 

P'. Ex^!^® Ss ojiolwc; nepl CTxfjjioc nspiYpapeaiScxi Xsyexoci, 
oxav Extxaxr) nXsupd xoO 7i;£pi.Ypa<po(i£vou sxdaxrjc; joiviaQ 
xou, nspl 6 xspiYpdcpexai, dxxrjxai. 

y'. Exfi(ia £MuYpa(ip.ov sic; xuxXov SYYpdcpeci'dai XsYExai., 
oxav sxdaxr) xou £YYpafpop,£vou dxxrjxai xfjc; xou 

xuxXou xspicpspelac;. 

6'. Exfjjia 5e EU'duYpajip.ov uspl xuxXov xspiYpdcpe- 
aiElai XsYExai, oxav sxdaxr) nXEupd xou KspiYpacpopEvou 
scpdxxrjxai xfjc; xou xuxXou nspicpspslac;. 

s'. KuxXoc; Be sic; axfjpa opolwc; EYYpdcpea'dai XsYexai, 
oxav f) xou xuxXou Kspicpspsia sxdaxrjc; xXsupdc; xou, sic; 6 
SYYpafpexai, dxxrjxai. 

<f'. KuxXoc; Ss xspl axri(ia xspiYpdcpsaiLlai XsYexai, oxav 
f) xou xuxXou nspicpspsia sxdaxrjc; Y^vlac; xou, uspl 6 ns- 
piYpdcpsxai, dxxrjxai. 

C- Eu^sTa sic; xuxXov svapjio^ea^ai XsYexai, oxav xd 
xspaxa auxfjc; sxl xfjc; nspicpspslac; fj xou xuxXou. 


OL. 

Elc; xov Bo'dsvxa xuxXov xfj Bo'dslar) sMsla pr) ^sl^ovi 
ouar) xfjc xou xuxXou Biapexpou larjv su^sTav svappcaai. 

A 


Definitions 

1. A rectilinear figure is said to be inscribed in 
a(nother) rectilinear figure when the respective angles 
of the inscribed figure touch the respective sides of the 
(figure) in which it is inscribed. 

2. And, similarly, a (rectilinear) figure is said to be cir¬ 
cumscribed about a(nother rectilinear) figure when the 
respective sides of the circumscribed (figure) touch the 
respective angles of the (figure) about which it is circum¬ 
scribed. 

3. A rectilinear figure is said to be inscribed in a cir¬ 
cle when each angle of the inscribed (figure) touches the 
circumference of the circle. 

4. And a rectilinear figure is said to be circumscribed 
about a circle when each side of the circumscribed (fig¬ 
ure) touches the circumference of the circle. 

5. And, similarly, a circle is said to be inscribed in a 
(rectilinear) figure when the circumference of the circle 
touches each side of the (figure) in which it is inscribed. 

6. And a circle is said to be circumscribed about a 
rectilinear (figure) when the circumference of the circle 
touches each angle of the (figure) about which it is cir¬ 
cumscribed. 

7. A straight-line is said to be inserted into a circle 
when its extemities are on the circumference of the circle. 

Proposition 1 

To insert a straight-line equal to a given straight-line 
into a circle, (the latter straight-line) not being greater 
than the diameter of the circle. 

D 



Tlaxa) 6 Bodsli; xuxXoc 6 ABF, f) Be Boifslaa sudsTa pf) 
psl^wv xfjc xou xuxXou Biapsxpou f) A. BsT Bf) sic xov ABF 
xuxXov xf) A sudsla Tarjv sudsTav svappoaai. 

TTxdw xou ABF xuxXou Biapsxpoc f) BF. si psv ouv far) 
saxlv f) BF xfj A, yeyovoc av sir) x6 sxixaxdsv £vf]ppoaxai. 



Let ABC be the given circle, and D the given straight- 
line (which is) not greater than the diameter of the cir¬ 
cle. So it is required to insert a straight-line, equal to the 
straight-line D, into the circle ABC. 

Let a diameter BC of circle ABC have been drawn.1 


no 
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yap ek tov ABF xuxXov xf) A sui^eialar) f) BF. el 6e [iel^wv 
eaxlv f) BF Tfj<; A, xela'dw xf) A larj rj FE, xal xevxpw 
xw F 5iaaxr]^iaxi 6e xG FE xuxXoi; yeYpacp^co 6 EAZ, xal 
exe^euxDw rj FA. 

’Exel ouv xo F arjpieTov xevxpov eaxi xoO EAZ xuxXou, 
I'aT) eaxlv fj FA xfj FE. dXXa xfj A rj FE caxiv lar)- xal fj A 
dpa xfj FA caxiv lar). 

Ek dpa xov 5o4cvxa xuxXov xov ABF xf) BoDelar) cuDela 
xfj A lar) evf)p(Joaxai f) FA- oxep e6ci xoifjaai. 


Therefore, if BC is equal to D then that (which) was 
prescribed has taken place. For the (straight-line) BC, 
equal to the straight-line D, has been inserted into the 
circle ABC. And if BC is greater than D then let CE be 
made equal to D [Prop. 1.3], and let the circle EAF have 
been drawn with center C and radius CE. And let CA 
have been joined. 

Therefore, since the point C is the center of circle 
EAF, CA is equal to CE. But, CE is equal to D. Thus, 
D is also equal to CA. 

Thus, CA, equal to the given straight-line D, has been 
inserted into the given circle ABC. (Which is) the very 
thing it was required to do. 


t Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 


P- 

Ek xov Bohevxa xuxXov xw Bohcvxi xpiytovtp laoycoviov 
xplytovov cyypdt|;ai. 




Tiaxw 6 Bohck xuxXoc 6 ABF, x6 6c Bohcv xpiywvov 
x6 AEZ- 6cl 6f) ck tov ABF xuxXov xw AEZ xpiywvw 
laoyoviov xplycovov eyypdijiai. 

’'Hx'Ow xou ABF xuxXou ccpaTtxopevr) f) H0 xaxd x6 A, 
xal auvcaxdxw Ttpoc; xfj A0 euiUcia xal xw 7tp6<; auxfj arjpclcp 
xo A xfj UTto AEZ yovla lar) f) utio 0AF, ttpoi; 8c xfj AH 
cMcla xal xo ttpoc; auxfj arjpclo xo A xfj Otto AZE [yovlcx] 
lat) f) utto HAB, xal citc^cux-do f) BF. 

’Ettcl ouv xuxXou xou ABF ccpdttxcxal xk; cuhcTa f) A0, 
xal dtto xfjc; xaxd xo A ctiacpfjc; ck tov xuxXov 8ifjxxai cuHcla 
f) AF, f) dpa utto 0AF lar) caxl xfj ev xo evaXXd^ xou xuxXou 
xpfjpaxi yovla xfj utto ABF. dXX’ f) utto 0AF xfj utto AEZ 
caxiv lar)- xal -f) utto ABF dpa yovla xfj utto AEZ caxiv 
lar). 6id xd auxd 8f) xal f) utto AFB xfj utto AZE caxiv 
lar)- xal Xoiitf) dpa -f) utto BAF Xoiitfj xfj utto EAZ caxiv lar) 
[laoyoviov dpa caxl xo ABF xplyovov xo AEZ xpiyovo, 
xal cyycypattxai ck xov ABF xuxXov]. 

Ek xov BoUcvxa dpa xuxXov xo Bohcvxi xpiyovo 
laoyoviov xplyovov cyycypattxai- ottcp c6ci ttoi-rjaai. 


Proposition 2 

To inscribe a triangle, equiangular with a given trian¬ 
gle, in a given circle. 


Let ABC be the given circle, and DEE the given tri¬ 
angle. So it is required to inscribe a triangle, equiangular 
with triangle DEE, in circle ABC. 

Let GH have been drawn touching circle ABC at A.I 
And let (angle) HAC, equal to angle DEE, have been 
constructed on the straight-line AH at the point A on it, 
and (angle) GAB, equal to [angle] DEE, on the straight- 
line AG at the point A on it [Prop. 1.23]. And let BC 
have been joined. 

Therefore, since some straight-line AH touches the 
circle ABC, and the straight-line AC has been drawn 
across (the circle) from the point of contact A, (angle) 
HAC is thus equal to the angle ABC in the alternate 
segment of the circle [Prop. 3.32]. But, HAC is equal to 
DEE. Thus, angle ABC is also equal to DEE. So, for the 
same (reasons), ACB is also equal to DEE. Thus, the re¬ 
maining (angle) BAG is equal to the remaining (angle) 
EOF [Prop. 1.32]. [Thus, triangle ABC is equiangu¬ 
lar with triangle DEE, and has been inscribed in circle 


E 
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t See the footnote to Prop. 3.34. 


y'- 

IIspi Tov Bo'devxa xuxXov tw BotJevti. TpLyovcp laoytoviov 
Tptytovov xspiypdtl>ai. 



TilaTW 6 BoiSdc; xuxXoc 6 ABF, to 6e 6o'dsv xpiycovov 
TO AEZ- Bet 6f] tiepl tov ABF xuxXov tCS AEZ Tpiywvw 
laoyAviov Tptytovov 7i£pi.ypdt|;ai.. 

’ExpspXrjo'dw f] EZ scp’ exocTspa xd ^Jispr] xaxd xd H, 0 
arj^ela, xal £iXr](p'dw xoO ABF xuxXou XEvxpov to K, xal 
8tr]X'®“i ETUxev, Eui^Ela fj KB, xal auvEaxdxco 7tp6<; xfj 
KB EU^Eia xal xw 7tp6<; auxfj arjpiEttp xA K xfj ^xev 0x6 AEH 
ycovia lar] f] 0x6 BKA, xfj Be 0x6 AZ0 tar) fj 0x6 BKF, xal 
Btd xAv A, B, F arjpiEtcov f]x4coaav £(paxx6(i£vai. xoO ABF 
xOxXou al A AM, MBN, NFA. 

Kal exeI Ecpdxxovxai xoO ABF xuxXou at AM, MN, NA 
xaxd xd A, B, F ar)(i£Ta, dx6 Be xoO K xsvxpou sxl xd A, B, 
F ar)(J£Ta £X£^£uy(J£vai. Etalv at KA, KB, KF, opDal dpa Eialv 
al xp6<; xoT<; A, B, F ar)(J£ioi.(; ytoviat. xal exeI xoO AMBK 
xExpaxXEupou al xEaaapEc yoviat xsxpaaiv op'ddlc; taat Etalv, 
EXEtBfjxEp xal Eic Buo xpiycova BiatpElxai x6 AMBK, xal Eiaiv 
opDal al 0x6 KAM, KBM ytoviat, Xoixal dpa al 0x6 AKB, 
AMB Bualv opDaTc laat Eialv. Eial Be xal al 0x6 AEH, 
AEZ Bualv opDalc laap al dpa 0x6 AKB, AMB xdic 0x6 
AEH, AEZ laai Eialv, Av f] 0x6 AKB xfj 0x6 AEH saxiv 
lar]- Xoixf) dpa f] 0x6 AMB Xoixfj xfj 0x6 AEZ saxiv lar). 
o^olctx; Bf) B£ix4f]a£xai, 6xi xal f) 0x6 ANB xfj 0x6 AZE 
saxiv lar]- xal Xoixf] dpa f) 0x6 MAN [Xoixfj] xfj 0x6 EAZ 
saxiv lar]. laoyAviov dpa saxl x6 AMN xplywvov xA AEZ 
xpiyAvtp- xal xspiysypaxxai xspl x6v ABF xuxXov. 

Hspl x6v BoDEvxa dpa xuxXov xA BoDevti xpiyAvw 
iaoyAviov xplycovov xspiysypaxxar oxsp eBei xoifjaai. 


ABC]. 

Thus, a triangle, equiangular with the given triangle, 
has been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 3 

To circumscribe a triangle, equiangular with a given 
triangle, about a given circle. 



Let ABC be the given circle, and DEF the given tri¬ 
angle. So it is required to circumscribe a triangle, equian¬ 
gular with triangle DEF, about circle ABC. 

Let EE have been produced in each direction to 
points G and H. And let the center K of circle ABC 
have been found [Prop. 3.1]. And let the straight-line 
KB have been drawn, at random, across {ABC). And 
let (angle) BKA, equal to angle DEG, have been con¬ 
structed on the straight-line KB ai the point K on it, 
and (angle) BKC, equal to DFH [Prop. 1.23]. And let 
the (straight-lines) LAM, MBN, and NCL have been 
drawn through the points A, B, and C (respectively), 
touching the circle ABC.'^ 

And since LM, MN, and NL touch circle ABC at 
points A, B, and C (respectively), and KA, KB, and 
KC are joined from the center K to points A, B, and 
C (respectively), the angles at points A, B, and C are 
thus right-angles [Prop. 3.18]. And since the (sum of the) 
four angles of quadrilateral AMBK is equal to four right- 
angles, inasmuch as AMBK (can) also (be) divided into 
two triangles [Prop. 1.32], and angles KAM and KBM 
are (both) right-angles, the (sum of the) remaining (an¬ 
gles), AKB and AMB, is thus equal to two right-angles. 
And DEG and DEF is also equal to two right-angles 
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG 
and DEF, of which AKB is equal to DEG. Thus, the re¬ 
mainder AMB is equal to the remainder DEF. So, sim¬ 
ilarly, it can be shown that LNB is also equal to DEE. 
Thus, the remaining (angle) MEN is also equal to the 
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t See the footnote to Prop. 3.34. 

6 '. 

Etc; TO 5oil)£v Tpiywvov xOxXov eyypa^'™- 

A 



TSaTO) TO BoiSev Tpiywvov to ABF- BsT 6f] sic; to ABF 
Tpiytovov xuxXov eyypatjiai. 

TeTp.if]aTL)toaav al uxo ABF, AFB ytovioci 5ixa Tctlc; BA, 
FA eu'deiofic;, xal aup.paXXeTtoaav dXXrjXaic; xaTd to A 
ar)p,£iov, xocl fjx'dwaav dxo toO A exl Tag AB, BF, FA 
eMeiag xd'dsToi ai AE, AZ, AH. 

Kal exel larj sotIv t) uxo ABA ytovia tt) 0x6 FBA, 
eoTi Se xal opd-q rj 0x6 BEA opiEffi tt) 0x6 BZA larj, 50o 
8^ Tpiycovd eoTi xd EBA, ZBA xdg 80o ytoviag Toig 8ual 
ytoviaig laag exovxa xal (iiav xXeupdv (iid xXeupd larjv Trjv 
OxoTeivouaav 0x6 (iiav twv latov ytovicov xoiv^v auTWv ttjv 
BA- xal Tag Xoixdg dpa xXeupdg Tolg Xoixalg xXeupaIg laag 
e^ouaiv larj dpa fj AE Tfj AZ. 8id xd aOxd 8iq xal fj AH 
xfi AZ eaxiv larj. al xpelg dpa eOiilelai al AE, AZ, AH 
laai dXXif]Xaig elalv 6 dpa xevxpw xw A xal 8iaaTr]p,aTi evl 
Twv E, Z, H xOxXog ypacpo^ievog f]^ei xal 8id xcov Xoixwv 
ar)p,£[tov xal £(pdt|;£Tai xcov AB, BF, FA eO-dstOv 8i.d t6 
opiEldg elvai xdg xp6g xoTg E, Z, H arijieloig ytovlag. el ydp 
T£[iel aOxdg, eaxat fj xfj 5ia(j£Tpw xoO xOxXou xp6g op-ddg 
dx’ dxpag dyojievr) evT6g xlxxouoa xoO xuxXou- oxep dxo- 
xov eSelx'dr)- oOx dpa 6 xevxptp xw A 6iaaTif][iaTi 8e evl xwv 
E, Z, H ypacpo^ievog xuxXog Te^iel xdg AB, BF, FA eOiSelag- 
£(pdt|;eTai dpa aOxwv, xal eaxai 6 xuxXog eyyeypajipievog eig 
t6 ABF xplytovov. eyyeypdqjTilco (bg 6 ZHE. 

Elg dpa t6 Soiilev xplytovov t6 ABF xuxXog eyyeypaxxai 
6 EZH- oxep e8ei xoifjaai. 


[remaining] (angle) EDF [Prop. 1.32]. Thus, triangle 
LMN is equiangular with triangle DEF. And it has been 
drawn around circle ABC. 

Thus, a triangle, equiangular with the given triangle, 
has been circumscribed about the given circle. (Which is) 
the very thing it was required to do. 


Proposition 4 



Let ABC be the given triangle. So it is required to 
inscribe a circle in triangle ABC. 

Let the angles ABC and ACB have been cut in half by 
the straight-lines BD and CD (respectively) [Prop. 1.9], 
and let them meet one another at point D, and let DE, 
DF, and DC have been drawn from point D, perpendic¬ 
ular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 

And since angle ABD is equal to CBD, and the right- 
angle BED is also equal to the right-angle BED, EBD 
and EBD are thus two triangles having two angles equal 
to two angles, and one side equal to one side—the (one) 
subtending one of the equal angles (which is) common to 
the (triangles)—(namely), BD. Thus, they will also have 
the remaining sides equal to the (corresponding) remain¬ 
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So, 
for the same (reasons), DC is also equal to DF. Thus, 
the three straight-lines DE, DF, and DC are equal to 
one another. Thus, the circle drawn with center D, and 
radius one of E, F, or G,1 will also go through the re¬ 
maining points, and will touch the straight-lines AB, BC, 
and CA, on account of the angles at E, F, and G being 
right-angles. For if it cuts (one of) them then it will be 
a (straight-line) drawn at right-angles to a diameter of 
the circle, from its extremity, falling inside the circle. The 
very thing was shown (to be) absurd [Prop. 3.16]. Thus, 
the circle drawn with center D, and radius one of E, F, 
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or G, does not cut the straight-lines AB, BC, and CA. 
Thus, it will touch them and will he the circle inscribed 
in triangle ABC. Let it have been (so) inscribed, like 
FGE (in the figure). 

Thus, the circle EFG has been inscribed in the given 
triangle ABC. (Which is) the very thing it was required 
to do. 

t Here, and in the following propositions, it is understood that the radius is actually one of DE, DF, or DG. 


s'. 


nspi TO BoUev Tpiywvov xuxXov Ttspiypatliai. 



TiaTa) TO BoUev Tpiywvov to ABT- BsT Be itepi to BoUcv 
Tpiycovov TO ABT xuxXov itepiyptxcj^cxi. 

TeTqqahtoaav ai AB, AT euOefai Biya xaTa tol A, E 
arjqeTa, xocl duo twv A, E arijieiwv toic; AB, AT iipot; opOdc; 
fjxdwaocv ai AZ, EZ- au(i7teao0vTai. Brj fjToi evToc; toO ABT 
Tpiywvou q eitl Tfjc; BT eudeiat; i] exTog Tfjc; BT. 

SuqmiiTeTtoaav itpoTcpov evTog xaTd to Z, xal exe^euxd- 
toaav ai ZB, ZT, ZA. xal eiteHar) eadiv f] AA tt) AB, xoivr) 
Be xal Ttpoc; opddc; f) AZ, pdaic; dpa fj AZ pdaei. Tfj ZB eoTiv 
lar]. o^oiwi; Bf] Bei^oqev, oti xal fj TZ Tfj AZ eoTtv larj- 
AoTe xal f) ZB Tfj ZT eoTtv laiy al Tpeli; dpa ai ZA, ZB, ZT 
laai dXXf)Xai.(; eiaiv. 6 dpa xevTpw tw Z Bi.aaTf)(raTi Be evl 
tAv a, B, r xuxXoc ypacpoqevoi; fj^ei xal Bid tAv XoixAv 
arjqeitov, xal eoTai itepiyeypaqirevoi; 6 xuxXoc; iiepl to ABT 
TpiytPvov. Ttepiyeypdcpdw Ac; 6 ABT. 

AXXd Bf) ai AZ, EZ au^TUXTeTwaav exl Trjc; BT eOdeiai; 
xaTd TO Z, Ac; eyei eitl Tfjc; BeuTepa; xaTaypacpfj;, xal 
exeCeOxdw fj AZ. o^oiw; Bf) Bei^oirev, oti to Z arjireTov 
xevTpov eoTi tou xepl to ABT Tpiywvov 7tepiypa(po(ievou 
xuxXou. 

AXXd Bf] ai AZ, EZ auirTUXTeTwaav exTo; too ABT 
TpiyAvou xaTd to Z xdXiv, A; ex£i Eitl Tfj; TpiTt); xaTa¬ 
ypacpfj;, xai eTte^euxdcoaav ai AZ, BZ, TZ. xal exel xdXiv 
larj eoTiv f] A A Tfj AB, xoivf] Be xal xpo; opdd; f] AZ, pdai; 
dpa f] AZ pdaei Tfj BZ eoTiv lar). 6[roiw; Bf] Bei^opiev, oti 
xal f] rZ Tfj AZ eoTiv lar)- AaTe xal f) BZ Tfj ZT eoTiv lar)- 
6 dpa [xdXiv] xevTpw tA Z 8iaaTf]qaTi Be evl tAv ZA, ZB, 
Zr xOxXo; ypacpoqevo; fj^ei xal Bid tAv XoixAv ar]piciov, 
xal eoTai 7tepiyeypa(iqevo; xepl to ABT Tpiywvov. 

Iiepl TO Bodev dpa Tpiywvov xuxXo; TtepiyeypaxTac 
oTtep eBei xoifjaai. 


Proposition 5 


To circumscribe a circle about a given triangle. 



Let ABC be the given triangle. So it is required to 
circumscribe a circle about the given triangle ABC. 

Let the straight-lines AB and AC have been cut in 
half at points D and E (respectively) [Prop. 1.10]. And 
let DE and EF have been drawn from points D and E, 
at right-angles to AB and AC (respectively) [Prop. 1.11]. 
So {DE and EE) will surely either meet inside triangle 
ABC, on the straight-line BC, or beyond BC. 

Let them, first of all, meet inside (triangle ABC) at 
(point) F, and let FB, FC, and FA have been joined. 
And since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base FB 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that FB is also equal to FC. Thus, the 
three (straight-lines) FA, FB, and FC are equal to one 
another. Thus, the circle drawn with center F, and radius 
one of A, B, or C, will also go through the remaining 
points. And the circle will have been circumscribed about 
triangle ABC. Let it have been (so) circumscribed, like 
ABC (in the first diagram from the left). 

And so, let DF and EF meet on the straight-line 
BC at (point) F, like in the second diagram (from the 
left). And let AF have been joined. So, similarly, we can 
show that point F is the center of the circle circumscribed 
about triangle ABC. 

And so, let DF and EF meet outside triangle ABC, 
again at (point) F, like in the third diagram (from the 
left). And let AF, BF, and CF have been joined. And, 
again, since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base BF 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that BF is also equal to FC. Thus, 
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[again] the circle drawn with center F, and radius one 
of FA, FB, and FC, will also go through the remaining 
points. And it will have been circumscribed about trian¬ 
gle ABC. 

Thus, a circle has been circumscribed about the given 
triangle. (Which is) the very thing it was required to do. 


f'. 

Eic; Tov SodcvTa xuxXov TSTpdywvov SYYpdc|>ai. 



TlaTa) f) Bodsli; xuxXoc 6 ABTA- 6 eT 6r) sIq tov ABTA 
xuxXov xexpcxYWvov £yTP“4'“'" 

Tdxdwaav xou ABTA xuxXou 8uo 5idpexpoi xpoc; opOdc; 
dXXr]Xai<; ai AT, BA, xal exe^suxdwaav ai AB, BT, TA, 
AA. 

Kofl ETiel lar) saxlv f) BE xfj EA' xevxpov yap to E' xoivt) 
5e xal xpoc; opOdt; fj EA, pdaig dpa fj AB pdaei xfj AA larj 
eaxiv. 8id xd auxd 5f) xal sxaxepa xwv BT, FA exaxepa 
xwv AB, AA lar) eaxlv iaoxXeupov dpa eaxl x6 ABFA 
xexpdxXeupov. Xeyw 5r], 6xi xal opOoYAviov. ekeI y“P t) 
BA EudEla SidpExpoc; saxi xou ABFA xuxXou, rjpixuxXiov 
dpa Eaxl TO BAA' opdr) dpa rj uxo BAA 6id xd 

auxd 8f) xal Exdaxrj xwv 0x6 ABF, BFA, FAA opdf] saxiv 
opOoYcOviov dpa saxl x6 ABFA xExpdxXEupov. £8E[x4ri 8 e 
xal laoxXEupov xExpdywvov dpa saxiv. xal eyyeyP®'''^™!’ 
xov ABFA xuxXov. 

Elc dpa xov 8o'dEvxa xuxXov xExpdywvov eyyeyP®^™'’ 
x6 ABFA- oxsp £8£i xoifjaai. 


Proposition 6 

To inscribe a square in a given circle. 



c 


Let ABCD be the given circle. So it is required to 
inscribe a square in circle ABCD. 

Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another. 1 And let AB, 
BC, CD, and DA have been joined. 

And since BE is equal to ED, for E (is) the center 
(of the circle), and EA is common and at right-angles, 
the base AB is thus equal to the base AD [Prop. 1.4]. 
So, for the same (reasons), each of BC and CD is equal 
to each of AB and AD. Thus, the quadrilateral ABCD 
is equilateral. So I say that (it is) also right-angled. For 
since the straight-line BD is a diameter of circle ABCD, 
BAD is thus a semi-circle. Thus, angle BAD (is) a right- 
angle [Prop. 3.31]. So, for the same (reasons), (angles) 
ABC, BCD, and CD A are also each right-angles. Thus, 
the quadrilateral ABCD is right-angled. And it was also 
shown (to be) equilateral. Thus, it is a square [Def. 1.22]. 
And it has been inscribed in circle ABCD. 

Thus, the square ABCD has been inscribed in the 
given circle. (Which is) the very thing it was required 
to do. 


t Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles 
to the first [Prop. 1.11]. 


C'. 


llEpl XOV bodEvxa xuxXov TExpaycivov xEptYpa'j'^'- 


Proposition 7 

To circumscribe a square about a given circle. 
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TilaTa) 6 Bo-dslc; xvxXoc. 6 ABFA- Bel 6i^ Tisp'i xov ABFA 
xuxXov Texpaytovov Tispiypacl^ai. 

H A Z 



TiXiSwcTav xou ABFA xuxXou 8uo 5id(iexpoi upoc; opiSdc; 
dXXr]XQ(i<; ai AF, BA, xocl Bid xwv A, B, F, A arj^eicov rix^w- 
aav ecpaTixoiievai. xou ABFA xuxXou ai ZH, H0, 0K, KZ. 

’Exei ouv scpdxxexai f) ZH xou ABFA xuxXou, dvio 8 s 
xou E XEvxpou ETil xf]v xaxd x 6 A STiacpi^v ETiE^EUxxai f) 
EA, ai dpa Kpoc xw A ywviai opiSai siaiv. 8 id xd auxd 
8 i^ xai ai Tipoc; xoTc; B, F, A arj^xsioK; ywviai op'dai siaiv. 
xai EKEi op'dr) saxiv f) 0x6 AEB ywvia, saxi 8 £ op'df) xal f) 
UTio EBH, 7 iapdXXr]Xoc; dpa saxiv fj H0 xfj AF. 8 id xd auxd 
8 i^ xai f) AF xfj ZK saxi 7 iapdXXr)Xo(;. waxs xai f) H0 xfj 
ZK saxi KapdXXrjXot;. dytoio}^ 8 f] 8£i5opi£v, oxi xal sxaxspa 
xSv FEZ, 0K xfj BEA saxi KapdXXrjXoc. napaXXrjXoypaijpia 
dpa £ 0 X 1 xd HK, HF, AK, ZB, BK' lor) dpa saxiv f) (isv 
HZ xfj 0K, f) 8 s H0 xfj ZK. xal skei larj saxiv f) AF xfj 
BA, dXXd xal f) (isv AF sxaxspa xAv H0, ZK, f] 8 £ BA 
sxaxspa xAv HZ, 0K saxiv lar] [xal sxaxspa dpa xAv H0, 
ZK sxaxspa xAv HZ, 0K saxiv larj], iaoxXsupov dpa saxi x 6 
ZH0K xsxpdxXsupov. Xsyw 8 fj, oxi xal opDoyAviov. susl 
ydp 7 i;apaXXr)X 6 ypatx(i 6 v saxi x6 HBEA, xai saxiv opDf] f) 
UTio AEB, op'df) dpa xal f) utio AHB. 6^oiw(; 8f) 8£i5o)X£v, 
6 x 1 xal ai upoc; xoTc; 0, K, Z ywviai op'dai siaiv. op'doyAviov 
dpa saxi x6 ZH0K. sdsix'dr) ds xal iaoKXsupov xsxpdywvov 
dpa saxiv. xal uspiysypa'Kxai Kspl xov ABFA xuxXov. 

Hspl xov do'dsvxa dpa xuxXov xsxpdyovov TispiysypaTixai- 
o-Ksp sdsi Koifjaai. 


Let ABCD be the given circle. So it is required to 
circumscribe a square about circle ABCD. 



Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.l And let FG, 
GH, HK, and KF have been drawn through points A, 
B, C, and D (respectively), touching circle ABCD.^ 

Therefore, since FG touches circle ABCD, and EA 
has been joined from the center E to the point of contact 
A, the angles at A are thus right-angles [Prop. 3.18]. So, 
for the same (reasons), the angles at points B, C, and 
D are also right-angles. And since angle AEB is a right- 
angle, and EBG is also a right-angle, GH is thus parallel 
to AC [Prop. 1.29]. So, for the same (reasons), AC is 
also parallel to FK. So that GH is also parallel to FK 
[Prop. 1.30]. So, similarly, we can show that GF and 
HK are each parallel to BED. Thus, GK, GC, AK, FB, 
and BK are (all) parallelograms. Thus, GF is equal to 
HK, and GH to FK [Prop. 1.34]. And since AC is equal 
to BD, but AC (is) also (equal) to each of GH and FK, 
and BD is equal to each of GF and HK [Prop. 1.34] 
[and each of GH and FK is thus equal to each of GF 
and HK], the quadrilateral FGHK is thus equilateral. 
So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AEB is a right-angle, AGB is 
thus also a right-angle [Prop. 1.34]. So, similarly, we can 
show that the angles at H, K, and F are also right-angles. 
Thus, FGHK is right-angled. And it was also shown (to 
be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABCD. 

Thus, a square has been circumscribed about the 
given circle. (Which is) the very thing it was required 
to do. 


t See the footnote to the previous proposition. 
i See the footnote to Prop. 3.34. 


116 




ETOIXEIfiN 6'. 


ELEMENTS BOOK 4 


1 ^'- 

Eic; TO 5oiL)ev Texpaycovov xuxXov eyypa(J;ai. 

’TlaTW TO BoiJev Texpayovov to ABFA. 5sT 5i^ eic; to 
ABFA Tsxpdywvov xuxXov eyypdc|;ai.. 


A E A 



TeT^r]a'da) exocxepa xwv AA, AB 8ixa xaxd xd E, Z 
ar)p,£ioc, xal Sid [iev xou E oTioxepa xwv AB, FA xapdXXrjXoc; 
fjx’dto 6 E0, Sid Se xou Z oKoxepqi xAv AA, BF xapdXXrjXoi; 
fjx'dto f) ZK- napaXXrjXoypajip.ov dpa eaxlv exaaxov xAv 
AK, KB, A0, 0A, AH, HF, BH, HA, xal ai dTisvavxiov 
aOxAv TiXeupal SrjXovoxi laai [eiaiv]. xal exel lar) saxlv f) 
A A xfj AB, xai eaxi xfji; ^ev A A fj^iaeia rj AE, xfjc; Se AB 
fjpiaeia f] AZ, lar) dpa xal fj AE xfj AZ- Aaxe xal ai dxe- 
vavxiov lar) dpa xal f) ZH xfj HE. opoiwi; Sf) Sei^opev, 6xi 
xal exaxepa xAv H0, HK exaxepa xAv ZH, HE eaxiv laiy 
ai xeaaapec dpa ai HE, HZ, H0, HK laai dXXrjXaic [eiaiv]. 
6 dpa xevxpw (Jev xA H Siaaxr)(iaxi Se evl xAv E, Z, 0, K 
xuxXoc; ypa(p6(jevo<; f)5£i xal Sid xAv XoixAv arjpeiwv xal 
ecpdi|>exai xAv AB, BF, FA, AA eu^eiAv Sid x6 op'ddi; elvai 
xdc; xpoc; xoTc; E, Z, 0, K ywviac;- ei ydp xep,el 6 xuxXot; xdc; 
AB, BF, FA, AA, f) xfj Siajiexpw xou xuxXou xpoc; opDdc; 
dx’ dxpac; dyojievr) evxoc; xeaelxai xou xuxXou- oxep dxoxov 
cSeix'dr). oux dpa 6 xevxptp xA H 5iaaxir)(iaxi Sc evl xAv E, 
Z, 0, K xuxXoi; ypa(p6)icvo(; xc^el xdc AB, BF, FA, AA 
cMeiac. ecpdij^exai dpa auxAv xal eaxai cyycypap.[ievo(; eic 
x6 ABFA xexpdycovov. 

Eic; dpa x6 SoDev xexpdycovov xuxXoc; eyyeypaxxar 
oxep cSei xoifjaai. 


Hepl x6 SoDcv xexpdywvov xuxXov xepiypdi|>ai. 

Tiaxa) x6 SoDev xexpdywvov x6 ABFA- Scl Sf) xepl x6 
ABFA xexpdywvov xuxXov xcpiypdi|>ai. 


Proposition 8 

To inscribe a circle in a given square. 

Let the given square be ABCD. So it is required to 
inscribe a circle in square ABCD. 



B H C 


Let AD and AB each have been cut in half at points E 
and F (respectively) [Prop. 1.10]. And let EH have been 
drawn through E, parallel to either of AB or CD, and let 
FK have been drawn through F, parallel to either of AD 
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC, 
BG, and GD are each parallelograms, and their opposite 
sides [are] manifestly equal [Prop. 1.34]. And since AD 
is equal to AB, and AE is half of AD, and AE half of 
AB, AE (is) thus also equal to AF. So that the opposite 
(sides are) also (equal). Thus, EG (is) also equal to GE. 
So, similarly, we can also show that each of GH and GK 
is equal to each of EG and GE. Thus, the four (straight¬ 
lines) GE, GE, GH, and GK [are] equal to one another. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, will also go through the remaining points. 
And it will touch the straight-lines AB, BC, CD, and 
DA, on account of the angles at E, F, H, and K being 
right-angles. For if the circle cuts AB, BC, CD, or DA, 
then a (straight-line) drawn at right-angles to a diameter 
of the circle, from its extremity, will fall inside the circle. 
The very thing was shown (to be) absurd [Prop. 3.16]. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, does not cut the straight-lines AB, BC, 
CD, or DA. Thus, it will touch them, and will have been 
inscribed in the square ABCD. 

Thus, a circle has been inscribed in the given square. 
(Which is) the very thing it was required to do. 

Proposition 9 

To circumscribe a circle about a given square. 

Let ABCD be the given square. So it is required to 
circumscribe a circle about square ABCD. 
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’Eki^eux'OsIcjcxi yap ai AF, BA TspivsTwaav dXXrjXac; 
xaxd TO E. 


A 



Kai enel larj eaxlv rj AA xfj AB, xoivrj 5 e AF, 5 uo 
81^ ai AA, AF 8uai xaTc BA, AF laai siaiv xal pdaic f) 
AF pdasi. xf) BF lary ywv[a dpa f) 0 x 6 AAF ywvia xfj 0 x 6 
BAF Tar] saxiv fj dpa Otio AAB ywv[a xexpirixai. Oko 
xfji; AF. opioLWc 81^ 8EL^opLev, oxl xal Exdaxr) xwv utio ABF, 
BFA, FAA 6ixa xsxpirjxai. uko xwv AF, AB euDelov. xal 
etieI Xot] Eaxlv f) 0 x 6 AAB ywvla xfj uko ABF, xai saxi 
xfji; pLEv Oko AAB fipiiaEia f) uko EAB, xfjc Ss utio ABF 
f]pt[aELa f] Otto EBA, xal f) Otto EAB dpa xfj Otto EBA eoxiv 
lar]- AaxE xal irXEupd f) EA xfj EB saxiv larj. 6pLoiW(; Of) 
8E[^opLEv, 6x1 xal Exaxspa xAv EA, EB [eO'OeiAv] sxaxspa 
xAv EF, EA lar) saxiv. at xsaaapsi; dpa al EA, EB, EF, 
EA laai dXXfjXaK; siaiv. 6 dpa xsvxpo xA E xal 8iaaxf]piaxi 
Evl xAv A, B, F, A xOxXoc ypacpopiEvot; fj^si xal 8id xAv 
XoittAv arjpiEiwv xal saxai TTEpiyEypapipiEvoc; irspl x6 ABFA 
xExpdywvov. TTEpiyEypdcp'dw A<; 6 ABFA. 

FEspl x6 SoDev dpa xExpdywvov xOxXoc TTEpiyEypaTTxar 
OTTSp £8£1 TTOlfjaai. 


/ 

l. 

laoaxsXEc xpiywvov auaxfjaaaDai sxov sxaxspav xAv 
TTpog xfj pdasi ywviAv 8iTTXaaiova xfjc; XoiTrfjc;. 

’Exxsia'dw xic sO^Ela f) AB, xal xExpifja'dw xaxd xo 
F arjpiETov, Aaxs x6 Otto xAv AB, BF TTspiExopiEvov 
opDoyAviov laov slvai xA diro xfji; FA xsxpayAvw' xal 
XEvxpw xA A xal 8iaaxfipLaxi xA AB xuxXo; ysypdcp'dw 
6 BAE, xal EvrippioaDw si; xov BAE xOxXov xfj AF sODsia 
pif) piEi^ovi ouan xfj; xou BAE xOxXou 8iapi£xpou lar) EuDsla 
f) BA- xal ETTECeuxllwaav ai AA, AF, xal TTEpiyEypacp-dw 
TTspl x6 AFA xpiywvov xOxXo; 6 AFA. 



And since DA is equal to AB, and AC (is) common, 
the two (straight-lines) DA, AC are thus equal to the two 
(straight-lines) BA, AC. And the base DC (is) equal to 
the base BC. Thus, angle DAC is equal to angle BAC 
[Prop. 1.8]. Thus, the angle DAB has been cut in half 
by AC. So, similarly, we can show that ABC, BCD, and 
CDA have each been cut in half by the straight-lines AC 
and DB. And since angle DAB is equal to ABC, and 
EAB is half of DAB, and EBA half of ABC, EAB is 
thus also equal to EBA. So that side EA is also equal 
to EB [Prop. 1.6]. So, similarly, we can show that each 
of the [straight-lines] EA and EB are also equal to each 
of EC and ED. Thus, the four (straight-lines) EA, EB, 
EC, and ED are equal to one another. Thus, the circle 
drawn with center E, and radius one of A, B, C, or D, 
will also go through the remaining points, and will have 
been circumscribed about the square ABCD. Let it have 
been (so) circumscribed, like ABCD (in the figure). 

Thus, a circle has been circumscribed about the given 
square. (Which is) the very thing it was required to do. 


Proposition 10 

To construct an isosceles triangle having each of the 
angles at the base double the remaining (angle). 

Let some straight-line AB be taken, and let it have 
been cut at point C so that the rectangle contained by 
AB and BC is equal to the square on CA [Prop. 2.11]. 
And let the circle BDE have been drawn with center A, 
and radius AB. And let the straight-line BD, equal to 
the straight-line AC, being not greater than the diame¬ 
ter of circle BDE, have been inserted into circle BDE 
[Prop. 4.1]. And let AD and DC have been joined. And 
let the circle ACD have been circumscribed about trian¬ 
gle ACD [Prop. 4.5]. 
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Kai enel to Otio twv AB, BF laov eaxl xw duo xfji; 
AF, for) 5e f] AF xfj BA, x6 dpa uko xAv AB, BF laov 
eaxl xA dTio xfj<; BA. xal STiel xuxXou xou AFA elXrjTixal xi 
arjp.e'lov exxoc; x6 B, xai duo xou B npoQ xov AFA xuxXov 
xpoaTiexxAxaai 5uo euiSelai al BA, BA, xal rj ^ev auxAv 
xe^Jivei, f) Be xpooTilTixei., xal eaxi. x6 uko xAv AB, BF laov 
xA dTCO xfji; BA, rj BA dpa ecpdTCxexai xou AFA xuxXou. cxel 
ouv ecpduxexai (iev rj BA, duo Be xfjc; xaxd x6 A ciia(pf)c; 
Bifjxxai f) AF, f) dpa uxo BAF ycovid larj eaxl xfj cv xA 
cvaXXd^ xou xuxXou x(ir]p.axi tfi uxo AAF. exel ouv 

lOY] eaxlv f) uxo BAF xfj 0x6 AAF, xoivf] xpoaxela^w f) 
0x6 FAA- oXr) dpa fj 0x6 BAA lar] eaxl Bual xaTc 0x6 FAA, 
AAF. dXXd xdlc 0x6 FAA, AAF lar) eaxlv f] exx6<; fj 0x6 
BFA- xal f] 0x6 BAA dpa lar] eaxl xfj 0x6 BFA. dXXd f) 
0x6 BAA xfj 0x6 FBA eaxiv lar), exel xal xXeupd fj AA 
xfj AB eaxLv lar]- Aaxe xal f] 0x6 ABA xfj 0x6 BFA eaxiv 
lar]. al xpeTc dpa al 0x6 BAA, ABA, BFA laai dXXfjXaic; 
elalv. xal exel lar) eaxlv f) 0x6 ABF ywvla xfj 0x6 BFA, 
lar) eaxl xal xXeupd f) BA xXeupa xfj AF. dXXd f) BA xfj 
FA Oxoxeixai laiy xal f) FA dpa xfj FA eaxiv lar)' Aaxe xal 
ywvla f) 0x6 FAA yovla xfj 0x6 AAF eaxiv lar)' al dpa 
0x6 FAA, AAF xfjc 0x6 AAF eiai BixXaalouc. lar) Be f) 
0x6 BFA xalc 0x6 FAA, AAF- xal f) 0x6 BFA dpa xfjc 0x6 
FAA eaxi BixXfj. lar) Be f) 0x6 BFA exaxepa xAv 0x6 BAA, 
ABA' xal exaxepa dpa xAv 0x6 BAA, ABA xfjc 0x6 AAB 
eaxi BixXfj. 

laoaxeXec dpa xpiywvov auveaxaxai x6 ABA exov 
exaxepav xAv xp6c xfj AB pdaei ywviAv BixXaaiova xfjc 
Xoixfjc oxep eBei xoifjaai. 


la'. 

Eic x6v BoDevxa xuxXov xevxdywvov laoxXeupov xe xal 



And since the (rectangle contained) by AB and BC 
is equal to the (square) on AC, and AC (is) equal to 
BD, the (rectangle contained) by AB and BC is thus 
equal to the (square) on BD. And since some point B 
has been taken outside of circle ACD, and two straight¬ 
lines BA and BD have radiated from B towards the cir¬ 
cle ACD, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) 
by AB and BC is equal to the (square) on BD, BD thus 
touches circle ACD [Prop. 3.37]. Therefore, since BD 
touches (the circle), and DC has been drawn across (the 
circle) from the point of contact D, the angle BDC is 
thus equal to the angle DAC in the alternate segment of 
the circle [Prop. 3.32]. Therefore, since BDC is equal 
to DAC, let CD A have been added to both. Thus, the 
whole of BDA is equal to the two (angles) CD A and 
DAC. But, the external (angle) BCD is equal to CD A 
and DAC [Prop. 1.32]. Thus, BDA is also equal to 
BCD. But, BDA is equal to CBD, since the side AD is 
also equal to AB [Prop. 1.5]. So that DBA is also equal 
to BCD. Thus, the three (angles) BDA, DBA, and BCD 
are equal to one another. And since angle DBC is equal 
to BCD, side BD is also equal to side DC [Prop. 1.6]. 
But, BD was assumed (to be) equal to CA. Thus, CA 
is also equal to CD. So that angle CDA is also equal to 
angle DAC [Prop. 1.5]. Thus, CDA and DAC is double 
DAC. But BCD (is) equal to CDA and DAC. Thus, 
BCD is also double CAD. And BCD (is) equal to to 
each of BDA and DBA. Thus, BDA and DBA are each 
double DAB. 

Thus, the isosceles triangle ABD has been con¬ 
structed having each of the angles at the base BD double 
the remaining (angle). (Which is) the very thing it was 
required to do. 


Proposition 11 

To inscribe an equilateral and equiangular pentagon 
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TilaTW 6 x(}xXoc. b ABFAE- 5sT 5i^ eiq tov 

ABFAE xuxXov nevTaycovov laonXeupov xe xal laoyAviov 
eyypdtjiai.. 

’Exxsia'dw xpiywvov laoaxeXsc to ZH0 SinXaaLova 
exov exaxspav xAv Tipoi; xok H, 0 ycoviAv xfji; upoc; xA Z, 
xal eyysypdcp'dw eic. xov ABFAE xuxXov xA ZH0 xpiyAvw 
laoyAviov xpiytovov x 6 AFA, Aaxe xf) p,£v xpog xA Z ycoviqc 
I'ariv elvai xf)v uxo FAA, exaxepav 5e xAv xpoc; xok H, 0 
I'arjv exaxepa xAv uxo AFA, FAA' xal exaxepa dpa xAv 
0x6 AFA, FAA xfjt; 0x6 FAA eaxi BixXfj. xexpr^aTLla) 5^ 
exaxepa xAv 0x6 AFA, FAA Sixot 0x6 cxaxepac; xAv FE, 
AB eO'deiAv, xal cxe^eOx'dtoaav al AB, BF, AE, EA. 

’Exel ouv exaxepa xAv 0x6 AFA, FAA ywviAv 8 i- 
xXaaiwv eaxl xfji; 0x6 FAA, xal xexp.ri[ievai elal Sixoc 0x6 
xAv FE, AB e04eiAv, al xevxe dpa ycovlai al 0x6 AAF, 
AFE, EFA, FAB, BAA laai dXXr^Xaic; elalv. al 5e laai 
ywvlai cxl lawv xepicpepeiAv [3e[3r]xaoiv al xevxe dpa xe- 
picpepeiai al AB, BF, FA, AE, EA laai dXXr^Xaic; elalv. 0x6 
5e xdc; laag xepicpepelac; laai eO-Delai Oxoxelvouaiv al xevxe 
dpa eO^elai al AB, BF, FA, AE, EA laai dXXrjXaic; elalv 
laoxXeupov dpa eaxl x 6 ABFAE xevxdycovov. Xeyto 8 r], 
6 x 1 xal laoyAviov. exel ydp rj AB xepicpepeia xfj AE xe- 
picpepela caxlv Tar), xoiv^ xpoaxela4w rj BFA- oXr) dpa rj 
ABFA xepicpepia oXr) xfj EAFB xepicpepeia caxlv Tar), xal 
Pcprjxcv exl ^ev xfjc; ABFA xepicpepelac; ywvla rj 0x6 AEA, 
cxl 5e xfji; EAFB xepicpepelac; ywvla f) 0x6 BAE- xal f) 0x6 
BAE dpa ywvla xfj 0x6 AEA caxiv larj. 6 id xd aOxd 8 f) 
xal exdaxT) xAv 0x6 ABF, BFA, FAE ywviAv cxaxcpcx xAv 
0x6 BAE, AEA eaxiv Tar)' laoyAviov dpa eaxl x 6 ABFAE 
xevxdywvov. e8clx4ri 8 c xal laoxXeupov. 

Ek dpa x 6 v SoTlcvxa xuxXov xcvxdytovov laoxXeupov xe 
xal laoyAviov eyyeypaxxar oxcp cSei xoifjaai. 


iP'. 


Ilepl x 6 v 8o4cvxa xuxXov xcvxcxywvov laoxXeupov xe 
xal laoyAviov xcpiypcxcjiai. 


in a given circle. 

A 



F 



Let ABODE be the given circle. So it is required to 
inscribed an equilateral and equiangular pentagon in cir¬ 
cle ABODE. 

Let the the isosceles triangle EGEl be set up hav¬ 
ing each of the angles at G and iJ double the (angle) 
at F [Prop. 4.10]. And let triangle AOD, equiangular 
to FGH, have been inscribed in circle ABODE, such 
that OAD is equal to the angle at F, and the (angles) 
at G and H (are) equal to AOD and ODA, respectively 
[Prop. 4.2]. Thus, AOD and ODA are each double 
CAD. So let ACD and ODA have been cut in half by 
the straight-lines CE and DB, respectively [Prop. 1.9]. 
And let AB, BO, DE and EA have been joined. 

Therefore, since angles ACD and ODA are each dou¬ 
ble CAD, and are cut in half by the straight-lines CE and 
DB, the five angles DAC, ACE, ECD, CDB, and BDA 
are thus equal to one another. And equal angles stand 
upon equal circumferences [Prop. 3.26]. Thus, the five 
circumferences AB, BO, CD, DE, and EA are equal to 
one another [Prop. 3.29]. Thus, the pentagon ABODE 
is equilateral. So I say that (it is) also equiangular. For 
since the circumference AB is equal to the circumfer¬ 
ence DE, let BCD have been added to both. Thus, the 
whole circumference ABCD is equal to the whole cir¬ 
cumference EDCB. And the angle AED stands upon 
circumference ABCD, and angle BAE upon circumfer¬ 
ence EDCB. Thus, angle BAE is also equal to AED 
[Prop. 3.27]. So, for the same (reasons), each of the an¬ 
gles ABC, BCD, and CDE is also equal to each of BAE 
and AED. Thus, pentagon ABODE is equiangular. And 
it was also shown (to be) equilateral. 

Thus, an equilateral and equiangular pentagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 12 

To circumscribe an equilateral and equiangular pen¬ 
tagon about a given circle. 
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H 



TSaxw 6 BoiSelc x\)xXoc. b ABFAE- 6eT 5e Kspl tov 
ABFAE xuxXov xevTdywvov laoxXeupov xe xal iooyAviov 
xspiYpdc|>ai. 

NevorjaiDw xoD eyTETP^I^H^svou xsvxaYOvou xAv y^vlOv 
arjiisTa xd A, B, F, A, E, Aaxe laac; sTvai xd<; AB, BF, 
FA, AE, EA xEpicpepeiat;- xai 6id xAv A, B, F, A, E 
r^X'Swaav xou xuxXou scpaxxopiEvaL at F[0, 0K, KA, AM, 
MH, xal EiXrjcp'do xou ABFAE xuxXou xsvxpov x6 Z, xal 
EXE^EUX'dwaav al ZB, ZK, ZF, ZA, ZA. 

Kal exeI f) piEv KA Eui^Ela scpdxxExai xou ABFAE xaxd 
x6 F, dxo Be xou Z xsvxpou sxl xi^v xaxd x6 F sxacpi^v 
EXE^euxxai f] ZF, f) ZF dpa xd'dExoi; saxiv sxl xi^v KA- op-Oi^ 
dpa saxiv sxaxspa xAv xpoc; xA F y^vlAv. Bid xd auxd 8i^ 
xal ai npoQ toiq B, A ar)(JEioi(; bp'dai siaiv. xal exeI 

op-dr] saxiv fj 0x6 ZFK Ywvia, x6 dpa dxo x-rjc ZK Taov saxl 
xoTc dxo xAv ZF, FK. Bid xd auxd 8i^ xal xoTc; dxo xAv ZB, 
BK laov saxl x6 dxo xf)<; ZK- Aaxs xd dxo xAv ZF, FK 
xoTc dxo xAv ZB, BK saxiv laa, Av x6 dxo xfji; ZF xA dxo 
xfjc; ZB saxiv laov- Xoixov dpa x6 dxo xfjc FK xA dxo x-rjc 
BK saxiv laov. lar] dpa fj BK xfj FK. xal exeI lar] saxiv 
f] ZB xfj ZF, xal xoivf] f] ZK, Buo 8f] ai BZ, ZK Bual xal<; 
FZ, ZK laai siaiv- xal pdaic; f] BK pdasi xfj FK [saxiv] lar]- 
Ywvia dpa f] piEv 0x6 BZK [yovicx] xfj 0x6 KZF saxiv lar]- 
f] Be 0x6 BKZ xfj 0x6 ZKF- BixXfj dpa f] piEv 0x6 BZF xfjc 
0x6 KZF, f] Be 0x6 BKF xfjc 0x6 ZKF. Bid xd auxd Bf] xal 
f] pLEv 0x6 FZA xfjc 0x6 FZA saxi BixXfj, f] Be 0x6 AAF 
xfjc 0x6 ZAF. xal sxsl lar] saxiv f] BF xspicpspEia xfj FA, 
lar] saxl xal Y^^via f] 0x6 BZF xfj 0x6 FZA. xai saxiv f] 
piEv 0x6 BZF xfjc 0x6 KZF BixXfj, f] Be 0x6 AZF xfjc 0x6 
AZF- lar) dpa xal f] 0x6 KZF xfj 0x6 AZF- saxl Be xal f] 
0x6 ZFK Y^via xfj 0x6 ZFA lar). Buo Bf] xpiYWvd saxi xd 
ZKF, ZAF xdc Buo Y^viac xalc Bual laac sxovxa 

xal (iiav xXsupdv (iid xXsupd larjv xoivf]v auxAv xf]v ZF- 
xal xdc Xoixdc dpa xXsupdc xalc Xoixdic xXsupdic laac e^ei 
xal xf]v Xoixf]v Y^^viav xfj Xoixfj Y^^via- lar] dpa f] pisv KF 
sO-dsla xfj FA, f] Be 0x6 ZKF Ywvia xfj 0x6 ZAF. xal exeI lar] 
saxiv f] KF xfj FA, BixXfj dpa f] KA xfjc KF. Bid xd auxa Bf] 
Bsix'dfjaExai xal f] 0K xfjc BK BixXfj. xai saxiv f] BK xfj KF 
lar]- xal f] 0K dpa xfj KA saxiv lar]. opioiwc Bf] Bsix'dfjaExai 


G 



Let ABODE be the given circle. So it is required 
to circumscribe an equilateral and equiangular pentagon 
about circle ABODE. 

Let A, B, O, D, and E have been conceived as the an¬ 
gular points of a pentagon having heen inscribed (in cir¬ 
cle ABODE) [Prop. 3.11], such that the circumferences 
AB, BO, OD, DE, and EA are equal. And let OH, HK, 
KL, LM, and MG have been drawn through (points) A, 
B, G, D, and E (respectively), touching the circle.! And 
let the center F of the circle ABODE have been found 
[Prop. 3.1]. And let FB, FK, FO, FL, and ED have 
been joined. 

And since the straight-line KL touches (circle) ABODE 
at G, and EG has been joined from the center F to the 
point of contact O, FO is thus perpendicular to KL 
[Prop. 3.18]. Thus, each of the angles at C is a right- 
angle. So, for the same (reasons), the angles at B and 
D are also right-angles. And since angle FGK is a right- 
angle, the (square) on FK is thus equal to the (sum of 
the squares) on FO and OK [Prop. 1.47]. So, for the 
same (reasons), the (square) on FK is also equal to the 
(sum of the squares) on FB and BK. So that the (sum 
of the squares) on FO and OK is equal to the (sum of 
the squares) on FB and BK, of which the (square) on 
FO is equal to the (square) on FB. Thus, the remain¬ 
ing (square) on OK is equal to the remaining (square) 
on BK. Thus, BK (is) equal to OK. And since FB is 
equal to FO, and FK (is) common, the two (straight¬ 
lines) BF, FK are equal to the two (straight-lines) OF, 
FK. And the hase BK [is] equal to the base OK. Thus, 
angle BFK is equal to [angle] KFO [Prop. 1.8]. And 
BKF (is equal) to FKG [Prop. 1.8]. Thus, BFO (is) 
double KFO, and BKO (is double) FKG. So, for the 
same (reasons), OFD is also double OFL, and DLG (is 
also double) FLO. And since circumference BO is equal 
to OD, angle BFO is also equal to OFD [Prop. 3.27]. 
And BFO is double KFO, and DFG (is double) LFO. 
Thus, KFO is also equal to LFO. And angle FOK is also 
equal to FOL. So, FKG and FLO are two triangles hav- 
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xal exaaTT) twv 0H, HM, MA sxaxepa twv 0K, KA larj- 
laonXeupov apa eaxl to H0KAM KevTaytovov. Xsyw 6r], 
OTi xal iaoYWVLov. exei yap larj eaxlv fj Otio ZKF ywvla xf) 
uxo ZAP, xal eSeixAr) xfj<; ^ev 0x6 ZKF 6ixXfj f] 0x6 0KA, 
xfjc 8s 0x6 ZAF 5ixXfj f] 0x6 KAM, xal fj 0x6 0KA apa 
xfj 0x6 KAM saxiv larj. o^oiwc; 8i^ SsLxAr^aexai xal sxaaxr) 
xov 0x6 K0H, 0HM, HMA sxaxspa xwv 0x6 0KA, KAM 
lory al xsvxs apa yoviai. at 0x6 H0K, 0KA, KAM, AMH, 
MH0 laai dXXrjXai.(; siaiv. laoytoviov dpa eaxl x6 H0KAM 
xevxdycovov. eSeixAr) 6e xal laoxXeupov, xal xepiyeypaxxai 
xepl x6v ABFAE xuxXov. 

[Ilepl x6v SoAsvxa dpa xuxXov xevxdytovov laoxXeupov 
xe xal laoywviov xepiyeypaxxai]- oxep e6ei xoifjaai. 


t See the footnote to Prop. 3.34. 

ly'. 

Eic; x6 SoAcv xsvxdycovov, 6 eaxiv laoxXeupov xe xal 
laoycoviov, xuxXov cyypd(];ai. 

A 



Tlaxa) x6 BoAev xevxdywvov laoxXeupov xe xal laoytovi- 
ov x6 ABFAE- Be! Bf] el<; x6 ABFAE xsvxdyovov xuxXov 
eyypdtjjai. 

Tsx(ir]aAco ydp exaxcpa xAv 0x6 BFA, FAE ywviAv 
Blya 0x6 sxaxepac; xAv FZ, AZ suAeiAv- xal dx6 xou Z 
arj^ielou, xaA’ 6 au^pdXXouaiv dXXif]Xai<; al FZ, AZ suAeTai, 
cxe^euxAtoaav ai ZB, ZA, ZE eOAelai. xal exel lar) eaxiv 


ing two angles equal to two angles, and one side equal 
to one side, (namely) their common (side) FC. Thus, 
they will also have the remaining sides equal to the (cor¬ 
responding) remaining sides, and the remaining angle to 
the remaining angle [Prop. 1.26]. Thus, the straight-line 
KC (is) equal to CL, and the angle FKC to FLC. And 
since KC is equal to CL, KL (is) thus double KC. So, 
for the same (reasons), it can be shown that HK (is) also 
double BK. And BK is equal to KC. Thus, HK is also 
equal to KL. So, similarly, each of HG, CM, and ML 
can also be shown (to be) equal to each oi HK and KL. 
Thus, pentagon GHKLM is equilateral. So I say that 
(it is) also equiangular. For since angle FKC is equal to 
FLC, and HKL was shown (to be) double FKC, and 
KLM double FLC, HKL is thus also equal to KLM. 
So, similarly, each of KHG, HGM, and GML can also 
be shown (to be) equal to each of HKL and KLM. Thus, 
the five angles GHK, HKL, KLM, LMG, and MGH 
are equal to one another. Thus, the pentagon GHKLM 
is equiangular. And it was also shown (to be) equilateral, 
and has been circumscribed about circle ABCDE. 

[Thus, an equilateral and equiangular pentagon has 
been circumscribed about the given circle]. (Which is) 
the very thing it was required to do. 


Proposition 13 

To inscribe a circle in a given pentagon, which is equi¬ 
lateral and equiangular. 

A 



Let ABCDE be the given equilateral and equiangular 
pentagon. So it is required to inscribe a circle in pentagon 
ABCDE. 

For let angles BCD and CDE have each been cut 
in half by each of the straight-lines CF and DF (re¬ 
spectively) [Prop. 1.9]. And from the point F, at which 
the straight-lines CF and DF meet one another, let the 
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f) BF xfj FA, xoivf) 6 e fj FZ, 5uo 6 i^ ai BF, FZ 6 ual xoic; 
AF, FZ laai eiaiv xal ytovia fj bnb BFZ ytovia xf) Oko 
AFZ [eaxLv] ’(ary pdaic; dpa fj BZ pdasi. xfj AZ eaxiv far), 
xai x 6 BFZ xpiywvov xw AFZ xpiyAvo) eaxiv faov, xal at 
Xoixai ywvlai xafa Xoixafa ywv[ai<; faai. eaovxai, Ocp’ ac, at 
faai xXeupai OTioxelvouaiv far) dpa f) uko FBZ ywvla xfj 
0x6 FAZ. xai exsl 6 ixXfj saxiv f) 0x6 FAE xrj<; 0x6 FAZ, 
far) 5s f) ptsv 0x6 FAE xfj 0x6 ABF, f) 6e 0x6 FAZ xfj 0x6 
FBZ, xal f) 0x6 FBA dpa xfjc; 0x6 FBZ saxi BixXfj- far) 
dpa f) 0x6 ABZ ywvla xfj 0x6 ZBF' f) dpa 0x6 ABF ywvia 
5[xa xsx(ir)xai 0x6 xfjc BZ sOffsiac. opiolox; 6 f) 5eix4f)aExai, 
6 x 1 xal Exaxspa xwv 0x6 BAE, AEA 6 ixa x£x(ir)xai 0x6 
Exaxspac xwv ZA, ZE eODeimv. fjx'Owaav 5f) dx 6 xoO Z 
ar)pL£iou £xl xdc AB, BF, FA, AE, EA sO^Eiac xaflExoi 
ai ZH, Z0, ZK, ZA, ZM. xal exeI far) saxiv f) 0x6 0FZ 
ywvia xfj 0x6 KFZ, saxl Be xal op'df) f) 0x6 Z0F [op'dfj] 
xfj 0x6 ZKF far), 60o 6 f) xpiyovd saxi. xd Z0F, ZKF xdc 
Buo ycoviac Bual ycoviaic faac sxovxa xal piiav xXsupdv (iia 
xXsupa far)v xoivf)v aOxwv xf)v ZF Oxoxsivouaav 0x6 (iiav 
xAv fawv ywviAv xal xdc Xoixdc dpa xXsupdc xafa Xoixafa 
xXsupafa faac e^ei- far) dpa f) Z0 xaflExoc xf) ZK xaiLlExcp. 
opioicoc Bf) BEix'df]a£xai, oxi xal sxdaxr) xAv ZA, ZM, ZH 
Exaxspa xAv Z0, ZK far) saxiv ai xevxe dpa EuDsIai ai ZH, 
Z0, ZK, ZA, ZM faai dXXf)Xaic; slaiv. 6 dpa xsvxpw xA Z 
Biaaxf]piaxi Be evI xAv H, 0, K, A, M xuxXoc ypacpopiEvoc; 
fj^Ei xal Bid xAv XoixAv ar)p,£iwv xal £(pdi|;£xai xAv AB, BF, 
FA, AE, EA euDeiAv Bid x 6 opUdc sTvai xdc xp 6 c; xoic H, 
0, K, A, M ar)pi£ioi(; ywviac. £i ydp oux EcpdtjiExai auxAv, 
dXXd xEpiEl aOxdc, aupipf)aExai xf)v xfj BiapiExpcp xoO xuxXou 
xpBc opDdc dx’ dxpac dyop.£vr)v svxBc xixxEiv xoO xuxXou- 
oxsp dxoxov EBEixflr). oOx dpa 6 xsvxpw xA Z Biaaxf]piaxi Be 
E vl xAv H, 0, K, A, M ar)piEi 6 rv ypacpopiEvoc xOxXoc xspiET 
xdc AB, BF, FA, AE, EA EODsiac;- EcpdtjiExai dpa auxAv. 
ysypdcp'dw Ac 6 H0KAM. 

Eic dpa x 6 BoiSev xsvxdywvov, 6 saxiv iaoxXsupov xs 
xal iaoyAviov, xOxXoc syysypaxxai- oxsp eBei xoifjaai. 


l6'. 

Hspl x 6 BoilIev xEvxdywvov, 6 saxiv iaoxXsupov xs xal 
iaoyAviov, xuxXov xEpiypdij^ai. 

Tiaxw x 6 BotJev xsvxdywvov, 6 saxiv iaoxXsupov xs xal 


straight-lines FB, FA, and FE have been joined. And 
since BC is equal to CD, and CF (is) common, the two 
(straight-lines) BC, CF are equal to the two (straight¬ 
lines) DC, CF. And angle BCF [is] equal to angle 
DCF. Thus, the base BF is equal to the base DF, and 
triangle BCF is equal to triangle DCF, and the remain¬ 
ing angles will be equal to the (corresponding) remain¬ 
ing angles which the equal sides subtend [Prop. 1.4]. 
Thus, angle CBF (is) equal to CDF. And since CDE 
is double CDE, and CDE (is) equal to ABC, and CDF 
to CBF, CBA is thus also double CBF. Thus, angle 
ABF is equal to FBC. Thus, angle ABC has been cut 
in half by the straight-line BF. So, similarly, it can be 
shown that BAE and AED have been cut in half by the 
straight-lines FA and FE, respectively. So let FG, FH, 
FK, FL, and FM have been drawn from point F, per¬ 
pendicular to the straight-lines AB, BC, CD, DE, and 
EA (respectively) [Prop. 1.12]. And since angle FLCE 
is equal to KCE, and the right-angle EHC is also equal 
to the [right-angle] EKC, FHC and EKC are two tri¬ 
angles having two angles equal to two angles, and one 
side equal to one side, (namely) their common (side) FC, 
subtending one of the equal angles. Thus, they will also 
have the remaining sides equal to the (corresponding) 
remaining sides [Prop. 1.26]. Thus, the perpendicular 
FH (is) equal to the perpendicular FK. So, similarly, it 
can be shown that FL, FM, and FC are each equal to 
each of FH and FK. Thus, the five straight-lines FG, 
FH, FK, FL, and FM are equal to one another. Thus, 
the circle drawn with center F, and radius one of G, H, 
K, L, or M, will also go through the remaining points, 
and will touch the straight-lines AB, BC, CD, DE, and 
EA, on account of the angles at points G, H, K, L, and 
M being right-angles. For if it does not touch them, but 
cuts them, it follows that a (straight-line) drawn at right- 
angles to the diameter of the circle, from its extremity, 
falls inside the circle. The very thing was shown (to be) 
absurd [Prop. 3.16]. Thus, the circle drawn with center 
E, and radius one of G, H, K, L, or M, does not cut 
the straight-lines AB, BC, CD, DE, or EA. Thus, it will 
touch them. Let it have been drawn, like GHKLM (in 
the figure). 

Thus, a circle has been inscribed in the given pen¬ 
tagon which is equilateral and equiangular. (Which is) 
the very thing it was required to do. 

Proposition 14 

To circumscribe a circle about a given pentagon which 
is equilateral and equiangular. 

Let ABCDE be the given pentagon which is equilat- 
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laoywviov, to ABFAE- Bel 8iq Tispi to ABFAE -KSVTdywvov 
xuxXov iiepiypdc|>Q(i. 


A 



TeT(ir]a'dco 6f] exaTspa twv Oko BFA, FAE ytoviAv 
UKO exaTEpac tAv FZ, AZ, xal duo tou Z arijieiou, 
xa'd’ 6 au^ipdXXouaiv al eu^etai, enl tol B, A, E arj^ela 
ene^eux'dwaav euTSeiai ai ZB, ZA, ZE. ojioicoc; 6f) tA upo 
TouTou 5eix'dr]a£Tai, oti xal exdaTr) tAv Otio FBA, BAE, 
AEA ycoviAv Sixa TET^rjTai utco exdaTri<; tAv ZB, ZA, ZE 
eMeiAv. xal ekeI larj eotIv t) uto BFA ycovia tt) uto FAE, 
xa[ EOTi Tfji; ^£v U7 i6 BFA rj^iiaEia rj uno ZFA, Tfjc; 5 e utio 
FAE fijilaEia rj uko FAZ, xal rj uno ZFA dpa Tfj uno ZAF 
EOTiv lar)' Aote xal nXEupd rj ZF xXEupa Tfj ZA eotiv lar). 
o^olwi; 5r) BEix^iiaETai, oti xal ExdaTr) tAv ZB, ZA, ZE 
ExaTspa tAv ZF, ZA eotiv lar]' al tievte dpa EuDElai al 
ZA, ZB, ZF, ZA, ZE laai dXXr^Xaic; Eialv. 6 dpa xsvTpw 
tA Z xal 5iaaTr]p,aTi svl tAv ZA, ZB, ZF, ZA, ZE xuxXot; 
ypacpop-Evoc; fj^Ei xal 8id tAv XoitAv ar)p,E[cov xal EOTai tce- 
piyEypap.[iEvo(;. nEpiyEypacpiila) xal eotw 6 ABFAE. 

IlEpl dpa TO SoDev TEVTaywvov, 6 eotiv laonXEupov te 
xal laoyAviov, xuxXot; TEpiyEypanTai- onEp eBei Toifjaai. 


iz'. 

Elc; Tov Bo^EVTa xOxXov s^dytovov laonXEupov te xal 
laoyAviov syypdijjai. 

TlaTW 6 BoDeIi; xuxXoc 6 ABFAEZ- 6 eT 6 r) eiz tov 
ABFAEZ xOxXov s^dywvov laoxXEupov te xal laoyAviov 
syypdijjai. 

’'Hx'dw TOU ABFAEZ xuxXou BidpiETpoi; f) AA, xal 
ElXrjcpDw TO XEVTpov TOU xuxXou TO H, xal xsvTpw ^ev 
tA a BiaaTrj^aTi Be tA AH xuxXoi; ysypdcp'dw 6 EHF0, 
xal £7ii^EUx4ETaai al EH, FH 6ir)x4waav ekI Ta B, Z ar)(iETa, 
xal ETiE^EUxllwaav al AB, BF, FA, AE, EZ, ZA- Xsyo), oti 


eral and equiangular. So it is required to circumscribe a 
circle about the pentagon ABODE. 


A 



So let angles BCD and ODE have been cut in half by 
the (straight-lines) CE and DE, respectively [Prop. 1.9]. 
And let the straight-lines EB, FA, and EE have been 
joined from point F, at which the straight-lines meet, 
to the points B, A, and E (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown 
that angles CBA, BAE, and AED have also been cut 
in half by the straight-lines FB, FA, and EE, respec¬ 
tively. And since angle BCD is equal to CDE, and FCD 
is half of BCD, and CDF half of CDE, FCD is thus 
also equal to FDC. So that side EC is also equal to side 
ED [Prop. 1.6]. So, similarly, it can be shown that FB, 
FA, and EE are also each equal to each of EC and ED. 
Thus, the five straight-lines FA, FB, EC, ED, and EE 
are equal to one another. Thus, the circle drawn with 
center F, and radius one of FA, FB, EC, ED, or EE, 
will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, 
and let it be ABODE. 

Thus, a circle has been circumscribed about the given 
pentagon, which is equilateral and equiangular. (Which 
is) the very thing it was required to do. 

Proposition 15 

To inscribe an equilateral and equiangular hexagon in 
a given circle. 

Let ABCDEF be the given circle. So it is required to 
inscribe an equilateral and equiangular hexagon in circle 
ABCDEF. 

Let the diameter AD of circle ABCDEF have been 
drawn, I and let the center G of the circle have been 
found [Prop. 3.1]. And let the circle EGCH have been 
drawn, with center D, and radius DC. And EG and CG 
being joined, let them have been drawn across (the cir- 
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TO ABFAEZ e^txywvov laonXeupov ts eaxi xctl laoywviov. 


© 



’Ekei yap to H arjpeTov xsvTpov eoTi toO ABFAEZ 
xuxXou, !ar) eotIv fj HE Tfj HA. TiaXiv, exel to A arj^ietov 
xevTpov soTi TOO HF0 xuxXou, lar) eotIv fj AE Tfj AH. 
dXX’ f] HE Tfj HA eBsix'dr) lar]- xai fj HE dpa Tfj EA Tar] 
eaTLv iaoxXeupov dpa eoTi to EHA Tpiywvov xal ai Tpelc 
dpa auTou ywviai. ai 0x6 EHA, HAE, AEH laai dXXfjXai.(; 
eiaiv, e7isi.8f)7i;ep tSv iaoaxsXwv TpiyAvwv ai npbz Tfj pdasi. 
ywviai. laai dXXfjXai.^ siaiv xai eiaiv ai Tpelc tou Tpiywvou 
ywviai 5uaiv op'daTc laai- f) dpa 0x6 EHA ywvia TpiTov eoTi 
8uo op'dwv. 6poio<; 6f] BeixiSfiaeTai xal f] 0x6 AHF TpiTov 
50o opDAv. xal exei f] FH eOTjela exl Tf]v EB axaflelaa Td<; 
etpe^rjc ywviac; Td<; 0x6 EHF, FHB 6ualv opDaTt; Ioolq xoiel, 
xai Xoixf) dpa f) 0x6 FHB TpiTov eaxl 8uo opDcSv ai dpa 
0x6 EHA, AHF, FHB ywviailaai dXXf]Xai<; eiaiv oaxe xal 
ai xaxd xopucpfjv aOxaTt; ai 0x6 BHA, AHZ, ZHE laai eiaiv 
[toic 0x6 EHA, AHF, FHB]. ai §5 dpa ywviai ai 0x6 EHA, 
AHF, FHB, BHA, AHZ, ZHE laai dXXfjXai(; eiaiv. ai 8e 
laai ywviai exl lawv xepicpepeiAv pepf]xaaiv ai e^ dpa xe- 
picpepeiai ai AB, BF, FA, AE, EZ, ZA laai dXXfjXaic eiaiv. 
0x6 8e Tdi; laac; xepicpepeiac; ai laai eOHelai OxoTeivouaiv 
ai §5 dpa eO'de'iai laai dXXf]Xai<; eiaiv iaoxXeupov dpa eaxl 
TO ABFAEZ e^dywvov. Xeyw 6f], oti xal iaoyAviov. exel 
ydp lar) eaxlv f] ZA xepicpepeia Tfj EA xepicpepeia, xoivf] 
xpoaxeiai^w f] ABFA xepicpepeia- oXr] dpa f) ZABFA oXr] 
Tfj EAFBA eaTiv larj- xal peprjxev exl pev Tfji; ZABFA 
xepicpepeiac f] 0x6 ZEA ywvia, exl 5e Tfjc EAFBA xepi- 
cpepeiac f) 0x6 AZE ywvia- lar] dpa -f] 0x6 AZE ywvia Tfj 
0x6 AEZ. opoiwc 8f] BeixUrjaeTai, oti xal ai Xoixal ywviai 
ToO ABFAEZ e^ayAvou xaTot (liav laai eiaiv exaTepa tAv 
0x6 AZE, ZEA ywviAv iaoyAviov dpa eaxl t6 ABFAEZ 
e^dywvov. eSeixDr] 6e xal iaoxXeupov xal eyyeypaxTai eic 
t6v ABFAEZ xuxXov. 

Eic dpa t6v BoiDevTa xOxXov e^dywvov iaoxXeupov xe 


cle) to points B and F (respectively). And let AB, BC, 
CD, DE, EF, and FA have been joined. 1 say that the 
hexagon ABCDEF is equilateral and equiangular. 


H 



For since point G is the center of circle ABCDEE, 
GE is equal to GD. Again, since point D is the cen¬ 
ter of circle GCFl, DE is equal to DG. But, GE was 
shown (to be) equal to GD. Thus, GE is also equal to 
ED. Thus, triangle EGD is equilateral. Thus, its three 
angles EGD, GDE, and DEG are also equal to one an¬ 
other, inasmuch as the angles at the base of isosceles tri¬ 
angles are equal to one another [Prop. 1.5]. And the 
three angles of the triangle are equal to two right-angles 
[Prop. 1.32]. Thus, angle EGD is one third of two right- 
angles. So, similarly, DGC can also be shown (to be) 
one third of two right-angles. And since the straight-line 
GG, standing on EB, makes adjacent angles EGC and 
GGB equal to two right-angles [Prop. 1.13], the remain¬ 
ing angle GGB is thus also one third of two right-angles. 
Thus, angles EGD, DGG, and GGB are equal to one an¬ 
other. And hence the (angles) opposite to them BGA, 
AGF, and FGE are also equal [to EGD, DGG, and 
CGB (respectively)] [Prop. 1.15]. Thus, the six angles 
EGD, DGG, CGB, BGA, AGE, and FGE are equal 
to one another. And equal angles stand on equal cir¬ 
cumferences [Prop. 3.26]. Thus, the six circumferences 
AB, BC, CD, DE, EE, and FA are equal to one an¬ 
other. And equal circumferences are subtended by equal 
straight-lines [Prop. 3.29]. Thus, the six straight-lines 
{AB, BC, CD, DE, EE, and FA) are equal to one 
another. Thus, hexagon ABCDEE is equilateral. So, 
1 say that (it is) also equiangular. For since circumfer¬ 
ence EA is equal to circumference ED, let circumference 
ABCD have been added to both. Thus, the whole of 
EABCD is equal to the whole of EDCBA. And angle 
EED stands on circumference FABCD, and angle AFE 
on circumference EDCBA. Thus, angle AEE is equal 
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xal laoywviov onep e8si. noifjaai. 


n6pia[jia. 

’Ex 8ri TOUTOU cpavepov, oti. f) tou e^aywvou TiXeupa ’lar] 
eaxl Tfj ex xoD xevxpou xoO xuxXou. 

'Opioitoc; 6e xolg enl xoO nevxaycovou eocv 5ia xwv xaxa 
xov xuxXov 6iai.peae63v e(pa7T:xo(jeva<; xoO xuxXou dyaywptcv, 
nepiypacpriaexai. xepl xov xuxXov e^dywvov laoTiXeupov 
xe xa'i laoywviov dxoXouTSwc; xoTc; enl xoO nevxaycovou 
elprjpievoic;. xal exi 6id xwv opioiwv xolc; enl xou nevxaywvou 
elpr]ptevoic; eIq to BoDev e^dywvov xuxXov eyypdc|;opi8v xe 
xal nepiypdcl^optev oTiep e6ei TioLfjaai.. 

t See the footnote to Prop. 4.6. 

If'. 

Etc; xov BoDevxa xuxXov itevxexaiSexdytovov laottXeupov 
xe xal laoytoviov eyypdt|>ai. 

A 



’Elaxo) 6 BoHeli; xuxXoc 6 ABEA- 6eT 6f] ei<; xov ABEA 
xuxXov iievxexaiSexdycovov laoitXeupov xe xal laoyAviov 
eyypdtjiat. 

’Eyyeypdcp'dw ei<; xov ABEA xuxXov xpiyAvou picv lao- 
TtXeupou xou etc; auxov eyypacpopievou TtXeupd f) AE, Ttev- 
xayAvou 8e laoTtXeupou fj AB' oicov dpa eaxlv 6 ABEA 
xoxXoc, ’latov xpiripLaxcov Sexattcvxe, xoiouxtov rj piev ABE 
Ttepicpepeia xplxov ouaa xou xuxXou eaxai Ttevxe, f) 6e AB 
Ttepicpepeia ttepixov ouaa xou xuxXou eaxat xptov XoiTif] dpa 


to DEF [Prop. 3.27]. Similarly, it can also be shown 
that the remaining angles of hexagon ABC DEF are in¬ 
dividually equal to each of the angles AFE and FED. 
Thus, hexagon ABC DEF is equiangular. And it was also 
shown (to be) equilateral. And it has been inscribed in 
circle ABCDE. 

Thus, an equilateral and equiangular hexagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 

Corollary 

So, from this, (it is) manifest that a side of the 
hexagon is equal to the radius of the circle. 

And similarly to a pentagon, if we draw tangents 
to the circle through the (sixfold) divisions of the (cir¬ 
cumference of the) circle, an equilateral and equiangu¬ 
lar hexagon can be circumscribed about the circle, analo¬ 
gously to the aforementioned pentagon. And, further, by 
(means) similar to the aforementioned pentagon, we can 
inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 


Proposition 16 

To inscribe an equilateral and equiangular fifteen¬ 
sided figure in a given circle. 

A 



Let ABCD be the given circle. So it is required to in¬ 
scribe an equilateral and equiangular fifteen-sided figure 
in circle ABCD. 

Let the side AC of an equilateral triangle inscribed 
in (the circle) [Prop. 4.2], and (the side) AB of an (in¬ 
scribed) equilateral pentagon [Prop. 4.11], have been in¬ 
scribed in circle ABCD. Thus, just as the circle ABCD 
is (made up) of fifteen equal pieces, the circumference 
ABC, being a third of the circle, will be (made up) of five 
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f) BF Tov lacov 5uo. TeTtir^a^O) f) BF 8ixa xoctoc to E- 
exaxepct apa twv BE, EF xepicpepeiwv xevTExaiBexocTov eaxi 
xou ABFA xuxXou. 

’Eotv apa emJ^eu^avxec; xac; BE, EF \aa.Q auxdxq xaxa x6 
auv£X£<; eMeiac; evappioawpiEv siz xov ABFA[E] xuxXov, 
eaxai. eiz auxov eYY£Ypa(ipi£vov 7i;£vx£xai.8£xaYWvov IookXeu- 
pov x£ xai iooyAviov 6x£p eBei xoifjaai.. 

'Opioiwt; Be xdiz etiI xoO xEvxaYWvou sav 8i.a xwv 
xaxa xov xuxXov BiaipsaEcov EcpaxxopiEvac; xoD xuxXou 
aYotY^lJ^E^) 7i;£pi.Ypa<P'noe™i xov xuxXov xEvxExai- 

Bexolywvov iaoxXEupov xe xai iooyAviov. exi. Be Bi.a 
xAv 6(jLo(wv Toiz Exl xou xEvxaYAvou Bei^ewv xai £i<; x6 
BotJev xEvxExaiBExaYWvov xuxXov £yyP“4'°1^^^ 
piYpai|jo(J£v oxEp eBei xoifjaai. 


such (pieces), and the circumference AB, being a fifth of 
the circle, will be (made up) of three. Thus, the remain¬ 
der BC (will be made up) of two equal (pieces). Let (cir¬ 
cumference) BC have been cut in half at E [Prop. 3.30]. 
Thus, each of the circumferences BE and EC is one fif¬ 
teenth of the circle ABODE. 

Thus, if, joining BE and EC, we continuously in¬ 
sert straight-lines equal to them into circle ABCD[E] 
[Prop. 4.1], then an equilateral and equiangular fifteen¬ 
sided figure will have been inserted into (the circle). 
(Which is) the very thing it was required to do. 

And similarly to the pentagon, if we draw tangents to 
the circle through the (fifteenfold) divisions of the (cir¬ 
cumference of the) circle, we can circumscribe an equilat¬ 
eral and equiangular fifteen-sided figure about the circle. 
And, further, through similar proofs to the pentagon, we 
can also inscribe and circumscribe a circle in (and about) 
a given fifteen-sided figure. (Which is) the very thing it 
was required to do. 
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tThe theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal 
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book, 
a, /3, 7 , etc., denote general (possibly irrational) magnitudes, whereas m, n, I, etc., denote positive integers. 
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"Opoi. 

a'. Mepoc; eaxl [isyeiSoc; [isye^ouc; to sXaaaov xoO 
[ieif^ovoc;, oxav xaxapiETpfj to (jeT^ov. 

P'. HoXXaiiXaaiov Ss to [iEl^ov too eXolttovoc;, oxav xa- 
TajiETpfjTai 0x6 tou eXAttovo^. 

y'. Aoyoc; eotI 5uo jiEyEiSwv ojioyEvwv fj xoctoc xt)- 
XixoTTjTd xoia axsoiQ. 

6'. Aoyov E^Eiv xpog dXXrjXa [iEyEiSri XsyETai., d Buvaxai 
xoXXaxXaaia^opiEva dXXrjXtov uxEpsxeiv. 

e'. ’Ev tw auTW Xoyw pEysiDr] XsyETai. slvai. xpwTov 
xpog SsuTspov xal xpiTov xpoc; TExapTov, oxav xd xoD 
xpcoTou xa[ xpiTou lo&xiQ xoXXaxXdaia xwv xou SsuTEpou 
xal TExdpxou ladxic xoXXaxXaaiwv xaii)’ oxoiovouv xoXXa- 
xXaai.aa(i6v sxdxspov sxaxEpou r] dpia OxEpEXT) t] d(ia laa fj 
r] Sjia eXXeixt) Xrjcp'dEvxa xaxdXXrjXa. 

f'. Td Se tov auTov s^ovxa Xoyov jisyE^T) dvdXoyov 
xaXsia'dto. 

"Oxav Be twv ladxic xoXXaxXaaitov to (iev tou 
xpoTou xoXXaxXdaiov OxEpEXT) xou xou BsuTspou xoX- 
XaxXaaiou, to Be tou xpixou xoXXaxXdaiov (jii^ OxEpsxn 
TOU TOU TExdpxou xoXXaxXaoiou, tote to xpwxov xp6(; to 
B suTEpov piEi^ova Xoyov exeiv XsyExai, fjxsp to xpixov xpog 
TO TEXapTOV. 

T)'. AvaXoyia Be ev xpiaiv 6poi<; sXaxlaxr) saxlv. 
tl)'. "Oxav Be xpla piEysiDr) dvdXoyov fj, to xpGxov xpoc; 
TO xpiTov BixXaalova Xoyov exeiv XEyExai rjxsp xpoc; to 
BsUTEpoV. 

i'. "Oxav Be xEaaapa (isyEiilr) dvdXoyov fj, to xpwxov 
xpoc; TO TExapxov xpixXaaiova Xoyov exeiv XsyETai. fjxsp 
xpoc; TO BsuTspov, xal dsl s^fjc; opoiwc;, (be; dv f) dvaXoyia 
uxdpxT). 

la'. '0(i6Xoya (isyEiilri XEyExai. xd (jev f]youptEva xoTc; 
fjyoupiEvoic; xd Be £x6(iEva xoTc; sxopiEvoic;. 

iP'. ’EvaXXd^ Xoyoc; saxl XfjtJ;i.c; xou fjyoupiEvou xpoc; to 
fiyou(iEvov xal xou £xo(iEvou xpoc; to ExopiEvov. 

ly'. AvdxaXiv Xoyoc; saxl Xfit|ii.c; xou Exojisvou (be; 
fiyou(iEvou xpoc; to fiyou(iEvov (be; ExopiEvov. 

iB'. SuvOsaic; Xoyou saxl Xfjijxc; xou fjyoupiEvou piExa xou 
ExopiEvou (be; Evoc; xpoc; auxo to Exojisvov. 

is'. Aiaipsaic; Xoyou saxl Xfj(];i.c; xfje; uxspoxfjc;, fj uxEpsxEi. 
TO fjyoujiEvov TOU ExopiEvou, xpoc; auxo to sxojiEvov. 

it'. Avaaxpoepf) Xoyou saxl Xfjijxc; xou fjyoujiEvou xpoc; 

xfjv UX£pO)(f]V, fj UXEpEXEl TO fjyOUpiEVOV TOU EXOjiEVOU. 

iC- Ai’ laou Xoyoc; saxl xXeiovgjv ovxtov [iEysflwv xal 
dXXojv auToIc; laojv to xXfjiiloc; auvBuo XapPavopiEvtov xal 
EV T(b auT(b Xoytp, oxav fj (be; sv xoTc; xpcbxoic; pisyEDEai. to 
xpwTov xpoc; TO saxocTov, ouxtoc; sv xolc; BsuTspoic; piEyEDsai. 
TO xpBSxov xpoc; to saxaxov fj dXXtoc;- Xfjijxc; T(bv dxptov 


Definitions 

1. A magnitude is a part of a(nother) magnitude, the 
lesser of the greater, when it measures the greater.! 

2. And the greater (magnitude is) a multiple of the 
lesser when it is measured by the lesser. 

3. A ratio is a certain type of condition with respect to 
size of two magnitudes of the same kind.! 

4. (Those) magnitudes are said to have a ratio with re¬ 
spect to one another which, being multiplied, are capable 
of exceeding one another. § 

5. Magnitudes are said to be in the same ratio, the first 
to the second, and the third to the fourth, when equal 
multiples of the first and the third either both exceed, are 
both equal to, or are both less than, equal multiples of the 
second and the fourth, respectively, being taken in corre¬ 
sponding order, according to any kind of multiplication 
whatever.^ 

6. And let magnitudes having the same ratio be called 
proportional.* 

7. And when for equal multiples (as in Def. 5), the 
multiple of the first (magnitude) exceeds the multiple of 
the second, and the multiple of the third (magnitude) 
does not exceed the multiple of the fourth, then the first 
(magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 

8. And a proportion in three terms is the smallest 
(possible).* 

9. And when three magnitudes are proportional, the 
first is said to have to the third the squared 11 ratio of that 
(it has) to the second.!! 

10. And when four magnitudes are (continuously) 
proportional, the first is said to have to the fourth the 
cubed!! ratio of that (it has) to the second.And so on, 
similarly, in successive order, whatever the (continuous) 
proportion might be. 

11. These magnitudes are said to be corresponding 
(magnitudes): the leading to the leading (of two ratios), 
and the following to the following. 

12. An alternate ratio is a taking of the (ratio of the) 
leading (magnitude) to the leading (of two equal ratios), 
and (setting it equal to) the (ratio of the) following (mag¬ 
nitude) to the following. 

13. An inverse ratio is a taking of the (ratio of the) fol¬ 
lowing (magnitude) as the leading and the leading (mag¬ 
nitude) as the following.** 

14. A composition of a ratio is a taking of the (ratio of 
the) leading plus the following (magnitudes), as one, to 
the following (magnitude) by itself.** 
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xa'd’ UTie^aipeaiv t«v pisawv. 15. A separation of a ratio is a taking of the (ratio 

IT]'. TexapaYpevr) 6s dvaXoyia sotiv, oxav xpiwv ovtwv of the) excess by which the leading (magnitude) exceeds 
psyeDCiv xocl dXXwv auxolt; lawv to TzXf}'do(; yivTixai (bg psv the following to the following (magnitude) by itself. 
sv xolg Tiptbxoic; peysOsaiv fjyoupsvov xpoc sxopsvov, ouxwc; 16. A conversion of a ratio is a taking of the (ratio 
sv xolc; Bsuxspoic; psysHsaiv rjyoupsvov xpot; snopEvov, (be; of the) leading (magnitude) to the excess by which the 
5e sv xolc; xpcbxoic; psysOsaiv SKopsvov upoc; dXXo xi, ouxcoc; leading (magnitude) exceeds the following.m 
sv xolc; Bsuxspoic; dXXo xi xpog fjyoupsvov. 17. There being several magnitudes, and other (mag¬ 

nitudes) of equal number to them, (which are) also in the 
same ratio taken two by two, a ratio via equality (or ex 
aequali) occurs when as the first is to the last in the first 
(set of) magnitudes, so the first (is) to the last in the sec¬ 
ond (set of) magnitudes. Or alternately, (it is) a taking of 
the (ratio of the) outer (magnitudes) by the removal of 
the inner (magnitudes).® 

18. There being three magnitudes, and other (magni¬ 
tudes) of equal number to them, a perturbed proportion 
occurs when as the leading is to the following in the first 
(set of) magnitudes, so the leading (is) to the following 
in the second (set of) magnitudes, and as the following 
(is) to some other (i.e., the remaining magnitude) in the 
first (set of) magnitudes, so some other (is) to the leading 
in the second (set of) magnitudes. 

t In other words, a is said to be a part of /3 if /3 = m a. 

t In modern notation, the ratio of two magnitudes, a and /9, is denoted a : /9. 

§ In other words, a has a ratio with respect to /9 if m a > /9 and n(3 > a, for some m and n. 

^ In other words, a : /3 :: 7 : (5 if and only if m a > nf} whenever my > nS, and ma = nfi whenever = n&, and ma < n (3 whenever 

m 7 < n 5, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, 0, etc., are irrational. 

* Thus if a and 0 have the same ratio as 7 and & then they are proportional. In modern notation, a : /3 :: 7 : (5. 

* In modern notation, a proportion in three terms—a, 0, and 7 —is written: a : 0 :: 0 : 

II Literally, “double”. 

It In other words, if a : /3 :: /3 : 7 then a : 7 :: a ^ : /3 
tt Literally, “triple”. 

§5 In other words, if a : /3 : 7 ;; 7 : <5 then a : S :: : 0^. 

In other words, if a : 7 : (5 then the alternate ratio corresponds to a : 7 :: /3 : <5. 

** In other words, if a : 0 then the inverse ratio corresponds to 0 : a. 

** In other words, if a : 0 then the composed ratio corresponds to a + 0 ■ 0- 

III In other words, if a : 0 then the separated ratio corresponds to a — 0 : 0. 

Itt In other words, if a : 0 then the converted ratio corresponds to a : a — 0. 

tW In other words, if a, 0, 7 are the first set of magnitudes, and S, e, the second set, and a : 0 : S : e : then the ratio via equality (or ex 

aequali) corresponds to a : 7 :: (5 ; 

In other words, if a, 0 ,7 are the first set of magnitudes, and S, e, the second set, and a : 0 :: S : e as well as 0 : "f : S, then the proportion 
is said to be perturbed. 


a. 

’Eav fi oxoaaouv psys'dr) oitoatovouv psysflcbv lacov x6 
xXfjiiloc; Exaaxov sxdaxou ladxtc; 7toXXa7tXdGi.ov, bacmXa.ai6\> 
saxiv sv xcSv psyEiHov Evog, xoaauxaitXdaia saxai xal xot 


Proposition V 

If there are any number of magnitudes whatsoever 
(which are) equal multiples, respectively, of some (other) 
magnitudes, of equal number (to them), then as many 
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TldvTa TCOV TidvTCOV. 


A H B r 0 A 

I-1-1 I-1-1 

E'-1 Z'-1 

TilaTW onoaocoDv ^SYeiDr) xa AB, FA okogwvoOv ^s- 
YE'Owv Twv E, Z lawv to nXfjiSot; exaaxov exdaxou ladxn; 
xoXXaxXdoiov Xeyw, oti baoLTiXoLoiov eaxi to AB toO E, 
ToaauTa7i;Xdai.a eaxai. xal xd AB, FA xwv E, Z. 

’Exei Ydp iadxi<; eaxl xoXXaxXdaiov to AB xou E xal 
TO FA Tou Z, oaoL dpa eaxlv ev xw AB piSYS'dr) laa xA E, 
Toaauxa xal ev xA FA laa xA Z. BL^priaiDo x6 (lev AB eiz xd 
xA E pLeY£'0>l loa xd AFE, HB, xd 6e FA eli; xd xA Z laa xd 
F0, 0A- eaxai laov xd xXfjDoi; xAv AH, HB xA xXr^Dei 
xAv F0, 0A. xal cxellaov eaxl xd p.cv AH xA E, xd 5e F0 
xA Z, laov dpa xd AH xA E, xal xd AH, F0 xoic, E, Z. 5id 
xd auxd 6f] laov eaxl xd HB xA E, xal xd HB, 0A xolc E, 
Z' boa. dpa eaxlv ev xA AB laa xA E, xoaauxa xal ev xolc; 
AB, FA laa xolg E, Z' daaxXdaiov dpa eaxl xd AB xou E, 
xoaauxanXdaia eaxai xal xd AB, FA xAv E, Z. 

’Edv dpa fi dxoaaouv pieYeDT) dxoawvouv [ieYsDAv 
lawv xd xXfj'doc; exaaxov exdaxou ladxic; xoXXaxXdaiov, 
daaxXdaidv eaxiv ev xAv p.eYS'dAv evoc, xoaauxaxXdaia 
eaxai xal xd xdvxa xAv xdvxtov oxep c5ei Bel^ai. 


times as one of the (first) magnitudes is (divisible) by 
one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). 

A G B C H D 

I-1-1 I-1-1 

El-1 pi-1 

Let there be any number of magnitudes whatsoever, 
AB, CD, (which are) equal multiples, respectively, of 
some (other) magnitudes, E, F, of equal number (to 
them). I say that as many times as AB is (divisible) by E, 
so many times will AB, CD also be (divisible) by E, F. 

For since AB, CD are equal multiples of E, F, thus 
as many magnitudes as (there) are in AB equal to E, so 
many (are there) also in CD equal to F. Let AB have 
been divided into magnitudes AG, GB, equal to E, and 
CD into (magnitudes) CH, HD, equal to F. So, the 
number of (divisions) AG, GB will be equal to the num¬ 
ber of (divisions) CH, HD. And since AG is equal to E, 
and CH to F, AG (is) thus equal to E, and AG, CH to E, 
F. So, for the same (reasons), GB is equal to E, and GB, 
HD to E, F. Thus, as many (magnitudes) as (there) are 
in AB equal to E, so many (are there) also in AB, CD 
equal to E, F. Thus, as many times as AB is (divisible) 
by E, so many times will AB, CD also be (divisible) by 
E, F. 

Thus, if there are any number of magnitudes what¬ 
soever (which are) equal multiples, respectively, of some 
(other) magnitudes, of equal number (to them), then as 
many times as one of the (first) magnitudes is (divisi¬ 
ble) by one (of the second), so many times will all (of the 
first magnitudes) also (be divisible) by all (of the second). 
(Which is) the very thing it was required to show. 


m{a + P-\ -). 


t In modern notation, this proposition reads ma + mP + ■ ■ ■ = 

P- 

’Eav xpcpxov 5euxepou laaxic; fj itoXXaxXdaiov xal xpixov 
xexdpxou, fj 8e xal Ttepxxov SeuxEpou iadxK; TtoXXaxXdaiov 
xal exxov xsxdpxou, xal auvxeUev xpAxov xal Ttspitxov 
5euxepou ladxic; eaxai itoXXaxXdaiov xal xpixov xal exxov 
xexdpxou. 

HpAxov Y“P v6 AB 5euxepou xou F iadxic eaxw TtoX- 
XaxXdaiov xal xpixov x6 AE xexdpxou xou Z, eaxw 6e xal 
xepxxov TO BH 8euxepou xou F iadxn; xoXXaitXdaiov xal 
exxov x6 E0 xexdpxou xou Z- Xeyw, oxi xal auvxeiDev 
xpAxov xal Ttepitxov x6 AH 6euxepou xou F iadxn; eaxai 
xoXXaitXdaiov xal xpixov xal exxov x6 A0 xexdpxou xou Z. 


Proposition 2i 

If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and a fifth (mag¬ 
nitude) and a sixth (are) also equal multiples of the sec¬ 
ond and fourth (respectively), then the first (magnitude) 
and the fifth, being added together, and the third and the 
sixth, (being added together), will also be equal multiples 
of the second (magnitude) and the fourth (respectively). 

For let a first (magnitude) AB and a third DE be 
equal multiples of a second C and a fourth F (respec¬ 
tively). And let a fifth (magnitude) BG and a sixth EH 
also be (other) equal multiples of the second C and the 
fourth F (respectively). 1 say that the first (magnitude) 
and the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together. 
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A B H 

I-^^^^ -1 

r I—I 

A E 0 

I-^^^^-1 

Z'-1 

’Ekei yap loaxiQ eaxl KoXka.KXa.aiov to AB toO F xal to 
AE ToO Z, oaa apa eaxlv ev tw AB laa tw F, Toaauxa xal 
ev TW AE laa xw Z. 6ia xa auxoc 6r) xal oaa eaxlv sv xA BFE 
Xaa xA F, xoaaOxa xal ev xA E0 laa xA Z' oaa apa eaxlv ev 
oXcp xA AF[ Xaa xA F, xoaaOxa xal ev oXw xA A0 laa xA Z' 
oaaxXdaiov dpa eaxl x6 AH xoO F, xoaauxaxXdaiov eaxai 
xal x6 A0 xoO Z. xal auvxeiSev dpa xpAxov xal neptnxov x6 
AH 5euxepou xoO F iaaxic, eaxai xoXXaxXdaiov xal xpixov 
xal exxov x6 A0 xexdpxou xou Z. 

’Edv dpa xpAxov Seuxepou ladxic; fj xoXXanXdaiov xal 
xpixov xexdpxou, fj 5e xal nejiuxov Seuxepou ladxic; xoX- 
XaxXdaiov xal exxov xexdpxou, xal auvxeiSev xpAxov xal 
nep-xxov Seuxepou ladxic; eaxai xoXXaxXdaiov xal xplxov xal 
exxov xexdpxou- oxep eSei Sel^ai. 


t In modern notation, this propostion reads ma + na = (m + n) a. 

Y- 

’Edv itpAxov Seuxepou ladxic fj KoXXaitXdaiov xal xplxov 
xexdpxou, Xrjcpiilfi Se ladxic; KoXXaitXdaia xou xe xpAxou 
xal xplxou, xal Si’ ’(aou xAv XTicp-devTcov exdxepov exaxepou 
ladxic; eaxai xoXXaitXdaiov x6 pev xou Seuxepou x6 Se xou 
xexdpxou. 

HpAxov ydp x6 A Seuxepou xou B ladxic; eaxo xoX- 
XaxXdaiov xal xplxov x6 F xexdpxou xou A, xal elXrjcp-dw 
xAv A, F ladxic; TtoXXaxXdaia xd EZ, H0- Xeyco, 6xi ladxic; 
eaxl TtoXXaxXdaiov x6 EZ xou B xal x6 H0 xou A. 

’Exel ydp ladxic; eaxl xoXXaTiXdaiov x6 EZ xou A xal 
x6 H0 xou F, oaa apa eaxlv ev xA EZ ’laa xA A, xoaaOxa 
xal ev xA H0 ’laa xA F. Sirjpria-dco x6 pev EZ e’lc xd xA A 
peye-dr] ’laa xd EK, KZ, x6 Se H0 e’lc; xd xA F ’laa xd HA, 


to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

A B G 

I-^-1-^^-1 

Cl—I 

D EH 

I-1-^^^-1 

F I-1 

For since AB and DE are equal multiples of C and F 
(respectively), thus as many (magnitudes) as (there) are 
in AB equal to C, so many (are there) also in DE equal to 
F. And so, for the same (reasons), as many (magnitudes) 
as (there) are in BG equal to C, so many (are there) 
also in EFl equal to F. Thus, as many (magnitudes) as 
(there) are in the whole of AG equal to C, so many (are 
there) also in the whole of DEL equal to F. Thus, as many 
times as AG is (divisible) by C, so many times will DEI 
also be divisible by F. Thus, the first (magnitude) and 
the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
to give) DH, will also be equal multiples of the second 
(magnitude) G and the fourth F (respectively). 

Thus, if a first (magnitude) and a third are equal mul¬ 
tiples of a second and a fourth (respectively), and a fifth 
(magnitude) and a sixth (are) also equal multiples of the 
second and fourth (respectively), then the first (magni¬ 
tude) and the fifth, being added together, and the third 
and sixth, (being added together), will also be equal mul¬ 
tiples of the second (magnitude) and the fourth (respec¬ 
tively) . (Which is) the very thing it was required to show. 


Proposition 3i 

If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and equal multi¬ 
ples are taken of the first and the third, then, via equality, 
the (magnitudes) taken will also be equal multiples of the 
second (magnitude) and the fourth, respectively. 

For let a first (magnitude) A and a third G be equal 
multiples of a second B and a fourth D (respectively), 
and let the equal multiples EF and GH have been taken 
of A and G (respectively). I say that EF and GH are 
equal multiples of B and D (respectively). 

For since EF and GH are equal multiples of A and 
G (respectively), thus as many (magnitudes) as (there) 
are in EF equal to A, so many (are there) also in GH 
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A0- saxai 6f] Xaov to nXfjAoc; twv EK, KZ tG xwv 

HA, A0. xal enel ioaxiQ eaxl noXXaxXAaiov x6 A xou B xocl 
x6 r xou A, laov 5e x6 EK xw A, x6 6e HA xw E, 
iaaxic, apoL eaxl KoXXaxXdaiov x6 EK xou B xal x6 HA xou 
A. 6id x6c auxd 6f) ladxic; eaxl noXXaiiXdaiov x6 KZ xou B 
xal x6 A0 xou A. eTiel ouv xpwxov x6 EK 5euxepou xou B 
ladxic; eaxl TioXXaxXdaiov xal xpixov x6 HA xexdpxou xou 
A, eaxi 5c xal TicjiTixov x6 KZ 5cuxepou xou B ladxig xoX- 
XaxXdaiov xal exxov x6 A0 xexdpxou xou A, xal auvxeAcv 
dpa Tipwxov xal xepiiixov x6 EZ 6cuxcpou xou B ladxic; eaxl 
xoXXanXdaiov xal xplxov xal exxov x6 H0 xexdpxou xou A. 


Ai-^^-1 

B'-1 

E K Z 

I-1-1 

p I—^—I—I 

A'—I 

H A @ 

I-1-1 

’Edv dpa xpGxov 5cuxcpou ladxic; fj TioXXaKXdaiov 
xal xplxov xexdpxou, XrjcpAfi 6e xou xpAxou xal xplxou 
ladxic; xoXXaTiXdaia, xal 6i’ laou xwv XrjcpAcvxtov cxdxcpov 
cxaxcpou ladxic; eaxai xoXXanXdaiov x6 [iev xou 5euxepou 
x6 5e xou xexdpxou- oxcp e6ci 5el^ai. 

t In modern notation, this proposition reads m(n a) = (m n) a. 

6 '. 

’Edv Ttpwxov Ttpoc; 6euxepov xov auxov exf} Xoyov xal 
xplxov Ttpoc; xcxapxov, xal xd ladxic; itoXXaTtXdaia xou xc 
Ttpwxou xal xplxou Ttpoc; xd ladxic; TtoXXaitXdaia xou 5euxepou 
xal xexdpxou xa-d’ OTtoiovouv TtoXXaTtXaaiaajiov xov auxov 
c^ci Xoyov XifjcpAcvxa xaxdXXrjXa. 

Hpwxov ydp x6 A itpoi; 6cuxcpov x6 B xov auxov cxexw 
Xoyov xal xplxov x6 E Ttpoc; xcxapxov x6 A, xal clXyicp-dw 
xwv p.cv A, E ladxic; TtoXXaTtXdaia xd E, Z, xwv 5c B, A 
dXXa, a exu^ev, ladxi; TtoXXaitXdaia xd H, 0- Xcyco, 6xi 
caxlv (be; x6 E Ttpoc; x6 H, ouxtoc; x6 Z Ttpoc; x6 0. 


equal to C. Let EF have been divided into magnitudes 
EK, KF equal to A, and GTE into (magnitudes) GL, LH 
equal to C. So, the number of (magnitudes) EK, KF 
will be equal to the number of (magnitudes) GL, LEI. 
And since A and G are equal multiples of B and D (re¬ 
spectively), and EK (is) equal to A, and GL to C, EK 
and GL are thus equal multiples of B and D (respec¬ 
tively). So, for the same (reasons), KF and LH are equal 
multiples of B and D (respectively). Therefore, since the 
first (magnitude) EK and the third GL are equal mul¬ 
tiples of the second B and the fourth D (respectively), 
and the fifth (magnitude) KF and the sixth LH are also 
equal multiples of the second B and the fourth D (re¬ 
spectively), then the first (magnitude) and fifth, being 
added together, (to give) EF, and the third (magnitude) 
and sixth, (being added together, to give) GH, are thus 
also equal multiples of the second (magnitude) B and the 
fourth!) (respectively) [Prop. 5.2]. 

Ai-^^-1 

Bi- 1 

E K F 

I-1-1 

C I—^^—I 

Di-1 

G L H 

I-1-1 

Thus, if a first (magnitude) and a third are equal mul¬ 
tiples of a second and a fourth (respectively), and equal 
multiples are taken of the first and the third, then, via 
equality, the (magnitudes) taken will also be equal mul¬ 
tiples of the second (magnitude) and the fourth, respec¬ 
tively. (Which is) the very thing it was required to show. 


Proposition 4^ 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth then equal multiples of the 
first (magnitude) and the third will also have the same 
ratio to equal multiples of the second and the fourth, be¬ 
ing taken in corresponding order, according to any kind 
of multiplication whatsoever. 

For let a first (magnitude) A have the same ratio to 
a second B that a third G (has) to a fourth D. And let 
equal multiples E and F have been taken of A and G 
(respectively), and other random equal multiples G and 
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A'-1 

B ^ 

E I-^-1 

H' I I I 

K'-^-1 

Ml-^^-1 

r I—I 

Zi—I—I 

(m) I-1-1-1 

Ai-^-1 

Ni-^^-1 

EiX/icpiSw yap twv (jev E, Z ladxic; noXXotTiXdaia tol K, 
A, Twv 6e H, 0 dXXa, a exu^ev, ladxic; noXXanXdaia xd M, 
N. 

[Kal] enel ladxig eaxl xoXXanXdaiov x6 p,£v E xou A, x6 
5e Z xou r, xal eiXriiixai xwv E, Z ladxic; TCoXXaxXdaia xd K, 
A, ladxii; dpa eaxi TioXXaxXdaiov x6 K xou A xai x6 A xou 
r. 6id xd auxd 5r) ladxic; eax'i xoXXaxXdaiov x6 M xou B xal 
x6 N xou A. xal enei eaxiv Ac; x6 A xpoc; x6 B, ouxwc; x6 E 
Tipoc; x6 A, xai eiXrjxxai xAv pev A, E ladxic; xoXXaxXdaia 
xd K, A, xAv 5s B, A dXXa, d exuxsv, ladxic; xoXXaxXdaia 
xd M, N, si dpa unspExei to K xou M, UTispsxei xal x6 A 
xou N, xal si laov, laov, xal si sXaxxov, sXaxxov. xal saxi 
xd (isv K, A xAv E, Z ladxic; xoXXaxXdaia, xd 5s M, N xAv 
H, 0 dXXa, d sxuxev, ladxic xoXXaxXdaia' saxiv dpa Ac; x6 
E xpoc; x6 H, ouxwc; x6 Z xpoc; x6 0. 

’Edv dpa xpAxov iipoc; 5suxspov xov auxov sxifl Xoyov 
xal xplxov xpoc; xsxapxov, xal xd ladxic; noXXaxXdaia xou xs 
TipAxou xal xplxou xpoc xd ladxic; xoXXaxXdaia xou 5suxspou 
xal xsxdpxou xov auxov s^ei Xoyov xaA’ oxoiovouv xoXXa- 
xXaaiaapov XrjcpAsvxa xaxdXXrjXa- oTisp e5si SsT^ai- 


H oi B and D (respectively). I say that as E (is) to G, so 
F (is) to H. 

A I-1 

B ^ 

E I-^-1 

G I—^^—I 

K I-^-1 

Ml-^^-1 

C I—I 

D ^ 

F I-1-1 

H 

L I-^-1 

N I-^^-1 

For let equal multiples K and L have been taken of E 
and F (respectively), and other random equal multiples 
M and A of G and F[ (respectively). 

[And] since E and F are equal multiples of A and 
G (respectively), and the equal multiples K and L have 
been taken of E and E (respectively), AT and L are thus 
equal multiples of A and G (respectively) [Prop. 5.3]. So, 
for the same (reasons), M and N are equal multiples of 
B and D (respectively). And since as A is to B, so C (is) 
to D, and the equal multiples K and L have been taken 
of A and G (respectively), and the other random equal 
multiples M and N of B and D (respectively), then if K 
exceeds M then L also exceeds N, and if {K is) equal (to 
M then L is also) equal (to N), and if {K is) less (than M 
then L is also) less (than N) [Def. 5.5]. And K and L are 
equal multiples of A and F (respectively), and M and N 
other random equal multiples of G and El (respectively). 
Thus, as E (is) to G, so F (is) to H [Def. 5.5]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth then equal multi¬ 
ples of the first (magnitude) and the third will also have 
the same ratio to equal multiples of the second and the 
fourth, being taken in corresponding order, according to 
any kind of multiplication whatsoever. (Which is) the 
very thing it was required to show. 


t In modern notation, this proposition reads that if a : /3 :: 7 : 5 then m a : n /3 :: m 7 : n for all m and n. 
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s'. 

’Eocv (isyeiSouc; iaaxiQ fj KoXkoLnXaaiov, oTisp 

dcpaips'dev dcpaipe'devxoc;, xal to Xoitov toO XoikoO iadxi.i; 
eaxai xoXXaxXdaiov, oaaxXdaiov eaxi to oXov toO oXou. 

A E B 

I-1-1-1—I—I—I 

HE Z A 

I—I-1—I 

Msyei^oc; ydp to AB (jeye'dout; too FA iadxi<; eoTW xoX- 
XaxXdaiov, oxep dcpai.ps'dev to AE dcpaipe'dsvToc; too FZ- 
Xeyw, oTi xal Xolxov to EB Xolxou toO ZA iadxi<; eaxai. 
xoXXa7i;Xdai.ov, baoLTiXoLoiov eaxiv oXov to AB oXou tou FA. 

'OaaxXdaiov ydp eaxi. to AE toO FZ, ToaauTaxXdaiov 
yeyovsTW xal to EB toD FFE. 

Kal exel ladxi,? eaxl xoXXaxXdaiov to AE too FZ xal to 
EB ToO HF, ladxLC dpa sotI koWoltiXoloiov to AE too FZ 
xal TO AB TOU HZ. xelxai Be ladxii; xoXXaxXdaiov to AE 
TOU FZ xal TO AB tou FA. iadxi<; dpa eaxl KoXkom.Xa.aio\> to 
AB exaTcpou twv HZ, FA' laov dpa to HZ to FA. xoivov 
dcpripyjaiSo to FZ' Xoixov dpa to HF Xoiko to ZA laov 
eaxlv. xal exel ladxic eaxl xoXXaxXdai.ov to AE tou FZ 
xal TO EB TOU HF, laov Be to HF to AZ, ladxic; dpa eaxl 
noWoLiXoLoiov TO AE tou FZ xal to EB tou ZA. iadxi<; Be 
UTOxcLTai KoXXaxXdaiov to AE tou FZ xal to AB tou FA- 
iadxi<; dpa eaxl xoXXaxXdaiov to EB tou ZA xal to AB 
TOU FA. xal XoiKov dpa to EB Xoltiou tou ZA iadxi<; eaxai. 
'KoXXaxXdai.ov, baoLiXoLaiov eaxiv oXov to AB oXou tou FA. 

’Edv dpa ^cyeiJoc; ^cyeiJouc; iadxi<; fj xoXXaxXdaiov, 
oxep dcpaipeiScv dcpaipeiSevToc;, xal to Xoltiov tou Xoltiou 
iadxi<; eaxai. xoXXaxXdaiov, oaaxXdaiov eaxi. xal to oXov 
TOU oXou' oxep eBei BeT^ai.. 


t In modern notation, this proposition reads m a — m (3 = m {a — (3). 

f'. 

’Edv Buo [ieyeDr] Buo (leye'dwv ladxic fj itoXXaTtXdaia, 
xal dcpaipe'devxa xivd twv auxcnv Eadxic; fj itoXXaTtXdaia, xal 
xd Xoiitd Tolt; auxolc; 'ijToi ’laa caxlv if] ladxn; auTWv itoX- 
XaitXdaia. 

Auo ydp [ieyeDr] xd AB, FA Buo pieyeiJAv twv E, Z 


Proposition 5^ 

If a magnitude is the same multiple of a magnitude 
that a (part) taken atvay (is) of a (part) taken away (re¬ 
spectively) then the remainder will also be the same mul¬ 
tiple of the remainder as that which the whole (is) of the 
whole (respectively). 

A E B 

I-1-1-1-1-1—I 

G C F D 

I—I-1-1 

For let the magnitude AB be the same multiple of the 
magnitude CD that the (part) taken away AE (is) of the 
(part) taken away CF (respectively). I say that the re¬ 
mainder EB will also be the same multiple of the remain¬ 
der ED as that which the whole AB (is) of the whole CD 
(respectively). 

For as many times as AE is (divisible) by CF, so many 
times let EB also have been made (divisible) by CG. 

And since AE and EB are equal multiples of CF and 
GC (respectively), AE and AB are thus equal multiples 
of CF and GF (respectively) [Prop. 5.1]. And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, AB is an equal multiple of each 
of GF and CD. Thus, GF (is) equal to CD. Let CF 
have been subtracted from both. Thus, the remainder 
GC is equal to the remainder ED. And since AE and 
EB are equal multiples of CF and GC (respectively), 
and GC (is) equal to DF, AE and EB are thus equal 
multiples of CF and ED (respectively). And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, EB and AB are equal multiples of 
ED and CD (respectively). Thus, the remainder EB will 
also be the same multiple of the remainder ED as that 
which the whole AB (is) of the whole CD (respectively). 

Thus, if a magnitude is the same multiple of a magni¬ 
tude that a (part) taken away (is) of a (part) taken away 
(respectively) then the remainder will also be the same 
multiple of the remainder as that which the whole (is) of 
the whole (respectively). (Which is) the very thing it was 
required to show. 


Proposition 6i 

If two magnitudes are equal multiples of two (other) 
magnitudes, and some (parts) taken away (from the for¬ 
mer magnitudes) are equal multiples of the latter (mag¬ 
nitudes, respectively), then the remainders are also either 
equal to the latter (magnitudes), or (are) equal multiples 
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iaaxiz eaTW KoXXaTiXaaia, xal dcpaipsiDevTa xd AH, TO xCSv 
auxwv xwv E, Z iadxi<; eaxw noWoLiikaLaia' Xeyw, oxi. xal 
Xomd xd HB, 0A xolg E, Z fjxoi laa eaxlv 1] ladxic; auxwv 
xoXXaTiXdaia. 


A H B 

I-1-^^-1 

El-1 

K r 0 A 

I-1-1-1-1-1 

Zi—I 

Tlaxw Y«P Tipoxspov x6 HB xw E laov Xeyo, oxi. xal 
x6 0A xw Z laov saxiv. 

KeiaDw ydp xA Z laov x6 EK. ensl iadxi<; eaxl tioX- 
XaTiXdaiov x6 AH xoD E xal x6 r0 xoO Z, laov 8s x6 pisv HB 
xA E, x6 8s KE xA Z, ladxii; dpa saxl xoXXaKXdaLov x6 AB 
xoD E xal x6 K0 xoO Z. iadxi<; 8s UTioxsixai xoXXaKXdaiov 
x6 AB xoO E xal x6 EA xoD Z' ladxii; dpa saxl xoXXaKXdaLov 
x6 K0 xoO Z xal x6 EA xoD Z. sksI ouv sxdxspov xAv K0, 
EA xoO Z iadxi<; saxl 7T:oXXa7i;Xdai.ov, laov dpa saxl x6 K0 
xA EA. xoivov d(pr)pr]aDw x6 E0' Xoixov dpa x6 KE XoixA 
xA 0A laov saxiv. dXXd x6 Z xA KE saxiv laov xal x6 
0A dpa xA Z laov saxiv. Aaxs si x6 HB xA E laov saxiv, 
xal x6 0A laov saxai xA Z. 

'0(iola)c; 8i^ Ssl^opisv, oxi, xav KoXXanXdaiov fj x6 HB 
xoO E, xoaauxaTiXdaiov saxai xal x6 0A xou Z. 

’Edv dpa 8uo pisys'dr] 8uo ptsysiDAv ladxic fj xoX- 
XaxXdaia, xal dcpaips'dsvxa xivd xAv aOxAv ladxic fj noX- 
XaxXdaia, xal xd Xoixd xolc auxoTc rjxoi laa saxiv rj ladxic 
auxAv -KoXXaKXdaia- oxsp s8si 8sT^ai. 


t In modern notation, this proposition reads m a — n a = (m — n) a. 

C'. 

Td laa Ttpoc; x6 auxo xov auxov e)(Si Xoyov xal x6 auxo 
Tipoc xd laa. 

Tlaxw laa pisysDr] xd A, B, dXXo 8s xi, 6 exu)(sv, 
pisysiDoc x6 E- Xsyw, oxi sxdxspov xAv A, B Ttpoc x6 E 
xov auxov ejei Xoyov, xal x6 E Ttpoc sxdxspov xAv A, B. 


of them (respectively). 

For let two magnitudes AB and CD be equal multi¬ 
ples of two magnitudes E and F (respectively). And let 
the (parts) taken away (from the former) AG and CH be 
equal multiples of E and F (respectively). I say that the 
remainders GB and HD are also either equal to E and F 
(respectively), or (are) equal multiples of them. 

A G B 

I-^-1-^-1 

El-1 

K C HD 

I-1-1-1-1-1 

pi-1 

For let GB be, first of all, equal to E. I say that HD is 
also equal to F. 

For let CK be made equal to F. Since AG and CH 
are equal multiples of E and F (respectively), and GB 
(is) equal to E, and KG to F, AB and KH are thus equal 
multiples of E and F (respectively) [Prop. 5.2]. And AB 
and CD are assumed (to be) equal multiples of E and F 
(respectively). Thus, KH and CD are equal multiples of 
F and F (respectively). Therefore, KH and CD are each 
equal multiples of F. Thus, KH is equal to CD. Let CH 
have be taken away from both. Thus, the remainder KC 
is equal to the remainder HD. But, F is equal to KC. 
Thus, HD is also equal to F. Hence, if GB is equal to E 
then HD will also be equal to F. 

So, similarly, we can show that even if GB is a multi¬ 
ple of E then HD will also be the same multiple of F. 

Thus, if two magnitudes are equal multiples of two 
(other) magnitudes, and some (parts) taken away (from 
the former magnitudes) are equal multiples of the latter 
(magnitudes, respectively), then the remainders are also 
either equal to the latter (magnitudes), or (are) equal 
multiples of them (respectively). (Which is) the very 
thing it was required to show. 


Proposition 7 

Equal (magnitudes) have the same ratio to the same 
(magnitude), and the latter (magnitude has the same ra¬ 
tio) to the equal (magnitudes). 

Let A and B be equal magnitudes, and C some other 
random magnitude. I say that A and B each have the 
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A'-1 A'-^-1-1-1 

Bi- 1 E'-^^^- 1 

El- 1 Z'-^^- 1 

EiXricp'dw yap xwv p,ev A, B ia&xiQ KoXXaTiXaaia xa A, 
E, xoD 6 s r aXXo, 6 sxu)(sv, TzoXkomXaLaiov x 6 Z. 

’Ekei ouv laa.x\.Q sax'i KoXXaxXaaiov x6 A xoO A xal x6 
E xoO B, laov 8s x6 A xA B, laov oipa xal x6 A xA E. aXXo 
8 e, 6 Exu)(Ev, x6 Z. El oipa OxEpsxei to A xoO Z, UTispExei 
xal x6 E xoO Z, xal si laov, laov, xal si sXaxxov, sXaxxov. 
xal saxi. xa (isv A, E xAv A, B iaaxic; xoXXaxXaaia, x6 6e 
Z xoO r oiXXo, 6 sxuxE''^: KoXXaxXaaiov saxiv oipa A<; x6 A 
Tipoc; x6 r, ouxwc; x6 B Tipoc; x6 E. 

Asyw [ 6 r]], oxi. xal x 6 E xpoc; sxdxspov xAv A, B xov 
aOxov Exei Xoyov. 

TAv ydp auxAv xaxaaxEuaaDsvxwv 6 (jLola)c; Bsl^opisv, 
6 x 1 laov saxl x 6 A xA E- dXXo 6e xi x 6 Z- si dpa UTispExei 
x 6 Z xou A, UTispExei xal xou E, xal si laov, laov, xal si 
sXaxxov, sXaxxov. xal saxi x 6 (jev Z xou E xoXXaxXdaiov, 
xd 6e a, E xAv a, B dXXa, d sxuxsv, ladxLi; 'KoXXaxXdai.a' 
saxLv dpa A<; x 6 E npoQ x 6 A, ouxo<; x 6 E xpoc; x 6 B. 

Td laa dpa npoQ x 6 aOxo xov auxov sxsi. Xoyov xal x 6 
auxo npoQ xd laa. 


n6pia[Jia. 

’Ex 6f] xouxou cpavspov, 6xi sdv psyEiDr) xivd dvdXoyov 
fj, xal dvdxaXiv dvdXoyov saxai. oxsp e6ei Bsl^ai. 


same ratio to C, and (that) C (has the same ratio) to 
each of A and B. 

AI-1 D'-^^^-1 

B I-1 E I-^^^-1 

C I-1 F I-^^-1 

For let the equal multiples D and E have been taken 
of A and B (respectively), and the other random multiple 
F ofC. 

Therefore, since D and E are equal multiples of A 
and B (respectively), and A (is) equal to B, D (is) thus 
also equal to E. And F (is) different, at random. Thus, if 
D exceeds F then E also exceeds F, and if {D is) equal 
(to F then E is also) equal (to F), and if {D is) less 
(than F then E is also) less (than F). And D and E are 
equal multiples of A and B (respectively), and F another 
random multiple of C. Thus, as A (is) to C, so B (is) to 
C [Def. 5.5]. 

[So] I say that Cl also has the same ratio to each of A 
and B. 

For, similarly, we can show, by the same construction, 
that D is equal to F. And F (has) some other (value). 
Thus, if F exceeds D then it also exceeds F, and if (F is) 
equal (to D then it is also) equal (to F), and if (F is) less 
(than D then it is also) less (than F). And F is a multiple 
of C, and D and F other random equal multiples of A 
and B. Thus, as C (is) to A, so C (is) to B [Def 5.5]. 

Thus, equal (magnitudes) have the same ratio to the 
same (magnitude), and the latter (magnitude has the 
same ratio) to the equal (magnitudes). 

Corollary^ 

So (it is) clear, from this, that if some magnitudes are 
proportional then they will also be proportional inversely. 
(Which is) the very thing it was required to show. 


t The Greek text has “E”, which is obviously a mistake. 

t In modern notation, this corollary reads that if o : /3 :: 7 : 5 then /3 : a :: <5 : 7 . 


1^'- 

TAv dvlawv psysilAv x6 psl^ov 7tp6<; x6 auxo psl^ova 
Xoyov sysi riTtsp x6 sXaxxov. xal x6 auxo Ttpoc; x6 sXaxxov 
psl^ova Xoyov syei rjitsp Ttpoc; x6 psl^ov. 

’Faxw dviaa psysilr] xd AB, E, xal saxo psl^ov x6 AB, 
dXXo 8e, 6 Exuysv, x6 A- Xsyo), oxi x6 AB itpoc; x6 A 
psl^ova Xoyov sysi. fjTtsp x6 E Ttpoc; x6 A, xal x6 A Ttpoc; 
x6 E psl^ova Xoyov s^ei qTtsp Ttpoc; x6 AB. 


Proposition 8 

For unequal magnitudes, the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude). 
And the latter (magnitude) has a greater ratio to the 
lesser (magnitude) than to the greater. 

Let AB and C be unequal magnitudes, and let AB be 
the greater (of the two), and D another random magni¬ 
tude. I say that AB has a greater ratio to D than C (has) 
to D, and (that) D has a greater ratio to C than (it has) 
to AB. 
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A E B A E B 

I-1-1 I-^-1 

r I- 1 r I—I 


Z H 0 Z He 



’Ekei yap sail to AB toD F, xeioiSw F laov 

TO BE' TO 8i^ ekaaaov twv AE, EB KoXXaTiXaaiaf^opsvov 

EOTai. KOTE ToO A (JET^OV. EOTW KpOTEpOV TO AE sXaTTOV 
ToO EB, xai KE'KoXXaxXaai.da'dw to AE, xai eotw auTou 
noWoLTiXaLoiov to ZF[ (jeT^ov 6v tou A, xai baanXaaiov eoti 
TO ZH TOU AE, ToaauTaxXdaiov ysyovsTW xai to pisv H0 
TOU EB TO Be K tou F- xai ElXricp'dw tou A 6i.7i:Xdaiov (isv 
TO A, TpLxXdaiov Be to M, xai svl xXeTov, ewc dv to 
XapPavopsvov xoXXa7i;Xdai.ov ^ev y£vr]Tai tou A, KpwTOc Be 
pEl^ov TOU K. EiXrjcp'dw, xai eotw to N TETpa7i;Xdai.ov (jLev 
TOU A, KpWTWC Be pEl^OV TOU K. 

’EkeI ouv to K tou N xpATWc eotIv sXaTTOv, to K dpa 
TOU M oux EOTIV sXaTTOv. xai ekeI ioaxLc; eotI noXXaKXdoi.ov 
TO ZH TOU AE xai to H0 tou EB, ioaxLC dpa eotI tioX- 
XaTiXdoiov TO ZH tou AE xai to Z0 tou AB. iadxi<; Be 
EOTI. KoWoLTiXoLoiov TO ZH TOU AE xal TO K TOU F' iadxi.i; 
dpa eotI xoXXaKXdoi.ov to Z0 tou AB xal to K tou F. Ta 
Z0, K dpa Twv AB, F ioaxic; eotI xoXXaTiXdaia. xdXiv, exeI 
iadxi<; eotI xoXXaxXdai.ov to H0 tou EB xal to K tou F, 
Xaov Be to EB tA F, loov dpa xal to H0 tA K. to Be K 
TOU M oux EOTIV sXaTTov ouB’ dpa to H0 tou M sXaTTOv 
EOTIV. peT^ov Be to ZH tou A' oXov dpa to Z0 ouva(j- 
cpoTspwv tAv a, M peT^ov eotlv. dXXd ouvapcpoTEpa Ta A, 
M tA N EOTIV loa, £XEi.Br)XEp to M tou A TpixXdoLov eotlv, 
ouvapicpoTEpa Be Ta M, A tou A eoti. T£TpaxXdoi.a, eoti. Be 
xal TO N TOU A TETpaxXdoiov ouva^cpoTEpa dpa Ta M, A 
tA N loa EOTIV. dXXd to Z0 tAv M, A (jeT^ov eotiv to 
Z0 dpa TOU N uxEpExei' to Be K tou N ou^ uxEpsxsL. xal 
EOTI. Ta (i£v Z0, K tAv AB, F lodxi<; xoXXaxXdoia, to Be N 
TOU A dXXo, 6 ETUxev, xoXXaxXdoiov to AB dpa xp6<; to 
A (lEi^ova Xoyov sxei 'r]X£p to F xpoc; to A. 

Asyw Br], oti xal to A xp6<; to F pEl^ova Xoyov exei. 
•^xEp TO A xpoc; TO AB. 

TAv ydp auTAv xaTaoxEuaoiJEVTWv o^olwi; BeI^o^ev, 
OTl TO piEV N TOU K UKEpEXSL, TO Bs N TOU Z0 OUX UXEpEXEl. 
xal EOTI TO ^£v N TOU A xoXXaxXdoiov, Ta Be Z0, K tAv 
AB, F dXXa, d etuxev, iodxi<; xoXXaxXdoia- to A dpa xpoc; 
TO F piEl^ova Xoyov exei. T]X£p to A xpoi; to AB. 

AXXd 8f) TO AE TOU EB piEl^ov eotw. to 8i^ sXaTTov 
TO EB xoXXaxXaoi.a^6(jL£vov soTai. xote tou A (ieT^ov. xe- 


A E B A E B 


C I-1 C I—I 

EG HE G H 



For since AB is greater than C, let BE be made equal 
to C. So, the lesser of AE and EB, being multiplied, will 
sometimes be greater than D [Def. 5.4]. First of all, let 
AE be less than EB, and let AE have been multiplied, 
and let EG be a multiple of it which (is) greater than 
D. And as many times as EG is (divisible) by AE, so 
many times let Gff also have become (divisible) by EB, 
and K by C. And let the double multiple L of D have 
been taken, and the triple multiple M, and several more, 
(each increasing) in order by one, until the (multiple) 
taken becomes the first multiple of D (which is) greater 
than K. Let it have been taken, and let it also be the 
quadruple multiple N of D —the first (multiple) greater 
than K. 

Therefore, since K is less than N first, K is thus not 
less than M. And since EG and GiF are equal multi¬ 
ples of AE and EB (respectively), EG and FH are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. 
And EG and K are equal multiples of AE and C (re¬ 
spectively) . Thus, FH and K are equal multiples of AB 
and G (respectively). Thus, FH, K are equal multiples 
of AB, G. Again, since GH and K are equal multiples 
of EB and C, and EB (is) equal to G, GH (is) thus also 
equal to K. And K is not less than M. Thus, GH not less 
than M either. And EG (is) greater than D. Thus, the 
whole of FH is greater than D and M (added) together. 
But, D and M (added) together is equal to N, inasmuch 
as M is three times D, and M and D (added) together is 
four times D, and N is also four times D. Thus, M and D 
(added) together is equal to N. But, FH is greater than 
M and D. Thus, FH exceeds N. And K does not exceed 
N. And FH, K are equal multiples of AB, G, and N 
another random multiple of D. Thus, AB has a greater 
ratio to D than G (has) to D [Def. 5.7]. 

So, I say that D also has a greater ratio to C than D 
(has) to AB. 

For, similarly, by the same construction, we can show 
that N exceeds K, and N does not exceed FH. And 
A is a multiple of D, and FH, K other random equal 
multiples of AB, C (respectively). Thus, D has a greater 
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noXXocTCXaaidaiSw, xai eaxo) to H0 TioXXanXdaiov ^ev xou 
EB, (lel^ov Be xou A- xai baa.KXa.ai6\> eaxi. x6 H0 xou EB, 
xoaauxaxXdaiov yeyoveTW xai x6 ^ev ZH xou AE, x6 Be K 
xou r. o^xoioc Bf] Bei^o^iev, 6xi xd Z0, K xwv AB, E lodxic; 
eaxl KoXXaxXdaia- xai eiXrjcp'do 6(jLoiwc; x6 N xoXXaxXdaiov 
^cv xou A, Kpwxoc Be (uel^ov xou ZH' waxe xdXiv x6 ZH 
xou M oux eaxiv eXaaaov. pieT^ov Be x6 H0 xou A' oXov 
dpa x6 Z0 xAv A, M, xouxeaxi xou N, uxepexei- x6 Be K 
xou N oux uxepexei, exeiBr^xep xai x6 ZH jiel^ov 6v xou 
H0, xouxeaxi xou K, xou N oux UTiepexsi. xai Aaauxwc; 
xaxaxoXou'douvxec; xolc; cxdvw xepaivopiev xrjv dxoBei^iv. 

TAv dpa dviatov picyeiJAv x6 piet^ov npoQ x6 auxo 
[ieiJ^ova Xoyov exei 'Hxep x6 eXaxxov xai x6 auxo xpoc; x6 
eXaxxov piei^ova Xoyov exei T]7i;ep xpoc; x6 picT^ov oxep cBei 
Bel^ai. 


Td xpoc; x 6 auxo xov auxov exovxa Xoyov laa dXXr^Xoic; 
caxiv xai npbz d x 6 auxo xov auxov exei Xoyov, exelva laa 
caxiv. 

A'-1 B'-1 

ri-1 

’Exexw ydp exdxepov xAv A, B npbz x 6 F xov auxov 
Xoyov Xeyw, oxi laov eaxl x 6 A xA B. 

El ydp pi'T], oux dv exdxepov xAv A, B npbz x 6 F xov 
auxov elx£ Xoyov ex£i Be' laov dpa eaxl x 6 A xA B. 

’Exexw 81 ^ xdXiv x 6 F xpoc; exdxepov xAv A, B xov auxov 
Xoyov Xeyw, oxi laov eaxl x 6 A xA B. 

Ei ydp pi'T], oux dv x 6 F npbz exdxepov xAv A, B xov 
auxov elx£ Xoyov ex£i Be' laov dpa eaxl x 6 A xA B. 

Td dpa xpoc; x 6 auxo xov auxov exovxa Xoyov laa 
dXXr]Xoi<; eaxiv xai xpoc; d x 6 auxo xov auxov ex£i Xoyov, 
exelva laa eaxiv oxep eBei BeT^ai. 


/ 

l. 

TAv Tipoc; x 6 auxo Xoyov exovxcov x 6 [iei^ova Xoyov 
cxov exelvo picT^ov eaxiv xpoc; o Be x 6 auxo (lei^ova Xoyov 


ratio to C than D (has) to AB [Def. 5.5]. 

And so let AE be greater than EB. So, the lesser, 
EB, being multiplied, will sometimes be greater than D. 
Let it have been multiplied, and let GB be a multiple of 
EB (which is) greater than D. And as many times as 
GH is (divisible) by EB, so many times let EG also have 
become (divisible) by AE, and K by C. So, similarly 
(to the above), we can show that EH and K are equal 
multiples of AB and G (respectively). And, similarly (to 
the above), let the multiple N of D, (which is) the first 
(multiple) greater than EG, have been taken. So, EG 
is again not less than M. And GH (is) greater than D. 
Thus, the whole of EH exceeds D and M, that is to say 
N. And K does not exceed N, inasmuch as EG, which 
(is) greater than GH —that is to say, K —also does not 
exceed N. And, following the above (arguments), we 
(can) complete the proof in the same manner. 

Thus, for unequal magnitudes, the greater (magni¬ 
tude) has a greater ratio than the lesser to the same (mag¬ 
nitude) . And the latter (magnitude) has a greater ratio to 
the lesser (magnitude) than to the greater. (Which is) the 
very thing it was required to show. 

Proposition 9 

(Magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (mag¬ 
nitudes) to which the same (magnitude) has the same 
ratio are equal. 

A'-1 B I-1 

Cl-1 

For let A and B each have the same ratio to C. I say 
that A is equal to B. 

For if not, A and B would not each have the same 
ratio to C [Prop. 5.8]. But they do. Thus, A is equal to 

B. 

So, again, let G have the same ratio to each of A and 
B. I say that A is equal to B. 

For if not, G would not have the same ratio to each of 
A and B [Prop. 5.8]. But it does. Thus, A is equal to B. 

Thus, (magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (magni¬ 
tudes) to which the same (magnitude) has the same ratio 
are equal. (Which is) the very thing it was required to 
show. 

Proposition 10 

For (magnitudes) having a ratio to the same (mag¬ 
nitude), that (magnitude which) has the greater ratio is 
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eX^i; exelvo eXaTxov eaxiv. 

A'-1 Bi-1 

ri-1 

’Exstw yap to A Tipoc; to F piei^ova Xoyov fjiiep to B 
Tpog TO r- Xeyw, oti (jeT^ov eoti. to A toO B. 

Et yap piT], fjToi laov eotI to A tw B t] eXaaaov. laov 
piEv ouv oux eoTi TO A tw B' exaTspov yap dv twv A, B 
xpoc; TO r Tov auTov eXje Xoyov. oux Ss' oux dpa laov 
eotI to a tw B. ou6e (ifjv sXaaaov soti to A tou B' to A 
ydp dv xpoc; to F eXdaaova Xoyov sTxev f^Tsp to B xpoc to 
F. oux ex^i “P® e^acjodv eoTi to A tou B. eSeix'dr] 

5s ou6e laov (ieTCov dpa eotI to A tou B. 

’Exstw 5i^ xdXi.v TO F Kpoc to B (JEi^ova Xoyov T]7i;Ep to 
F xpoc; TO A- Xsyw, oti sXaaaov eoti to B tou A. 

Ei ydp [ir], fjToi laov eotIv f] (jeT^ov. laov ptsv ouv oux 
EOTI. TO B TW A' TO F ydp dv npbz ExaTspov twv A, B tov 
auTov eIx£ Xoyov. oux sxei Se' oux dpa laov eoti to A 
T& B. ouBe (if]v ptsT^ov EOTI. TO B tou A- to F ydp dv xpoc; 
TO B sXdaaova Xoyov eIx^v fjxsp xpoc; to A. oux sxei Ss' 
oux dpa (jeT^ov eoti. to B tou A. eBelx'Ot) Be, oti. ouBe laov 
sXaTTov dpa eoti to B tou A. 

Twv dpa xpog TO auTO Xoyov exovtwv to (isi^ova Xoyov 
EXov [isl^ov EOTiv xal xpoc; 6 to auTo pisi^ova Xoyov exei, 
exeTvo sXaTTOv eotiv oxsp eSei SsT^ai. 


la'. 

Oi TW auTW Xoytp ol auTol xal dXXr^Xoic; sialv ol auToi. 

A'-1 F'-1 E'-1 

B'—I A'-1 Z'-1 

Hi-^-1 ©I- 1-1 Ki - 1 -1 

A'—I—^—I M'-1-^-1 N'-^-1-1 

TilaTwaav ydp (be; pisv to A xpoc; to B, outwc to F xpoc; 
TO A, (bg Be to F xpog to A, outcoc; to E xpoc; to Z- Xsyco, 
OTI EOTiv (be; TO A xpoe; to B, oUTCue; to E xpoe; to Z. 

EiX/icpiSaj ydp twv A, F, E ladxi.i; xoXXaxXdaia Ta H, 0, 
K, t(5v Be B, A, Z dXXa, d etuxsv, ladxLe; xoXXaxXdaia Ta 
A, M, N. 

Kai £xe[ EOTIV (be; TO A xpoe; to B, ouT(oe; to F xpoe; to 
A, xal EiXrixTai twv pisv A, F lodxie; xoXXaxXdaia Ta H, 0, 
Tcbv Be B, a dXXa, d etuxsv, ladxie; xoXXa7i;Xdai.a Ta A, M, 
El dpa UKspExsi TO H tou A, uxEpExei xal to 0 tou M, xal si 
laov EOTIV, laov, xal si eXXeixei, eXXeixei. xdXiv, ekei eotiv 


(the) greater. And that (magnitude) to which the latter 
(magnitude) has a greater ratio is (the) lesser. 

A'-1 B I-1 

C'-1 

For let A have a greater ratio to C than B (has) to C. 
I say that A is greater than B. 

For if not, A is surely either equal to or less than B. 
In fact, A is not equal to B. For (then) A and B would 
each have the same ratio to C [Prop. 5.7]. But they do 
not. Thus, A is not equal to B. Neither, indeed, is A less 
than B. For (then) A would have a lesser ratio to C than 
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not 
less than B. And it was shown not (to be) equal either. 
Thus, A is greater than B. 

So, again, let C have a greater ratio to B than C (has) 
to A. 1 say that B is less than A. 

For if not, (it is) surely either equal or greater. In fact, 
B is not equal to A. For (then) C would have the same 
ratio to each of A and B [Prop. 5.7]. But it does not. 
Thus, A is not equal to B. Neither, indeed, is B greater 
than A. For (then) C would have a lesser ratio to B than 
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not 
greater than A. And it was shown that (it is) not equal 
(to A) either. Thus, B is less than A. 

Thus, for (magnitudes) having a ratio to the same 
(magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which 
the latter (magnitude) has a greater ratio is (the) lesser. 
(Which is) the very thing it was required to show. 

Proposition lit 

(Ratios which are) the same with the same ratio are 
also the same with one another. 

A'-1 C'-1 E'-1 

Bi—, Di-1 Fi-1 

Gi-1-1 H'-1-1 K'-1-1 

L I—I—I—I MI-1-1-1 NI-1-^-1 

For let it be that as A (is) to B, so C (is) to D, and as 
C (is) to D, so E (is) to F. I say that as A is to B, so E 
(is) to F. 

For let the equal multiples G, El, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and the equal 
multiples G and iJ have been taken of A and G (respec¬ 
tively), and the other random equal multiples L and M 
of B and D (respectively), thus if G exceeds L then El 
also exceeds M, and if (G is) equal (to L then El is also) 
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(be; TO r Tipoc; to A, out(£)<; to E npoQ to Z, xal s(Xr]7iTai. 
tAv r, E iadxi<; KoXXaxXdaia Td 0, K, twv 6e A, Z dXXa, 
a ETUxev, iadxLi; KoXXaxXdaia Td M, N, el dpa Onepexei to 
0 Tou M, uxepexei xal to K tou N, xal el laov, ’laov, xal el 
eXXaTov, eXaTTov. dXXd el UKepelxe x6 0 tou M, unepelxs 
xal TO H TOU A, xal el laov, laov, xal el eXaTTOv, eXaTTOv 
woTe xal el unepexei to H tou A, unepexei xal to K tou 
N, xal el laov, laov, xal el eXaTTOv, cXaTTov. xal eaTi Td 
[iev H, K TcSv A, E ladxie; xoXXaxXdaia, Td 6e A, N twv B, 
Z dXXa, a eTUxev, ladxic noXXaxXdaia' eaTiv dpa (bg to A 
xpoc; TO B, ouTCoc; to E xpoc; to Z. 

01 dpa t(5 auTW Xoyci) ol auTol xal dXXrjXoLe; elalv oi 
auTol- oxep c5ei Sel^ai. 


t In modern notation, this proposition reads that if a : /3 :: 7 : 5 and 7 ; 

IP'. 

'Eav fj oTioaaouv dvdXoyov, saTctt (be; sv twv 

TQyou^ev(ov Tip6<; §v twv STiop-Svcov, outcoc; diiavTa xet 
T^youpeva Tip6<; dTiavxa xd sxopsva. 

A'-1 T' -1 E'-1 

B'-1 A'-1 Z'-1 

H'-' A'-' 

@1 -1 Ml-1 

Ki-1 Ni-1 

TilaTCoaav ottoaaouv (leye'dr) dvdXoyov Td A, B, E, A, 
E, Z, 6K TO A iipoc; TO B, outcoc; to F iipoc; to A, xal to E 
itpog TO Z- Xeyco, oti eaAv A<; to A itpoe; to B, ouTtog Td 
A, r, E Iipoc; Td B, A, Z. 

ElXiriepAto ydp twv [iev A, F, E ladxic; itoXXaxXdaia Td FL, 
0, K, T(bv 8e B, A, Z dXXa, a eTUxev, ladxic; xoXXaiiXdaia 
Td A, M, N. 

Kal ciiel eaTiv (be; to A xpoe; to B, ouT(oe; to F iipoc; to 
A, xal TO E xpoe; to Z, xal elXrjxTai twv [lev A, F, E ladxic; 
xoXXaxXdaia Td H, 0, K twv 8c B, A, Z dXXa, d ctuxev, 
ladxic; xoXXaxXdaia Td A, M, N, cl dpa uxcpcxsi to FE tou A, 
uxcpcxei xal to 0 tou M, xal to K tou N, xal cl laov, laov, 
xal cl eXaTTOv, eXaTTOv. AaTC xal cl uxcpcxsi to FE tou A, 


equal (to M), and if (G is) Eess (tlian L tlien H is also) 
less (than M) [Def. 5.5]. Again, since as C is to D, so 
E (is) to F, and the equal multiples H and K have been 
taken of C and E (respectively), and the other random 
equal multiples M and A of D and F (respectively), thus 
if El exceeds M then K also exceeds N, and if (El is) 
equal (to M then K is also) equal (to A), and if (iJ is) 
less (than M then K is also) less (than A) [Def. 5.5]. But 
(we saw that) if A was exceeding M then G was also ex¬ 
ceeding L, and if (A was) equal (to M then G was also) 
equal (to L), and if (A was) less (than M then G was 
also) less (than L). And, hence, if G exceeds L then K 
also exceeds A, and if (G is) equal (to L then K is also) 
equal (to A), and if (G is) less (than L then K is also) 
less (than A). And G and K are equal multiples of A 
and E (respectively), and L and A other random equal 
multiples of A and F (respectively). Thus, as A is to A, 
so E (is) to F [Def. 5.5]. 

Thus, (ratios which are) the same with the same ratio 
are also the same with one another. (Which is) the very 
thing it was required to show. 

<5 :: e A then a ■. f} :: e ■. C,. 

Proposition 12+ 

If there are any number of magnitudes whatsoever 
(which are) proportional then as one of the leading (mag¬ 
nitudes is) to one of the following, so will all of the lead¬ 
ing (magnitudes) be to all of the following. 

A'-1 C'-1 E'-1 

Bi-1 D'-1 pi-1 

G'- 1 L I- 1 

Hi -1 Ml-1 

Ki-1 Ni-1 

Let there be any number of magnitudes whatsoever, 
A, A, G, D, E, F, (which are) proportional, (so that) as 
A (is) to A, so G (is) to D, and A to A. 1 say that as A is 
to A, so A, G, A (are) to A, D, A. 

For let the equal multiples G, A, K have been taken 
of A, G, A (respectively), and the other random equal 
multiples A, M, A of A, D, A (respectively). 

And since as A is to A, so G (is) to D, and A to A, and 
the equal multiples G, A, K have been taken of A, G, A 
(respectively), and the other random equal multiples A, 
M, A of A, D, A (respectively), thus if G exceeds A then 
A also exceeds M, and K (exceeds) A, and if (G is) 
equal (to A then A is also) equal (to M, and K to A), 
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unepex^i "ca H, 0, K xwv A, M, N, xai ei laov, laa, xal 
ei sXaxTov, eXaTTOva. xai eaxi to (lev H xal xa H, 0, K 
xoO A xal xwv A, F, E iadxLi; xoXXaxXdaia, exsi.8r)7i;ep edv 
fj oKoaaouv (leye'dr) oxoawvouv (jeye'dwv lawv x6 TiXflDoc 
exaaxov exdaxou iadxi<; KoXkanXaaiov, boauXaGiov eaxiv 
ev xOv peyeAwv svoi;, xoaauxa7i;Xdai.a saxai xal xd xdvxa 
xwv xdvxwv. 6id xd aOxd 6i^ xal x6 A xal xd A, M, N xoO 
B xal xwv B, A, Z iadxi<; saxl noXkanXaaia' eaxiv dpa Ac; 
x6 A xpoc; TO B, ouxwc xd A, F, E xpoc; xd B, A, Z. 

’Edv dpa fj oxoaaoDv ^eye'dr) dvdXoyov, eaxai Ac; ev 
xAv fjyoupevwv xpoi; ev xAv exopevwv, ouxwc; dxavxa xd 
fjyoOpeva xpoc; dxavxa xd ex6(jeva- oxep e6ei BeT^au 


t In modern notation, this proposition reads that if a : a' :: : f}' :: 'j : 

ly'. 

’Edv xpAxov Ttpoc; 5euxepov xov aOxov eyr) Xoyov xal 
xpixov xpoi; xexapxov, xplxov 8e xpoc; xexapxov pel^ova 
Xoyov eyr) yj xejiitxov itpoc; exxov, xal itpAxov xpoc; Seuxepov 
[iei^ova Xoyov c^ei rj xep.xxov itpoc; exxov. 

Ai-1 Fi-1 El-1 

B I—I Ai-1 Zi-1 

Ml-^^ Hi-^-1 @1-^-1 

Ni-^^-1 Ki-^^-1 Ai-^^-1 

IIpAxov ydp x6 A xpoc; 6e0xepov x6 B xov auxov eyexo 
Xoyov xal xpixov x6 F itpoc; xexapxov x6 A, xpixov 6e x6 F 
xpoc; xexapxov x6 A pel^ova Xoyov eyexco f] xe(ixxov x6 E 
xpoc; exxov x6 Z. Xeyw, oxi xal xpAxov x6 A xpoc; 8euxepov 
x6 B (jei^ova Xoyov e^ei fjitep xe(ixxov x6 E xpoc; exxov x6 
Z. 

’Eitel ydp eaxi xivd xAv pev F, E ladxic; xoXXaitXdaia, 
xAv 6e A, Z dXXa, d exuyev, ladxic; itoXXaxXdaia, xal x6 (lev 
xoO F itoXXaxXdaiov xoO xoO A xoXXaitXaalou Oxepeyei, 
x6 8c xou E itoXXaxXdaiov xoO xoO Z itoXXaxXaaiou oux 
Oxcpcxci, ciXr](p'dw, xal caxw xAv pcv F, E ladxic; xoX- 
XaxXdaia xd H, 0, xAv 6c A, Z dXXa, d exuxsv, ladxic; 
xoXXaitXdaia xd K, A, Aaxe x6 (icv H xou K uxepcxeiv, x6 
8 e 0 xou A pr) uitcpexsiv xal oaaxXdaiov (icv eaxi x6 H 
xou F, xoaauxaxXdaiov eaxw xal x6 M xou A, oaaitXdaiov 
8 c x6 K xou A, xoaauxaxXdaiov eaxw xal x6 N xou B. 


and if (G is) less (than L then H is also) less (than M, 
and K than N) [Def. 5.5]. And, hence, if G exceeds L 
then G, H, K also exceed L, M, N, and if (G is) equal 
(to L then G, H, K are also) equal (to L, M, N) and 
if (G is) less (than L then G, H, K are also) less (than 
L, M, A). And G and G, H, K are equal multiples of 
A and A, C, E (respectively), inasmuch as if there are 
any number of magnitudes whatsoever (which are) equal 
multiples, respectively, of some (other) magnitudes, of 
equal number (to them), then as many times as one of the 
(first) magnitudes is (divisible) by one (of the second), 
so many times will all (of the first magnitudes) also (be 
divisible) by all (of the second) [Prop. 5.1]. So, for the 
same (reasons), L and L, M, N are also equal multiples 
of B and B, D, F (respectively). Thus, as A is to B, so 
A, G, E (are) to B, D, F (respectively). 

Thus, if there are any number of magnitudes whatso¬ 
ever (which are) proportional then as one of the leading 
(magnitudes is) to one of the following, so will all of the 
leading (magnitudes) be to all of the following. (Which 
is) the very thing it was required to show. 

7 ' etc. then a : a' :: (a + f) + '^ + ■ ■ ■) : (a' + /?' + 7 ' + ''' )■ 

Proposition 13^ 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the third (magnitude) 
has a greater ratio to the fourth than a fifth (has) to a 
sixth, then the first (magnitude) will also have a greater 
ratio to the second than the fifth (has) to the sixth. 

A'-1 Cl-1 E'-1 

Bi-1 Di-1 El-1 

Ml-^-1 Gi-^-1 Hi-^-1 

Ni-^^-1 Ki-^^-1 Li-^-1-1 

For let a first (magnitude) A have the same ratio to a 
second B that a third G (has) to a fourth E, and let the 
third (magnitude) G have a greater ratio to the fourth 
E> than a fifth E (has) to a sixth E. I say that the first 
(magnitude) A will also have a greater ratio to the second 
B than the fifth E (has) to the sixth E. 

For since there are some equal multiples of G and 
E, and other random equal multiples of D and E, (for 
which) the multiple of G exceeds the (multiple) of D, 
and the multiple of E does not exceed the multiple of F 
[Def. 5.7], let them have been taken. And let G and iJ be 
equal multiples of G and E (respectively), and K and L 
other random equal multiples of D and F (respectively), 
such that G exceeds K, but iJ does not exceed L. And as 
many times as G is (divisible) by G, so many times let M 
be (divisible) by A. And as many times as K (is divisible) 
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Kai enei eaxiv (be; to A npoQ to B, outcoc; to F Tipoc; 
TO A, xal eiXrjiiTai tcSv [iev A, F iaaxiQ noXXanXdaia toc 

M, F[, Tcbv 8e B, A dXXa, a stu^ev, ladxic; xoXXaxXdaia toc 

N, K, el oepoc uxepexei to M tou N, uxepexei xal to FE toO 
K, xal el laov, laov, xal el eXaxTov, eXXaxov. UKepexsc 8e 
TO F[ ToO K- Oxepexei apa xal to M toO N. to 8e 0 xoO 
A oux UTiepexei' xal caxi xd ^lev M, 0 xebv A, E ladxie; 
xoXXaKXdaca, xd 8e N, A xebv B, Z dXXa, d exuxEv, ladxce; 
■KoWa.KXa.aia.' to dpa A npbz to B ^el^ova Xoyov cxei fjxep 
TO E Tipoc; TO Z. 

’Edv dpa Tipcbxov xpoc; 8euTepov xov auxov exn Xoyov 
xal xplxov xpoc; Texapiov, xplxov 8e xpoc; xexapTov ^el^ova 
Xoyov exn ^ xe^rixTov xpoc; exxov, xal xpcbxov xpoc; 8euTepov 
^jcel^ova Xoyov e^ei n xe^rexxov xpoc; exxov oxep e8ei 8e'i5ai. 


t In modern notation, this proposition reads that if a : /3 :: 7 : 5 and 7 : 

16'. 

’Edv xpcbxov xpoc; 8euTepov xov auxov exn ^oyov xal 
xplxov xpoc; TCxapTov, to 8e xpcbxov xoO xplxou (jeT^ov fj, 
xal TO Seuxepov xou TexdpTou p.el^ov eaxai, xdv ’laov, ’laov, 
xdv eXaxTov, eXaxxov. 


Ai-1 ri-1 

B'-1 Ai-1 

IIpcbTov ydp TO A xpoc; 8euTepov to B auxov exexco 
Xoyov xal xplxov to F xpoc; xexapxov to A, (jeT^ov 8e eaxco 
TO A TOU F- Xeyco, oxc xal to B toO A ^el^ov eaxcv. 

’Exel ydp to A xou F (jeT^ov eaxcv, dXXo 8e, 6 exuxev, 
[(leyeiSoc;] to B, to A dpa xpoc; to B ^el^ova Xoyov exec 
fjxep TO F xpoc; to B. (be; 8e to A xpoc; to B, outcoc; to 
F xpoc; TO A- xal to F dpa xpoc; to A ^el^ova Xoyov exec 
fjxep TO F xpoc; to B. xpoc; 6 8e to aOxo (jel^ova Xoyov 
exEi, sxeTvo eXaaaov eaxiv eXaaaov dpa to A xou B- waxe 
^jcel^ov eaxi to B tou A. 

'0(Jolcpi; 8n 8e'i5otJiev, oxi xdv ’laov fj to A xeb F, ’laov 
eaxai xal to B xeb A, xdv eXaaaov fj to A xou F, eXaaaov 
eaxai xal to B tou A. 

’Edv dpa xpcbxov xpoc; 8euTepov xov auxov eyr^ Xoyov 
xal xplxov xpoc; xeTapxov, to 8e xpcbxov xou xplxou (leT^ov fj, 
xal TO deuxepov xou TexdpTou (jeT^ov eaxai, xdv ’laov, ’laov, 
xdv eXaxTov, eXaxxov oxep e8ei 8eT^ai. 


by D, so many times let N be (divisible) by B. 

And since as A is to B, so C (is) to D, and the equal 
multiples M and G have been taken of A and C (respec¬ 
tively), and the other random equal multiples N and K 
of B and D (respectively), thus if M exceeds N then G 
exceeds K, and if (M is) equal (to N then G is also) 
equal (to K), and if (M is) less (than N then G is also) 
less (than K) [Def. 5.5]. And G exceeds K. Thus, M 
also exceeds N. And H does not exceeds L. And M and 
H are equal multiples of A and E (respectively), and N 
and L other random equal multiples of B and F (respec¬ 
tively). Thus, A has a greater ratio to B than E (has) to 
E [Def. 5.7]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and a third (magni¬ 
tude) has a greater ratio to a fourth than a fifth (has) 
to a sixth, then the first (magnitude) will also have a 
greater ratio to the second than the fifth (has) to the 
sixth. (Which is) the very thing it was required to show. 

<5 > e : C then a : f3 > e : 

Proposition 14^ 

If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the first (magnitude) 
is greater than the third, then the second will also be 
greater than the fourth. And if (the first magnitude is) 
equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 

A'-1 C I-1 

B I-1 D'-1 

For let a first (magnitude) A have the same ratio to a 
second B that a third G (has) to a fourth D. And let A be 
greater than C. I say that B is also greater than D. 

For since A is greater than G, and B (is) another ran¬ 
dom [magnitude], A thus has a greater ratio to B than G 
(has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to 
D. Thus, G also has a greater ratio to D than G (has) to 
B. And that (magnitude) to which the same (magnitude) 
has a greater ratio is the lesser [Prop. 5.10]. Thus, D (is) 
less than B. Hence, B is greater than D. 

So, similarly, we can show that even if A is equal to G 
then B will also be equal to D, and even if A is less than 
C then B will also be less than D. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and the first (mag¬ 
nitude) is greater than the third, then the second will also 
be greater than the fourth. And if (the first magnitude is) 
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equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 
(Which is) the very thing it was required to show. 

t In modern notation, this proposition reads that if a : /3 :: 7 : 5 then a = 7 as /3 — <5- 


IS . 


Proposition 15t 


Ta qspr] xoTc; (baauTWc; itoXXaTtXaaloic; tov auxov eyei 
Xoyov Xrjcpdevxa xaxdXXrjXa. 

A H 0 B 

I-1-1-1 p I-1 


A K A E 

I-1-1-1 




TCaxco yap iadxic ttoXXaTtXdai.ov x 6 AB xou F xal xo AE 
xoO Z- Xcyw, 6 x 1 saxiv dx; x 6 F Ttpoc; x 6 Z, ouxttx; x 6 AB 
Ttpoc; x 6 AE. 

’Eitd ydp ladxic; eaxl KoXXattXdaiov x 6 AB xoD F xal 
x 6 AE xou Z, oaa dpa eaxlv ev xw AB qsysiir) Taa xA 
F, xoaauxa xal sv xA AE Taa xA Z. Biripyjadw x 6 qev AB 
eic, xd xA F Taa xd AH, H0, 0B, x 6 5e AE elz xd xA Z 
Taa xd AK, KA, AE' eaxai 5r) Taov x 6 TtXfjdoc; xAv AH, 
H0, 0B xA itXqdei xAv AK, KA, AE. xal eitel Taa eaxl xd 
AH, H0, 0B dXXfjXoK;, eaxi 5e xal xd AK, KA, AE Taa 
dXXqXoic;, eaxiv dpa Ac; x 6 AH itpoc; x 6 AK, ouxtoc; x 6 H0 
Ttpoc; x 6 KA, xal x 6 0B Ttpoc; x 6 AE. eaxai dpa xal Ac; ev 
xAv fjyoujievwv Ttpoc; ev xAv eitoqevwv, ouxwc; ditavxa xd 
fjyoujieva Ttpoc; aTtavxa xd eTtoqeva' eaxiv dpa Ac; x 6 AH 
Ttpoc; x 6 AK, ouxtoc; x 6 AB Ttpoc; x 6 AE. Taov 8 e x 6 qev AH 
xA F, x 6 6 c AK xA Z' eaxiv dpa Ac; x 6 F Ttpoc; x 6 Z ouxcoc; 
x 6 AB Ttpoc; x 6 AE. 

Td dpa qcpT) xolc; Aaauxcoc; TtoXXattXaaioic; xov auxov 
cxei Xoyov Xrjcpdevxa xaxdXXrjXa' oTtep e 6 ci 5el^ai. 


Parts have the same ratio as similar multiples, taken 
in corresponding order. 


A G H B 

I-1-1-1 




D K L E 

I -1-1- 1 P I- 1 

For let AB and DE be equal multiples of C and F 
(respectively). I say that as C is to F, so AB (is) to DE. 

For since AB and DE are equal multiples of C and 
F (respectively), thus as many magnitudes as there are 
in AB equal to C, so many (are there) also in DE equal 
to F. Let AB have been divided into (magnitudes) AG, 
GH, FIB, equal to C, and DE into (magnitudes) DK, 
KL, LE, equal to F. So, the number of (magnitudes) 
AG, GH, HB will equal the number of (magnitudes) 
DK, KL, LE. And since AG, GH, HB are equal to one 
another, and DK, KL, LE are also equal to one another, 
thus as AG is to DK, so GH (is) to KL, and HB to LE 
[Prop. 5.7]. And, thus (for proportional magnitudes), as 
one of the leading (magnitudes) will be to one of the fol¬ 
lowing, so all of the leading (magnitudes will be) to all of 
the following [Prop. 5.12]. Thus, as AG is to DK, so AB 
(is) to DE. And AG is equal to G, and DK to F. Thus, 
as G is to F, so AB (is) to DE. 

Thus, parts have the same ratio as similar multiples, 
taken in corresponding order. (Which is) the very thing 
it was required to show. 


t In modern notation, this proposition reads that a : 0 :: ma : m(I. 


If'. 

’Eav xeaaapa peyeOr) dvaXoyov fj, xal cvaXXd^ dvcxXoyov 
eaxai. 

’'Eaxto xeaaapa pcycdr) dvciXoyov xd A, B, F, A, Ac; x 6 
A Ttpoc; x 6 B, ouxwc; x 6 F Ttpoc; x 6 A' Xeyw, 6 x 1 xal evaXXd^ 
[dvdXoyov] eaxai, Ac; x 6 A Ttpoc; x 6 F, ouxtoc; x 6 B Ttpoc; x 6 

A. 

EiXficpOw ydp xAv pcv A, B iadxic; TtoXXaitXdaia xd E, 
Z, xAv 6 c F, A dXXa, d cxuycv, iadxic; TtoXXaTtXdaia xd H, 

0 . 


Proposition 16i 

If four magnitudes are proportional then they will also 
be proportional alternately. 

Let A, B, C and D be four proportional magnitudes, 
(such that) as A (is) to B, so G (is) to LX. I say that they 
will also be [proportional] alternately, (so that) as A (is) 
to G, so B (is) to D. 

For let the equal multiples E and F have been taken 
of A and B (respectively), and the other random equal 
multiples G and H of C and D (respectively). 
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Ai-1 T' -1 A'-1 C'-1 

Bi—I A'—I B'—I D'—I 

E'-^-1- 1 H' -^-1 E' -1-^-1 G' -^ 


Z I—^^—I @1—^—I 

Kofi enel lo&xiz eaxl TioXkcmXa.aio\) to E toO A xal to Z 
toD B, xa 5e (iepr) toTc «aauTO<; noXkcmXaaioiQ tov aOxov 
eX£i Xoyov, saxiv apa (be; to A npoQ to B, outcoi; to E Tipoc; 
TO Z. (b<; 8s TO A npoQ to B, outcoc; to E Tipoc; to A- xal Ac; 
apa TO r Tipoc; to A, outwc; to E Tipoc; to Z. ti(xXi.v, etisI toc 
H, 0 tAv r, A la&xiQ soTi TioXXaTiXcxaia, sotiv apa Ac; to E 
Tipoc; TO A, ouTCDc; to H Tipoi; to 0. Ac; 8s to E Tipoc; to A, 
[oUTWc;] TO E Tipoc; to Z- xal Ac; apa to E Tipoc; to Z, outoc; 
TO H Tipoc; TO 0. sav 6 e Tsaaapa piEYEDr) cxvcxXoyov fj, to 8e 
T ipAxOV TOO TpiTOU (JET^OV f), xal to 8EUTEpOV ToO TETcipTOU 
pisT^ov EOTai, xav laov, laov, xav sXaTTOv, sXaTTOv. si apa 
UTispExei i6 E Tou H, UTispExsi. xal to Z toO 0, xal si laov, 
laov, xal El sXaTTOv, sXaTTov. xal eoti toi pisv E, Z tAv 
A, B ladxic; TioXXaTiXcxaia, tol Se H, 0 tAv E, A dXXa, d 
ETUx^^) lacxxii; TioXXaTiXcxaia- saxiv dpa Ac; to A Tipoc; to E, 
ouTcoc; TO B Tipoc; to A. 

’Eexv dpa Tsaaapa piEYE-dr] dvcxXoYov fj, xal svaXXd^ 
dvdXoYov EOTar oTisp eSei 8ET^ai. 


P I—I—I—I E' —I—I 

And since E and F are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A is to B, so E (is) to F. 
But as A (is) to B, so C (is) to D. And, thus, as C (is) 
to D, so E (is) to F [Prop. 5.11]. Again, since G and FI 
are equal multiples of C and D (respectively), thus as C 
is to D, so G (is) to H [Prop. 5.15]. But as C (is) to D, 
[so] E (is) to F. And, thus, as E (is) to F, so G (is) to 
H [Prop. 5.11]. And if four magnitudes are proportional, 
and the first is greater than the third then the second will 
also be greater than the fourth, and if (the first is) equal 
(to the third then the second will also be) equal (to the 
fourth), and if (the first is) less (than the third then the 
second will also be) less (than the fourth) [Prop. 5.14]. 
Thus, if E exceeds G then F also exceeds H, and if {E is) 
equal (to G then F is also) equal (to H), and if (E is) less 
(than G then F is also) less (than H). And E and F are 
equal multiples of A and B (respectively), and G and H 
other random equal multiples of G and D (respectively). 
Thus, as A is to G, so B (is) to D [Def. 5.5]. 

Thus, if four magnitudes are proportional then they 
will also be proportional alternately. (Which is) the very 
thing it was required to show. 


t In modern notation, this proposition reads that if a : :: 7 : 5 then a : 7 :: /9 : (5. 


iC'. 

’Eav auYXEipEva pEYe-dr) cxvcxXoyov fj, xal 8iaipE'd£VTa 
cxvcxXoYOV EOTai. 

A E B r Z A 

I-^-1 I-^-1 

H @ K H 

I-^^-1 

A M N n 

I-1-^-1 

TSaTCO auYXEipEva pEYeflri cxvdXoYov toi AB, BE, EA, 
AZ, Ac; TO AB Tip6(; to BE, outoc; to EA Tip6(; to AZ- 
Xeyid, OTi xal 8iaipE'd£VTa cxvcxXoyov soTai, Ac; to AE Tipoc; 
TO EB, ouTWc; TO EZ Tipoc; to AZ. 

EiXricp'dw Y«P TiAv psv AE, EB, EZ, ZA iacxxic; TioX¬ 
XaTiXcxaia TOI H0, 0K, AM, MN, tAv Se EB, ZA dXXa, d 
etuxev, iacxxic; TioXXaTiXcxaia tcx KS, Nil. 

Kal etieI iacxxic; eotI TioXXaTiXcxaiov to H0 too AE xal 
TO 0K ToO EB, iacxxic; dpa sadi TioXXaTiXcxaiov to H0 tou 


Proposition 17^ 

If composed magnitudes are proportional then they 
will also be proportional (when) separarted. 

A E B C F D 

I-^-1 I-1-1 

G H K O 

I-1-1-1 

L MNP 

I-^-1-1 

Let AB, BE, CD, and DF be composed magnitudes 
(which are) proportional, (so that) as AB (is) to BE, so 
CD (is) to DF. I say that they will also be proportional 
(when) separated, (so that) as AE (is) to EB, so CF (is) 
to DF. 

For let the equal multiples GH, HK, LM, and MN 
have been taken of AE, EB, CF, and ED (respectively), 
and the other random equal multiples KO and NP of 
EB and ED (respectively). 
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AE xai TO HK xoO AB. iadxi<; M eaxi. noXka.n\6Laiov to H0 
Tou AE xal TO AM toO EZ' iadxiz dpa eaxl 'KoXXaxXdai.ov 
TO HK TOO AB xal to AM tou EZ. xdXiv, exei ladxic; sotI 
xoXXaxXdaiov to AM tou EZ xal to MN tou ZA, iadxic; dpa 
eaxl KoXXaxXdaiov to AM tou EZ xal to AN tou EA. ladxn; 
5e rjv TioXXaxXdaiov to AM tou EZ xal to HK tou AB' 
iadxic, dpa eoTi xoXXaxXdaiov to HK tou AB xal to AN tou 
EA. Ta HK, AN dpa twv AB, EA iadxiz earl xoXXaxXdaia. 
xdXiv, exel iadxiz earl xoXXaxXaaiov to 0K tou EB xal to 
MN TOU ZA, soTi 8s xal to KS tou EB iadxiz noXXaxXdaiov 
xal TO NH tou ZA, xal aovTSiilsv to 0E! tou EB iadxic; sotI 
noXXaxXdaiov xal to MH tou ZA. xal skei sotiv A<; to AB 
Tipoc; TO BE, ouTWc to EA xpoc; to AZ, xal slXrjxTai. tAv 
piEv AB, EA iadxic; KoXXaxXdaia xd HK, AN, xAv 8s EB, 
ZA iadxic; xoXXaxXdaia xd 05, MH, si dpa UKspsxsi to 
HK TOU 05, uxEpsxei xal to AN tou MH, xal si laov, laov, 
xal si sXaxTov, sXaxxov. UKspExsTW 8f] to HK tou 05, 
xal xoivou dcpaipsiSEVTOc; tou 0K UKEpsxsi dpa xal to H0 
TOU K5. dXXa si uxEpETxs to HK tou 05 UKspsIxe xal to 
AN TOU MH- uxEpsxei dpa xal to AN tou MH, xal xoivou 
dcpaipsiSEVTOc; tou MN UKEpsxsi xal to AM tou NH- Aaxs 
si uxEpsxei TO H0 tou K5, UKEpsxsi xal to AM tou NH. 
opioiwc; 8f) SsT^opiEv, oxi xdv laov fj to H0 tA K5, laov 
saxai xal to AM xA NH, xdv sXaTxov, sXaTxov. xai saxi xd 
piEv H0, AM tAv AE, EZ iadxic; xoXXaxXdaia, xd 8e K5, 
NH tAv EB, ZA dXXa, d etux^v, iadxic; xoXXaKXdaia' saxiv 
dpa Ac; to AE xpoc; to EB, ouxoc; to EZ xpoc; to ZA. 

’Edv dpa auyxsipiEva (iSYE'd'H dvdXoyov fj, xal 6iai- 
psT^EVTa dvdXoyov saxar oxsp sSsi 8ET^ai. 


And since Gff and ffK are equal multiples of AE and 
EB (respectively), Gff and Gff are thus equal multiples 
of AE and AB (respectively) [Prop. 5.1]. But Gff and 
LM are equal multiples of AE and GE (respectively). 
Thus, Gff and LM are equal multiples of AB and GE 
(respectively). Again, since LM and MN are equal mul¬ 
tiples of CF and ED (respectively), LM and LN are thus 
equal multiples of CF and GD (respectively) [Prop. 5.1]. 
And LM and Gff were equal multiples of CF and AB 
(respectively). Thus, Gff and LN are equal multiples 
of AB and GD (respectively). Thus, Gff, LN are equal 
multiples of AB, CD. Again, since ffff and MN are 
equal multiples of EB and ED (respectively), and ffO 
and NP are also equal multiples of EB and ED (respec¬ 
tively), then, added together, ffO and MP are also equal 
multiples oi EB and ED (respectively) [Prop. 5.2]. And 
since as AB (is) to BE, so CD (is) to DE, and the equal 
multiples Gff, LN have been taken of AB, CD, and the 
equal multiples ffO, MP oi EB, ED, thus if Gff exceeds 
ffO then LN also exceeds MP, and if (Gff is) equal (to 
ffO then LN is also) equal (to MP), and if {Gff is) less 
(than ffO then LN is also) less (than MP) [Def 5.5]. 
So let Gff exceed ffO, and thus, ffff being taken away 
from both, Gff exceeds ffO. But (we saw that) if Gff 
was exceeding ffO then LN was also exceeding MP. 
Thus, LN also exceeds MP, and, MN being taken away 
from both, LM also exceeds NP. Hence, if Gff exceeds 
ffO then LM also exceeds NP. So, similarly, we can 
show that even if Gff is equal to ffO then LM will also 
be equal to NP, and even if {Gff is) less (than ffO then 
LM will also be) less (than NP). And Gff, LM are equal 
multiples of AE, CF, and ffO, NP other random equal 
multiples of EB, ED. Thus, as AE is to EB, so CF (is) 
to ED [Def 5.5]. 

Thus, if composed magnitudes are proportional then 
they will also be proportional (when) separarted. (Which 
is) the very thing it was required to show. 


t In modern notation, this proposition reads that ifa-|-/9:/9”7-l-<5:<5 then a : /3 :: 7 : <5. 


11^'. 


’Eav 8ir)pr)pEva pEyshr) dvdXoyov fj, xal auvrsDEVTa 
dvdXoyov saxai. 

A E B 

I-1-1 


Proposition 18t 

If separated magnitudes are proportional then they 
will also be proportional (when) composed. 

A E B 

I-1-1 


r Z H A 

I-1-1-1 

TilaTW 8inpr)pEva psyEhr) dvdXoyov xd AE, EB, EZ, ZA, 
Ac; TO AE xpo; to EB, ouxcoc; to EZ xpoc; to ZA' Xsyw, 
OTi xal auvTE'dEVTa dvdXoyov saxai, A; to AB Ttpoc; to BE, 


C F G D 

I-1-1-1 

Let AE, EB, CF, and ED be separated magnitudes 
(which are) proportional, (so that) as AE (is) to EB, so 
CF (is) to ED. I say that they will also be proportional 
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ouTOc TO FA npoi; to ZA. 

El yap eaTiv cbc; to AB upoc; to BE, outcoc; to FA 
npog TO AZ, eoTai (be; to AB Tipoi; to BE, outcoc to FA 
fjToi npoc eXaaaov ti toO AZ t] npoc [ielf^ov. 

’'Eotco upoTEpov Tpoc eXaaaov to AH. xal enei eotiv (be 
TO AB Tipoc; TO BE, outcoc; to FA Tipoc; to AH, auyxeijieva 
[ieyeiSr) dvcxXoyov eoTiv wots xal SiaipsTilevTa dvdXoyov 
eoTai. eoTiv dpa (be to AE npoc; to EB, outcoc to FH npoc 
TO HA. UTioxeiTai 8e xal (be to AE npoc to EB, outcoc to 
FZ Tipoc TO ZA. xal (be dpa to FH Tipoc to HA, outcoc to 
FZ Tipoc TO ZA. p.el^ov 6e to npcoTov to FH tou TpiTou tou 
FZ' (iel^ov dpa xal to SeuTspov to HA tou TSTapTou tou 
ZA. dXXd xal eXaTTov oiiep sotIv dSuvaTov oux dpa eotIv 
( be TO AB Tipoc id BE, OUTCOC to FA Tipoc eXaaaov tou 
ZA. ojioicoc 8f) 8e[^op,£v, oti ou8e iipdc [iel^ov iipdc auTo 
dpa. 

’Edv dpa 8ir)pr)p,£va [ieyeiilri dvdXoyov fj, xal auvTS'devTa 
dvdXoyov eoTai- oiiep e8£i Sel^ai. 


(when) composed, (so that) as AB (is) to BE, so CD (is) 
to FD. 

For if (it is) not (the case that) as AB is to BE, so 
CD (is) to FD, then it will surely be (the case that) as 
AB (is) to BE, so CD is either to some (magnitude) less 
than DF, or (some magnitude) greater (than DF)} 

Let it, first of all, be to (some magnitude) less (than 
DF), (namely) DC. And since composed magnitudes 
are proportional, (so that) as AB is to BE, so CD (is) to 
DC, they will thus also be proportional (when) separated 
[Prop. 5.17]. Thus, as AE is to EB, so CG (is) to CD. 
But it was also assumed that as AE (is) to EB, so CF 
(is) to FD. Thus, (it is) also (the case that) as CG (is) 
to CD, so CF (is) to FD [Prop. 5.11]. And the first 
(magnitude) CG (is) greater than the third CF. Thus, 
the second (magnitude) CD (is) also greater than the 
fourth FD [Prop. 5.14]. But (it is) also less. The very 
thing is impossible. Thus, (it is) not (the case that) as AB 
is to BE, so CD (is) to less than FD. Similarly, we can 
show that neither (is it the case) to greater (than FD). 
Thus, (it is the case) to the same (as FD). 

Thus, if separated magnitudes are proportional then 
they will also be proportional (when) composed. (Which 
is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a : /3 :: 7 : (5 then a + f} : P :: + 5 : S. 

t Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found. 


’Edv f^ (be 6X0V Tipoc 6X0V, OUTCOC dcpaipsilEv Tipoc dcpai- 
PeOev, xal TO XoiTiov Tipoc to Xoitiov soTai (be oXov Tipoc 
6X0V. 

A E B 

I-1-1 

r z A 

I-1-1 

TilaTCO ydp (be oXov to AB Tipoc oXov to FA, outcoc 
dcpaipEhEv TO AE Tipoc dcpEipEilsv to FZ- Xsyco, oti xal 
Xoitiov to EB Tipoc Xoitiov to ZA soTai (be oXov to AB 
Tipoc 6X0V TO FA. 

’EtieI ydp EOTiv (be to AB Tipoc id FA, ouicoc id AE 
Tipdc id FZ, xal EvaXXd^ (be id BA Tipdc id AE, ouicoc 
Td AF Tipdc id FZ. xal etieI auyxEipEva pEysOr) dvdXoyov 
saiiv, xal BiaipEilEVTa dvdXoyov saiai, (be id BE Tipdc id 
EA, OUICOC id AZ Tipdc id FZ' xal svaXXd^, ebe id BE Tipdc 
id AZ, OUTCOC TO EA Tipdc Td ZF. (be 8£ Td AE iipdc Td FZ, 
OUTCOC UTidxEiTai 6X0V Td AB Tipdc dXov Td FA. xal Xoitiov 
dpa Td EB Tipdc XoiTidv Td ZA soTai (be dXov Td AB Tipdc 
6X0V Td FA. 

’Edv dpa fi (be 6X0V Tipdc dXov, outcoc dtpaipE'dsv Tipdc 


Proposition 19^ 

If as the whole is to the whole so the (part) taken 
away is to the (part) taken away then the remainder to 
the remainder will also be as the whole (is) to the whole. 

A E B 

I-1-1 

C F D 

I-1-1 

For let the whole AB be to the whole CD as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB to the remainder FD will also be 
as the whole AB (is) to the whole CD. 

For since as AB is to CD, so AE (is) to CF, (it is) 
also (the case), alternately, (that) as BA (is) to AE, so 
DC (is) to CF [Prop. 5.16]. And since composed magni¬ 
tudes are proportional then they will also be proportional 
(when) separated, (so that) as BE (is) to EA, so DF (is) 
to CF [Prop. 5.17]. Also, alternately, as BE (is) to DF, 
so EA (is) to FC [Prop. 5.16]. And it was assumed that 
as AE (is) to CF, so the whole AB (is) to the whole CD. 
And, thus, as the remainder EB (is) to the remainder 
FD, so the whole AB will be to the whole CD. 
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dcpaipe'dsv, xal to Xoikov npbz to Xoikov eoTai (be oXov 
npoe oXov [oTiep sBei BeT^ai.]. 

[Kal ETisl eBslx'Ot) (be to AB xpoe to FA, ouTo^e to EB 
npoe TO ZA, xai evaXXd^ Ae to AB xpoe to BE ouT(oe to 
FA Tipoe TO ZA, auyxeijieva dpa piSYSiDr) dvdXoyov eotw 
ebsLX'Or) 5s Ae to BA xpoe to AE, ouTtoe to AF xpoe to 
FZ- xai EOTiv dvaoTpstjiavTi]. 


n6pia[Jia. 

’Ex 6f) TouTou epavspov, oti. sdv auyxsiiisva (isys'dr) 
dvdXoyov fj, xal dvaaTpE(|>avTi. dvdXoyov soTar oxsp eBei. 
BsT^ai. 

t In modern notation, this proposition reads that if a : /3 :: 7 : 5 then a : 
t In modern notation, this corollary reads that if a : /3 :: 7 : 5 then a : a 

X. 

’Edv f^ Tpia [isysiilri xal dXXa auToIe ioa to itXfjiLloe, 
auvSuo XajiPavojiEva xal sv t( 5 auTW X6y(o, 5i.’ laou Ss to 

ItpWTOV ToO TpiTOU (JET^OV f), Xal TO TETapTOV TOU EXTOU 
[isl^ov EOTai, xdv laov, laov, xdv sXaTTOv, sXaTTov. 


A'- 

- 1 

Pl I 

^ E^ 


ri- 

- 1 


TilaTto Tpia ^EysiDr] Ta A, B, F, xal dXXa auToIe laa to 
itXfjiLloe Td A, E, Z, a0v6uo XapipavopiEva sv tA auTW X 6 y(P, 
Ae p.£v TO A Ttpoe to B, ouTtoe to A xpoe to E, Ae 5£ to B 
itpoe TO F, ouTtoe TO E Ttpoe TO Z, 61 .’ laou Be psT^ov saTto 
TO A TOU F- XsytL), oti. xal to A tou Z pisT^ov soTai, xdv 
laov, laov, xdv sXaTTov, sXaTTov. 

’Eitsl ydp ^eT^ov eoti. to A tou F, dXXo 5£ ti. to B, to Be 
pisT^ov Ttpoe TO auTO (JEi^ova Xoyov exei. f]Tt£p to sXaTTOv, 
TO A dpa Ttpoe TO B [isl^ova Xoyov exei fiTtsp to F Ttpoe to 
B. dXX’ Ae (iev to A Ttpoe to B [ouTcoe] to A Ttpoe to E, Ae 
Be to F Ttpoe TO B, dvdttaXiv ouTtoe to Z Ttpoe to E- xal to 
A dpa Ttpoe TO E [isif^ova Xoyov exei fjTtEp to Z Ttpoe to E. 
tAv Be Ttpoe TO auTo Xoyov exovtcov to pisl^ova Xoyov exov 
pisl^ov EaTLv. (jeI^ov dpa to A tou Z. otxolore 5f] Bsi^opiEv, 
OTI xdv laov fj TO A tA F, laov saTai xal to A tA Z, xdv 


Thus, if as the whole is to the whole so the (part) 
taken away is to the (part) taken away then the remain¬ 
der to the remainder will also be as the whole (is) to 
the whole. [(Which is) the very thing it was required to 
show.] 

[And since it was shown (that) as AB (is) to CD, so 
EB (is) to FD, (it is) also (the case), alternately, (that) 
as AB (is) to BE, so CD (is) to FD. Thus, composed 
magnitudes are proportional. And it was shown (that) 
as BA (is) to AE, so DC (is) to CF. And (the latter) is 
converted (from the former).] 

Corollaryi 

So (it is) clear, from this, that if composed magni¬ 
tudes are proportional then they will also be proportional 
(when) converted. (Which is) the very thing it was re¬ 
quired to show. 

/3 :: o — 7 : /3 — 5 . 

— /9 7 : 7 — 5 . 

Proposition 20i 

If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). 

A'-1 D'-1 

B I-1 E I-1 

C I-1 F I-1 

Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two, (so that) as A (is) to B, 
so D (is) to E, and as B (is) to C, so E (is) to F. And let 
A be greater than C, via equality. I say that D will also 
be greater than F. And if (A is) equal (to C then D will 
also be) equal (to F). And if (A is) less (than C then D 
will also be) less (than F). 

For since A is greater than C, and B some other (mag¬ 
nitude), and the greater (magnitude) has a greater ratio 
than the lesser to the same (magnitude) [Prop. 5.8], A 
thus has a greater ratio to B than C (has) to B. But as A 
(is) to B, [so] D (is) to E. And, inversely, as C (is) to B, 
so F (is) to E [Prop. 5.7 corn]. Thus, D also has a greater 
ratio to E than F (has) to E [Prop. 5.13]. And for (mag- 
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eXaxTov, eXaTxov. 

’Eav apa fj xpia [isye^r] xal otXXa auxdic; laoc x 6 xXfjiSoc;, 
auvBuo Xa[i(3av6[ieva xai sv xw auxw Xoyw, 81 .’ laou Be x 6 
xpoxov xoO xpixou (jel^ov fj, xal x 6 xexapxov xoO exxou 
piel^ov eaxai, xotv laov, laov, xav eXaxxov, eXaxxov onep 
eBei BeT^ai. 


t In modern notation, this proposition reads that if a : /3 :: <5 : e and /3 : 

xa'. 

’Eav fj xpla pieys'dr) xal aXXa aOxoTc laa x 6 xXfj'doc 
auvSuo Xap-Pavopieva xal ev xw auxw Xoyo), fj 5e xexa- 
paypievT) auxwv f) dvaXoyia, 81 .’ laou 8 e x 6 itpwxov xou 
xpixou [ieI(^ov fj, xal x 6 xexapxov xou exxou pieT^ov eaxai, 
xdv laov, laov, xdv eXaxxov, eXaxxov. 


Ai- 

- 1 

Pl I 1 


0' ' 

ri- 



Tlaxa) xpia picyeiDr] xd A, B, F xal dXXa auxoTc; laa x 6 
itXfjiiloc; xd A, E, Z, auv 8 uo XapLpav 6 (jeva xal cv xw auxw 
Xoycp, caxto 8 e xexapaypievr) auxAv r\ dvaXoyia, picv x 6 
A Tipoc; x 6 B, ouxoc x 6 E Ttpoc; x 6 Z, dx; 8 e x 6 B Ttpoc x 6 F, 
ouxoc x 6 A Ttpoi; x 6 E, 81 ’ laou 8 e x 6 A xou F pieT^ov eaxw 
Xeyw, oxi xal x 6 A xou Z (jeT^ov eaxai, xdv laov, laov, xdv 
eXaxxov, eXaxxov. 

’Exel ydp (leT^ov eaxi x 6 A xou F, dXXo 8 e xi x 6 B, x 6 
A dpa Ttpoc x 6 B piei^ova Xoyov exei fjitep x 6 F Ttpoc to B. 
dXX’ Ac (iev x 6 A Ttpoc to B, ouxwc x 6 E Ttpoc to Z, Ac 
8 e to F Ttpoc to B, dvdTtaXiv outwc to E Ttpoc to A. xal 
x 6 E dpa Ttpoc to Z [iei^ova Xoyov cxei fjitep to E Ttpoc to 
A. Ttpoc 6 8 e to auxo piei^ova Xoyov cxsi, excTvo eXaaaov 
eativ eXaaaov dpa eatl to Z xou A- (jeTf^ov dpa eaxl x 6 A 
xou Z. 6 (jLoiwc 5f] 8 e[^o(iev, oxi xdv laov fj x 6 A xA F, laov 
eaxai xal x 6 A xA Z, xdv eXaxxov, eXaxxov. 

’Edv dpa fj xpia pieycDr) xal dXXa auxoTc laa x 6 TtXfjiDoc, 
auv 8 uo Xa(iPav 6 (ieva xal ev xA auxA Xoyo), fj 8 e xexa- 
pay(ievr) auxAv f] dvaXoyia, 81 ’ laou 8 e x 6 itpAxov xou xpixou 
piel^ov fj, xal x 6 xexapxov xou exxou (leT^ov eaxai, xdv laov. 


nitudes) having a ratio to the same (magnitude), that 
having the greater ratio is greater [Prop. 5.10]. Thus, 
D (is) greater than F. Similarly, we can show that even if 
A is equal to C then D will also be equal to F, and even 
if (A is) less (than C then D will also be) less (than F). 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater 
than the third, then the fourth will also be greater than 
the sixth. And if (the first is) equal (to the third then the 
fourth will also be) equal (to the sixth). And (if the first 
is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required 
to show. 

:: e : (^ then o = 7 as 5 = C^. 

Proposition 21i 

If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if) their proportion (is) perturbed, and (if), 
via equality, the first is greater than the third then the 
fourth will also be greater than the sixth. And if (the first 
is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then 
the fourth will also be) less (than the sixth). 

A'-1 D'-1 

B I-1 E I-1 

C I-1 F I-1 

Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. And let A be greater than 
C, via equality. I say that D will also be greater than E. 
And if (A is) equal (to C then D will also be) equal (to 
E). And if (A is) less (than C then D will also be) less 
(than F). 

For since A is greater than C, and B some other (mag¬ 
nitude), A thus has a greater ratio to B than C (has) to 
B [Prop. 5.8]. But as A (is) to B, so E (is) to E. And, 
inversely, as C (is) to B, so E (is) to D [Prop. 5.7 corn]. 
Thus, E also has a greater ratio to F than E (has) to D 
[Prop. 5.13]. And that (magnitude) to which the same 
(magnitude) has a greater ratio is (the) lesser (magni¬ 
tude) [Prop. 5.10]. Thus, F is less than D. Thus, D is 
greater than F. Similarly, we can show that even if A is 
equal to C then D will also be equal to F, and even if (A 
is) less (than C then D will also be) less (than F). 
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laov, xav eXaxTov, sXaTTov oTiep e5ei Set^ai. Thus, if there are three magnitudes, and others of 

equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) per¬ 
turbed, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). (Which is) the very thing it was required to show. 

t In modern notation, this proposition reads that if a : /3 :: e : and /3 : 'y :: 5 : t then o = 7 as 5 = C^. 


x(3'. 

’Eocv fi OTtoaaoOv psYSiDr] xal oiXXa auxoTi; (aa to TtXfjhoi;, 
a6v5uo XocpPavopeva xal ev xw auxw Xoyw, xal 5i.’ laou ev 
xw auxw Xoyw saxai. 

Ai-1 Bi-1 T'-1 

Ai-1 El-1 Z'-1 

Hi -^- 1 Ki- ^- 1 -1 Ml -^-1 

@1 -^-1 Ai-^^-1 N'-^-1 

Tlaxw OTtooaoOv psysilr) xa A, B, T xal aXXa auxoTc; laa 
x 6 TtXfjhoc xa A, E, Z, auv 8 uo Xap(3av6peva ev xw auxw 
Xoyo, uiQ pev x 6 A Ttpoc x 6 B, ouxwi; x 6 A 7 tp 6 <; x 6 E, cbc; 
5e x 6 B 7 tp 6 <; x 6 T, ouxoc x 6 E Ttpoc x 6 Z- Xeyco, 6 x 1 xal 
81 .’ laou ev TO auxw Xoyw eaxai. 

ElX/icpOw yap xAv pev A, A iadxi<; TtoXXaitXdaia xd H, 
0, xAv 88 B, E dXXa, a exuyev, Ioom-q 7 toXXa 7 tXdai.a xd K, 
A, xal exi xAv T, Z dXXa, d exuyev, iadxic; TtoXXaTtXdaia xd 

M, N. 

Kal eitei eaxiv Ac; x 6 A Ttpoc; x 6 B, ouxttx; x 6 A Ttpoc; x 6 
E, xal elXrjTtxai xAv pev A, A ladxic; TtoXXaTtXdaia xd H, 0, 
xAv 88 B, E dXXa, d exuyev, iadxii; TtoXXaitXdaia xd K, A, 
eaxiv dpa Ac; x 6 H Ttpoc; x 6 K, ouxwc; x 6 0 Ttpoc; x 6 A. 8 la 
xd auxd 8 f] xal Ac; x 6 K Ttpoc; x 6 M, ouxwc; x 6 A Ttpoc; x 6 

N. eitel ouv xpia peyeifr] eaxl xd H, K, M, xal dXXa aOxoTc; 
laa x 6 TtXfjhoc; xd 0, A, N, auv 8 uo XapPavopeva xal ev xA 
auxA Xoytp, 81 ’ laou dpa, ei uitepexei x 6 H xou M, UTtepeyei 
xal x 6 0 xou N, xal ei laov, laov, xal ei eXaxxov, cXaxxov. 
xai caxi xd pev H, 0 xAv A, A ladxic; TtoXXaitXdaia, xd 8 e 
M, N xAv r, Z dXXa, d cxuyev, ladxic; itoXXaitXdaia. eaxiv 
dpa Ac; x 6 A Ttpoc; x 6 E, ouxcoc; x 6 A Ttpoc; x 6 Z. 

’Edv dpa ^ oTtoaaouv peyehr) xal dXXa auxolc; laa x 6 
TtXfjhoc;, auvSuo XapPavopeva ev xA auxA Xoycp, xal 61 ’laou 
ev xA auxA Xoyw caxac oitep eSei 8 el^ai. 


Proposition 22+ 

If there are any number of magnitudes whatsoever, 
and (some) other (magnitudes) of equal number to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

Ai - 1 Bi -1 Cl- 1 

Di-1 El-1 Fi-1 

Gi-1-1 Ki -1-^-1 Ml-^-1 

Hi-^-1 Li -^^-1 Ni-^-1 

Let there be any number of magnitudes whatsoever, 
A, B, C, and (some) other (magnitudes), D, E, F, of 
equal number to them, (which are) in the same ratio 
taken two by two, (so that) as A (is) to B, so D (is) to 
E, and as B (is) to C, so E (is) to F. I say that they will 
also be in the same ratio via equality. (That is, as A is to 
C, so E> is to E.) 

For let the equal multiples G and ff have been taken 
of A and D (respectively), and the other random equal 
multiples K and L oi B and E (respectively), and the 
yet other random equal multiples M and N of C and F 
(respectively). 

And since as A is to B, so D (is) to E, and the equal 
multiples G and El have been taken of A and D (respec¬ 
tively), and the other random equal multiples K and L 
of B and E (respectively), thus as G is to K, so H (is) to 
L [Prop. 5.4]. And, so, for the same (reasons), as K (is) 
to M, so L (is) to N. Therefore, since G, K, and M are 
three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same 
ratio taken two by two, thus, via equality, if G exceeds M 
then H also exceeds N, and if (G is) equal (to M then H 
is also) equal (to N), and if (G is) less (than M then H is 
also) less (than N) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other 
random equal multiples of G and F (respectively). Thus, 
as A is to G, so D (is) to F [Def. 5.5]. 

Thus, if there are any number of magnitudes what¬ 
soever, and (some) other (magnitudes) of equal number 
to them, (which are) also in the same ratio taken two by 
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two, then they will also be in the same ratio via equality. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that ii a ■. fi e : C, and 13 : -y :: C : rj and ■y : & rj ■. 0 then a : 5 :: e : d. 


xy'- 

’Eav f) Tp[a qsYsdr) xai aXka auxoTc Xaa to nXfj'doc 
auv 5 uo XaqPavoqsva ev tO auTW Xcyo, fj 6 s TExapaYqEvr) 
auTOv f) dvocXoYia, xal 6 i’ (aou ev tCS auTW Xoyw soxai. 

Ai-1 B ^ r I-1 

A I—I E I-1 Z I—I 

Ell-^^-1 ©I—I—I—I A'-1-1 

K'—I—^—I Ml-^- 1 N'—^—I 

TilaTW xpia qEYsdr] xd A, B, F xctl dXXa auxoTc; Xoa to 
xXfjdoc; auv6uo XaqPavojiEva ev xw auxw Xoyw xd A, E, Z, 
saxto &£ xExapaYqsvT) auxwv rj dvaXoYia, A<; [tev x 6 A xpog 
x6 B, ouxtoc; x6 E xpog x6 Z, dx; &£ x6 B Ttpoc; x6 F, ouxcoc; 
x6 A Ttpoc; x6 E- Xeyw, 6xi saxlv cbc; x6 A itpoc; x6 F, ouxcoc; 
x6 A Ttpoc; x6 Z. 

ElXTricpdco xwv piEv A, B, A ladxic; itoXXcxxXdaia xd H, 0, 
K, xwv 5 e F, E, Z dXXa, S ExuyEv, iadxic; itoXXaxXdaioc xd 
A, M, N. 

Kcxl ETtEl iadxic; saxl xoXXaTtXdaia xd H, 0 xwv A, B, xd 
Be [iEpT] xolc; (baocuxox; itoXXaxXaaioic; xov auxov e^ei Xoyov, 
saxiv dpa dx; x6 A Ttpoi; x6 B, ouxcoc; x6 FI xpoc; x6 0. 6id 
xd oiuxd 6r) xal dx; x6 E Ttpoc; x6 Z, ouxttx; x6 M Ttpoc; x6 N- 
xai saxiv dx; x6 A xpoc; x6 B, ouxcoc; x6 E xpoc; x6 Z' xal dx; 
dpa x6 H xpoc; x6 0, ouxox; x6 M xpoc; x6 N. xal STtsi saxiv 
dx; x6 B Ttpoc; x6 F, ouxco; x6 A xpoc; x6 E, xal svaXXd^ 
die; x6 B xpoc; x6 A, ouxox; x6 F Ttpoc; x6 E. xal Eitsl xd 
0, K Toiv B, A iadxic; saxl xoXXaitXdaia, xd Be [iEpr) xolc; 
iadxic; xoXXaitXaaioi; xov auxov sysi Xoyov, saxiv dpa dx; 
x6 B xpoc; x6 A, ouxox; x6 0 Ttpoc; x6 K. dXX’ dx; x6 B itpo; 
x6 A, ouxwc; x6 F xpoc; x6 E' xal dr; dpa x6 0 xpoc; x6 K, 
ouxcoc; x6 F Ttpoc; x6 E. xdXiv, STtsl xd A, M xdiv F, E iadxic; 
saxi xoXXaitXdaia, saxiv dpa die; x6 F Ttpoc; x6 E, ouxcoc; x6 
A Ttpoc; x6 M. dXX’ die; x6 F Ttpoc; x6 E, ouxco; x6 0 xpoc; 
x6 K' xal die; dpa x6 0 Ttpo; x6 K, ouxcoc; x6 A Ttpo; x6 M, 
xal EvaXXd^ die; x6 0 xpoc; x6 A, x6 K xpoc; x6 M. EBEixOr) 
Be xal die; x6 FI itpoc; x6 0, ouxco; x6 M itpo; x6 N. exeI 
ouv xpia [iEYEDri saxl xd H, 0, A, xal dXXa auxoi; laa x6 
xXfjOo; xd K, M, N auvBuo XaqPavopiEva ev xco auxep Xoyco, 
xai saxiv auxcov xExapaYqsvr) fj dvaXoYia, Bi’ laou dpa, si 
uxEpsxsi x6 H xou A, unspExsi xal x6 K xou N, xal si laov, 
laov, xal si sXaxxov, sXaxxov. xai saxi xd (tev H, K xcov A, 
A iadxi; xoXXaxXdaia, xd Be A, N xcov F, Z. saxiv dpa co; 
x6 A xpo; x6 F, ouxco; x6 A xpo; x6 Z. 

’Edv dpa fj xpia qEYEllr) xal dXXa auxoi; laa x 6 xXfj'do; 
auvBuo XajiPavojiEva ev xco auxep Xoyco, f Be xExapaYqsvr) 


Proposition 23t 

If there are three magnitudes, and others of equal 
number to them, (being) in the same ratio taken two by 
two, and (if) their proportion is perturbed, then they will 
also be in the same ratio via equality. 

A'-1 B I—I C I-1 

Di—I El -1 pi —I 

Gi-1-1-1 Hi—I—^—I Li-^-1 

Ki—^^—I Ml-^-1 Ni—^-1 

Let A, B, and C be three magnitudes, and D, E and F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to E, and 
as B (is) to C, so D (is) to A. I say that as A is to C, so 
D (is) to F. 

Let the equal multiples G, H, and K have been taken 
of A, B, and D (respectively), and the other random 
equal multiples L, M, and N of C, E, and F (respec¬ 
tively) . 

And since G and iF are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to 
El. And, so, for the same (reasons), as E (is) to F, so M 
(is) to N. And as A is to B, so E (is) to F. And, thus, as 
G (is) to H, so M (is) to N [Prop. 5.11]. And since as B 
is to G, so D (is) to E, also, alternately, as B (is) to D, so 
G (is) to E [Prop. 5.16]. And since H and K are equal 
multiples of B and D (respectively), and parts have the 
same ratio as similar multiples [Prop. 5.15], thus as B is 
to D, so H (is) to K. But, as B (is) to D, so G (is) to 
E. And, thus, as H (is) to K, so G (is) to E [Prop. 5.11]. 
Again, since L and M are equal multiples of G and E (re¬ 
spectively), thus as C is to E, so L (is) to M [Prop. 5.15]. 
But, as G (is) to E, so H (is) to K. And, thus, as H (is) 
to K, so L (is) to M [Prop. 5.11]. Also, alternately, as H 
(is) to L, so K (is) to M [Prop. 5.16]. And it was also 
shown (that) as G (is) to H, so M (is) to N. Therefore, 
since G, H, and L are three magnitudes, and K, M, and 
N other (magnitudes) of equal number to them, (being) 
in the same ratio taken two by two, and their proportion 
is perturbed, thus, via equality, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N) [Prop. 5.21]. And G and K are equal mul¬ 
tiples of A and D (respectively), and L and N oi G and 
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auTWv f) dvaXoYia, xal 6i.”(aou sv tw auxw Xcyw eaxai.' onep 
e5sL BsT^ai. 


F (respectively). Thus, as A (is) to C, so D (is) to F 
[Def. 5.5]. 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) in the same ratio taken 
two by two, and (if) their proportion is perturbed, then 
they will also be in the same ratio via equality. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition reads that if a : /3 :: e : and : 7 :: 5 : e then o : 7 :: 5 : 1 ^. 


x6'. 

’Edv TtpwTov 7tp6<; Beuxspov tov auxov syr) Xoyov xal 
xplxov iipoc; TSTapxov, Eyj\ 5 s xal Ttspxxov Ttpoc 6suxspov 
xov auxov Xoyov xal sxxov iipoc; xsxapxov, xal auvxsiDsv 
Ttpfixov xal TtspKxov 7tp6<; Bsuxspov xov auxov s^si. Xoyov 
xal xplxov xal sxxov itpoc; xsxapxov. 

B 

Ai-^ 

ri-1 

E 

Ai-^ 

Zi-1 

IIpwxov ydp x6 AB Ttpoc 6supspov x6 T xov auxov syExo 
Xoyov xal xpixov x6 AE itpoc; xsxapxov x6 Z, sysxw 5 s xal 
itspitxov x6 BH Itpoc; Ssuxspov x6 T xov auxov Xoyov xal 
sxxov x6 E 0 Itpoc; xsxapxov x6 Z- Xsyo), 6x1 xal auvxsifsv 
itpAxov xal Ttspitxov x6 AH itpoc; 5 suxspov x6 T xov auxov 
E^Si Xoyov, xal xpixov xal sxxov x6 A 0 itpoc; xsxapxov x6 
Z. 

’Eitsl ydp saxiv Ac; x6 BH itpoc; x6 T, ouxwc; x6 E 0 itpoc; 
x6 Z, dvditaXiv dpa Ac; x6 T itpo; x6 BH, ouxw; x6 Z itpo; 
x6 E 0 . Eitsl ouv saxiv A; x6 AB itpo; x6 T, ouxw; x6 AE 
Itpo; x6 Z, A; 5 e x 6 T itpo; x6 BH, ouxw; x6 Z itpo; x6 
E 0 , 5 i.’laou dpa saxiv A; x6 AB itpo; x6 BH, ouxw; x6 AE 
Itpo; x6 E 0 . xal sitsl Sirjpqpsva psyEifr) dvdXoyov saxiv, xal 
auvxsdsvxa dvdXoyov saxac saxiv dpa A; x6 AH itpo; x6 
HB, ouxw; x6 A 0 itpo; x6 0 E. saxi 5 e xal A; x6 BH itpo; 
x6 r, ouxw; x6 E 0 itpo; x6 Z- 5 i’ laou dpa saxiv A; x6 AH 
Itpo; x6 r, ouxw; x6 A 0 itpo; x6 Z. 

’Edv dpa itpAxov itpo; 5 EUXEpov xov auxov syr) Xoyov 
xal xpixov Itpo; xsxapxov, exT) 5 e xal itsqitxov itpo; 5 EUXEpov 
xov auxov Xoyov xal sxxov itpo; xsxapxov, xal auvxEifsv 
ItpAxov xal itspitxov itpo; Ssuxspov xov auxov s^si Xoyov 
xal xpixov xal sxxov itpo; xsxapxov oitsp sSsi Ssl^ai. 


Proposition 24^ 

If a first (magnitude) has to a second the same ratio 
that third (has) to a fourth, and a fifth (magnitude) also 
has to the second the same ratio that a sixth (has) to the 
fourth, then the first (magnitude) and the fifth, added 
together, will also have the same ratio to the second that 
the third (magnitude) and sixth (added together, have) 
to the fourth. 

B 

A'-^ 

C'- 1 

E 

Di-^ 

F 1-1 

For let a first (magnitude) AB have the same ratio to 
a second C that a third DE (has) to a fourth F. And let 
a fifth (magnitude) BG also have the same ratio to the 
second C that a sixth EH (has) to the fourth F. I say 
that the first (magnitude) and the fifth, added together, 
AG, will also have the same ratio to the second G that the 
third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth F. 

For since as BG is to G, so EH (is) to F, thus, in¬ 
versely, as G (is) to BG, so F (is) to EH [Prop. 5.7 corn]. 
Therefore, since as AB is to G, so DE (is) to F, and as G 
(is) to BG, so F (is) to EH, thus, via equality, as AB is to 
BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be pro¬ 
portional (when) composed [Prop. 5.18]. Thus, as AG is 
to GB, so DH (is) to HE. And, also, as BG is to G, so 
EH (is) to F. Thus, via equality, as AG is to G, so DH 
(is) to F [Prop. 5.22]. 

Thus, if a first (magnitude) has to a second the same 
ratio that a third (has) to a fourth, and a fifth (magni¬ 
tude) also has to the second the same ratio that a sixth 
(has) to the fourth, then the first (magnitude) and the 
fifth, added together, will also have the same ratio to the 
second that the third (magnitude) and the sixth (added 
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t In modern notation, this proposition reads that if a : /3 :: 7 : 5 and e : 

xs'. 

’Eav xeaaapoc pieyE’d/) dvaXoyov fj, to (leyiaxov [auxwv] 
xal x6 eXd)(iaxov 860 xwv Xoiitwv (iei^ovd eaxiv. 



Tilaxa) xsaaapa (leys'dr) dvdXoyov xd AB, FA, E, Z, 

TO AB itpot; x6 FA, ouxwi; x6 E Tipoc; x6 Z, eaxw 5 e (Jeyiaxov 
piev aOxwv x6 AB, sX6!)(i.axov 5 e x6 Z' Xsyw, 6x1 xd AB, Z 
xwv FA, E piei^ovd eaxiv. 

Keiaffto ydp xA piev E laov x6 AH, xA 5 e Z laov x6 F 0 . 

’Eitel [ouv] eaxiv Ac; x6 AB Tipoc; x6 FA, ouxwc; x6 E 
Tipoc; x6 Z, laov 6e x6 [iev E xA AH, x6 8e Z xA F 0 , eaxiv 
dpa Ac; x6 AB Tipoc; x6 FA, ouxtoc; x6 AH Tipoc; x6 F 0 . 
xal eiiei eaxiv Ac; oXov x6 AB Tipoc; oXov x6 FA, ouxoc; 
dcpaipeiSev x6 AH Tipoc; cxc^aipeiDev x6 F 0 , xal Xoitiov dpa 
x6 HB Tipoi; Xoitiov x6 0 A eaxai Ac; oXov x6 AB Tipoc; oXov 
x6 FA. pteT^ov 8c x6 AB xoO FA- (JcT^ov dpa xal x6 HB xoO 
0 A. xal CTicl laov eaxl x6 (jcv AH xA E, x6 8c F 0 xA Z, 
xd dpa AH, Z laa eaxl xoTi; F 0 , E. xal [cTiel] cdv [dvlaoic; 
laa Tipoaxeiilfi, xd oka dviad eaxiv, cdv dpa] xAv HB, 0 A 
dviacov ovxtov xal pici^ovoc; xoO HB xA piev HB Tipoaxc-df) 
xd AH, Z, xA 8e 0 A Tipoaxeiilf) xd F 0 , E, auvdycxai xd 
AB, Z (jci^ova xAv FA, E. 

’Edv dpa xcaaapa (jcyc'dr) dvdXoyov fj, x6 (icyiaxov 
auxAv xal x6 eXd)(iaxov 860 xAv XoitiAv pici^ovd eaxiv. oncp 
c8ei Sel^ai. 


together, have) to the fourth. (Which is) the very thing it 
was required to show. 

/S : S then a + e : P :: 'y + ( : S. 

Proposition 25t 

If four magnitudes are proportional then the (sum of 
the) largest and the smallest [of them] is greater than the 
(sum of the) remaining two (magnitudes). 


G 



Let AB, CD, E, and F be four proportional magni¬ 
tudes, (such that) as AB (is) to CD, so E (is) to F. And 
let AB be the greatest of them, and F the least. I say that 
AB and F is greater than CD and E. 

For let AG be made equal to E, and CF[ equal to F. 

[In fact,] since as AB is to CD, so E (is) to F, and 
E (is) equal to AG, and F to CH, thus as AB is to CD, 
so AG (is) to CH. And since the whole AB is to the 
whole CD as the (part) taken away AG (is) to the (part) 
taken away CH, thus the remainder GB will also be to 
the remainder HD as the whole AB (is) to the whole CD 
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB 
(is) also greater than HD. And since AG is equal to E, 
and CH to F, thus AG and F is equal to CH and E. 
And [since] if [equal (magnitudes) are added to unequal 
(magnitudes) then the wholes are unequal, thus if] AG 
and F are added to GB, and CH and E to HD—GB 
and HD being unequal, and GB greater—it is inferred 
that AB and F (is) greater than CD and E. 

Thus, if four magnitudes are proportional then the 
(sum of the) largest and the smallest of them is greater 
than the (sum of the) remaining two (magnitudes). 
(Which is) the very thing it was required to show. 


t 


In modern notation, this proposition reads that if a : /3 :: 7 : 5, and a is the greatest and & the least, then a + 5 > P + 'f. 
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''Opoi. 

oc'. "Opoia axiipaxa eu^UYpapjia eaxiv, oaa xac; xe 
ywviocc; laac; xaxa [iiav xal xag nepl xac; laac; ytoviac; 
xXeupac; dvcxXoyov. 

P'. "Axpov xal [leaov Xoyov euDela xexjifja'dai Xeyexai, 
oxav fi (be; T) oXr) Kpoc; x6 ptsT^ov xpif)(ia, ouxcoc; x6 (lel^ov 
xpoc; x6 eXaxxov. 

y'. ''T(J;oc; eaxl xdvxoc; axi^p-axoc; rj duo xfjc; xopucpfjc; exl 
xrjv pdaiv xaDexoc; dyo(i£vr). 


Definitions 

1. Similar rectilinear figures are those (which) have 
(their) angles separately equal and the (corresponding) 
sides about the equal angles proportional. 

2. A straight-line is said to have been cut in extreme 
and mean ratio when as the whole is to the greater seg¬ 
ment so the greater (segment is) to the lesser. 

3. The height of any figure is the (straight-line) drawn 
from the vertex perpendicular to the base. 


a.. 


Proposition V 


Td xpiywva xal xd xapaXXrjXoypappa xd Otio x6 auxo 
utjioc; ovxa upoc; dXXrjXd eaxiv &>q al pdaeii;. 

E A 2 



Tlaxco xpiyova pev xd ABF, AFA, xapaXXrjXoypappa 
Be xd EF, FZ Ono x6 auxo ucj^oc; x6 AF' Xeyor, 6xi eaxiv 
f] BF pdaic; xpoc; xrjv FA pdaic;, ouxeue; x6 ABF xpiycovov 
Tipoc; x6 AFA xpiycuvov, xal x6 EF xapaXXrjXoypappov iipoc; 
x6 FZ xapaXXrjXoypappov. 

’ExpepXf]a'dto ydp f) BA ecp’ exdxepa xd pepr) era xd 0, A 
aripeta, xal xeiadtoaav xfj pev BF pdaei laai [oaaiBrjxoxoOv] 
ai BH, H0, XT) Be FA pdaei laai oaaiBrjuoxouv ai AK, KA, 
xal exe^euxdtoaav al AH, A0, AK, AA. 

Kal enel laai eialv ai FB, BH, H0 dXXfjXaic;, laa eaxl xal 
xd A0H, AHB, ABF xpiytova dXXfjXoic;. oaaTiXaaiCirv dpa 
eaxiv f) 0F pdaig xfjc; BF pdaetoc;, xoaauxaxXdaiov eaxi 
xal x6 A0F xpiycovov xou ABF xpiycbvou. Bid xd auxd 
Bf) oaaTCXaaiorv eaxiv f) AF pdaic; xfjc; FA pdaetoc;, xoaau- 
xaxXdaiov eaxi xal x6 AAF xpiytovov xou AFA xpiycbvou' 
xal ei lar) eaxiv f) 0F pdaic; xfj FA pdaei, laov eaxl xal x6 
A0F xpiycovov xcp AFA xpiycbvcp, xal ei UKepexci f] 0F pdaic; 
xfjc; FA pdaetoc;, uxepexei xal x6 A0F xpiywvov xou AFA 
xpiyAvou, xal ei eXdaacov, eXaaaov. xeaadpcov Brj ovxcov 
peyeiDcbv Buo pev pdaecuv xebv BF, FA, Buo Be xpiyAvcuv 
xAv ABF, AFA eiXrjxxai iadxic KoXXaxXdaia xfjc; pev BF 
pdaecoc; xal xou ABF xpiyAvou t] xe 0F pdaic; xal x6 A0F 
xpiywvov, xfjc; Be FA pdaewc; xal xou AAF xpiyAvou dXXa, 


Triangles and parallelograms which are of the same 
height are to one another as their bases. 

E A F 



H G B C D K L 


Let ABC and ACD be triangles, and EC and CF par¬ 
allelograms, of the same height AC. I say that as base BC 
is to base CD, so triangle ABC (is) to triangle ACD, and 
parallelogram EC to parallelogram CF. 

For let the (straight-line) BD have been produced in 
each direction to points H and L, and let [any number] 
(of straight-lines) BG and GH be made equal to base 
BC, and any number (of straight-lines) DK and KL 
equal to base CD. And let AG, AH, AK, and AL have 
been joined. 

And since CB, BG, and GH are equal to one another, 
triangles AHG, AGB, and ABC are also equal to one 
another [Prop. 1.38]. Thus, as many times as base HC 
is (divisible by) base BC, so many times is triangle AHC 
also (divisible) by triangle ABC. So, for the same (rea¬ 
sons), as many times as base LC is (divisible) by base 
CD, so many times is triangle ALC also (divisible) by 
triangle ACD. And if base HC is equal to base CL then 
triangle AHC is also equal to triangle ACL [Prop. 1.38]. 
And if base HC exceeds base CL then triangle AHC 
also exceeds triangle ACL.^ And if (HC is) less (than 
CL then AHC is also) less (than ACL). So, their being 
four magnitudes, two bases, BC and CD, and two trian- 
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a ETUxev, iadxi<; KoXkoLnXaaia t] xe AT pdaic; xal to AAF 
Tpiycovov xai BsSeixxai., oxi, ei unspex^^ ®L pdaic; xfjc; FA 
pdaswc;, UTiEpexei x® '^o A0F xpiywvov xou AAF xpiywvou, 
xai El lar), laov, xai eI sXaaawv, sXaaaov saxiv dpa dx; f) 
BF pdaic T^poQ xi^v FA pdaiv, ouxwc; x6 ABF xpiywvov upoc; 
x6 AFA xpiyovov. 

Kai etieI xoO pisv ABF xpiyAvou BixXdaiov saxi x6 EF 
7iapaXXr]X6ypa(jpiov, xou Be AFA xpiyAvou BixXdaiov saxi 
x6 ZF 7iapaXXr]X6ypa(ipiov, xd Be (ispr) xoTc; Aaauxwc; tioX- 
XanXaaioic; xov auxov sxei Xoyov, saxiv dpa Ac; x6 ABF 
xpiywvov Tipoc; x6 AFA xpiywvov, ouxwc; xo EF TiapaX- 
Xr]X6ypa(jpiov upoc; x6 ZF TiapaXXrjXoypaiipiov. etieI ouv 
eBeix'^T), Ac; piEv f) BF pdai; Kpo; xf]v FA, ouxw; x6 ABF 
xpiywvov Kpo; x6 AFA xpiyovov, A; Be x6 ABF xpiywvov 
Tipo; x6 AFA xpiywvov, ouxw; x6 EF 7iapaXXr]X6ypa(jpiov 
Tipo; x6 FZ 7i;apaXXr)X6ypapi(Jov, xai A; dpa f) BF pdai; upo; 
xf]v FA pdaiv, ouxo; x6 EF 7iapaXXr]X6ypa(jpiov xpo; x6 ZF 
napaXXrjXoy pa(jpiov. 

Td dpa xpiywva xai xd 7i;apaXXr)X6ypapi(ia xd Otio x6 
auxo ui|;o; ovxa xpo; dXXrjXd saxiv A; a'l pdasi;' OTisp eBei 
BsT^ai. 


gles, ABC and ACD, equal multiples have been taken of 
base BC and triangle ABC —(namely), base HC and tri¬ 
angle AHC —and other random equal multiples of base 
CD and triangle ADC —(namely), base LC and triangle 
ALC. And it has been shown that if base HC exceeds 
base CL then triangle AHC also exceeds triangle ALC, 
and if {HC is) equal (to CL then AHC is also) equal (to 
ALC), and if {HC is) less (than CL then AHC is also) 
less (than ALC). Thus, as base BC is to base CD, so 
triangle ABC (is) to triangle ACD [Def. 5.5]. And since 
parallelogram EC is double triangle ABC, and parallelo¬ 
gram FC is double triangle ACD [Prop. 1.34], and parts 
have the same ratio as similar multiples [Prop. 5.15], thus 
as triangle ABC is to triangle ACD, so parallelogram EC 
(is) to parallelogram FC. In fact, since it was shown that 
as base BC (is) to CD, so triangle ABC (is) to triangle 
ACD, and as triangle ABC (is) to triangle ACD, so par¬ 
allelogram EC (is) to parallelogram CF, thus, also, as 
base BC (is) to base CD, so parallelogram EC (is) to 
parallelogram FC [Prop. 5.11]. 

Thus, triangles and parallelograms which are of the 
same height are to one another as their bases. (Which is) 
the very thing it was required to show. 


t As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not 
right-angled. 

t This is a straight-forward generalization of Prop. 1.38. 


P- 

’Ecav xpiyAvou xapca piav xAv itXEupAv cxxDfj xi; EUilEla, 
dvaXoyov xEpEl xd; xou xpiyAvou nXEupd;- xal cdv ai xou 
xpiyAvou TtXEupai dvdXoyov xprjDAaiv, f) eitl xd; xopd; citi- 
^Euyvupsvr] EudEla Ttapd xrjv Xoiitfjv saxai xou xpiyAvou 
itXEupdv. 


A 



TpiyAvou ydp xou ABF itapdXXrjXo; pid xAv nXcupAv 
xfj BF f]xdw f) AE- Xsyw, 6xi caxlv A; fj BA npo; xf]v AA, 
ouxo; f) FE Ttpo; xqv EA. 


Proposition 2 

If some straight-line is drawn parallel to one of the 
sides of a triangle then it will cut the (other) sides of the 
triangle proportionally. And if (two of) the sides of a tri¬ 
angle are cut proportionally then the straight-line joining 
the cutting (points) will be parallel to the remaining side 
of the triangle. 


A 



sides BC of triangle ABC. 1 say that as BD is to DA, so 
CE (is) to EA. 
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’E 7 i;£^su)('dcoaav yctp ai BE, FA. 

Taov apa eaxl to BAE xpiywvov xA FAE xpiyAvo)' 
exl yap xf)<; aOxfjc pdasAc eaxi. xfjc AE xai sv xaTc; auxalc; 
7iapaXXr]Xoi<; xaT(; AE, BF' dXXo 8 e xi. x6 AAE xpiyovov. xd 
Se Xaa npoQ x6 auxo xov aOxov £)(ei. Xoyov saxiv dpa Ac; x6 
BAE xpiywvov xpoc; x6 AAE [xpiyovov], ouxW(; x6 FAE 
xp[yovov xpoi; x6 AAE xpiywvov. aXX’ piEv x6 BAE 
xpiyovov Tipoc; x6 AAE, ouxwc; fj BA npoQ xf]v AA- uko 
ydp x6 auxo ucjioc; ovxa xi^v and xou E etiI xi^v AB xd'dsxov 
dyopi£vr]v xpoc; dXXrjXd Eiaiv Ac ai pdaEic- 5id xd auxd 61^ 
Ac x6 FAE xpiyovov xpoc x6 AAE, ouxwc f] FE xpoc xf]v 
EA- xal Ac dpa f) BA xpoc xi^v AA, ouxwc i] FE xpoc xf]v 
EA. 

AXXd 61^ ai xou ABF xpiyAvou xXEupal ai AB, AF 
dvdXoyov xExjirja'dwaav, Ac f) BA xpoc xf]v AA, ouxcoc 
f) FE xpoc xf)v EA, xal EXEi^EUxiSw fj AE- Xsyw, 6x1 
xapdXXrjXoc saxiv rj AE xfj BF. 

TAv ydp auxAv xaxaaxEuaa-dEvxwv, exei saxiv Ac 
BA xpoc xf)v AA, ouxcoc fj FE xpoc xf]v EA, dXX’ Ac 
piEv f) BA xpoc xf)v AA, ouxwc x6 BAE xpiywvov xpoc 
x6 AAE xpiywvov, Ac Be f) FE xpoc xr)v EA, ouxwc x6 
FAE xpiywvov xpoc x6 AAE xpiywvov, xal Ac dpa x6 
BAE xpiywvov xpoc x6 AAE xpiywvov, ouxwc x6 FAE 
xpiyovov xpoc x6 AAE xpiywvov. Exdxspov dpa xAv BAE, 
FAE xpiyAvwv xpoc x6 AAE xov auxov £)(£i Xoyov. laov 
dpa saxl x6 BAE xpiyovov xA FAE xpiyAvw- xai siaiv sxl 
xfjc auxfjc pdaswc xfjc AE. xd Be laa xpiywva xal sxl xfjc 
auxfjc pdasoc ovxa xal ev xdic auxdic xapaXXr]Xoic saxiv. 
xapdXXr]Xoc dpa saxiv fj AE xfj BF. 

’Edv dpa xpiyAvou xapd (uiav xAv xXsupAv dx-Of) xic 
EU-dETa, dvdXoyov xspiET xdc xou xpiyAvou xXsupdc- xal sdv 
ai xou xpiyAvou xXsupal dvdXoyov xiiriiSAaiv, f) sxl xdc 
xopidc £xiC£uyvu(j£vr) EU-dEla xapd xf]v Xoixfjv saxai xou 
xpiyAvou xXsupdv ousp eBei BsT^ai. 


y'- 

’Edv xpiyAvou f] ywvia Bixa xpiiydfj, f) Be xspivouaa xf]v 
ywviav su-dsTa xEpivr) xal xf]v pdaiv, xd xfjc pdasoc xpir)(iaxa 
xov auxov E^Ei Xoyov xalc Xoixdic xou xpiyAvou nXEupalc' 
xal sdv xd xfjc pdascoc x(if]p.axa xov auxov exT) Xoyov xalc 
Xoixalc xou xpiyAvou xXsupalc, f) duo xfjc xopucpfjc exl xfjv 
xopif)v Exi^EuyvupiEvri su-dsla Bixa xEpisl xfjv xou xpiyAvou 
ycoviav. 

’Elaxw xpiywvov x6 ABF, xal xExpLrja'dw f) 0x6 BAF 
ywvia Bixa uxo xfjc AA Eu-dsiac' Xsyw, oxi saxiv Ac f) BA 
xpoc xfjv FA, ouxwc f) BA xpoc xf)v AF. 

’'FIx'dw ydp Bid xou F xfj AA xapdXXrjXoc f) FE, xal 
Biax-dslaa f) BA aupiTixTExto auxfj xaxd x6 E. 


For let BE and CD have been joined. 

Thus, triangle BDE is equal to triangle CDE. For 
they are on the same base DE and between the same 
parallels DE and BC [Prop. 1.38]. And ADE is some 
other triangle. And equal (magnitudes) have the same ra¬ 
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle 
BDE is to [triangle] ADE, so triangle CDE (is) to trian¬ 
gle ADE. But, as triangle BDE (is) to triangle ADE, so 
(is) BD to DA. For, having the same height—(namely), 
the (straight-line) drawn from E perpendicular to AB — 
they are to one another as their bases [Prop. 6.1]. So, for 
the same (reasons), as triangle CDE (is) to ADE, so CE 
(is) to EA. And, thus, as BD (is) to DA, so CE (is) to 
EA [Prop. 5.11]. 

And so, let the sides AB and AC of triangle ABC 
have been cut proportionally (such that) as BD (is) to 
DA, so CE (is) to EA. And let DE have been joined. I 
say that DE is parallel to BC. 

For, by the same construction, since as BD is to DA, 
so CE (is) to EA, but as BD (is) to DA, so triangle BDE 
(is) to triangle ADE, and as CE (is) to EA, so triangle 
CDE (is) to triangle ADE [Prop. 6.1], thus, also, as tri¬ 
angle BDE (is) to triangle ADE, so triangle CDE (is) 
to triangle ADE [Prop. 5.11]. Thus, triangles BDE and 
CDE each have the same ratio to ADE. Thus, triangle 
BDE is equal to triangle CDE [Prop. 5.9]. And they are 
on the same base DE. And equal triangles, which are 
also on the same base, are also between the same paral¬ 
lels [Prop. 1.39]. Thus, DE is parallel to BC. 

Thus, if some straight-line is drawn parallel to one of 
the sides of a triangle, then it will cut the (other) sides 
of the triangle proportionally. And if (two of) the sides 
of a triangle are cut proportionally, then the straight-line 
joining the cutting (points) will be parallel to the remain¬ 
ing side of the triangle. (Which is) the very thing it was 
required to show. 

Proposition 3 

If an angle of a triangle is cut in half, and the straight- 
line cutting the angle also cuts the base, then the seg¬ 
ments of the base will have the same ratio as the remain¬ 
ing sides of the triangle. And if the segments of the base 
have the same ratio as the remaining sides of the trian¬ 
gle, then the straight-line joining the vertex to the cutting 
(point) will cut the angle of the triangle in half. 

Let ABC be a triangle. And let the angle BAC have 
been cut in half by the straight-line AD. I say that as BD 
is to CD, so BA (is) to AC. 

For let CE have been drawn through (point) C par¬ 
allel to DA. And, BA being drawn through, let it meet 
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E 



B AT 


Kofi ETiel sic, nocpaXXr^Xout; xac; AA, EF eMela evETieaev 
f) AF, f) apa Oko AFE ycovia lar) eaxl xfj uko FAA. dXX’ 
f) uxo FAA xfj uxo BAA Oxoxeixai for)- xal f) uxo BAA 
apa xfi uxo AFE eaxiv Tar]. xdXiv, exel sic; xapaXXfjXouc; 
xdi; AA, EF sO'de'ia evsxeasv fj BAE, fj exxoi; YCoVia. f) 0x6 
BAA larj eaxl xfj evxog xfj 0x6 AEF. eBeix'dr) Be xai f] 0x6 
AFE xfj 0x6 BAA lar)- xal fj 0x6 AFE dpa ycoVia xfj 0x6 
AEF eaxiv lar)' oaxe xal xXeupd f] AE xXeupa xfj AF eaxiv 
lar]. xal exel xpiywvou xou BFE xapd piav xAv xXeupAv 
xf]v EF fjxxai f] AA, dvdXoyov dpa eaxiv Ac; f) BA xp6c; xf]v 
AF, ouxwc; f) BA xp6c; xf)v AE. lar] Be f) AE xfj AF- Ac; dpa 
f] BA xp6c; xfjv AF, ouxwc; f) BA xpB? xfjv AF. 

AXXd Bf) eaxco Ac; fj BA xp6(; xfjv AF, ouxwc; fj BA xp6c; 
xfjv AF, xal exe^eOx-dw fj AA- Xeyw, 6xi Bixa xex^rjxai fj 
0x6 BAF ywvia 0x6 xfjc; AA eO-deiai;. 

TAv ydp aOxAv xaxaaxeuaa-devxwv, exei eaxiv A(; fj BA 
xp6i; xfjv AF, ouxoc; fj BA xp6(; xfjv AF, cxXXd xal Ac; fj BA 
xp6c; xfjv AF, ouxwc; eaxiv fj BA xp6c; xfjv AE- xpiyAvou 
ydp xou BFE xapd (iiav xfjv EF fjxxai fj A A- xal Ac; dpa fj 
BA Tzpbz xfjv AF, ouxwc fj BA xp6(; xfjv AE. larj dpa fj AF 
xfj AE- Aaxe xal ywvia fj 0x6 AEF xfj 0x6 AFE eaxiv larj. 
dXX’ fj ^ev 0x6 AEF xfj exx6i; xfj 0x6 BAA [eaxiv] larj, fj 
Be 0x6 AFE xfj evaXXd^ xfj 0x6 FAA eaxiv larj- xal fj 0x6 
BAA dpa xfj 0x6 FAA eaxiv larj. fj dpa 0x6 BAF ywvia 
Bixa xexjirjxai 0x6 xfjc; AA eO-deiac;. 

’Edv dpa xpiyAvou fj ywvia Bixa xp-rj-dfj, fj Be xejivouaa 
xfjv ywviav eOiDela xepvjrj xal xfjv pdaiv, xd xfjc; pdaewc; 
xpfj(iaxa x6v a0x6v e^ei Xoyov xalc; XoixaTc; xou xpiyAvou 
xXeupaTc;- xal edv xd xfjc; pdaewc; x[ifjp,axa x6v a0x6v exTj 
Xoyov xalc; Xoixalc; xou xpiyAvou xXeupalc;, fj dx6 xfjc; xo- 
pucpfji; exl xfjv xopfjv exi^euyvupevrj eO-dela Bixa xe^vei xfjv 
xou xpiyAvou ywviav- oxep eBei Bel^ai. 



And since the straight-line AC falls across the parallel 
(straight-lines) AD and EC, angle ACE is thus equal to 
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to 
be) equal to BAD. Thus, (angle) BAD is also equal to 
ACE. Again, since the straight-line BAE falls across the 
parallel (straight-lines) AD and EC, the external angle 
BAD is equal to the internal (angle) AEC [Prop. 1.29]. 
And (angle) ACE was also shown (to be) equal to BAD. 
Thus, angle ACE is also equal to AEC. And, hence, side 
AE is equal to side AC [Prop. 1.6]. And since AD has 
been drawn parallel to one of the sides EC of triangle 
BCE, thus, proportionally, as BD is to DC, so BA (is) 
to AE [Prop. 6.2]. And AE (is) equal to AC. Thus, as 
BD (is) to DC, so BA (is) to AC. 

And so, let BD be to DC, as BA (is) to AC. And let 
AD have been joined. I say that angle BAC has been cut 
in half by the straight-line AD. 

For, by the same construction, since as BD is to DC, 
so BA (is) to AC, then also as BD (is) to DC, so BA is 
to AE. For AD has been drawn parallel to one (of the 
sides) EC of triangle BCE [Prop. 6.2]. Thus, also, as 
BA (is) to AC, so BA (is) to AE [Prop. 5.11]. Thus, AC 
(is) equal to AE [Prop. 5.9]. And, hence, angle AEC 
is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and ACE is equal to the alternate 
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also 
equal to CAD. Thus, angle BAC has heen cut in half by 
the straight-line AD. 

Thus, if an angle of a triangle is cut in half, and the 
straight-line cutting the angle also cuts the base, then the 
segments of the base will have the same ratio as the re¬ 
maining sides of the triangle. And if the segments of the 
base have the same ratio as the remaining sides of the 
triangle, then the straight-line joining the vertex to the 
cutting (point) will cut the angle of the triangle in half 
(Which is) the very thing it was required to show. 


t The fact that the two straight-lines meet follows because the sum of ACE and CAE is less than two right-angles, as can easily be demonstrated. 
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See Post. 5. 


6 '. 

Twv laoytovicov xpiytovcov dvdXoyov siatv ai iiXeupal al 
Ttspi Tocc; laaQ ywv[a<; xai opioXoyoi ai Otto xdc; Ioolq ytoviag 
Oxoxsivouaai.. 


z 



Tiaxw iaoycovia xpiywva xd ABF, AFE Iar)v e)(ovxa xf]v 
[iEv UKo ABF ywviav xfj uito AFE, xf)v 5e Oito BAF xfj uito 
FAE xal Exi xf)v uxo AFB xfj uxo FEA- Xeyw, oxt xwv ABF, 
AFE xpiytovtov dvdXoyov Eiaiv ai xXeupal ai xepl xdc; laac, 
ytoviac; xal 6(i6Xoyoi ai 0x6 xdc; laac; ytoviac; OxoxEivouoai. 

KeiaDto ydp ex’ eOiileiac; fj BF xfj FE. xal exel ai 0x6 
ABF, AFB ywviai 50o opDcov eXdxxovec; elaiv, ’iarj 5e 
f) 0x6 AFB XT) 0x6 AEF, ai dpa 0x6 ABF, AEF 50o 
opDAv eXdxxovEc; eiaiv ai BA, EA dpa ex[3aXX6[ievai aupi- 
xeaoOvxai. expepXi^a'dwaav xal aupixixxexwaav xaxd x6 Z. 

Kal exel ’lar] eaxlv fj 0x6 AFE ywvia xfj 0x6 ABF, 
xapdXXr]X6c; eaxiv f) BZ xfj FA. xdXiv, exel ’lar) eoxlv f) 0x6 
AFB xf) 0x6 AEF, xapdXXrjXoc; eaxiv f) AF xfj ZE. xapaX- 
XrjXoypapijiov dpa eaxl x6 ZAFA' ’larj dpa f) [iev ZA xfj AF, 
f) 6e AF xf) ZA. xal exel xpiytovou xou ZBE xapd [iiav xfjv 
ZE fjxxai f) AF, eaxiv dpa (be; fj BA xp6c; xf)v AZ, ouxcoc; f) 
BF xp6(; xf)v FE. ’lar) 6e fj AZ xfj FA- wc dpa fj BA xp6(; xfjv 
FA, ouxcoc; fj BF xp6c; xfjv FE, xal evaXXd^ (be; f) AB xp6(; 
xfjv BF, ouxcoc; f) AF xp6(; xf)v FE. xdXiv, exel xapdXXrjXoc; 
eaxiv f) FA xfj BZ, eaxiv dpa (be; f) BF xp6e; xfjv FE, oux(oc; 
f) ZA Tipdc, xf)v AE. ’iar) 6e fj ZA xfj AF- cbc; dpa fj BF xp6c; 
xf)v FE, ouxtoc; f) AF xp6(; xf)v AE, xal evaXXd^ (be; f) BF 
xp6i; xf)v FA, ouxtoi; f) FE xp6i; xf)v EA. exel oOv eSeix-dr) 
Ac; piev f) AB xp6c; xf)v BF, ouxtoc; f) AF xp6i; xf)v FE, Ac; 
6e f) BF xp6; xf)v FA, oOxto; f) FE xp6; xf)v EA, 6i’ ’(aou 
dpa A; f) BA xp6; xf)v AF, ouxto; f) FA xp6; xf)v AE. 

TAv dpa iaoytovitov xpiyAvtov dvdXoyov eiaiv ai xXeupal 
ai xepl xd; ’laa; ytovia; xal opioXoyoi ai 0x6 xd; ’laa; ytovia; 
Oxoxeivouaai- oxep e8ei BeT^ai- 


Proposition 4 

In equiangular triangles the sides about the equal an¬ 
gles are proportional, and those (sides) subtending equal 
angles correspond. 


F 



Let ABC and DCE be equiangular triangles, having 
angle ABC equal to DCE, and (angle) BAC to CDE, 
and, further, (angle) ACB to CED. I say that in trian¬ 
gles ABC and DCE the sides about the equal angles are 
proportional, and those (sides) subtending equal angles 
correspond. 

Let BC be placed straight-on to CE. And since 
angles ABC and ACB are less than two right-angles 
[Prop 1.17], and ACB (is) equal to DEC, thus ABC 
and DEC are less than two right-angles. Thus, BA and 
ED, being produced, will meet [C.N. 5]. Let them have 
been produced, and let them meet at (point) F. 

And since angle DCE is equal to ABC, BF is parallel 
to CD [Prop. 1.28]. Again, since (angle) ACB is equal to 
DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACE 
is a parallelogram. Thus, FA is equal to DC, and AC to 
ED [Prop. 1.34]. And since AC has been drawn parallel 
to one (of the sides) FE of triangle FBE, thus as BA 
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is) 
equal to CD. Thus, as BA (is) to CD, so BC (is) to CE, 
and, alternately, as AB (is) to BC, so DC (is) to CE 
[Prop. 5.16]. Again, since CD is parallel to BF, thus as 
BC (is) to CE, so ED (is) to DE [Prop. 6.2]. And ED 
(is) equal to AC. Thus, as BC is to CE, so AC (is) to 
DE, and, alternately, as BC (is) to CA, so CE (is) to 
ED [Prop. 6.2]. Therefore, since it was shown that as 
AB (is) to BC, so DC (is) to CE, and as BC (is) to CA, 
so CE (is) to ED, thus, via equality, as BA (is) to AC, so 
CD (is) to DE [Prop. 5.22]. 

Thus, in equiangular triangles the sides about the 
equal angles are proportional, and those (sides) subtend- 
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’Eav 5uo xpiYWva Ta<; TiXeupocc; dvdXoyov e)(r), laoYtovia 
eaxai xa xpiycova xai laaQ e?£i xac; ^cp’ olq al 

6(i6XoYoi xXsupai UKOxeivouaiv. 

A A 




TCaxw 6uo xpiywva xa ABF, AEZ tolq TiXeupocc; dvaXoyov 
eXo^TO) pisv xi^v AB npoQ xi^v BF, ouxo<; xf]v AE xpoc; 
xf]v EZ, (be 6e xi^v BF xpoe xf]v FA, ouxoe ti^v EZ xpoe 
xf]v ZA, xal exL Ae xi^v BA xpoe xf]v AF, ouxcoe xf]v EA 
xpoe xi^v AZ. Xeyw, oxi iooyAviov eaxi. x6 ABF xpiycovov 
xA AEZ xpiyAvci) xai Ioolq e^ouai xde yoviae, Ocp’ ae at 
opioXoyoi. xXeupal UKOxeivouaiv, xi^v ptsv 0x6 ABF xfj 0x6 
AEZ, xi^v 6e 0x6 BFA xfj 0x6 EZA xal exi xfjv 0x6 BAF 
xfj 0x6 EAZ. 

Euv£axdx(o ydp xp6e xfj EZ eOflEla xal xoTe xp6e aOxfj 
aripLEioie xoTe E, Z xfj pisv 0x6 ABF ywvicx larj f) 0x6 ZEFE, 
xfj Be 0x6 AFB Tar) fj 0x6 EZH- Xoixf) dpa fj xp6e xA A 
Xoixfj xfj xp6e xA H saxiv lar). 

TacyAvLov dpa saxl x6 ABF xpiycovov xA EHZ [xpiyAv- 
Ci)]. xAv dpa ABF, EHZ xpiyAvcov dvdXoyov siaiv al xXEupal 
al xEpl xde laoLQ ywvlae xal 6pt6Xoyoi. al 0x6 xde laae ycovlae 
OxoxElvouaac saxiv dpa Ae f) AB xp6e xf)v BF, [oOxcoe] 
f] HE xp6e xf]v EZ. dXX’ Ae f) AB xp6e xf]v BF, ouxwe 
OxoxEixai f) AE xp6e xf)v EZ- Ae dpa f) AE xp6e xf]v EZ, 
ouxoe HE xp6e xf]v EZ. sxaxspa dpa xAv AE, HE xp6e 
xf]v EZ x6v a0x6v ey(ei Xoyov lar] dpa saxiv f] AE xfj HE. 
Bid xd aOxd Bf] xal f] AZ xfj HZ saxiv Tar]. exeI ouv lar) saxiv 
f] AE xfj EH, xoivf] Be fj EZ, BOo Bf) al AE, EZ Bual xdie HE, 
EZ laai Eiaiv xal pdaie f) AZ pdasi xfj ZH [saxiv] lar)- ycovla 
dpa f) 0x6 AEZ ycovla xfj 0x6 HEZ saxiv lar), xal x6 AEZ 
xpiyovov xA HEZ xpiyAvo laov, xal al Xoixal yovlai xaTe 
XoixaTe ycoviaie laai, Ocp’ de al laai xXsupal Oxoxslvouaiv. 
lar] dpa saxl xal f] pisv 0x6 AZE ycovia xfj 0x6 HZE, f] Be 
0x6 EAZ xfj 0x6 EHZ. xal exeI f) pisv 0x6 ZEA xfj 0x6 
HEZ saxiv lar], dXX’ f) 0x6 HEZ xfj 0x6 ABF, xal f) 0x6 


ing equal angles correspond. (Which is) the very thing it 
was required to show. 

Proposition 5 

If two triangles have proportional sides then the trian¬ 
gles will be equiangular, and will have the angles which 
corresponding sides subtend equal. 

A D 




Let ABC and DEF be two triangles having propor¬ 
tional sides, (so that) as AB (is) to BC, so DE (is) to 
EF, and as BC (is) to CA, so EF (is) to ED, and, fur¬ 
ther, as BA (is) to AC, so ED (is) to DF. I say that 
triangle ABC is equiangular to triangle DEF, and (that 
the triangles) will have the angles which corresponding 
sides subtend equal. (That is), (angle) ABC (equal) to 
DEF, BCA to EFD, and, further, BAC to EDF. 

For let (angle) EEC, equal to angle ABC, and (an¬ 
gle) EEC, equal to ACB, have been constructed on the 
straight-line EF at the points E and F on it (respectively) 
[Prop. 1.23]. Thus, the remaining (angle) at A is equal 
to the remaining (angle) at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to [triangle] EGF. 
Thus, for triangles ABC and EGF, the sides about the 
equal angles are proportional, and (those) sides subtend¬ 
ing equal angles correspond [Prop. 6.4]. Thus, as AB 
is to BC, [so] GE (is) to EF. But, as AB (is) to BC, 
so, it was assumed, (is) DE to EF. Thus, as DE (is) to 
EF, so GE (is) to EF [Prop. 5.11]. Thus, DE and GE 
each have the same ratio to EF. Thus, DE is equal to 
GE [Prop. 5.9]. So, for the same (reasons), DF is also 
equal to GE. Therefore, since DE is equal to EG, and 
EF (is) common, the two (sides) DE, EF are equal to 
the two (sides) GE, EF (respectively). And base DF 
[is] equal to base EG. Thus, angle DEF is equal to 
angle GEE [Prop. 1.8], and triangle DEF (is) equal 
to triangle GEE, and the remaining angles (are) equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle DEE is also equal to GEE, and 
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ABF apa ycovia xf) bnb AEZ eaxiv far). 6ia xa auxa 6f) xal 
f) uxo AFB xfi 0x6 AZE eaxiv farj, xal exi fj xpoc; xcp A xf) 
xpoi; xw A' faoYcOviov apa eaxl x6 ABF xpiywvov xw AEZ 
xpiycOvcp. 

’Eav apa 6uo xpiycova xat; xXeupac; dvaXoyov e)(r), 
faoycovia eaxai xd xpiycova xal faac; e^ei xag ycoviac;, Ocp’ 
Slq al 6[i6Xoyoi xXeupal Oxoxelvouaiv oxep e6ei Sel^ai. 


f'. 

’Edv 5uo xpiywva (iiav ytoviav [iid ywvia farjv e^Tlj '''^s:pl 
5s xd<; faac; ywviac; xdc; xXsupdc; dvdXoyov, laoyAvia faxai. 
xd xpiywva xal faac; e^ei xdc; ycoviac;, Ocp’ dc; al opioXoyoi 
xXsupal OxoxEivouaiv. 

A A 




TCaxo) 5uo xplywva xd ABF, AEZ (iiav ywvlav xi^v 0x6 
BAF )jii.a ywvla xfj 0x6 EAZ farjv sxovxa, xspl 6e xdc; faac; 
ywviac; xdc; xXsupdc; dvdXoyov, (be; xi^v BA xp6c; xc^v AF, 
oOxoc; xc^v EA xp6i; xi^v AZ- Xsyco, oxi. faoyAviov saxi x6 
ABF xplywvov xw AEZ xpiyAvcp xal far)v e^ei xi^v 0x6 ABF 
ycoviav xfj 0x6 AEZ, xf)v Be 0x6 AFB xfj 0x6 AZE. 

Euvsaxdxco ydp xp6c; xfj AZ sOiSEla xal xoTc; npoQ aOxfj 
ar)(JEioi.c; xofa A, Z oxoxspcx )Ji£v xebv 0x6 BAF, EAZ far) 
f) 0x6 ZAH, xfj Be 0x6 AFB far) f) 0x6 AZFE- Xoixf) dpa f) 
xp6c; xeb B ycovia Xoixfj xfj xp6c; xA FE far) saxlv. 

laoyAviov dpa saxl x6 ABF xpiyrovov xA AHZ 
xpi.yAv(p. dvdXoyov dpa saxlv f) BA xp6(; xf)v AF, ouxwc; 
f) HA npoQ xf)v AZ. Oxoxsixai Be xal Ac; f) BA xpBc; xf)v AF, 
oOxoc; f) EA xp6i; xf)v AZ- xal Ac; dpa f) EA xp6(; xf)v AZ, 
oOxoc; f) HA xp6(; xf)v AZ. far) dpa f) EA xfj AH- xal xoLvf) 
f) AZ- BOo Bf) al EA, AZ Bual xafa HA, AZ faac; sfalv- xal 
ywvia -f) 0x6 EAZ yeovlex xfj 0x6 HAZ [saxiv] far)- pdaic; 
dpa f) EZ pdoEi xfj HZ saxiv far), xal x6 AEZ xpiycovov xA 
HAZ xpiyAvcp faov saxlv, xal al Xoixal yovlai. xaTc; Xoixafa 
ycovlaLc; faac; saovxai., Ocp’ dc; ’faac; xXsupal 0xox£lvouai.v. ’far) 
dpa saxlv -f) (iev 0x6 AZH xfj Oxo AZE, f) Be 0x6 AHZ 


(angle) EDF to EGF. And since (angle) FED is equal 
to GEF, and (angle) GEE to ABG, angle ABG is thus 
also equal to DEE. So, for the same (reasons), (angle) 
AGB is also equal to DEE, and, further, the (angle) at A 
to the (angle) at D. Thus, triangle ABG is equiangular 
to triangle DEE. 

Thus, if two triangles have proportional sides then the 
triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. (Which is) the 
very thing it was required to show. 

Proposition 6 

If two triangles have one angle equal to one angle, 
and the sides about the equal angles proportional, then 
the triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. 

A D 




Let ABG and DEE be two triangles having one angle, 
BAG, equal to one angle, EDF (respectively), and the 
sides about the equal angles proportional, (so that) as BA 
(is) to AC, so ED (is) to DF. 1 say that triangle ABC is 
equiangular to triangle DEE, and will have angle ABC 
equal to DEE, and (angle) AGB to DEE. 

For let (angle) FDG, equal to each of BAG and 
EDF, and (angle) DEG, equal to AGB, have been con¬ 
structed on the straight-line AF at the points D and F on 
it (respectively) [Prop. 1.23]. Thus, the remaining angle 
at B is equal to the remaining angle at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to triangle DGF. 
Thus, proportionally, as BA (is) to AC, so CD (is) to 
DF [Prop. 6.4]. And it was also assumed that as BA 
is) to AC, so ED (is) to DF. And, thus, as ED (is) 
to DF, so CD (is) to DF [Prop. 5.11]. Thus, ED (is) 
equal to DG [Prop. 5.9]. And DF (is) common. So, the 
two (sides) ED, DF are equal to the two (sides) CD, 
DF (respectively). And angle EDF [is] equal to angle 
GDF. Thus, base EE is equal to base GF, and triangle 
DEE is equal to triangle GDF, and the remaining angles 
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xfj UKo AEZ. aXk’ rj Ono AZH xf) Ono AFB eaxiv larj' xal 
f) UTib AFB apa xfj uno AZE eaxiv far). UTioxeixai Be xal 
f) UKo BAF xfj UKO EAZ far)- xal Xolky] apa f) Kpoc xA B 
Xoixfj xfj xpoc; xA E far) eaxiv laoyAviov apa eaxl x6 ABF 
xpiyorvov xA AEZ xpiyAvw. 

’Eav apa 5uo xpiyova (iiav ywviav (iia yovia far)v e^n, 
xepl Be xac; faac; ywviac; xac; xXeupac; dvaXoyov, laoyAvia 
faxai xd xpiywva xal faa<; e^ei xd<; ywviai;, ucp’ Sc; ai 
6[i6Xoyoi xXeupal uxoxeivouaiv oxep cBei Bel^ai. 


C'. 


’Edv Buo xpiycova p,[av ycoviav [iia ywvia far)v e)(r), 
xepl Be dXXac; ywviat; xdc; xXeupdc; dvdXoyov, xAv Be 
XoikAv exaxepav d(ja fjxoi cXdaaova -rj [if) cXdaaova op-dfji;, 
laoyAvia eaxai xd xpiywva xal faa<; e^ei xd<; ywviai;, Kepi 
ac; dvdXoyov eiaiv ai xXeupai. 



Tilaxa) BOo xpiyorva xd ABF, AEZ [iiav ywviav [iid 
yovia far)v exovxa xf)v Oko BAF xfj Oko EAZ, xepl Be 
dXXai; yorviai; xd<; uko ABF, AEZ xdi; KXeupdc dvdXoyov, 
Ac; xf)v AB Kpoc; xf)v BF, ouxtoc; xf)v AE Kpoc; xf)v EZ, 
xAv Be XoikAv xAv Kpoc; xolc; F, Z Kpoxepov exaxepav 
d[ia eXdaaova opDfji;- Xeyco, 6xi laoyAviov eaxi x6 ABF 
xpiycovov xA AEZ xpiyAvw, xal far) caxai f) uko ABF ycovia 
xfj UKO AEZ, xal Xoixf) Br)Xov6xi f) Kpoc; xA F XoiKfj xfj Kpoc; 
xA Z far). 

El ydp dviaoc; eaxiv f) uko ABF ycovia xfj uko AEZ, 
[iia auxAv [iei^wv eaxiv. faxw [xei^wv f) uko ABF. xal au- 
veaxdxo) Kpoc; xfj AB eu-deia xal xA Kpoc; auxfj ar)[ie[(J xA 
B xfj UKO AEZ ywvicx Tar) f) uko ABFE. 

Kal CKel far) eaxiv f) [iev A ywvia xfj A, f) Be uko ABFI 
xfj UKO AEZ, XoiKf) dpa f) uko AFIB XoiKfj xfj uko AZE 
eaxiv far). laoyAviov dpa eaxl x6 ABFI xpiywvov xA AEZ 


will be equal to the remaining angles which the equal 
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG 
is equal to AGB. Thus, (angle) AGB is also equal to 
DFE. And (angle) BAG was also assumed (to be) equal 
to EDF. Thus, the remaining (angle) at B is equal to the 
remaining (angle) at E [Prop. 1.32]. Thus, triangle ABG 
is equiangular to triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about the equal angles proportional, 
then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. (Which 
is) the very thing it was required to show. 

Proposition 7 

If two triangles have one angle equal to one angle, 
and the sides about other angles proportional, and the 
remaining angles either both less than, or both not less 
than, right-angles, then the triangles will be equiangular, 
and will have the angles about which the sides are pro¬ 
portional equal. 


A 



D 



Let ABC and DEF be two triangles having one an¬ 
gle, BAG, equal to one angle, EDF (respectively), and 
the sides about (some) other angles, ABC and DEF (re¬ 
spectively), proportional, (so that) as AB (is) to BC, so 
DE (is) to EF, and the remaining (angles) at C and F, 
first of all, both less than right-angles. I say that triangle 
ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining 
(angle) at C (will be) manifestly equal to the remaining 
(angle) at F. 

For if angle ABC is not equal to (angle) DEF then 
one of them is greater. Let ABC be greater. And let (an¬ 
gle) ABG, equal to (angle) DEF, have been constructed 
on the straight-line AB at the point B on it [Prop. 1.23]. 

And since angle A is equal to (angle) D, and (angle) 
ABG to DEF, the remaining (angle) AGB is thus equal 
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xpLywvw. eaTLv apa f) AB npbz ti^v BH, outw<; f) AE 
Tipoi; Tf]v EZ. &>c, 8 s f] AE Tzpbz tiqv EZ, [outW(;] UTioxsixai f) 
AB Kpoc xf]v BE' f) AB apa Kpoc sxaxspav xAv BE, BEE xov 
aOxov Exei Xoyov Ear) apa f) BE xfj BH. Aaxs xai ywvEa f) 
Tipoc; xA E ywvia xfj Oxo BHE saxiv Ear). sXdxxwv 8 s opEErjc; 
OxoxsLxai f] npbz xA E- sXdxxov dpa saxiv opDfjc; xai uxo 
BHE- Aaxs f) scps^fjc auxfj ywvia f) 0x6 AHB pisi^wv saxiv 
op-dfji;. xai sSsix-dr) lax] ouaa xfj xpoc; xA Z- xai fj xpoc; xA Z 
dpa (jsi^wv saxiv op-dfjc;. Oxoxsixai 8 s sXdaawv op-dfjc;- oxsp 
saxiv dxoxov. oOx dpa dviaoc saxiv f) 0x6 ABE ywvia xfj 
0x6 AEZ- lar) dpa. saxi 8 s xai fj xp 6 <; xA A lar) xfj xp 6 <; xA 
A- xai Xoixf] dpa f) xp 6 <; xA E Xoixfj xfj xp 6 i; xA Z lar] saxiv. 
laoyAviov dpa saxl x 6 ABE xpiywvov xA AEZ xpiyAvw. 

AXXd 6 f] xdXiv OxoxsiaDo) sxaxspa xAv xp 6 i; x 6 i<; E, Z pif) 
sXdaaov op-dfjc;- Xsyw xdXiv, 6 xi xai o0xw<; saxiv laoyAviov 
x 6 ABE xpiywvov xA AEZ xpiyAvw. 

TAv ydp aOxAv xaxaaxsuaa-dsvxwv 6 (ioia)c; Ssi^opisv, 
6 x 1 lar) saxiv f) BE xfj BH- Aaxs xai ywvia f) xp 6 <; xA E xfj 
0x6 BHE lar) saxiv. oOx sXdxxov 8 s op-d-Ejc f) xp 6 <; xA E- 
oOx sXdxxov dpa opDfjc; o08s f) 0x6 BHE. xpiyAvou 6 f) xoO 
BHE ai 8 uo yoviai 8 uo opDAv oux siaiv sXdxxovsc;- oxsp 
saxiv d 8 uvaxov. oOx dpa xdXiv dviaoc; saxiv f) 0x6 ABE 
ywvia xfj 0x6 AEZ- lar) dpa. saxi Ss xai f) xp 6 <; xA A xfj 
xp 6 c; xA A lar)- Xoixf) dpa f) xp 6 <; xA E Xoixfj xfj xp 6 c; xA Z 
lar) saxiv. laoyAviov dpa saxi x 6 ABE xplywvov xA AEZ 
xpiyAvw. 

’Edv dpa 8 uo xpiyorva pilav yorvlav (Jia ywvla lar)v s^r), 
xspl 6 e dXXac; ywviac; xd<; xXsupdc; dvdXoyov, xAv Ss XoixAv 
sxaxspav dpia sXdxxova fj pif) sXdxxova op-dfjc;, laoyAvia 
saxai xd xplywva xallaac s^ei xdc; ywviac;, xspl d<; dvdXoyov 
Eiaiv at xXsupai- oxsp sSsi Ssl^ai- 


1 ^'- 

’Edv Ev opDoycovio xpiyAvw dxo xfjc; opDfjc; ywviac; sxl 
xf)v pdaiv xd'dsxoc; dx-Hfj, xd xp 6 (; xfj xaDExto xpiycova 6 (ioid 
saxi xA XE okcd xai dXXf]Xoi<;. 

’Tlaxw xplywvov opDoyAviov x 6 ABE opDfjv s^ov xf)v 
0x6 BAE ytoviav, xai dx 6 xou A sxl xf)v BE xd-dExoc 
f) AA- Xsyo), 6 x 1 6 pioi 6 v saxiv sxdxspov xAv ABA, AAE 


to the remaining (angle) DFE [Prop. 1.32]. Thus, trian¬ 
gle ABG is equiangular to triangle DEF. Thus, as AB is 
to BG, so DE (is) to EE [Prop. 6.4]. And as DE (is) to 
EE, [so] it was assumed (is) AB to BG. Thus, AB has 
the same ratio to each of HC and BG [Prop. 5.11]. Thus, 
BG (is) equal to BG [Prop. 5.9]. And, hence, the angle 
at G is equal to angle BGG [Prop. 1.5]. And the angle 
at G was assumed (to be) less than a right-angle. Thus, 
(angle) BGG is also less than a right-angle. Hence, the 
adjacent angle to it, AGB, is greater than a right-angle 
[Prop. 1.13]. And {AGB) was shown to be equal to the 
(angle) at F. Thus, the (angle) at F is also greater than a 
right-angle. But it was assumed (to be) less than a right- 
angle. The very thing is absurd. Thus, angle ABG is not 
unequal to (angle) DEF. Thus, (it is) equal. And the 
(angle) at A is also equal to the (angle) at D. And thus 
the remaining (angle) at G is equal to the remaining (an¬ 
gle) at F [Prop. 1.32]. Thus, triangle ABC is equiangular 
to triangle DEF. 

But, again, let each of the (angles) at G and F be 
assumed (to be) not less than a right-angle. I say, again, 
that triangle ABC is equiangular to triangle DEF in this 
case also. 

For, with the same construction, we can similarly 
show that HC is equal to BG. Hence, also, the angle 
at C is equal to (angle) BGG. And the (angle) at C (is) 
not less than a right-angle. Thus, BGG (is) not less than 
a right-angle either. So, in triangle BGG the (sum of) 
two angles is not less than two right-angles. The very 
thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF. Thus, (it is) equal. And the (an¬ 
gle) at A is also equal to the (angle) at D. Thus, the 
remaining (angle) at C is equal to the remaining (angle) 
at F [Prop. 1.32]. Thus, triangle ABC is equiangular to 
triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about other angles proportional, and 
the remaining angles both less than, or both not less than, 
right-angles, then the triangles will be equiangular, and 
will have the angles about which the sides (are) propor¬ 
tional equal. (Which is) the very thing it was required to 
show. 

Proposition 8 

If, in a right-angled triangle, a (straight-line) is drawn 
from the right-angle perpendicular to the base then the 
triangles around the perpendicular are similar to the 
whole (triangle), and to one another. 

Let ABC be a right-angled triangle having the angle 
BAG a right-angle, and let AD have been drawn from 
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Tpiywvwv oXcp TCp ABF xal exi aXkr\koiz. 


A 



’Ekei yap larj eaxlv f) uno BAF xfj uko AAB- op'dr) 
yap exaxepa' xal xoivf) xwv 8uo xpiywvcov xoO xe ABF xal 
xou ABA f) xpot; xw B, Xoixi^ apa f) 0x6 AFB Xomfj xfj 
uxo BAA eaxiv lar)' laoywviov apa eaxl x6 ABF xpiywvov 
xw ABA xpiycovcp. eaxiv apa rj BF uxoxeivouaa xrjv 
opiEli^v xou ABF xpiywvou xpoc; xf)v BA uxoxeivouaav xf]v 
6 p'df]v xou ABA xpiywvou, oujc^c, auxiQ f) AB uxoxslvouaa 
xf]v xpoi; xw F ywvlav xou ABF xpiywvou xp6<; xf]v BA 
uxoxelvouaav xf]v larjv xi^v 0x6 BAA xou ABA xpiyAvou, 
xal exi f) AF xpoc; xi^v AA uxoxEivouaav xf]v xpoc; xo B 
yoviav xoivi^v xwv 6uo xpiywvwv. x6 ABF apa xpiywvov 
xo ABA xpiywvw iaoywvLov xe eaxi. xal xa<; xepl xa<; Ioolq 
ywviac xXeupac; dvaXoyov exei- o(ioiov dpia [eaxl] x6 ABF 
xplyovov xo ABA xpiyAvo). 6pio[w<; 6f] 8e[^o(jev, oxi. xal 
xA AAF xpiyAvo) opioiov eaxi. x6 ABF xpiywvov exdxepov 
dpa xAv ABA, AAF [xpiyAvwv] opioiov eaxiv oXw xA ABF. 

Aeyw 6r), 6xi xal dXXr]Xoi<; eaxlv opioia xd ABA, AAF 
xplywva. 

’Exel ydp op'df] f] 0x6 BAA op-dfi xfj 0x6 AAF eaxiv 
lar], dXXd pif]v xal fj 0x6 BAA xfj xp6<; xA F eBeixflri lar), 
xal Xoixf] dpa f] xp6c; xA B Xoixfj xfj 0x6 AAF eaxiv laiy 
laoyAviov dpa eaxl x6 ABA xpiywvov xA AAF xpiyAvw. 
eaxiv dpa A<; f) BA xou ABA xpiyAvou Oxoxeivouaa xf]v 
0x6 BAA xp6<; xf)v AA xou AAF xpiyAvou Oxoxeivouaav 
xf]v xp6(; xA F larjv xfj 0x6 BAA, ouxw<; auxf] f) AA xou 
ABA xpiyAvou Oxoxeivouaa xf]v xp6c; xA B ywviav xp6c; 
xf]v AF Oxoxeivouaav xf)v 0x6 AAF xou AAF xpiyAvou 
larjv xfj xp6c; xA B, xal exi f] BA xp6c; xf)v AF Oxoxeivouaai 
TOLc, op'dac opioiov dpa eaxl x6 ABA xpiyovov xA AAF 
xpiyAvfc). 

’Edv dpa ev opDoywviw xpiyAvw dx6 xfjc; opDfjc; ywviac; 
exi xf]v pdaiv xdDexoc; d^i^fj, xd xp6c; xfj xaDexo xpiywva 
opioid eaxi xA xe oXw xal dXXfjXoii; [oxep e6ei 5eT^ai]. 


A, perpendicular to BC [Prop. 1.12]. I say that triangles 
ABD and ADC are each similar to the whole (triangle) 
ABC and, further, to one another. 


A 



B DC 


For since (angle) BAC is equal to ADB —for each 
(are) right-angles—and the (angle) at B (is) common 
to the two triangles ABC and ABD, the remaining (an¬ 
gle) ACB is thus equal to the remaining (angle) BAD 
[Prop. 1.32]. Thus, triangle ABC is equiangular to tri¬ 
angle ABD. Thus, as BC, subtending the right-angle in 
triangle ABC, is to BA, subtending the right-angle in tri¬ 
angle ABD, so the same AB, subtending the angle at C 
in triangle ABC, (is) to BD, subtending the equal (an¬ 
gle) BAD in triangle ABD, and, further, (so is) AC to 
AD, (both) subtending the angle at B common to the 
two triangles [Prop. 6.4]. Thus, triangle ABC is equian¬ 
gular to triangle ABD, and has the sides about the equal 
angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1]. So, similarly, we can show that 
triangle ABC is also similar to triangle ADC. Thus, [tri¬ 
angles] ABD and ADC are each similar to the whole 
(triangle) ABC. 

So I say that triangles ABD and ADC are also similar 
to one another. 

For since the right-angle BDA is equal to the right- 
angle ADC, and, indeed, (angle) BAD was also shown 
(to be) equal to the (angle) at C, thus the remaining (an¬ 
gle) at B is also equal to the remaining (angle) DAC 
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian¬ 
gle ADC. Thus, as BD, subtending (angle) BAD in tri¬ 
angle ABD, is to DA, subtending the (angle) at C in tri¬ 
angle ADC, (which is) equal to (angle) BAD, so (is) the 
same AD, subtending the angle at B in triangle ABD, to 
DC, subtending (angle) DAC in triangle ADC, (which 
is) equal to the (angle) at B, and, further, (so is) BA to 
AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 

Thus, if, in a right-angled triangle, a (straight-line) 
is drawn from the right-angle perpendicular to the base 
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riopiajjia. 

’Ex 61^ TOUTou cpavspov, oti. eav ev op'doyoviw Tpiywvw 
duo Tf)<; op'dfjc ycovan; exl ti^v pdaic; xaiSsTOC dx'dfj, f) 
axiSelaa twv Tfjc; pdaewc T(jr]tJidTWv ^sar] dvdXoyov eaxiv 
oxep eBei. Sei^ai. 

t In other words, the perpendicular is the geometric mean of the pieces. 

Tfjc; doiSeiarjc; euffelac; to Ttpoaxcxx'dev (lepoc; dcpeXelv. 



A Z B 


’Taxw f] doiSETaa sO'de'ia f) AB- Set Sf) xfji; AB to itpo- 
oTaxiSev p.£po<; dcpeXelv. 

’ETtiTETaxiDw 5f) TO TpiTov. [xal] 5i.f]'dx“ X 

eMela f) AE ywvictv xspisxouaa (iSTd Tfjc; AB Tuxouacxv xal 
elXf](pf)w Tuxov arj^ielov eitl Tfjc; AE to A, xal xelaflwaav 
Tfj AA ’laai al AE, EE. xal eiie^eux'dto f) BE, xal 5id toO A 
itapdXXriXoc; auTfj i] AZ. 

’Exel ouv Tpiytovou tou ABE itapd [ilav twv itXeupwv 
TTjv BE fjxTai f) ZA, dvdXoyov dpa eotIv (be; fj EA xpoc; Tf]v 
AA, ouTCOc; f) BZ xpoc; ttjv ZA. 5ixXfj 8e f) EA Tfjc; AA- 
8ixXfj dpa xal f) BZ Tfjc; ZA- TpixXfj dpa f) BA Tfjc; AZ. 

Tfjc; dpa Bo-delarjc; eO-dsla; Tfj; AB to exiTaxHev TpLov 
^XEpo; d(pfjpr]Tai to AZ- oxsp sBei xoifjaai.. 


/ 

l. 

Tf)v Soflelaav sO-deTav dTji-rjTov Trj Bo-deiar) TST(ir]pisvr) 
ojiolco; TEt^sIv. 


then the triangles around the perpendicular are similar 
to the whole (triangle), and to one another. [(Which is) 
the very thing it was required to show.] 

Corollary 

So (it is) clear, from this, that if, in a right-angled tri¬ 
angle, a (straight-line) is drawn from the right-angle per¬ 
pendicular to the base then the (straight-line so) drawn 
is in mean proportion to the pieces of the base.l (Which 
is) the very thing it was required to show 


Proposition 9 

To cut off a prescribed part from a given straight-line. 



Let AB be the given straight-line. So it is required to 
cut off a prescribed part from AB. 

So let a third (part) have been prescribed. [And] let 
some straight-line AC have been drawn from (point) A, 
encompassing a random angle with AB. And let a ran¬ 
dom point D have been taken on AC. And let DE and 
EC be made equal to AD [Prop. 1.3]. And let BC have 
been joined. And let DE have been drawn through D 
parallel to it [Prop. 1.31]. 

Therefore, since ED has been drawn parallel to one 
of the sides, BC, of triangle ABC, then, proportionally, 
as CD is to DA, so BE (is) to FA [Prop. 6.2]. And CD 
(is) double DA. Thus, BE (is) also double FA. Thus, 
BA (is) triple AF. 

Thus, the prescribed third part, AF, has been cut off 
from the given straight-line, AB. (Which is) the very 
thing it was required to do. 

Proposition 10 

To cut a given uncut straight-line similarly to a given 
cut (straight-line). 
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r 



TilaTW f) ^Jisv BoiSsTaa euiSEla aT^r]TOi; f) AB, fj Be xe- 
T^rj^ievT) f) Ar xaxa xa A, E arj^ieTa, xal xeiaiSwaav waxe 
ywvictv xuxoOaav xepiexeiv, xal exe^eux'dw fj FB, xal 6ia 
xwv A, E XT) BF xapaXXrjXoi fjxDtooav al AZ, EFI, Bia Be 
xou A xfi AB xapdXXrjXoc; fjxiLlw rj A0K. 

F[apaXXr)X6Ypap.liov dpa eaxlv exdxepov xwv Z0, 0B' 
I'aT) dpa T) ^ev A0 xfj ZFI, f) Be 0K x^ FIB. xal exel xpiycBvou 
xou AKF xapd [iiav xwv nXeupwv xrjv KF euTSela ■^xxai rj 
0E, dvdXoyov dpa eaxlv (Be; f) FE xpoc; xrjv EA, ouxcoc; f) 
K0 Tipoi; xi^v 0A. lar) Be fj ^lev K0 xfj BH, rj Be 0A xfj 
FIZ. eaxiv dpa &>c, fj FE izpbc, xrjv EA, ouxwc f) BH Tzpbz xf]v 
HZ. xdXiv, exel xpiyAvou xou AHE xapd (iiav xwv xXeupAv 
xf)v HE rjxxai. fj ZA, dvdXoyov dpa eaxlv A<; fj EA xpoc; xf]v 
AA, ouxW(; f) HZ izpbz xiQv ZA. eBelx'Or) Be xal &>c, fj FE 
xpoc; xf]v EA, ouxo<; f) BH xpoc; xi^v HZ- eaxiv dpa (be; (lev 
f] FE Tipoi; xf]v EA, ouxwe f] BH Tipoe; xf]v HZ, (b(; Be f) EA 
Tipoi; xi^v AA, oux(oc; f] HZ xpo^ xf]v ZA. 

'H dpa Bo-deTaa eu-dela dxprixoe; f) AB xfj Bo-delar) eu-dela 
xexpr)(ievr) xfj AF 6[jLoicoc; xexprjxai.- oxep eBei Tioifjaai.- 


la'. 

Auo Bo-deiadv eu-deiwv xpixrjv dvdXoyov xpoaeupelv. 

Tlaxcoaav al Bo-delaai. [Buo eu-delai] al BA, AF xal 
xela-dtoaav ycovlav xepiexouaai. xuxouaav. Bel Bf] xwv BA, 
AF xp[xr]v dvdXoyov xpoaeupeTv. expepXi^a-dwaav ydp exl 
xd A, E arj^ela, xal xela-dw xfj AF larj fj BA, xal exeCeux-Ow 
f] BF, xal Bid xou A xapdXXrjXoe; auxfj fjx-dw f) AE. 

’Exel ouv xpiytbvou xou AAE xapd (iiav xebv xXeupwv 
xf]v AE fjxxai f] BF, dvdXoyov eaxiv &>q f) AB xpoc; xf]v 
BA, ouxcoi; f) AF xp6(; xf]v FE. Tar) Be f) BA xfj AF. eaxiv 
dpa Ac; f] AB xpoc; xfjv AF, ouxwc; f) AF xpoc; xf]v FE. 


c 



Let AB be the given uncut straight-line, and AC a 
(straight-line) cut at points D and E, and let (AC) he 
laid down so as to encompass a random angle (with AB). 
And let CB have heen joined. And let DF and EG have 
been drawn through (points) D and E (respectively), 
parallel to BC, and let DHK have heen drawn through 
(point) D, parallel to AB [Prop. 1.31]. 

Thus, EH and ELB are each parallelograms. Thus, 
DH (is) equal to EG, and HK to GB [Prop. 1.34]. And 
since the straight-line ElE has been drawn parallel to one 
of the sides, KC, of triangle DKG, thus, proportionally, 
as CE is to ED, so KH (is) to HD [Prop. 6.2]. And 
KH (is) equal to BG, and HD to GF. Thus, as CE is 
to ED, so BG (is) to GF. Again, since ED has been 
drawn parallel to one of the sides, GE, of triangle AGE, 
thus, proportionally, as ED is to DA, so GF (is) to FA 
[Prop. 6.2]. And it was also shown that as CE (is) to 
ED, so BG (is) to GF. Thus, as CE is to ED, so BG (is) 
to GF, and as ED (is) to DA, so GF (is) to FA. 

Thus, the given uncut straight-line, AB, has been cut 
similarly to the given cut straight-line, AC. (Which is) 
the very thing it was required to do. 

Proposition 11 

To find a third (straight-line) proportional to two 
given straight-lines. 

Let BA and AC be the [two] given [straight-lines], 
and let them be laid down encompassing a random angle. 
So it is required to find a third (straight-line) proportional 
to BA and AC. For let {BA and AC) have been produced 
to points D and E (respectively), and let BD be made 
equal to AC [Prop. 1.3]. And let BC have been joined. 
And let DE have been drawn through (point) D parallel 
to it [Prop. 1.31]. 

Therefore, since BC has been drawn parallel to one 
of the sides DE of triangle ADE, proportionally, as AB is 
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal 
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A 



auToic TxpoaeuprjTai fj FE- onep e5ei noifjaai. 


lP'. 

Tpit5v 6oi&£La65v su'Oetwv xsTapT/jv dvaXoyov iipo- 
asupsTv. 

A'-1 





TSaTwaav at BoTSETaai. xpeic eOiDelai. ai A, B, F- Bet 5i^ 
Twv A, B, F TeTpdxTjv dvdXoyov npoaeupeiv. 

’ExxeiaiSwaav 5uo eu^eiai al AE, AZ ycoviav xepiexouc;- 
ai [xuxoOaav] xfjv 0x6 EAZ- xocl xeia'dw xf) ^lev Alarj fj AFI, 
xfi 5e B lar) rj FIE, xal exi xfj F larj rj A0- xocl exi^euxiSeiaric; 
xfjc; FI0 xapdXXrjXoi; ocux^ fix'dcd 8i6c xoO E fj EZ. 

’Exel ouv xpiywvou xou AEZ xocpcc p,[ocv xf)v EZ rjxxoci rj 
F[0, eaxiv dpa cbc; rj AFI xpoc; xf)v FIE, ouxtog f) A0 xpog 
xrjv 0Z. car) 5e rj ^ev AFI xfj A, rj 5e FIE xfj B, rj 5e A0 xfj 
F- eaxiv dpoc (be; rj A xpog xrjv B, ouxcoc; rj F xpoc; xrjv 0Z. 

Tpiwv dpoc BoDeiacov eu^eiwv xwv A, B, F xexdpxrj 
dvdXoyov xpoaeuprjxai rj 0Z- oxep e8ei xoifjaai. 


to AC. Thus, as AB is to AC, so AC (is) to CE. 


A 



Thus, a third (straight-line), CE, has been found 
(which is) proportional to the two given straight-lines, 
AB and AC. (Which is) the very thing it was required to 
do. 

Proposition 12 

To find a fourth (straight-line) proportional to three 
given straight-lines. 

A'-1 





Let A, B, and C be the three given straight-lines. So 
it is required to find a fourth (straight-line) proportional 
to A, B, and C. 

Let the two straight-lines DE and DE be set out en¬ 
compassing the [random] angle EDF. And let DC be 
made equal to A, and CE to B, and, further, DH to C 
[Prop. 1.3]. And GH being joined, let EF have been 
drawn through (point) E parallel to it [Prop. 1.31]. 

Therefore, since GH has been drawn parallel to one 
of the sides EF of triangle DEE, thus as DC is to CE, 
so DH (is) to HE [Prop. 6.2]. And DC (is) equal to A, 
and GE to B, and DH to C. Thus, as A is to B, so C (is) 
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to HF. 

Thus, a fourth (straight-line), FIF, has been found 
(which is) proportional to the three given straight-lines, 
A, B, and C. (Which is) the very thing it was required to 
do. 


ly'. 

Auo ho'dsi.awv suUeiCIv pearjv dvdXoyov Tipoaeupelv. 



A B r 


TiaTwaav ai Boifelaai 6uo eudsTai ai AB, BT- he! 5r) xwv 
AB, BT pcaqv dvdXoyov Kpoaeupslv. 

KciaOwaav en E()'deiac,, xai ysypdcpOw era Trjc AT 
fjpixuxXiov TO AAr, xai qy'dw dxo too B arjpebu Tfj AT 
eOdsia Tzpbz opOdc f) BA, xai exECEUxilwaav ai AA, AT. 

’Ekei ev fjpixuxXicp ywvia saxiv fj 0x6 AAT, opOri saxiv. 
xai EXEi EV opOoywvic) xpiywvw xw AAT dxo xf)<; opDfjc; 
ywviac £xl xr)v pdaiv xd'dExoc fjxxai fj AB, f) AB dpa xAv 
xfjc; pdoEox; xpqpdxwv xAv AB, BT psar) dvdXoyov saxiv. 

Auo dpa BoifsiaAv euUeiAv xAv AB, BT psar) dvdXoyov 
xpoasupqxai f) AB- oxsp eBei xoi-rjaai. 


Proposition 13 


To find the (straight-line) in mean proportion to two 
given straight-lines.1 



A B C 


Let AB and BC be the two given straight-lines. So it 
is required to find the (straight-line) in mean proportion 
to AB and BC. 

Let {AB and BC) be laid down straight-on (with re¬ 
spect to one another), and let the semi-circle ADC have 
been drawn on AC [Prop. 1.10]. And let BD have been 
drawn from (point) B, at right-angles to AC [Prop. 1.11]. 
And let AD and DC have been joined. 

And since ADC is an angle in a semi-circle, it is a 
right-angle [Prop. 3.31]. And since, in the right-angled 
triangle ADC, the (straight-line) DB has been drawn 
from the right-angle perpendicular to the base, DB is 
thus the mean proportional to the pieces of the base, AB 
and BC [Prop. 6.8 corn]. 

Thus, DB has been found (which is) in mean propor¬ 
tion to the two given straight-lines, AB and BC. (Which 
is) the very thing it was required to do. 


t In other words, to find the geometric mean of two given straight-lines. 


l6'. 

TAv lawv x£ xai ’laoywviwv xapaXXrjXoypappwv dvxi- 
xExovOaaiv ai xXcupai ai ncpl xd<; iaa<; ywviai;- xai 6v iao- 
ywviwv xapaXXr)Xoypdpp«v dvxixExovOaaiv ai nXcupal ai 
xEpi xdc; iaa<; ywviat;, (aa saxiv Exslva. 

Tiaxw laa xs xai iaoyAvia xapaXXr]X6ypappa xd AB, 
BT laac Eyovxa xdc; xpog xA B ywviac;, xai XEiailwaav ex’ 
sMsiac; ai AB, BE- ex’ EuOEiai; dpa sial xai ai ZB, BH. 
Xsyo), 6x1 xAv AB, BT dvxixsxovdaaiv ai xXsupal ai xspl 
xac ’laac ywviac;, xouxsaxiv, 6xi saxiv Ac; fj AB xpoc xf]v 
BE, ouxox; f) HB xp6<; xqv BZ. 


Proposition 14 

In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional. 
And those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are 
equal. 

Let AB and BC be equal and equiangular parallelo¬ 
grams having the angles at B equal. And let DB and BE 
be laid down straight-on (with respect to one another). 
Thus, FB and BC are also straight-on (with respect to 
one another) [Prop. 1.14]. I say that the sides of AB and 
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E r 



Su^iiie7iXr]pwa'dw yap to ZE 7i;apaXXr)X6ypapt(iov. enel 
oijv laov eaxl to AB 7iapaXXr]X6Ypa(jpiov tw BE napaXXr)- 
XoYpa(ipiw, aXXo M ti. to ZE, eoTiv apa to AB Kpoc to 
ZE, ouTWc TO BE Tipoc; to ZE. dXX’ dx; pisv to AB Tipoc; 
TO ZE, ouTOc f) AB npoQ ti^v BE, A<; 8s to BE npoQ to 
ZE, ouTW(; f) HB Tipoi; Tf]v BZ- xai &>c, dpa f) AB Tipoc Tf]v 
BE, ouTWc f) HB Tipoc Ti^v BZ. tAv dpa AB, BE TiapaX- 
Xr]XoYpd(jptwv avTiTiSTiovdaoiv ai TiXsupal ai iispi Tdc Ioolq 
ywviac. 

AXXd 5f] EOTW Ac f] AB iipoc ti^v BE, outwc HB Tipoc 
Tf]v BZ' Xsyw, oTi laov eotI to AB TiapaXXr)X6Ypapt(Jov tA 
BE TiapaXXr)XoYpdpt(iw. 

’Etiei y“P soTiv Ac f] AB Tipoc ti^v BE, outwc i] HB 
Tipoc Ti^v BZ, dXX’ Ac [i£v f) AB Tipoc ti^v BE, outwc to 
AB TiapaXXr]X6Ypa(jptov Tipoc to ZE TiapaXXrjXoypapilJov, Ac 
Be f) HB Tipoc Ti^v BZ, outwc to BE TiapaXXr]X6Ypa(jpiov 
Tipoc TO ZE TiapaXXrjXoypapipiov, xai Ac dpa to AB xpoc 
TO ZE, ouTOc TO BE Tipoc TO ZE- laov dpa eoti to AB 
xapaXXr]X6Ypa(jptov tA BE xapaXXr)XoYpd(ipiw. 

TAv dpa lawv te xai laoywviwv TiapaXXr)XoYpdpi(iwv 
dvTixETiovdaaiv ai TiXsupal ai Tispl Tdc loac joiviaz' xai Av 
iaoywviwv TiapaXXr)XoYpdpi(iwv dvTixsTiovdaaiv ai xXEupai 
ai xspi Tdc loac ic^a eotIv Exslva- oTisp eBei BsT^ai. 


is'. 

TAv lawv xai piiav piid !ar]v £)(6 vt6tv TpiyAvcov 

dvTixETioviilaaiv ai iiXEupai ai Tispi Tdc loac ycoviac xai Av 
[iiav (iia larjv £)(6 vtcov ytoviav TpiyAvtov dvTiTisxovdaaiv ai 
xXsupal ai Tispl Tdc laac ytoviac, laa eotIv Exslva. 

TilaTW laa Tpiywva Td ABE, AAE (iiav piid larjv £)(ovTa 
ycoviav ti^v uxo BAE Tfj uxo AAE- XEyto, oti tAv ABE, 
AAE TpiyAvwv dvTixsxovdaaiv ai xXsupal ai xspl xdc laac 
ywviac, TOUTsaTiv, oti eotIv Ac f) EA xpoc Tf]v AA, outwc 


BC about the equal angles are reciprocally proportional, 
that is to say, that as DB is to BE, so GB (is) to BE. 


E C 



For let the parallelogram EE have been completed. 
Therefore, since parallelogram AB is equal to parallelo¬ 
gram BC, and EE (is) some other (parallelogram), thus 
as (parallelogram) AB is to EE, so (parallelogram) BC 
(is) to FE [Prop. 5.7]. But, as (parallelogram) AB (is) to 
EE, so DB (is) to BE, and as (parallelogram) BC (is) to 
FE, so GB (is) to BE [Prop. 6.1]. Thus, also, as DB (is) 
to BE, so GB (is) to BE. Thus, in parallelograms AB 
and BC the sides about the equal angles are reciprocally 
proportional. 

And so, let DB be to BE, as GB (is) to BE. I say that 
parallelogram AB is equal to parallelogram BC. 

For since as DB is to BE, so GB (is) to BE, but as 
DB (is) to BE, so parallelogram AB (is) to parallelo¬ 
gram FE, and as GB (is) to BE, so parallelogram BC 
(is) to parallelogram FE [Prop. 6.1], thus, also, as (par¬ 
allelogram) AB (is) to FE, so (parallelogram) BC (is) 
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to 
parallelogram BC [Prop. 5.9]. 

Thus, in equal and equiangular parallelograms the 
sides about the equal angles are reciprocally propor¬ 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor¬ 
tional are equal. (Which is) the very thing it was required 
to show. 

Proposition 15 

In equal triangles also having one angle equal to one 
(angle) the sides about the equal angles are reciprocally 
proportional. And those triangles having one angle equal 
to one angle for which the sides about the equal angles 
(are) reciprocally proportional are equal. 

Let ABC and ADE be equal triangles having one an¬ 
gle equal to one (angle), (namely) BAC (equal) to DAE. 
I say that, in triangles ABC and ADE, the sides about the 
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f) EA npoc; Tf]v AB. 


B r 



Keia-dw yap oote sn EU-dsLai; sTvai xfjv FA xfj AA- eti’ 
EUiSELai; apa eoti xal f) EA xfj AB. xal sxE^EUX'dw f] BA. 

’Ekei ouv laov saxl to ABF xpiycovov xw AAE xpiyova), 
aXXo de XL x6 BAA, saxiv apa (b(; x6 FAB xpiywvov Tipoi; 
x6 BAA xpiywvov, ouxax; x6 EAA xpiywvov xpo^ x6 BAA 
xpiywvov. dXX’ (b(; pisv x6 FAB Kpd<; x6 BAA, ouxox; f) 
FA Tipoi; xf]v AA, cdi; ds to EAA npdz to BAA, ouxW(; f) 
EA npoQ xf]v AB. xai (be; dpa f) FA xpoc; xf]v A A, ouxcoc 
f] EA Tipoi; xf]v AB. xAv ABF, AAE dpa xpiywvcov dvxi.- 
xEKOv'daai.v ai TiXEupai ai TiEpl xdc; Taac; ywviae;. 

AXXd 5i^ dYTiKETiovdETCJaav ai xXEupal xAv ABF, AAE 
xpiyAvcov, xal saxw A(; f) FA 7ip6(; xi^v AA, ouxcoi; f] EA 
Tipoi; xf]v AB' Xsyw, 6xi Taov saxl x6 ABF xpiycovov xA 
AAE xpiyAvcp. 

’EKiCeuxiilslarje; ydp xdXiv x'rje; BA, ekei saxiv Ac; FA 
Tipoi; xf]v AA, ouxcoi; f) EA iip6(; xc^v AB, dXX’ Ac; ytev 
f] FA xpoc; xf]v AA, ouxcoc; x6 ABF xpiycovov xpoc; x6 
BAA xpiycovov, Ac; Be EA xpoc; xi^v AB, ouxcoc; x6 EAA 
xpiyojvov Tpoz TO BAA xpiycovov, A(; dpa x6 ABF xpiycovov 
xpoi; x6 BAA xpiywvov, ouxcoi; x6 EAA xpiycovov xpoi; 
x6 BAA xpiywvov. sxdxspov dpa xAv ABF, EAA xpoi; 
x6 BAA xov aOxov e^ei Xoyov. lawv dpa saxl x6 ABF 
[xpiycovov] xA EAA xpiyAvo). 

TAv dpa 10 OV xai ptiav piid iar]v e^ovtcov ycoviav 
xpiyAvwv avTiTExovdaoiv at xXsupai ai xspl xdc; Ioolq 
ycjjviac;' xal Ac; (iiav piid iar)v e^ovtcov ycoviav xpiyAvo^v 
dvxixExov'daai.v ai xXsupai ai xspl xdc; Ioolq ywviac;, Exslva 
Xaa saxiv oxsp eBei BsT^ai. 


If'. 

’Edv xsaaapsi; su'dE'iai dvdXoyov Aaiv, x6 0x6 xAv 
dxptov xspiExojiEvov opiSoyAviov laov saxl xA 0x6 xAv 
[isacov xspiExojiEvcp 6p'doy(ov[w' xdv x6 0x6 xAv dxpcov 


equal angles are reciprocally proportional, that is to say, 
that as CA is to AD, so EA (is) to AB. 


B C 



For let CA be laid down so as to be straight-on (with 
respect) to AD. Thus, EA is also straight-on (with re¬ 
spect) to AB [Prop. 1.14]. And let BD have been joined. 

Therefore, since triangle ABC is equal to triangle 
ADE, and BAD (is) some other (triangle), thus as tri¬ 
angle CAB is to triangle BAD, so triangle EAD (is) to 
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is) 
to BAD, so CA (is) to AD, and as (triangle) EAD (is) 
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as CA 
(is) to AD, so EA (is) to AB. Thus, in triangles ABC and 
ADE the sides about the equal angles (are) reciprocally 
proportional. 

And so, let the sides of triangles ABC and ADE be 
reciprocally proportional, and (thus) let CA be to AD, 
as EA (is) to AB. I say that triangle ABC is equal to 
triangle ADE. 

For, BD again being joined, since as CA is to AD, so 
EA (is) to AB, but as CA (is) to AD, so triangle ABC 
(is) to triangle BAD, and as EA (is) to AB, so triangle 
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle 
ABC (is) to triangle BAD, so triangle EAD (is) to tri¬ 
angle BAD. Thus, (triangles) ABC and EAD each have 
the same ratio to BAD. Thus, [triangle] ABC is equal to 
triangle EAD [Prop. 5.9]. 

Thus, in equal triangles also having one angle equal to 
one (angle) the sides about the equal angles (are) recip¬ 
rocally proportional. And those triangles having one an¬ 
gle equal to one angle for which the sides about the equal 
angles (are) reciprocally proportional are equal. (Which 
is) the very thing it was required to show. 

Proposition 16 

If four straight-lines are proportional then the rect¬ 
angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two). And if the rect- 
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iispisx6(jevov op'doywvi.ov laov fj tw Oko twv (jeawv Kepie- 
XOjisvq) op-doYWVLfc), ai xenaapec; euiSeTai dvaXoyov eaovxai. 



E'-1 Z'-1 

TSaTwaav xsaaapec; eOiSsTai dvdXoyov a'l AB, FA, E, Z, 
Ac f) AB xpoc xrjv FA, ouxcoc fj E xpoc xrjv Z- Xey^J, oxi 
x6 Oho xAv AB, Z Hspiexoiievov op'doyAvi.ov laov eaxl xA 
Oho xAv FA, E nepi.exoH^S'^O^ op'doYWviw. 

[y“p] '■^Av a, F ar)(jeiwv xaTc AB, FA 

eOdeLaic npoc opiSdc ai AH, F0, xai xeiaiSw xfj ^ev Z lar] 
f] AH, xfj 6e E larj fj F0. xai au^HSHXrjpAa'dw xd BH, A0 
HapaXXr]X6Ypa(ipa. 

Kal enei saxiv Ac f] AB npoc xf)v FA, ouxwc f) E npoc 
xf]v Z, far) Be fj pev E xfj F0, fj Be Z xfj AH, eaxiv dpa Ac 
f] AB npoc xf)v FA, ouxwc f) F0 npoc xfjv AH. xAv BH, 
A0 dpa HapaXXr]XoYpd(jpiwv dvxiHenovdaaiv ai nXeupai ai 
nepi xdc looLQ yc^^^ioLQ. Av Be iaoywviwv HapaXXrjXoypdp^wv 
dvxi.Henov'daai.v ai nXeupai ai nepl xdc Ioolq ycovaLc, loa eaxiv 
exelva- laov dpa eaxl x6 BH HapaXXr]X6Ypa(ipov xA A0 
HapaXXr]XoYpd(jpw. xai eaxi. x6 (Jev BH x6 Oho xAv AB, Z- 
lar] ydp f] AH xfj Z- x6 Be A0 x6 Oho xAv FA, E- Xar] ydp f) 
E xfj F0' x6 dpa Oho xAv AB, Z nepiexopevov opDoyAvLov 
laov eaxl xA Oho xAv FA, E Hepiexo(jLevw opDoyAvLa). 

AXXd Bf) x6 Oho xAv AB, Z nepiexopievov opDoYAvLov 
laov eaxw xA Oho xAv FA, E nepiexopevcp op'Ooywviw. 
Xeyw, 0 X 1 . ai xcaaapec eOiDelai. dvdXoyov eaovxai, Ac f) AB 
npoc xf)v FA, oOxwc f) E npoc xf]v Z. 

TAv ydp aOxAv xaxaaxcuaa'devxwv, enel x6 Oho xAv 
AB, Z laov eaxl xA Oho xAv FA, E, xai eaxi. x6 pev Oho 
xAv AB, Z x6 BH- lar) ydp eaxiv -f) AH xfj Z- x6 Be Oho xAv 
FA, E x6 A0- lar) ydp f] F0 xfj E- x6 dpa BH laov eaxl 
xA A0. xai eaxiv iaoyAvia. xAv Be laov xai iaoyoviov 
HapaXXr)Xoypd(jpov dvxiHenov-daaiv ai nXeupal ai nepl xdc 
laac yoviac. eaxiv dpa Ac f) AB npoc xf)v FA, oOxoc f) F0 
npoc xf)v AH. lar) Be f) pcv F0 xfj E, f) Be AH xfj Z- eaxiv 
dpa Ac f) AB npoc xf)v FA, ouxoc f) E npoc xf)v Z. 

’Edv dpa xeaaapec eO-delai dvdXoyov oaiv, x6 Oho xAv 
dxpov nepiexopcvov opDoyAviov laov eaxl xA Oho xAv 
peaov nepiexopevo opDoyovio- xdv x6 Oho xAv dxpov 
Hepiex6(ievov opDoyoviov laov fj xA Oho xAv (leaov nepie- 
Xopcvo opDoyovio, ai xcaaapec cO-dcTai dvdXoyov caovxar 
oHcp cBci Bcl^ai. 


angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two) then the four 
straight-lines will be proportional. 



Let AB, CD, E, and F be four proportional straight¬ 
lines, (such that) as AB (is) to CD, so E (is) to F. I say 
that the rectangle contained by AB and F is equal to the 
rectangle contained by CD and E. 

[For] let AC and CH have been drawn from points 
A and C at right-angles to the straight-lines AB and CD 
(respectively) [Prop. 1.11]. And let AC be made equal to 
F, and CH to E [Prop. 1.3]. And let the parallelograms 
BG and DH have been completed. 

And since as AB is to CD, so E (is) to F, and E 
(is) equal CH, and F to AG, thus as AB is to CD, so 
CH (is) to AG. Thus, in the parallelograms BG and DH 
the sides about the equal angles are reciprocally propor¬ 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor¬ 
tional are equal [Prop. 6.14]. Thus, parallelogram BG 
is equal to parallelogram DH. And BG is the (rectangle 
contained) by AB and F. For AG (is) equal to F. And 
DH (is) the (rectangle contained) by CD and E. For E 
(is) equal to CH. Thus, the rectangle contained by AB 
and F is equal to the rectangle contained by CD and E. 

And so, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E. I say that 
the four straight-lines will be proportional, (so that) as 
AB (is) to CD, so E (is) to F. 

For, with the same construction, since the (rectangle 
contained) by AB and F is equal to the (rectangle con¬ 
tained) by CD and E. And BG is the (rectangle con¬ 
tained) by AB and F. For AG is equal to F. And DH 
(is) the (rectangle contained) by CD and E. For CH 
(is) equal to E. BG is thus equal to DH. And they 
are equiangular. And in equal and equiangular parallel¬ 
ograms the sides about the equal angles are reciprocally 
proportional [Prop. 6.14]. Thus, as AB is to CD, so CH 
(is) to AG. And CH (is) equal to E, and AG to F. Thus, 
as AB is to CD, so E (is) to F. 

Thus, if four straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the rectangle contained by the middle (two). And if the 
rectangle contained by the (two) outermost is equal to 
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iC'. 

’Eav Tpelc sOTjelai. dvdXoyov Saiv, to Oko twv dxpwv 
iiepisx 6 (J£vov op'doywvi.ov laov sail xw dazb xfjc; [isarjc; xe- 
xpaywvw' xdv x 6 uxo xwv dxptov xepiexoiJ^Evov op'doywvi.ov 
laov fi xw dxo xrjc t^£ar]c; xexpaycovw, ai xpeic £ 0 i[}£Tai 
dvdXoyov laovxai.. 

Ai-1 

B'-1 A'-1 

ri- 1 

Tilaxwaav xp£'i<; £U'd£Tai dvdXoyov ai A, B, F, dx; f) A 
xpoc; xf]v B, ouxwc; f] B xp 6 <; xf]v F- X£yw, 6 xi x 6 uxo xGv 

A, F x£pi£xd(J£vov op'doywvi.ov laov £axl xw dxo xfjc; B 
x£xpaywvw. 

K£ia'dw xfj B lar) f] A. 

Kai £X£i £axiv Ac; f) A xpoc; xf]v B, ouxwc; f] B xpoc; xf]v 
F, far) Be f] B xfj A, eoxiv dpa A(; f) A xpoc; xfjv B, f) A xpo? 
xf]v F. £dv Be xEaaapEc; EuiDElai. dvdXoyov Saw, x 6 uxo xAv 
dxpwv xEpiExotxEvov [op'doyAviov] laov eoxi xA 0x6 xAv 
^E owv xEpLExo^JiEvw opTDoywviw. TO dpa 0x6 xAv A, F Xaov 
Eaxl xA 0x6 xAv B, A. dXXd x 6 0x6 xAv B, A x 6 dx 6 xfjc; B 
EaxLv lar] ydp f] B xfj A- x 6 dpa 0x6 xAv A, F x£pi£x 6 (i£vov 
opiJoyAviov laov eoxi xA dx 6 xfjc; B xExpayAvw. 

AXXd Bf] x 6 0x6 xAv A, F faov eoxw xA dx 6 xfji; B' 
XEyw, 6 x 1 Eaxlv Ac; f] A xp 6 c; xf)v B, ouxoc; f] B xp 6 c; xf]v F. 

TAv ydp aOxAv xaxaaxEuaa'dEvxwv, exei x6 0x6 xAv A, 
F laov saxi xA dx 6 xfjc; B, dXXd x 6 dx 6 xfjc; B x 6 0x6 xAv 

B, A saxiv far) ydp f) B xfj A- x 6 dpa 0x6 xAv A, F faov 
saxl xA 0x6 xAv B, A. sdv Be x6 0x6 xAv dxpwv faov fj xA 
0x6 xAv ^xsaorv, ai xsaaapEc; EOffElai. dvdXoyov Eiaiv. saxiv 
dpa A(; f) A xp 6 c; xf)v B, oujc^c, f) A xp 6 c; xf)v F. far) Be f) B 
xfj A- Ac; dpa f) A xp 6 c; xf)v B, ouxwc; f) B xp 6 c; xf)v F. 

’Edv dpa xpEfa EOiDElai. dvdXoyov Aaiv, x 6 0x6 xAv dxpwv 
x£pi£x 6 (J£vov op-doyAvLov faov saxl xA dx 6 xfjc; )X£or)c; xe- 
xpayAvw- xdv x 6 0x6 xAv dxpwv xEpiExotxEvov op'doyAvi.ov 
faov fj xA dx 6 xfjc; )X£ar)c; xExpayAvo, ai xpEfa EuiSElai 
dvdXoyov saovxai.- oxEp eBei BEl^ai.. 


the rectangle contained by the middle (two) then the four 
straight-lines will be proportional. (Which is) the very 
thing it was required to show. 

Proposition 17 

If three straight-lines are proportional then the rect¬ 
angle contained by the (two) outermost is equal to the 
square on the middle (one). And if the rectangle con¬ 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro¬ 
portional. 

A'- 1 

B I-1 D'-1 

C'- 1 

Let A, B and C be three proportional straight-lines, 
(such that) as A (is) to B, so B (is) to C. I say that the 
rectangle contained by A and C is equal to the square on 

B. 

Let D be made equal to B [Prop. 1.3]. 

And since as A is to B, so B (is) to C, and B (is) 
equal to D, thus as A is to B, (so) D (is) to C. And if 
four straight-lines are proportional then the [rectangle] 
contained by the (two) outermost is equal to the rectan¬ 
gle contained by the middle (two) [Prop. 6.16]. Thus, 
the (rectangle contained) by A and C is equal to the 
(rectangle contained) by B and D. But, the (rectangle 
contained) by B and D is the (square) on B. For B (is) 
equal to D. Thus, the rectangle contained by A and C is 
equal to the square on B. 

And so, let the (rectangle contained) by A and C be 
equal to the (square) on B. I say that as A is to B, so B 
(is) to C. 

For, with the same construction, since the (rectangle 
contained) by A and C is equal to the (square) on B. 
But, the (square) on B is the (rectangle contained) by B 
and D. For B (is) equal to D. The (rectangle contained) 
by A and C is thus equal to the (rectangle contained) by 
B and D. And if the (rectangle contained) by the (two) 
outermost is equal to the (rectangle contained) by the 
middle (two) then the four straight-lines are proportional 
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B 
(is) equal to D. Thus, as A (is) to B, so B (is) to C. 

Thus, if three straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the square on the middle (one). And if the rectangle con¬ 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro¬ 
portional. (Which is) the very thing it was required to 
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show. 


IT)'. 


Proposition 18 


’Ako Tfjc SoiSsLaric suheiac tw BotIevti suhuypa^t^w To describe a rectilinear figure similar, and simi- 
opioLov TS xai opioiwc xsipisvov cO'duypapipLov dvaYpdc|>ai. larly laid down, to a given rectilinear figure on a given 

straight-line. 



TiaTW f] piev fioiletaa euHela rj AB, to 5e 5oi)ev 
eO'duYpaptpLov to TE- BeT 5r) dxo Tfji; AB EUileiat; tw TE 
EU'duYpdptpLW optoLov TE xal 6ptoio<; xcipiEvov EuhuYP^fitJ^ov 
dvaYpdc|>ai. 

’EKE^Euybor f] AZ, xal ouvEOTaTO Kpoc Tfj AB EufiEla 
xal Tolc; xpog auTfj arijiEioic; toTc; A, B tt) pisv xpoc; tA F 
Ycoviqc lar) fj 0x6 HAB, Tfj 66 0x6 FAZ larj fj 0x6 ABFI. Xoixr) 
dpa f) 0x6 FZA Tfj 0x6 AHB eotiv larj' iaoYWviov dpa eotI 
t6 ZFA Tpiytovov tA HAB TpiyAvcp. dvdXoyov dpa eotIv 
Ac; f) ZA xp6(; ttjv HB, outwc; rj ZF xp6(; ttjv HA, xal rj 
FA xp6c; TTjv AB. xdXiv auvEaxaTto xp6(; tt] BH euDeicx xal 
toTc; xp6<; auTf) ar)p,E[oi.(; toIc; B, H Tfj pisv 0x6 AZE ywvia 
larj f) 0x6 BH0, Tfj 86 0x6 ZAE larj f) 0x6 HB0. Xoixf) dpa 
f) xp6(; tA E Xoixf) Tfj xp6c; tA 0 6aTiv larj' laoyAviov dpa 
6aTl t6 ZAE Tpiywvov tA H0B TpiyAvy dvdXoyov dpa 
6aTlv Ac; f) ZA xp6c; TTjv HB, outcoc; fj ZE xp6i; TTjv H0 xal 
f) EA xp6c; TTjv 0B. 66E[x'dT) 86 xal Ac; fj ZA xp6i; ttjv HB, 
outcoc; f) ZF xp6i; TTjv HA xal fj FA xp6c; TTjv AB- xal Ac; 
dpa f) ZF xp6c; ttjv AH, outcoc; t) te FA xp6c; ttjv AB xal f) 
ZE xp6c; TTjv H0 xal eti fj EA xp6c; TTjv 0B. xal 6xeI larj 
6aTlv f) pi6v 0x6 FZA ycovia Tfj 0x6 AHB, f) 86 0x6 AZE Tfj 
0x6 BH0, oXt) dpa fj 0x6 FZE oXt) Tfj 0x6 AH0 6aTiv lar). 
6id Ta auTa 8f) xal f) 0x6 FAE Tfj 0x6 AB0 6aTiv lar). eoti 
66 xal f) [i6v xp6c; tA F Tfj xp6c; tA A lar), f) 66 xp6c; tA E 
Tfj xp6c; tA 0. laoyAviov dpa saTi t6 A0 tA FE- xal Tac; 
xEpl Tac; laac; ycoviac; aOTAv xXEupdc; dvdXoyov sxei' opioiov 
dpa 6aTl t6 A0 E0T[)uypap,[iov tA FE EU'duypdjipicp. 

Ax6 Tfjc; 8o'dEiar)c; dpa EOflEiac; Tfjc; AB tA 6o'dEVTi 
EU'duypdpipicp tA FE opioiov te xal opioicoc; xEipiEvov EU'duypa- 
[ipiov dvaysypaxTai t6 A0- oxEp eSei xoifjaai. 


Let AB be the given straight-line, and CE the given 
rectilinear figure. So it is required to describe a rectilinear 
figure similar, and similarly laid down, to the rectilinear 
figure CE on the straight-line AB. 

Let DF have been joined, and let GAB, equal to the 
angle at C, and ABC, equal to (angle) CDF, have been 
constructed on the straight-line AB at the points A and 
B on it (respectively) [Prop. 1.23]. Thus, the remain¬ 
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus, 
triangle FCD is equiangular to triangle GAB. Thus, 
proportionally, as ED is to GB, so EC (is) to GA, and 
CD to AB [Prop. 6.4]. Again, let BGH, equal to an¬ 
gle DEE, and GBH equal to (angle) FDE, have been 
constructed on the straight-line BG at the points G and 
B on it (respectively) [Prop. 1.23]. Thus, the remain¬ 
ing (angle) at E is equal to the remaining (angle) at H 
[Prop. 1.32]. Thus, triangle FDE is equiangular to tri¬ 
angle GHB. Thus, proportionally, as ED is to GB, so 
FE (is) to GEl, and ED to FIB [Prop. 6.4]. And it was 
also shown (that) as ED (is) to GB, so EC (is) to GA, 
and CD to AB. Thus, also, as EC (is) to AG, so CD (is) 
to AB, and FE to GE[, and, further, ED X.o HB. And 
since angle CFD is equal to AGB, and DEE to BGH, 
thus the whole (angle) CEE is equal to the whole (an¬ 
gle) AGH. So, for the same (reasons), (angle) CDE is 
also equal to ABH. And the (angle) at C is also equal 
to the (angle) at A, and the (angle) at E to the (angle) 
at H. Thus, (figure) AH is equiangular to CE. And (the 
two figures) have the sides about their equal angles pro¬ 
portional. Thus, the rectilinear figure AH is similar to the 
rectilinear figure CE [Def. 6.1]. 

Thus, the rectilinear figure AH, similar, and similarly 
laid down, to the given rectilinear figure CE has been 
constructed on the given straight-line AB. (Which is) the 
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Ta 6(ioia xpiyova npoQ aXXrjXa ev BiKXaafovi. Xoyw soxi 
xfiSv opLoXoywv TiXeupCSv. 

A 



A 



Tilaxw opLoia xpiywva xa ABF, AEZ larjv e)(ovxoc xf]v 
npog xw B ywviav xfj upoc; xw E, (be; Be xf)v AB upoc; xf]v BF, 
ouxcoc; xf)v AE npog xf)v EZ, Aaxe ojioXoyov elvai xrjv BF 
xf) EZ' Xeyto, 6xi x6 ABF xpiycovov npoe; x6 AEZ xpiycovov 
BmXaabva Xoyov exei 'r^nep rj BF npog xf)v EZ. 

ElXr^cp'dto yap xAv BF, EZ xpixr) dvaXoyov rj BH, Aaxe 
elvai Ac; xf)v BF npoe; xrjv EZ, ouxcoc; xf)v EZ npoc; xf)v BH- 
xal ene^eux'dco rj AH. 

’EksI ouv eaxiv Ac; fj AB npoc; xf)v BF, ouxcoc; fj AE npoc; 
xi^v EZ, evaXXd^ dpa eaxiv Ac; f) AB Tipoc; xrjv AE, ouxcoc; r\ 
BF npoc; xf)v EZ. exXX’ Ac; rj BF npoc; EZ, ouxcoc; eaxiv f) EZ 
npoc; BH. xal Ac; dpa rj AB npoc; AE, ouxcoc; rj EZ npoc; BH- 
xAv ABH, AEZ dpa xpiyAvcov dvxiTcenovdaaiv al TiXeupal al 
nepl xdc; laac; ycovdic;. Av Be piiav [iid larjv e^ovxcov ycoviav 
xpiyAvcov dvxinenovDaaiv al nXeupal ai nepl xdc;iaac; ycovdic;, 
laa eaxiv exelva. laov dpa eaxl x6 ABH xpiycovov xA AEZ 
xpiyAvcp. xal enei eaxiv Ac; f) BF Kpoc; xr)v EZ, ouxcoc; f) 
EZ npoc; xf)v BH, edv Be xpeic; eu^elai dvdXoyov Aaiv, r\ 
npAxr) upoc; xi^v xpixr)v BmXaaiova Xoyov cxei ’c^nep Tipoc; 
xf]v Beuxepav, f) BF dpa Tipoc; xirjv BH BmXaaiova Xoyov 
exei ciTiep f] FB Tipoc; xr)v EZ. Ac; Be f] FB Tipo; xr)v BH, 
ouxco; x6 ABF xpiycovov Tipo; x6 ABH xpiycovov xal x6 
ABF dpa xpiycovov Tipo; x6 ABH BiTiXaaiova Xoyov ex£i 
•r^Tiep IT) BF Tipo; xirjv EZ. laov Be x6 ABH xpiycovov xA 
AEZ xpiyAvcp. xal x6 ABF dpa xpiycovov Tipo; x6 AEZ 
xpiycovov BiTiXaaiova Xoyov ex£i f]Tiep f] BF Tipo; xf]v EZ. 

Td dpa opioia xpiycova Tipo; dXXrjXa ev BiTiXaaiovi Xoyco 
eaxl xAv opioXoycov TiXeupAv. [oTiep eBei BeT^ai.] 


n6pia[Jia. 

’Ex Bi^ xouxou epavepov, oxi, edv xpeT; euiSeTai dvdXoyov 
Aaiv, eaxiv A; fj upAxr) Tipo; xf]v xpixrjv, ouxco; x6 duo 


very thing it was required to do. 

Proposition 19 

Similar triangles are to one another in the squared^ 
ratio of (their) corresponding sides. 

A 



D 



Let ABC and DEF be similar triangles having the 
angle at B equal to the (angle) at E, and AB to BC, as 
DE (is) to EF, such that BC corresponds to EF. I say 
that triangle ABC has a squared ratio to triangle DEF 
with respect to (that side) BC (has) to EF. 

For let a third (straight-line), BG, have been taken 
(which is) proportional to BC and EF, so that as BC 
(is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG 
have been joined. 

Therefore, since as AB is to BC, so DE (is) to EF, 
thus, alternately, as AB is to DE, so BC (is) to EF 
[Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. 
And, thus, as AB (is) to DE, so EF (is) to BG. Thus, 
for triangles ABC and DEF, the sides about the equal 
angles are reciprocally proportional. And those triangles 
having one (angle) equal to one (angle) for which the 
sides about the equal angles are reciprocally proportional 
are equal [Prop. 6.15]. Thus, triangle ABC is equal to 
triangle DEF. And since as BC (is) to EF, so EF (is) 
to BG, and if three straight-lines are proportional then 
the first has a squared ratio to the third with respect to 
the second [Def. 5.9], BC thus has a squared ratio to BG 
with respect to (that) CB (has) to EF. And as CB (is) 
to BG, so triangle ABC (is) to triangle ABC [Prop. 6.1]. 
Thus, triangle ABC also has a squared ratio to (triangle) 
ABC with respect to (that side) BC (has) to EF. And 
triangle ABC (is) equal to triangle DEF. Thus, trian¬ 
gle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 

Thus, similar triangles are to one another in the 
squared ratio of (their) corresponding sides. [(Which 
is) the very thing it was required to show]. 

Corollary 

So it is clear, from this, that if three straight-lines are 
proportional, then as the first is to the third, so the figure 
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Tfjc 7i;pwTr]c; eTSog Tipoi; to and xfji; Bsuxspac; to o(jLoiov xal 
6[io[w<; dvaypacpopisvov. oTsp e6ei BsT^ai.. 

t Literally, “double”. 

X. 

Td opiota TioXuywva ziz Te opiota Tplywva BtaipelTai. xal 
zIq Xaa. to TtXfj'doc xal oiioXoya toTc; oXotc;, xal to TtoXuywvov 
iipog TO xoXuywvov SiitXaaiova Xoyov ^l'n:s:p opioXoyoc; 
xXeupd iipot; ttjv opioXoyov xXeupdv. 



TlaTW opLoia TtoXuycova Td ABFAE, ZH0KA, opioXoyot; 
5e eoTto fj AB tt) ZH- Xeyw, oti Td ABFAE, ZH0KA 
ToXuytova zXq ts opioia Tpiywva BiaipelTai xal zIq Xoa to 
xXfjTLloc; xal ojioXoya Tolg oXoic;, xal to ABFAE xoXuywvov 
iipoc; TO ZH0KA xoXuywvov SiitXaaiova Xoyov e)(ei fjitep f) 
AB Ttpoc; TTJV ZH. 

’E7t£^eu)(TL)coaav al BE, EF, HA, A0. 

Kal ETtel 6(ioi6v eoTi to ABFAE TtoXuywvov tw 
ZH0KA TtoXuytovcp, lar) sotIv t) 0x6 BAE ytovia tt) 0x6 
HZA. xal eoTiv dx; rj BA xp6(; AE, outwc; fj HZ xp6c; ZA. 
exel ouv 50o xplycovd eaxi xd ABE, ZHA [ilav ytovlav (iia 
ytovla larjv e^ovTa, xepl 5e xdc; Xoaq ycovlac; xdc; xXeupdc; 
dvdXoyov, laoytoviov dpa eaxl t6 ABE xplytovov tw ZHA 
Tpiywvtp- &axe xal ojioiov larj dpa eaxlv fj 0x6 ABE ywvla 
Tfi 0x6 ZHA. eoTi 6e xal oXr) rj 0x6 ABF oXr) tt) 0x6 
ZH0 larj 6id ttjv ojioioTrjTa twv xoXuytOvwv Xoixf) dpa rj 
0x6 EBF ywvla Tfj 0x6 AH0 eaxiv larj. xal exel 5id Trjv 
ojioioTTjTa Twv ABE, ZHA Tpiytovwv eaxlv f) EB xp6<; 
BA, ouTtoc; f) AH xp6c; HZ, dXXd pirjv xal 6id ttjv opioioTTjTa 
Twv xoXuycOvcov eaxlv &>c, r\ AB xp6(; BF, outcoc; f) ZH xp6(; 
H0, 5i’ laou dpa eaxlv dx; fj EB xp6c; BF, outwc; rj AH xp6(; 
H0, xal xepl Td^laat; ycovdic; xdc; 0x6 EBF, AH0 al xXeupal 
dvdXoyov elaiv laoycoviov dpa eaxl t6 EBF xplytovov to 
AH0 Tpiyovo' oaxe xal opioiov eaxi t6 EBF xplyovov 
TO AH0 xpiyovo. 6id xd aOxd 6r) xal t6 EFA xplyovov 
ojioiov eaxi to A0K xptyovo. xd dpa 6[ioia xoXOyova xd 
ABFAE, ZH0KA zXq xe ojioia xplyova 6ir]priTai xal etc; XaoL 


(described) on the first (is) to the similar, and similarly 
described, (figure) on the second. (Which is) the very 
thing it was required to show. 


Proposition 20 

Similar polygons can be divided into equal numbers 
of similar triangles corresponding (in proportion) to the 
wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. 


A 



Let ABODE and FGHKL be similar polygons, and 
let AB correspond to EG. 1 say that polygons ABODE 
and EGEIKL can be divided into equal numbers of simi¬ 
lar triangles corresponding (in proportion) to the wholes, 
and (that) polygon ABODE has a squared ratio to poly¬ 
gon EGEIKL with respect to that AB (has) to EG. 

Let BE, EG, GL, and LH have been joined. 

And since polygon ABODE is similar to polygon 
EGHKL, angle BAE is equal to angle GEL, and as BA 
is to AE, so GE (is) to EL [Def. 6.1]. Therefore, since 
ABE and FGL are two triangles having one angle equal 
to one angle and the sides about the equal angles propor¬ 
tional, triangle ABE is thus equiangular to triangle FGL 
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4, 
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. 
And the whole (angle) ABO is equal to the whole (angle) 
FGH, on account of the similarity of the polygons. Thus, 
the remaining angle EBO is equal to LGH. And since, 
on account of the similarity of triangles ABE and FGL, 
as EB is to BA, so LG (is) to GF, but also, on account of 
the similarity of the polygons, as AB is to BO, so EG (is) 
to GH, thus, via equality, as EB is to BC, so LG (is) to 
GH [Prop. 5.22], and the sides about the equal angles, 
EBG and LGH, are proportional. Thus, triangle EBG is 
equiangular to triangle LGH [Prop. 6.6]. Hence, triangle 
EBO is also similar to triangle LGH [Prop. 6.4, Def 6.1]. 
So, for the same (reasons), triangle EOD is also similar 
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TO TiXfjiSoc;. 

Aeyw, 6x1 xal ojioXoya toIc oXoic, Touxeaxiv &axe 
dvaXoyov sTvai xd xpiywva, xal fjyoOtxsva ^xsv sTvai xd ABE, 
EBF, EFA, exo^Jisva 6s aOxwv xd ZHA, AH 0 , A 0 K, xal 
6x1 x6 ABFAE xoXuywvov Kpoc x6 ZFE 0 KA noXuywvov 
6i.7iXaaiova Xoyov eyei fjxsp f) opioXoyot; nXeupd upoc; xrjv 
o^xoXoyov KXsupdv, xouxsaxiv fj AB xpoc; xrjv ZFE. 

’Exs^sux'dwaav ydp al AF, Z0. xal etisI 6 id xf]v 
6 txoi. 6 xr]xa xAv TioXuywvwv lax] saxlv fj Oko ABF ywvla xfj 
Otio ZH0, xai saxiv A<; fj AB Tipoc; BF, ouxwc; f) ZH Tipoc; 
H0, iaoywvLov saxi x 6 ABF xpiywvov xA ZFE0 xpiyAvw' 
lar] dpa saxlv fj (jsv Oko BAF ywvia xfj Otio HZ0, f) 6 s Oko 
BFA xfj Oxo FE0Z. xal exeI larj saxlv f] Oko BAM yovia 
xfj Otio FEZN, saxi 6e xal f] uko ABM xfj Otio ZFEN larj, 
xal Xoixf] dpa f] utio AMB Xoixfj xfj Otio ZNH larj saxlv 
laoyAviov dpa saxi x 6 ABM xplywvov xA ZFEN xpiyAvw. 
o^xoltx; 6 f) 6eT^o(jev, 6x1. xal x 6 BMF xplywvov laoyAvi. 6 v 
saxi. xA HN0 xpiyAvw. dvdXoyov dpa saxlv, A(; ^sv f) AM 
Tipoc; MB, oOxoc; f) ZN Tipoc; NH, Ac; 6e f] BM Tipoc; MF, 
oOxwc; f) HN Tipoc; N0- Aaxs xal 6 i’ laou, Ac f) AM Tipoc 
MF, ouxwc f) ZN Tipoc N0. dXX’ Ac f) AM Tipoc MF, oOxwc 
x 6 ABM [xplywvov] Tipoc xo MBF, xal xo AME Tipoc xo 
EMF- Tipoc dXXrjXa ydp slaiv Ac al pdasic- xal Ac dpa 
sv xAv f]you^Evc£)v Tipoc ev xAv etio^evwv, ouxwc diiavxa 
xd f]yoO^Eva Tipoc diiavxa xd ETi 6 (JEva' Ac dpa xo AMB 
xplyovov Tipoc xo BMF, ouxwc xo ABE Tipoc xo FBE. aXX’ 
Ac xo AMB Tipoc xo BMF, ouxwc f) AM Tipoc MF' xal 
Ac dpa f] AM Tipoc MF, ouxwc xo ABE xplywvov Tipoc xo 
EBF xplywvov. 6 i.d xd aOxd 6 f] xal Ac f) ZN Tipoc N0, 
ouxoc xo ZHA xplywvov Tipoc xo HA0 xplywvov. xal saxiv 
Ac f] AM Tipoc MF, ouxwc f) ZN Tipoc N0' xal Ac dpa 
xo ABE xplywvov Tipoc xo BEF xplyovov, ouxwc xo ZHA 
xplyovov Tipoc xo HA0 xplywvov, xal svaXXd^ Ac xo ABE 
xplywvov Tipoc xo ZHA xplyovov, ouxwc xo BEF xplywvov 
Tipoc xo HA0 xplywvov. 6 (iolwc 6 f) 6e1^o(jev ETii^EUX'dEiaAv 
xAv BA, HK, 6 x 1 xal Ac xo BEF xplywvov Tipoc xo AH0 
xplywvov, ouxwc xo EFA xplywvov Tipoc xo A0K xplywvov. 
xal STisl saxiv Ac xo ABE xplywvov Tipoc xo ZHA xplywvov, 
ouxoc xo EBF Tipoc xo AH0, xal sxi xo EFA Tipoc xo A0K, 
xal Ac dpa sv xAv f]you^Evwv Tipoc ev xAv etio(jevwv, ouxoc 
dTiavxa xd f]yo 6 ^Eva Tipoc duavxa xd ETi 6 (JEva' saxiv dpa 
Ac x 6 ABE xplywvov Tipoc xo ZHA xplywvov, ouxwc xo 
ABFAE TioXuywvov Tipoc xo ZH0KA TioXuywvov. dXXd xo 
ABE xplywvov Tipoc xo ZHA xplywvov 6 iTiXaalova Xoyov 
sxei fjTiEp f) AB 6 (i 6 Xoyoc TiXsupd Tipoc xf)v ZH o^xoXoyov 
TiXsupdv xd ydp 6 pioia xplywva sv 6 iTiXaalovi Xoyw saxi 
xAv o^oXoywv TiXsupAv. xal xo ABFAE dpa TioXuywvov 
Tipoc xo ZH0KA TioXuywvov 6 iTiXaalova Xoyov sx£i rjiisp ■f) 
AB o^oXoyoc TiXsupd Tipoc xf)v ZH o^oXoyov TiXsupdv. 

Td dpa 6(ioia TioXuywva sic xs 6tJioia xplyova 6iaipETxai 
xal sic Taa xo TiXfjiLEoc xal 6(j6Xoya xoTc 6Xoic, xal xo 


to triangle LHK. Thus, the similar polygons ABODE 
and FGHKL have been divided into equal numbers of 
similar triangles. 

I also say that (the triangles) correspond (in propor¬ 
tion) to the wholes. That is to say, the triangles are 
proportional: ABE, EBC, and ECD are the leading 
(magnitudes), and their (associated) following (magni¬ 
tudes are) FGL, LG El, and LHK (respectively). (I) also 
(say) that polygon ABODE has a squared ratio to poly¬ 
gon FGHKL with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB 
to EG. 

For let AO and FH have been joined. And since angle 
ABO is equal to FGH, and as AB is to BO, so EG (is) to 
GH, on account of the similarity of the polygons, triangle 
ABO is equiangular to triangle FGH [Prop. 6.6]. Thus, 
angle BAG is equal to GFH, and (angle) BOA to GHF. 
And since angle BAM is equal to GEN, and (angle) 
ABM is also equal to FGN (see earlier), the remaining 
(angle) AMB is thus also equal to the remaining (angle) 
ENG [Prop. 1.32]. Thus, triangle ABM is equiangular 
to triangle FGN. So, similarly, we can show that triangle 
BMO is also equiangular to triangle GNH. Thus, pro¬ 
portionally, as AM is to MB, so FN (is) to NG, and as 
BM (is) to MO, so GN (is) to NH [Prop. 6.4]. Hence, 
also, via equality, as AM (is) to MO, so FN (is) to NH 
[Prop. 5.22]. But, as AM (is) to MO, so [triangle] ABM 
is to MBO, and AME to EMG. For they are to one an¬ 
other as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so 
(the sum of) all the leading (magnitudes) is to (the sum 
of) all the following (magnitudes) [Prop. 5.12]. Thus, as 
triangle AMB (is) to BMO, so (triangle) ABE (is) to 
GBE. But, as (triangle) AMB (is) to BMO, so AM (is) 
to MO. Thus, also, as AM (is) to MO, so triangle ABE 
(is) to triangle EBO. And so, for the same (reasons), as 
FN (is) to NH, so triangle FGL (is) to triangle GLH. 
And as AM is to MO, so FN (is) to NH. Thus, also, as 
triangle ABE (is) to triangle BEG, so triangle FGL (is) 
to triangle GLH, and, alternately, as triangle ABE (is) 
to triangle FGL, so triangle BEG (is) to triangle GLH 
[Prop. 5.16]. So, similarly, we can also show, by joining 
BD and GK, that as triangle BEG (is) to triangle LGH, 
so triangle EOD (is) to triangle LHK. And since as tri¬ 
angle ABE is to triangle FGL, so (triangle) EBO (is) 
to LGH, and, further, (triangle) EOD to LHK, and also 
as one of the leading (magnitudes is) to one of the fol¬ 
lowing, so (the sum of) all the leading (magnitudes is) to 
(the sum of) all the following [Prop. 5.12], thus as trian¬ 
gle ABE is to triangle FGL, so polygon ABODE (is) to 
polygon FGHKL. But, triangle ABE has a squared ratio 
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noXuywvov npoQ to TioXuywvov SiKXaatova Xoyov e)(ei rjnEp 
f) 6[i6Xoyo(; nXeupoc upoc; ttjv op-oXcyov nXeupav [onep e5ei 
5el^ai]. 


n6pia[Jia. 

'riaauTWc 6e xal ski twv [6(ioiwv] TSxpaKXeupwv SsixiSti- 
asxai, 6x1 ev SiKXaabvi. Xcyw sial xCSv opioXoywv KXsupwv. 
eSsLX'dr) 5e xal ski xwv xpiywvwv waxs xal xaiiloXou xa 
6[ioi.a EUTL)uypa(i[ia axuiJiaxa Kp6<; aXXrjXa ev BiKXaaiovi 
Xoyw sial xwv opoXoyov KXsopOv. oKsp eBei BsT^ai.. 

xa'. 

Ta xO auxw EuiDuypaijpiw opioia xal dXXr^Xoic; saxlv 
6[ioi.a. 



Tlaxw ydp Exdxspov xwv A, B EuDuypdijpiwv xw F 
6(ioiov Xsyco, oxi. xal x6 A xw B saxiv opioiov. 

’EkeI ydp opoiov saxi x6 A xw F, laoywviov xe saxiv 
auxw xal xdg Kspl xdc; Xoaq ycoviac; KXsupdc; dvdXoyov £X£i- 
KaXiv, ekeI 6(ioi6v saxi x6 B xO F, iaoywviov xe eoxiv 
auxO xal xdi; KEpl xdc; Xoolq ycoviac; xXsupdc; dvdXoyov sx^i- 
Exdxspov dpa xwv A, B xw F laoywviov xe saxi. xal xdc; 
Kspl xdc; laac; ywviac; xXsupdc; dvdXoyov exei. [woxe xal x6 
A xw B iaoywvLov xe saxi. xal xdc; Kspl xdc; Xoolq ywvlac; 


to triangle FGL with respect to (that) the corresponding 
side AB (has) to the corresponding side FG. For, similar 
triangles are in the squared ratio of corresponding sides 
[Prop. 6.14]. Thus, polygon ABGDE also has a squared 
ratio to polygon FGFIKL with respect to (that) the cor¬ 
responding side AB (has) to the corresponding side FG. 

Thus, similar polygons can be divided into equal num¬ 
bers of similar triangles corresponding (in proportion) to 
the wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. [(Which is) the very thing 
it was required to show]. 

Corollary 

And, in the same manner, it can also be shown for 
[similar] quadrilaterals that they are in the squared ratio 
of (their) corresponding sides. And it was also shown for 
triangles. Hence, in general, similar rectilinear figures are 
also to one another in the squared ratio of (their) corre¬ 
sponding sides. (Which is) the very thing it was required 
to show. 

Proposition 21 

(Rectilinear figures) similar to the same rectilinear fig¬ 
ure are also similar to one another. 



Let each of the rectilinear figures A and B be similar 
to (the rectilinear figure) G. I say that A is also similar to 
B. 

For since A is similar to G, (A) is equiangular to (C), 
and has the sides about the equal angles proportional 
[Def. 6.1]. Again, since B is similar to G, (B) is equian¬ 
gular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Thus, A and B are each equian¬ 
gular to C, and have the sides about the equal angles 
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nXeupac dvdXoyov o(jLoiov dpa eaxi to A tw B- ousp 

e5sL BsT^ai. 


x(3'. 

’Edv Tsaaapec; sOTJelai. dvdXoyov Saiv, xal xd an auxwv 
eMuypaji^a o^oid xe xal 6^o(w(; dvayeypa(jpisva dvdXoyov 
eaxar xdv xd an auxwv eMuypa(ip.a 6p.oid xe xal opoicoc; 
dvayeypapip,eva dvdXoyov fj, xal auxdi ai eOiDelai. dvdXoyov 
eaovxai. 


K 


A B 

M 


E Z 


H I - 1 

n p 

Tilaxwaav xeaaapec eOiDeTai. dvdXoyov al AB, FA, EZ, 
H0, (be; T) AB Tipoi; xrjv FA, ouxcoc; rj EZ npog xrjv H0, xal 
dvayeypdcpDtoaav duo (iev xwv AB, FA opoid xe xal opoitoe; 
xe[p.eva euDuypajip.a xd KAB, AFA, duo 5c xebv EZ, F[0 
6 (ioid xc xal op-oitoe; xei(ieva eOiL)uypap.(ia xd MZ, N0- Xeyto, 
6 x 1 caxlv (bg x 6 KAB npoe; x 6 AFA, ouxcoc; x 6 MZ npog x 6 
N0. 

ElXr^cp'dto ydp xcov [iev AB, FA xpixr) dvdXoyov rj S, xebv 
5e EZ, F[0 xpixT) dvdXoyov rj O. xal cnei caxiv (be; [iev rj AB 
npog xf)v FA, ouxcog rj EZ npog xrjv H0, (be; 5e rj FA npog 
xrjv S, ouxtoc; rj H0 npoc; xf)v O, 5i’ laou dpa coxlv (bg rj 
AB npog xrjv S, ouxcoc; fj EZ Tipoi; xf]v O. dXX’ ebe; [icv rj 
AB npoc; xf)v S, ouxcoc [xal] x 6 KAB Tipoc; x 6 AFA, &>c, 5c 
f) EZ Tipoc; xcqv O, ouxcoc; x 6 MZ Tipoc; x 6 N0' xal cbc; dpa 
x 6 KAB Tipoc; x 6 AFA, ouxcoc; x 6 MZ npoc; x 6 N0. 

AXXd 5i^ caxco cbc; x6 KAB Tipoc; x6 AFA, ouxcoc; x6 MZ 
Tipoc; x6 N0- Xeyto, 6xi eaxl xal Ac; f) AB Tipoc; xi^v FA, 
ouxcoc; f) EZ Tipoc; xf]v H0. el ydp [i/] eaxiv, Ac; f) AB upoc; 
xf]v FA, ouxcoc; f) EZ Tipoc; xf]v H0, caxco Ac; fj AB Tipoc; xf]v 
FA, ouxcoc; f] EZ Tipoc; xr)v BP, xal dvaycypdcpijco dTio xfjc; 





proportional [hence, A is also equiangular to B, and has 
the sides about the equal angles proportional]. Thus, A 
is similar to B [Def. 6.1]. (Which is) the very thing it was 
required to show. 


Proposition 22 

If four straight-lines are proportional then similar, and 
similarly described, rectilinear figures (drawn) on them 
will also be proportional. And if similar, and similarly 
described, rectilinear figures (drawn) on them are pro¬ 
portional then the straight-lines themselves will also be 
proportional. 

K 





Q R 


Let AB, CD, EF, and GH be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, rec¬ 
tilinear figures KAB and LCD have been described on 
AB and CD (respectively), and the similar, and similarly 
laid out, rectilinear figures ME and NH on EF and GH 
(respectively). I say that as KAB is to LCD, so ME (is) 
to NH. 

For let a third (straight-line) O have been taken 
(which is) proportional to AB and CD, and a third 
(straight-line) P proportional to EF and GH [Prop. 6.11]. 
And since as AB is to CD, so EF (is) to GH, and as CD 
(is) to O, so GH (is) to P, thus, via equality, as AB is to 
O, so EF (is) to P [Prop. 5.22]. But, as AB (is) to O, so 
[also] KAB (is) to LCD, and as EF (is) to P, so ME 
(is) to NH [Prop. 5.19 corn]. And, thus, as KAB (is) to 
LCD, so ME (is) to NH. 

And so let KAB be to LCD, as ME (is) to NH. I say 
also that as AB is to CD, so EF (is) to GH. For if as AB 
is to CD, so EF (is) not to GH, let AB be to CD, as EF 
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HP oTioTspcp Twv MZ, N0 o^oiov TS xal opoiwt; xei^evov 
eu'duypapiiov to EP. 

’Ekei ouv eaxLv «<; fj AB Tipo? ti^v PA, outox; f] EZ npot; 
Tf]v HP, xal dvayeypaKTai duo psv tAv AB, PA opoid ts 
xai 6(jLo(wc; xslpsva xd KAB, APA, dxo de tAv EZ, BP 
opoid TE xal 6po[o<; XEipEva xd MZ, EP, saxiv dpa &>q to 
KAB TzpoQ TO APA, ouxwc; x6 MZ Tzpbz to EP. UKOXEixai. 
Be xal Ac; x6 KAB xpoc; x6 APA, ouxoc; x6 MZ Tipoc; x6 
N0' xal A(; dpa x6 MZ Tipoc; x6 EP, ouxwc; x6 MZ iipoi; 
x6 N0. TO MZ dpa Tipoi; sxdxEpov xAv N0, EP xov auxov 
£X£i Xoyov laov dpa soxl x6 N0 xA EP. saxi. Be aOxA xal 
opoLov xal 6(jLoia)c; XEipEvov lar) dpa f] H0 xfj HP. xal etieI 
saxLv &>c, f) AB xpoi; xiQv PA, ouxW(; f) EZ xpoc; xf]v BP, Tar] 
Be f] BP xfj B0, Eoxiv dpa Ac; f) AB Tipo^ xfiv PA, ouxwc; f) 
EZ Kpoc; xf]v B0. 

’Edv dpa xsaaapEc; sODElai dvdXoyov Aaiv, xal xd dn’ 
aOxAv EuiDuypaiipa op.oid xe xal opolwc; dvayEypa^psva 
dvdXoyov saxar xdv xd dn’ aOxAv EO'dOypa(ipa opoid xe 
xal 6 (jLo(wc; dvayEypap(i£va dvdXoyov fj, xal auxdi. at EuDElai 
dvdXoyov saovxai.- oxEp eBei BEl^ai.. 


(is) to QR [Prop. 6.12]. And let the rectilinear figure SR, 
similar, and similarly laid down, to either of MF or NH, 
have been described on QR [Props. 6.18, 6.21]. 

Therefore, since as AB is to CD, so EF (is) to QR, 
and the similar, and similarly laid out, (rectilinear fig¬ 
ures) KAB and LCD have been described on AB and 
CD (respectively), and the similar, and similarly laid out, 
(rectilinear figures) MF and SR on EF and QR (re- 
sespectively), thus as KAB is to LCD, so MF (is) to 
SR (see above). And it was also assumed that as KAB 
(is) to LCD, so MF (is) to NFl. Thus, also, as MF (is) 
to SR, so MF (is) to NH [Prop. 5.11]. Thus, MF has 
the same ratio to each of NH and SR. Thus, NH is equal 
to SR [Prop. 5.9]. And it is also similar, and similarly laid 
out, to it. Thus, GH (is) equal to QR.^ And since AB is 
to CD, as EF (is) to QR, and QR (is) equal to GH, thus 
as AB is to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, then sim¬ 
ilar, and similarly described, rectilinear figures (drawn) 
on them will also be proportional. And if similar, and 
similarly described, rectilinear figures (drawn) on them 
are proportional then the straight-lines themselves will 
also be proportional. (Which is) the very thing it was 
required to show. 


t Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal. 


xy'- 

Ta laoyAvia itapaXXrjXoypappa itpoc; aXXrjXa Xoyov Eyci 
xov auyxEipEvov ex xAv TtXEupAv. 

’'Eaxw laoyAvia TtapaXXrjXoypappa xa AP, PZ larjv 
syovxa xfjv uiio BPA ytovlav xfj uko EPB' XEyw, oxi x6 AP 
itapaXXrjXoypappov Ttpoq x6 PZ TtapaXXrjXoypappov Xoyov 
syei xov auyxEipEvov ex xAv itXEupAv. 

KEiahco yap AaxE en EuhEiac; Elvai xfjv BP xfj PB- sit’ 
EuhElac; apa saxl xal f) AP xfj PE. xal aupnETtXripAahto x6 
AB TtapaXXrjXoypappov, xal EXXElahw xk; EuhEla f) K, xal 
yEyovExto Ac; psv f) BP Ttpoc; xfjv PB, ouxtoc; f) K Ttpoq xfjv 
A, Ac; Be f) AP Ttpoq xfjv PE, ouxwc; fj A iipoc; xfjv M. 

Oi apa Xoyoi xfjc; xe K itpoc; xfjv A xal xfjc; A itpoc; 
xfjv M oi aOxol Eiai xolc; Xoyoic; xAv itXEupAv, xfjc; xe BP 
Itpoc; xfjv PB xal xfjc; AP itpoc; xfjv PE. dXX’ 6 xfjc; K itpoc; 
M Xoyoc; auyxEixai ex xe xou xfjc; K itpoc; A Xoyou xal 
xoO xfjc; A Itpoc; M- AaxE xal fj K itpoc; xfjv M Xoyov syEi 
xov auyxEipEvov ex xAv itXEupAv. xal sitEi saxiv Ac; fj BP 
Itpoc; xfjv PB, ouxtoc; x6 AP itapaXXrjXoypaqqov itpoc; x6 
P0, cxXX’ Ac; fj BP itpoq xfjv PB, ouxcoc; fj K itpoc; xfjv A, 
xal Ac; apa fj K itpoc; xfjv A, ouxtoc; x6 AP itpoc; x6 P0. 
itdXiv, EitEi saxiv Ac; fj AP itpoc; xfjv PE, ouxcoc; x6 P0 ita- 
paXXrjXoypaqqov itpoc; x6 PZ, aXF Ac; fj AP itpoc; xfjv PE, 


Proposition 23 

Equiangular parallelograms have to one another the 
ratio compounded! out of (the ratios of) their sides. 

Let AC and CF be equiangular parallelograms having 
angle BCD equal to ECG. I say that parallelogram AC 
has to parallelogram CF the ratio compounded out of 
(the ratios of) their sides. 

For let BC he laid down so as to be straight-on to 

CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DC have been completed. And 
let some straight-line K have been laid down. And let it 
be contrived that as BC (is) to CG, so K (is) to L, and 
as DC (is) to CE, so L (is) to M [Prop. 6.12]. 

Thus, the ratios of AT to L and of P to M are the same 
as the ratios of the sides, (namely), BC to CG and DC 
to CE (respectively). But, the ratio of AT to M is com¬ 
pounded out of the ratio of AT to A and (the ratio) of L 
to M. Hence, K also has to M the ratio compounded 
out of (the ratios of) the sides (of the parallelograms). 
And since as BC is to CG, so parallelogram AC (is) to 
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L, 
thus, also, as AT (is) to L, so (parallelogram) AC (is) to 

CH. Again, since as DC (is) to CE, so parallelogram 
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ouTOc f) A Tipoi; Tf]v M, xai tx; apa f) A xpoc; tiqv M, outw<; 
TO r© TKxpaXXrjXoypa^^ov Tipoi; to FZ KapaXXrjXoypa^lJov. 
ETisl ouv eBsLX'Or), o<; ^ev rj K npot; tiqv A, outW(; to AF 
■n:apaXXr]X6Ypa(j^ov iipoc; to F0 ixapaXXrjXoYpaii^ov, (be; 8s 
f) A xpoc; TTjv M, ouTOic; to F0 napaXXrjXoYpajip.ov upoc; to 
FZ napaXXrjXoYpatJiliov, 5i’ laou Spa sotIv (b<; fj K npoc; Trjv 
M, ouTCOc; TO AF npoQ to FZ napaXXrjXoYpatJiliov. f) 8s K 
Tipoi; Ti^v M XoYov s^ei tov auYXs[p.svov sx twv xXsupwv 
xa'i TO AF apa xpoc; to FZ Xoyov sxei tov auYXSi(isvov sx 
Twv xXsupwv. 


A A @ 



Ta apa laoY(bvia xapaXXr]X6Ypa(itJia xpoe; aXXrjXa Xoyov 
Exei TOV auYXSi(JSvov sx tc5v xXsupcbv oxsp e8si. SsT^oii- 


CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L 
(is) to M, thus, also, as L (is) to M, so parallelogram 
CH (is) to parallelogram CF. Therefore, since it was 
shown that as K (is) to L, so parallelogram AC (is) to 
parallelogram CH, and as L (is) to M, so parallelogram 
CH (is) to parallelogram CF, thus, via equality, as K is 
to M, so (parallelogram) AC (is) to parallelogram CF 
[Prop. 5.22]. And K has to M the ratio compounded out 
of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) CF the 
ratio compounded out of (the ratio of) their sides. 


AD H 



Thus, equiangular parallelograms have to one another 
the ratio compounded out of (the ratio of) their sides. 
(Which is) the very thing it was required to show. 


t In modern terminology, if two ratios are “compounded” then they are multiplied together. 


x6'. 

IlavToc; TiapaXXrjXoYpdppou Ta Ttspi Tf]v SidpsTpov xa- 
paXXrjXoYpappa opoid eoti. tc5 te oXco xal dXXrjXoii;. 

TlaTCO xapaXXqXoYpappov to ABFA, 8i.dpETpoi; 8 e 
auToO f) AF, xspl 8 e Tf]v AF xapaXXrjXoYpappa saTCO Ta EIT, 
0K' XsYW, oTi EXotTspov T(bv EH, 0K xapaXXqXoYpdppwv 
opoiov EOTi okcd T(b ABFA xai dXXr]Xoi<;. 

’Exsi ydp TpiYtbvou tou ABF xapd piav tov xXsupov 
Tf]v BF fjxTai. f) EZ, dvdXoYov eotiv Cq f] BE xpoi; Tf]v 
EA, ouTOc f) FZ xp6<; Tqv ZA. xdXiv, sxsl TpiyAvou too 
AFA xapd piav TTjv FA fjxTai f] ZH, dvdXoYov eotiv o<; f) 
FZ xpoi; Tf]v ZA, outcoi; f] AH xp6<; Tqv HA. dXX’ o<; f) 
FZ xp6<; Tf]v ZA, outoi; £8EiX'dri xai f) BE xpo? Tf]v EA- 
xai (be; dpa f) BE xpoc; Tf]v EA, ouTctx; f] AH xp6<; Tf]v 
HA, xal ouvOevti dpa (be; fj BA xpoe; AE, ouToe; f) A A 
xpoi; AH, xai svaXXd^ oe; fj BA xpoe; Tqv AA, ouTcoe; f) 
EA xpoe; Tf]v AH. tov dpa ABFA, EH xapaXXqXoYpdppov 
dvdXoYov Eioiv ai xXEupai ai xEpl Tqv xoivf]v yt^viav Tqv 0x6 
BAA. xal exeI xapdXXqXoe; eotiv fj HZ Tfj AF, lor] eotIv 
f] psv 0x6 AZH Ywvia Tfj 0x6 AFA- xal xoivf) tov 80o 


Proposition 24 

In any parallelogram the parallelograms about the di¬ 
agonal are similar to the whole, and to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EG and HK he parallelograms about AC. I say 
that the parallelograms EG and HK are each similar to 
the whole (parallelogram) ABCD, and to one another. 

For since EE has been drawn parallel to one of the 
sides BC of triangle ABC, proportionally, as BE is to 
EA, so CF (is) to FA [Prop. 6.2]. Again, since FG has 
been drawn parallel to one (of the sides) CD of trian¬ 
gle ACD, proportionally, as CF is to FA, so DC (is) to 
GA [Prop. 6.2]. But, as CF (is) to FA, so it was also 
shown (is) BE to EA. And thus as BE (is) to EA, so 
DC (is) to GA. And, thus, compounding, as BA (is) to 
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as 
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, 
in parallelograms ABCD and EG the sides about the 
common angle BAD are proportional. And since CF is 
parallel to DC, angle AFC is equal to DC A [Prop. 1.29]. 
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Tpiywvwv Twv AAr, AHZ f) Otio AAF ywvia' laoyoviov 
apoc eaxl to AAF xpiycovov tA AHZ xpiyAvw. 6 i.a xa aOxa 
8 i^ xal x 6 AFB xpiywvov iaoyAvi. 6 v eaxi xA AZE xpiyAvo), 
xai okov TO ABFA 7 iapaXXr]X 6 ypa(jpiov xA EH xapaXXr)- 
Xoypapipiw iaoyAvLov eaxiv. dvdXoyov dpa eaxiv A<; f) AA 
Tipoi; xi^v AF, ouxW(; f) AH xpoi; xi^v HZ, Ac 6 e f) AF xpoc 
xf]v FA, ouxwc f) HZ xpoc xf]v ZA, Ac 5e f] AF xpoc xf]v 
FB, ouxwc i] AZ xpoc xi^v ZE, xal exi Ac FB xpoc xf]v 
BA, ouxwc ZE Tipoc xi^v EA. xal exel eSeix'dr) Ac piev 
f] AF xpoc xf]v FA, ouxwc i] HZ xpoc xi^v ZA, Ac 8 s fj 
AF Tipoc xf]v FB, ouxwc 'H AZ xpoc xf]v ZE, 6 i’ laou dpa 
saxlv Ac 1 ^ AF xpoc xi^v FB, ouxwc HZ xpoc xf]v ZE. 
xAv dpa ABFA, EH xapaXXrjXoypdpipLwv dvdXoyov siaiv 
al xXsupal ai Tispl xdc Ioolq ywviac o(ioiov dpa saxl x 6 
ABFA xapaXXrjXoypdpipiov xA EH KapaXXrjXoypdpipiw. 8 i.d 
xd auxd 8 i^ x 6 ABFA 7 iapaXXr]X 6 ypa(jpiov xal xA K0 na- 
paXXr)Xoypdpt(ia> opioiov saxiv sxdxspov dpa xAv EH, 0K 
■KapaXXrjXoypdiiptwv xA ABFA [ 7 i;apaXXr)Xoypdpi(Jo] optoiov 
saxiv. xd 8 s xA auxA suTjuypdiipiw opioia xal dXXrjXoLC saxlv 
opioia' xal x 6 EH dpa 7 i;apaXXr)X 6 ypapt(iov xA 0K xapaXXr]- 
Xoypd(jptw opioLov saxiv. 


A E B 



Havxoc dpa 7i;apaXXr)Xoypdpi(iou xd xspl xrjv 8i.dptsxpov 
iiapaXXr)X6ypa(jpta opioid saxi xA xs oXw xal dXXrjXoic ousp 
e8si 8 sT^ai. 

xs'. 

TA 8o'dEvxi EUiDuypdpLjitL) opioiov xal dXXw xA SoiSevti 
laov x6 auxo auaxrjaaa'dai. 


And angle DAC (is) common to the two triangles ADC 
and AGF. Thus, triangle ADC is equiangular to triangle 
AGF [Prop. 1.32]. So, for the same (reasons), triangle 
ACB is equiangular to triangle AFE, and the whole par¬ 
allelogram ABCD is equiangular to parallelogram EG. 
Thus, proportionally, as AD (is) to DC, so AG (is) to 
GF, and as DC (is) to CA, so GF (is) to FA, and as AC 
(is) to CB, so AF (is) to FE, and, further, as CB (is) 
to BA, so EE (is) to EA [Prop. 6.4]. And since it was 
shown that as DC is to CA, so GE (is) to FA, and as 
AC (is) to CB, so AF (is) to FE, thus, via equality, as 
DC is to CB, so GE (is) to FE [Prop. 5.22]. Thus, in 
parallelograms ABCD and EG the sides about the equal 
angles are proportional. Thus, parallelogram ABCD is 
similar to parallelogram EG [Def. 6.1]. So, for the same 
(reasons), parallelogram ABCD is also similar to par¬ 
allelogram KFl. Thus, parallelograms EG and FIK are 
each similar to [parallelogram] ABCD. And (rectilin¬ 
ear figures) similar to the same rectilinear figure are also 
similar to one another [Prop. 6.21]. Thus, parallelogram 
EG is also similar to parallelogram HK. 


A E B 



Thus, in any parallelogram the parallelograms about 
the diagonal are similar to the whole, and to one another. 
(Which is) the very thing it was required to show. 

Proposition 25 

To construct a single (rectilinear figure) similar to a 
given rectilinear figure, and equal to a different given rec¬ 
tilinear figure. 
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TilaTW TO ^sv BoiDev eu'duYpaji^iov, S Bel opoiov 
auaTi^aao'dai, to ABF, S 6e BeT laov, to A- Sei 8 iq tG 
^£v ABF 6(ioiov, tG Be A laov to auTO auaTrjaaaTDai. 

napaPepXr]a'dw yap Tiapa pev ti^v BF tG ABF TpiyGvw 
laov -KapaXXrjXoypaiJ^ov to BE, Tiapa 6e ti^v FE tG A laov 
TiapaXXr)X6ypap.(iov to FM ev ycovia tt) utio ZFE, fj eoTiv 
laT) TT) UTIO FBA. STi’ eMeiag apa eoTiv fj p.ev BF Tfj FZ, rj 
5e AE TT) EM. xal elXrjCp'dw tGv BF, FZ [ieorj dvdXoyov rj 
F[0, xal dvayeypacpiila) duo Tfji; F[0 tG ABF ojioiov ts xal 
o^olcoc; xei^ievov to KF[0. 

Kal STiel eoTiv Gg f) BF Tipoc ttjv H0, outox; f) H0 
Tipog TTqv FZ, edv 6e Tpeic; eMelai dvdXoyov Gaiv, eoTiv 
G<; f) TipGTT] Tipoc Tr)v TpiTrjv, outwc; to diio Tfjc; TipGTr]c; 
eTBoc; Tipoc; to duo Tfjc BcuTcpac; to 6(ioiov xal opoloc dva- 
ypa{p6(jevov, eoTiv dpa Gc f) BF Tipoc if]v FZ, outwc to 
ABF Tplywvov Tipoc to KH0 Tpiywvov. dXXd xal Gc f) BF 
Tipoc Tf]v FZ, ouTWc TO BE TiapaXXr]X6ypa(jpiov Tipoc to EZ 
TiapaXXr]X6ypa(j^ov. xal Gc dpa to ABF Tplywvov Tipoc to 
KF[0 Tpiywvov, ouTWc to BE TiapaXXr)X6ypap(iov Tipoc to 
EZ TiapaXXr]X6ypa(jpiov evaXXd^ dpa Gc to ABF Tpiywvov 
Tipoc TO BE TiapaXXr]X6ypa(ipiov, outwc to KH0 Tpiywvov 
Tipoc TO EZ TiapaXXr]X6ypa(jpiov. laov Be to ABF Tpiywvov 
tG be TiapaXXr]Xoypd(ipiw' laov dpa xal to KH0 Tpiywvov 
tG EZ TiapaXXr)Xoypdp(ifc). dXXd to EZ TiapaXXr]X6ypa(j^ov 
tG a eoTiv laov xal to KH0 dpa tG A eoTiv laov. eoTi 
Be TO KH0 xal tG ABF o^oiov. 

TG dpa BoDevTi. eu'duypd(ipiw tG ABF o[jLoiov xal dXXw 
tG BoDevTi. tG a laov to auTO auveaTaTai to KH0- oiiep 
eBei. Tioifjaai.. 


XT'. 

’Edv dTio TiapaXXrjXoypdp^ou TiapaXXrjXoypap^ov dcpai- 
pcdfj o(Joi6v Te tG oXw xal 6 (jLo(wc xei(ievov xoivf)v ywvlav 
cxov auTG, Tiepl ttjv auTf)v BidpiCTpov eaTi. tG oXw. 

’Atio ydp TiapaXXrjXoypdp^ou tou ABFA TiapaXXrjXoypa- 
[i(Jov dcprjpfiaDa) to AZ op,oiov tG ABFA xal 6(ioiwc 
xe[p.evov xoivfjv ywvlav e^ov auTG Tfjv utio AAB' Xeyw, 


K 



A 



Let ABC be the given rectilinear figure to which it is 
required to construct a similar (rectilinear figure), and D 
the (rectilinear figure) to which (the constructed figure) 
is required (to be) equal. So it is required to construct 
a single (rectilinear figure) similar to ABC, and equal to 
D. 

For let the parallelogram BE, equal to triangle ABC, 
have been applied to (the straight-line) BC [Prop. 1.44], 
and the parallelogram CM, equal to D, (have been ap¬ 
plied) to (the straight-line) CE, in the angle FCE, which 
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to 
CF, and LE to EM [Prop. 1.14]. And let the mean pro¬ 
portion GE[ have been taken of BC and CF [Prop. 6.13]. 
And let KG El, similar, and similarly laid out, to ABC 
have been described on GH [Prop. 6.18]. 

And since as BC is to GH, so GH (is) to CF, and if 
three straight-lines are proportional then as the first is to 
the third, so the figure (described) on the first (is) to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corn], thus as BC is to CF, so triangle ABC 
(is) to triangle KGH. But, also, as BC (is) to CF, so 
parallelogram BE (is) to parallelogram EF [Prop. 6.1]. 
And, thus, as triangle ABC (is) to triangle KGH, so par¬ 
allelogram BE (is) to parallelogram FF. Thus, alter¬ 
nately, as triangle ABC (is) to parallelogram BE, so tri¬ 
angle KGH (is) to parallelogram EF [Prop. 5.16]. And 
triangle ABC (is) equal to parallelogram BE. Thus, tri¬ 
angle KGH (is) also equal to parallelogram EF. But, 
parallelogram EF is equal to D. Thus, KGH is also equal 
to D. And KGH is also similar to ABC. 

Thus, a single (rectilinear figure) KGH has been con¬ 
structed (which is) similar to the given rectilinear figure 
ABC, and equal to a different given (rectilinear figure) 
D. (Which is) the very thing it was required to do. 

Proposition 26 

If from a parallelogram a(nother) parallelogram is 
subtracted (which is) similar, and similarly laid out, to 
the whole, having a common angle with it, then (the sub¬ 
tracted parallelogram) is about the same diagonal as the 
whole. 

For, from parallelogram ABCD, let (parallelogram) 
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OTi Kspl Ti^v auTi^v 6ia(ieTp6v eaxi to ABFA tw AZ. 


AH A 



B r 


Mi^ yap, dXX’ el Suvaxov, eaxw [auxwv] 6id(jeTpo<; f) 
A0r, xal expXrj'dcTaa fj HZ Birjx'dw era to 0, xal fix'dw 
5i.d TOO 0 OKopcpa tov AA, BF xapdXXrjXoc f] 0K. 

’Exei ouv xepi Tf]v auTirjv 6i.dpieTp6v eoTi to ABFA tA 
KH, eoTLv dpa &>c, f) A A xpoc; ttjv AB, ouTtog f) HA xpoc; 
TTjv AK. eoTi 5e xal 6id ttjv opioioTriTa tAv ABFA, EH xal 
A<; f) AA 7ip6(; Tr)v AB, outox; f] HA Kpoc ttjv AE- xal A? 
dpa f) HA xpot; ttjv AK, outwc rj HA xpoc; ttjv AE. fj HA 
dpa Tipoc; cxaTepav tAv AK, AE tov auTov cxei Xoyov. larj 
dpa eoTlv f) AE Tfj AK f) eXaTTWv tt) piel^ovr oxep eoTiv 
d8uvaTov. oux dpa oux eoTi. xepl Tf]v auTirjv 5i.dpieTpov to 
ABFA tA AZ' xepl Tr)v auTr]v dpa eaTl 5id(ieTpov to ABFA 
■KapaXXrjXoypaijptov tA AZ xapaXXriXoypdijptw. 

’Edv dpa duo 7iapaXXr)Xoypd(ipiou 7i:apaXXr]X6ypa(jptov 
dcpaipe'df) ojioiov Te tA oXo xal 6(jLo(wc; xel(jevov xoi.vf]v 
ywvlav exov auTA, Tiepl TTjv auTTjv 6id(jeTp6v eoTi tA oXw' 
oxep e6ei. BeT^ai- 


xC'. 

HdvTWv tAv xapd ttjv auTrjv eu'delav iiapapaXXo(ieva)v 
iiapaXXr)Xoypd(jptwv xal eXXeixovTWv el5eai xapaXX'rjXoypdpi- 
[iOLc; opioloic; Te xal optoloc xeipievon; tA dxo Tfjc; f)pii.ae[ai; 
dvaypacpoptevw pieyioTov eoTi to duo Tfjc; TKiioelac; xapa- 
PaXXopievov [xapaXXrjXoypaiipiov] opioiov 6v tA eXXe[pi(javTi.. 

’lEaTW euT^ela f) AB xal TeTpLr]a'dw 6lxa xaTa to F, 
xal xapaPepXi^a'dw xapd Tir)v AB eui^elav to AA xapaX- 
Xr]X6ypa(jptov eXXelxov el5ei. 7i;apaXXr)Xoypdpt(iw tA AB dva- 
ypacpevTi dxo t'»]<; ir)(iiaeia<; t'»]<; AB, toutcoti t'»]<; FB- Xeyw, 
OTi xdvTWv tAv Tiapd Tf]v AB 7i;apapaXXo(jevwv TiapaXXrj- 
Xoypd(jptwv xal eXXeixovTWv eiSeai. [7i;apaXXr)Xoypdpt(ioi<;] 
opioloK; Te xal 6[jLoiW(; xei(jevoi.c; tA AB pieyioTov eoTi. to 


AF have been subtracted (which is) similar, and similarly 
laid out, to ABCD, having the common angle DAB with 
it. I say that ABCD is about the same diagonal as AF. 


AG D 



B C 


For (if) not, then, if possible, let AHC be \_ABCD"s\ 
diagonal. And producing GF, let it have been drawn 
through to (point) H. And let FIK have been drawn 
through (point) F[, parallel to either of AD or BC 
[Prop. 1.31]. 

Therefore, since ABCD is about the same diagonal as 
KG, thus as DA is to AB, so GA (is) to AK [Prop. 6.24]. 
And, on account of the similarity oi ABCD and EG, also, 
as DA (is) to AB, so GA (is) to AE. Thus, also, as GA 
(is) to AK, so GA (is) to AE. Thus, GA has the same 
ratio to each of AK and AE. Thus, AE is equal to AK 
[Prop. 5.9], the lesser to the greater. The very thing is 
impossible. Thus, ABCD is not not about the same di¬ 
agonal as AF. Thus, parallelogram ABCD is about the 
same diagonal as parallelogram AF. 

Thus, if from a parallelogram a(nother) parallelogram 
is subtracted (which is) similar, and similarly laid out, 
to the whole, having a common angle with it, then (the 
subtracted parallelogram) is about the same diagonal as 
the whole. (Which is) the very thing it was required to 
show. 

Proposition 27 

Of all the parallelograms applied to the same straight- 
line, and falling short by parallelogrammic figures similar, 
and similarly laid out, to the (parallelogram) described 
on half (the straight-line), the greatest is the [parallelo¬ 
gram] applied to half (the straight-line) which (is) similar 
to (that parallelogram) by which it falls short. 

Let AB be a straight-line, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let the parallelogram 
AD have been applied to the straight-line AB, falling 
short by the parallelogrammic figure DB (which is) ap¬ 
plied to half of AB —that is to say, CB. I say that of all 
the parallelograms applied to AB, and falling short by 


184 




ETOIXEIfiN 9. 


ELEMENTS BOOK 6 


AA. KapapspXrja'dw yocp nctpa ti^v AB euiSeictv to AZ tcm- 
paXXr)X6Ypapi(iov eXXelnov elSei TCapaXXr)XoYpdpip,cp xA ZB 
6 pio[q) T£ xai 6(io(wc; X£i.pi£v« xw AB- Xeyw, oxi. (iel^ov saxi 
x6 AA xou AZ. 


A E 



A r K B 


’Ekei ydp opLoiov saxi. x6 AB KotpaXXrjXoypapiliov xw ZB 
xapaXXr]XoYpd(jpiw, Kspl xfjv auxr]v siai 6id(i£xpov. rix-dw 
aOxov SidpiExpoc; fj AB, xal xaTayEypacp-dw x6 axfjpia. 

’Ekei ouv laov Eaxl x6 EZ xw ZE, xoivov Be x6 ZB, 
oXov dpa x6 E© oXw xw KE saxiv laov. dXXd x6 E 0 xG 
EH EaxLv laov, exeI xai f) AE xfj EB. xai x6 HE dpa xG EK 
EaxLv laov. xoivov xpoaxEia-dw x6 EZ- oXov dpa x6 AZ xG 
AMN yvGptovi saxiv laov- Gaxs x6 AB xapaXXrjXoypapilJov, 
xouxsaxi x6 AA, xou AZ xapaXXrjXoypdiipiou pisT^ov saxiv. 

Hdvxwv dpa xGv xapd xi^v auxi^v sO-dsIav xapa^aX- 
XopiEvwv xapaXXr)XoYpdpi(ia)v xal eXXeixovxwv siBsai xapaX- 
Xr]XoYpd(ipioic; opioioii; xs xai 6(jioiwc; x£ipi£voi<; xG dxo x-rjc 
fjpiiaEiai; dvaypacpopisvcp pisyiaxov saxi x6 dxo x-rjc fjpiiaEiac; 
xapapXrj'dsv- oxsp eBei BeT^oii. 


XT]'. 

Hapd xrjv BoiSElaav Eu-dslav xG Bo-dsvxi Eu-duypdiipiw 
laov xapaXXrjXoypapiiiov xapaPaXsIv eXXeIxov eiBei xa- 
paXX-rjXoypdjipia) ojioiw xG Bo-dEvxi- Bsl Be x6 BiBojisvov 
Eu-duypajipiov [5 BsT laov xapapaXsTv] [if] (jeT^ov slvai xou 
dxo xfjc; fijiiasiac; dvaypacpopiEvou opioiou xG E^Xsipijiaxi [xou 
x£ dxo xfjc; fijiiaEiac; xai G Bsl opioiov eXXeixeiv]. 

Tlaxw f) piEv BoDslaa Eu-dsla f) AB, x6 Be BoDev 
sMuypaiipiov, G BsTiaov xapd xfjv AB xapapaXslv, x6 E (if) 
(isl^ov [6v] xou dxo xfjc; fi(iiaEiac; xfjc; AB dvaYpa(po(i£vou 
6 (io[ou xG £XX£[(i(iaxi, G Be BeI 6 (ioiov eXXeixeiv, x6 A- BsT Bf) 


[parallelogrammic] figures similar, and similarly laid out, 
to DB, the greatest is AD. For let the parallelogram AF 
have been applied to the straight-line AB, falling short by 
the parallelogrammic figure FB (which is) similar, and 
similarly laid out, to DB. I say that AD is greater than 
AF. 


D E 



For since parallelogram DB is similar to parallelo¬ 
gram FB, they are about the same diagonal [Prop. 6.26]. 
Let their (common) diagonal DB have been drawn, and 
let the (rest of the) figure have been described. 

Therefore, since (complement) CF is equal to (com¬ 
plement) FE [Prop. 1.43], and (parallelogram) FB is 
common, the whole (parallelogram) CFl is thus equal 
to the whole (parallelogram) KE. But, (parallelogram) 
CFL is equal to CG, since AC (is) also (equal) to CB 
[Prop. 6.1]. Thus, (parallelogram) GC is also equal 
to EK. Let (parallelogram) CF have been added to 
both. Thus, the whole (parallelogram) AF is equal to 
the gnomon LMN. Hence, parallelogram DB —that is to 
say, AD —is greater than parallelogram AF. 

Thus, for all parallelograms applied to the same 
straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelo¬ 
gram) described on half (the straight-line), the greatest 
is the [parallelogram] applied to half (the straight-line). 
(Which is) the very thing it was required to show. 

Proposition 28t 

To apply a parallelogram, equal to a given rectilin¬ 
ear figure, to a given straight-line, (the applied parallel¬ 
ogram) falling short by a parallelogrammic figure similar 
to a given (parallelogram). It is necessary for the given 
rectilinear figure [to which it is required to apply an equal 
(parallelogram)] not to be greater than the (parallelo¬ 
gram) described on half (of the straight-line) and similar 
to the deficit. 

Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
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napa Tf]v 60 'de'iaav eMelav xfjv AB xw So'devxi su'duYpa(ipiw 
xw r laov xapaXXrjXoYpapjiov ixapaPaXelv eXXelxov slSei. na- 
pocXXrjXoYpaiipw opioiw ovxi xG A. 



TexiiriaiDo) fj AB xocxoc x6 E arijielov, xai ava- 
Y£YP“*?'' 5 ^ xfjc; EB xw A opioiov xai 6(Joiwc; xsipisvov 
x6 EBZH, xai aupiKexXrjpAa'dw x6 AH 7i;apaXXr)X6Ypapi(Jov. 

Ei (JEv ouviaov eaxl x6 AH xw E, yeyovoQ oiv sir) x6 sxi.- 
xax'dev xapaPspXrjxai y^P T^apa xi^v BoDsTaav sOiDsIav xrjv 
AB xw SoDevxi sODuYpapiiw xw F laov xapaXXr)X6Ypap(iov 
x6 AH sXXsTxov ei6ei xapaXXr)XoYpa(jpiw xw HB opioicp ovxi 
xo A. si Be ou, ptslCov saxw x6 0 E xoO F. laov Be x6 0 E 
xA HB' (jeI^ov apa xai x6 HB xou F. S Bf) ptsl^ov saxi 
x6 HB xou F, xauxr) xfj Oxspoxfj laov, xA Be A o[jLoiov xai 
opiolwc xslpiEvov x6 auxo auvsaxdxw x6 KAMN. dXXd x6 A 
xA HB [saxiv] opioiov xai x6 KM dpa xA HB saxiv opioiov. 
saxw ouv 6(i6XoYoc; fj pisv KA xf) HE, fi Be AM xfj HZ. 
xai ekeI laov saxl x6 HB toXq F, KM, pisl^ov dpa saxl x6 
HB xou KM- (JEi^wv dpa saxl xai f) (isv HE xfjc; KA, fi Be 
HZ xfj? AM. xEiaDw xfj pisv KA lar) f) HS, xfj Be AM lar) 
f) HO, xai aupLXExXrjpAa'do x6 SHOH xapaXXrjXoYpapipiov 
laov dpa xai opioiov saxi [x6 HH] xA KM [dXXd x6 KM xA 
HB opioLov saxiv]. xai x6 HH dpa xA HB opioiov saxiv xspl 
xf)v auxfjv dpa Bidpisxpov saxi x6 HH xA HB. saxw auxAv 
BidpiExpoc; f) HHB, xai xaxaYSYP^I''®^ 'to axfjpia. 

’EkeI ouv laov saxl x6 BH xoic, F, KM, Sv x6 HH xA 
KM saxiv laov, Xoikoi; dpa 6 TX<I> Yv6(iov XoikA xA F laoc; 
saxiv. xai ekeI laov saxl x6 OP xA SE, xoivov xpoaxsiaDw 
x6 HB' 6X0V dpa x6 OB oXw xA SB laov saxiv. dXXd x6 SB 
xA TE saxiv laov, ekeI xai xXEupd f) AE xXEupa xfj EB saxiv 
lar)' xai x6 TE dpa xA OB saxiv laov. xoivov xpoaxsiaDw 
x6 SE' 6X0V dpa x6 TE 6Xa> xA <I>XT Y^^^piovi saxiv laov. 
dXX’ 6 $XT Yi^tBpiwv xA F sBEixDr) laoc;' xai x6 TE dpa xA 
F saxiv laov. 

Hapd xf)v BoiSETaav dpa sOiDElav xf)v AB xA BoiSevxi 
EU'duYpdpipLW xA F laov 7iapaXXr)X6Ypa(jpiov xapapspXrjxai 
x6 ET eXXeIxov eIBei 7 i;apaXXr)XoYpdpipL6r xA HB opioiw ovxi 


AB is required (to be) equal, [being] not greater than 
the (parallelogram) described on half of AB and similar 
to the deficit, and D the (parallelogram) to which the 
deficit is required (to be) similar. So it is required to apply 
a parallelogram, equal to the given rectilinear figure C, to 
the straight-line AB, falling short by a parallelogrammic 
figure which is similar to D. 



Let AB have been cut in half at point E [Prop. 1.10], 
and let (parallelogram) EBFG, (which is) similar, and 
similarly laid out, to (parallelogram) D, have been de¬ 
scribed on EB [Prop. 6.18]. And let parallelogram AG 
have been completed. 

Therefore, if AG is equal to G then the thing pre¬ 
scribed has happened. For a parallelogram AG, equal 
to the given rectilinear figure G, has been applied to the 
given straight-line AB, falling short by a parallelogram¬ 
mic figure GB which is similar to D. And if not, let HE 
be greater than G. And HE (is) equal to GB [Prop. 6.1]. 
Thus, GB (is) also greater than G. So, let (parallelo¬ 
gram) KLMN have been constructed (so as to be) both 
similar, and similarly laid out, to D, and equal to the ex¬ 
cess by which GB is greater than G [Prop. 6.25]. But, 
GB [is] similar to D. Thus, KM is also similar to GB 
[Prop. 6.21]. Therefore, let KL correspond to GE, and 
LM to GE. And since (parallelogram) GB is equal to 
(figure) G and (parallelogram) KM, GB is thus greater 
than KM. Thus, GE is also greater than KL, and GE 
than LM. Let GO be made equal to KL, and GP to LM 
[Prop. 1.3]. And let the parallelogram OGPQ have been 
completed. Thus, [GQ] is equal and similar to KM [but, 
KM is similar to GH]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diag¬ 
onal [Prop. 6.26]. Let GQB be their (common) diagonal, 
and let the (remainder of the) figure have been described. 

Therefore, since BG is equal to G and KM, of which 
GQ is equal to KM, the remaining gnomon UWV is thus 
equal to the remainder G. And since (the complement) 
PR is equal to (the complement) OS [Prop. 1.43], let 
(parallelogram) QB have been added to both. Thus, the 
whole (parallelogram) PB is equal to the whole (par- 
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Tw A [e7i;£i6r]7iEp to IIB tw HII o^oiov eaxiv]- oKsp eBel allelogram) OB. But, OB is equal to TE, since side 
TioLfjaai. AE is equal to side EB [Prop. 6.1]. Thus, TE is also 

equal to PB. Let (parallelogram) OS have been added 
to both. Thus, the whole (parallelogram) TS is equal to 
the gnomon VWU. But, gnomon VWU was shown (to 
be) equal to C. Therefore, (parallelogram) TS is also 
equal to (figure) C. 

Thus, the parallelogram ST, equal to the given rec¬ 
tilinear figure C, has been applied to the given straight- 
line AB, falling short by the parallelogrammic figure QB, 
which is similar to D [inasmuch as QB is similar to GQ 
[Prop. 6.24] ]. (Which is) the very thing it was required 
to do. 

t This proposition is a geometric solution of the quadratic equation — Q a;-I-/9 = 0. Here, x is the ratio of a side of the deficit to the corresponding 
side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along 
AB, and f} is the ratio of the areas of figures C and D. The constraint corresponds to the condition /9 < o^/4 for the equation to have real roots. 
Only the smaller root of the equation is found. The larger root can be found by a similar method. 


xf}'. 


Proposition 29^ 


Ilapa Tf]v BohEtaav EubElav tw BoDevti. EuhuYpappw 
Taov itapaXXrjXoYpappov iiapapaXEtv uitEpPaXXov eIBei Tta- 
paXXqXoYpdtppw opoiw tw BoDevti.. 



TlaTW f] pEv BoflEtaa EuflEla fj AB, to Be BoilIev 
EO huYpappov, S BeT laov Ttapoc Trjv AB iiapa[3aXEtv, to T, 
S Be BeT opoiov OitEpPdXXEiv, to A- BeI Bt) itapd Trjv AB 
EubElav TW r EuhuYpdppm laov TtapctXXrjXoYpappov iiapa- 
PaXEtv UTEpPdXXov eiBei TtapocXXrjXoYpdppcp opoicp tw A. 

TETpqahco fj AB Bixa xoctoc to E, xal dvaYCYP^li^^ 
duo Tf)c; EB tw A opoiov xal opolwc; XEipEvov itapaX- 
XrjXoYpappov to BZ, xal auvapcpoTEpoic; psv toIc; BZ, T 
laov, tG> Be A opoiov xal opoicoc; XEipEvov to auTO au- 
vEOTaTW TO H0. opoXoYOi; Be EOTto fj psv K0 tt) ZA, fj Be 
KH Tfj ZE. xal ETtsl pEl^ov eoti to H0 too ZB, pEi^wv dpa 
egtI xal f] psv K0 Tfjq ZA, fj Be KH Tfj ZE. ExpE^Xi^ahmaav 
al ZA, ZE, xal Tfj psv K0 larj eoto f) ZAM, Tfj Be KH lar] 
f] ZEN, xal aupTtETtXrjpwahw to MN- to MN dpa tG H0 
laov TE saTi. xal opoiov. dXXd to H0 to EA eotiv opoiov 


To apply a parallelogram, equal to a given rectilin¬ 
ear figure, to a given straight-line, (the applied parallelo¬ 
gram) overshooting by a parallelogrammic figure similar 
to a given (parallelogram). 



Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
AB is required (to be) equal, and D the (parallelogram) 
to which the excess is required (to be) similar. So it is 
required to apply a parallelogram, equal to the given rec¬ 
tilinear figure C, to the given straight-line AB, overshoot¬ 
ing by a parallelogrammic figure similar to D. 

Let AB have been cut in half at (point) E [Prop. 1.10], 
and let the parallelogram BE, (which is) similar, and 
similarly laid out, to D, have been described on EB 
[Prop. 6.18]. And let (parallelogram) GiT have been con¬ 
structed (so as to be) both similar, and similarly laid out, 
to D, and equal to the sum of BE and C [Prop. 6.25]. 
And let KH correspond to EL, and KG to EE. And since 
(parallelogram) GH is greater than (parallelogram) EB, 
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xal TO MN apa tw EA opioiov eaxiv Tiepl Tf]v auTrjv apa 
Sidjiexpov eaxi x6 EA xw MN. fjx'dw auxwv Sidpiexpoc; rj 
ZS, xal xaTaYSYpacpDo) x6 axfjpia. 

’EtcsI laov eaxl x6 H 0 xolc EA, E, dXXd x6 H 0 xw MN 
laov eaxiv, xal x6 MN dpa xoTc; EA, T laov eaxlv. xoivov 
dcprjprjaDw x6 EA- Xoinoc; dpa 6 Y'^w(iwv xw F eaxiv 

laoc;. xal enel larj eaxiv fj AE xfj EB, laov eaxl xal x6 AN xw 
NB, xouxeaxi xw AO. xoivov TipoaxeiaDw x6 EE!- oXov dpa 
x6 AS laov eaxl xw y''^^IJ-ovi. dXXd 6 ^X'F 
xw r laoc; eaxiv- xal x6 AS dpa xw F laov eaxiv. 

Flapd xrjv SoDelaav dpa euDelav xf)v AB xG So-devxi 
eu'duYpdjipicp xG F laov iiapaXXriX6Ypoip.liov iiapa( 3 c[ 3 Xrixai 
x6 AS unepPdXXov eI6ei TCapaXX-rjXoYpdjipiw xw BO ojioiw 
ovxi xw A, enel xal xw EA eaxiv ojioiov x6 OH- onep c 5 ei 
noifjaai. 


KH is thus also greater than FL, and KG than FE. 
Let FL and FE have been produced, and let FLM be 
(made) equal to KFI, and EEN to KG [Prop. 1.3]. And 
let (parallelogram) MN have been completed. Thus, 
MN is equal and similar to GH. But, GFl is similar to 
EL. Thus, MN is also similar to EL [Prop. 6.21]. EL is 
thus about the same diagonal as MN [Prop. 6.26]. Let 
their (common) diagonal FO have been drawn, and let 
the (remainder of the) figure have been described. 

And since (parallelogram) GH is equal to (parallel¬ 
ogram) EL and (figure) G, but GH is equal to (paral¬ 
lelogram) MN, MN is thus also equal to EL and G. 
Let EL have been subtracted from both. Thus, the re¬ 
maining gnomon XWV is equal to (figure) G. And since 
AE is equal to EB, (parallelogram) AN is also equal to 
(parallelogram) NB [Prop. 6.1], that is to say, (parallel¬ 
ogram) LP [Prop. 1.43]. Let (parallelogram) EG have 
been added to both. Thus, the whole (parallelogram) AO 
is equal to the gnomon VWX. But, the gnomon VWX 
is equal to (figure) C. Thus, (parallelogram) AO is also 
equal to (figure) G. 

Thus, the parallelogram AO, equal to the given rec¬ 
tilinear figure C, has been applied to the given straight- 
line AB, overshooting by the parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL 
[Prop. 6.24]. (Which is) the very thing it was required 
to do. 


t This proposition is a geometric solution of the quadratic equation x‘^+ax — f3 = 0. Here, x is the ratio of a side of the excess to the corresponding 
side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along 
AB, and f} is the ratio of the areas of figures C and D. Only the positive root of the equation is found. 


X'. 


Proposition 30^ 


Tf)v BoOeiaav eu-delav iteitepaapevriv axpov xal peaov 
XoYov xepelv. 

r z @ 



B 


Tlaxw f) BoOsTaa cOOsTa TtETtspaapevr) f) AB- Bet 6f] xf]v 
AB su-dElav axpov xal psaov Xoyov xe^eIv. 


To cut a given finite straight-line in extreme and mean 
ratio. 



Let AB be the given finite straight-line. So it is re¬ 
quired to cut the straight-line AB in extreme and mean 
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’AvayeYpacpiDo anb Tfjc AB Texpaytovov to BF, xal xa- 
paPepXrja'dw napa. xrjv AF xw BF laov xapaXXrjXoypapijiov 
x6 FA UKspPaXXov sIBsi. xw AA 6(jloiw xA BF. 

Tsxpdywvov 8s saxi. x6 BF' xsxpdywvov dpa saxi. xal 
x6 AA. xal SKsl laov saxi x6 BF xA FA, xoivov dcprjpr^aiLla) 
x6 FE- XoiKov dpa x6 BZ XoixA xA AA saxiv laov. saxi 
8s aOxA xal laoyAviov xAv BZ, AA dpa dvxixsKovdaaiv at 
xXsupal ai xspl xdc laac; ywvlac;' saxiv dpa Ac; f) ZE Tipoc; 
xf]v EA, ouxwc; f) AE 7ip6(; xi^v EB. larj 6e f] pisv ZE xfj AB, 
f) 8s EA xfj AE. saxiv dpa Ac; f) BA xpoc; xf]v AE, ouxwc; f) 
AE xpoc; xfiv EB. pisi^wv 8e f] AB xfjc; AE- pisi^wv dpa xal 
f] AE xfji; EB. 

'F[ dpa AB sOTjETa dxpov xal pisaov Xoyov xsxpirjxai xaxd 
x6 E, xal x6 pisT^ov auxfjc; x(ifjpid saxi x6 AE- oxsp e8ei 
xoifjaai. 


ratio. 

Let the square BC have been described on AB [Prop. 
1.46], and let the parallelogram CD, equal to BC, have 
been applied to AC, overshooting by the figure AD 
(which is) similar to BC [Prop. 6.29]. 

And BC is a square. Thus, AD is also a square. 
And since BC is equal to CD, let (rectangle) CE have 
been subtracted from both. Thus, the remaining (rect¬ 
angle) BF is equal to the remaining (square) AD. And 
it is also equiangular to it. Thus, the sides of BF and 
AD about the equal angles are reciprocally proportional 
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. 
And FE (is) equal to AB, and ED to AE. Thus, as BA is 
to AE, so AE (is) to EB. And AB (is) greater than AE. 
Thus, AE (is) also greater than EB [Prop. 5.14]. 

Thus, the straight-line AB has been cut in extreme 
and mean ratio at E, and AE is its greater piece. (Which 
is) the very thing it was required to do. 


t This method of cutting a straight-line is sometimes called the “Golden Section”—see Prop. 2.11. 


Xa'. 

’Ev xolc; opdoywvioic; xpiyAvoic; x6 duo xfjc; xfiv opOfiv 
ycoviav uitoxsivouar]!; TtXsupdc; eT8oc; laov saxi xolc; duo xAv 
xf]v dpdfiv yoviav TtspisxouaAv itXsupAv siSsai xolc; opoioic; 
XE xal opoicoc; dvaypacpopsvoic;. 



Tlaxw xpiywvov opdoyAviov x6 ABF opdfjv syov xf]v 
UTto BAF ywviav Xsyw, oxi x6 dito xfjc; BF sISoi; laov saxi 
xolc; dxo xAv BA, AF sKsai xolc; opoioic; xs xal opoiwc; 
dvaypacpopsvoic;. 

’'HyOw xddsxo^ f) AA. 

’EkeI ouv ev opdoywviw xpiyAvw xA ABF dxo xfjc; itpoc; 
xA A opdfjc; ywviac; ekI xf)v BF pdaiv xddExoc; fjxxai f) AA, 
xd ABA, AAF Ttpoc; xfj xadExco xpiywva opoid saxi xA xe 
oXcp xA ABF xal dXXfjXoic;. xal exeI opoiov saxi x6 ABF xA 
ABA, saxiv dpa Cc, f) FB xp6(; xfjv BA, ouxwc; f) AB xpo? 
xf]v BA. xal exeI xpslc; Eudslai dvdXoyov siaiv, saxiv Ac; f) 
xpAxr) xpoc; xf]v xpixqv, ouxwc; x6 dxo xfjc; xpAxr]c; eT8oc; xpoc; 


Proposition 31 

In right-angled triangles, the figure (drawn) on the 
side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. 



Let ABC be a right-angled triangle having the angle 
BAC a right-angle. I say that the figure (drawn) on BC is 
equal to the (sum of the) similar, and similarly described, 
figures on BA and AC. 

Let the perpendicular AD have been drawn [Prop. 
1 . 12 ]. 

Therefore, since, in the right-angled triangle ABC, 
the (straight-line) AD has been drawn from the right- 
angle at A perpendicular to the base BC, the trian¬ 
gles ABD and ADC about the perpendicular are sim¬ 
ilar to the whole (triangle) ABC, and to one another 
[Prop. 6.8]. And since ABC is similar to ABD, thus 
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TO duo Tfjc; Seuxepac; to 6[ioiov xal o^ioiwc; dvaypacpopievov. 
(be; dpa T) FB upoc; Trjv BA, outcoc; to duo Tfjc; FB eI5oc; 
Tpog TO duo Tfjc; BA to opioiov xal opioitoc; dvaypacpopievov. 
5id xd auxd 5f) xal (be; fj BF upoc; xfjv FA, ouxtoc; to duo xfje; 
BF elSoc; upoc; to duo xfje; FA. &axe xal (be; f) BF upoe; xdc; 
BA, AF, ouT(oe; to duo xfje; BF eI5oe; npoe; xd duo xAv BA, 
AF xd o[jLoia xal opioitoe; dvaypaepojieva. larj 5e f) BF xaTe; 
BA, AF- laov dpa xal to duo xfje; BF elBoe; xoTe; duo xAv 
BA, AF e’lSeai xole; opioioie; xe xal opioitoe; dvaypacpopievoie;. 

’Ev dpa Tole; opffoyeovioie; xpiyAvoic; to duo xfje; xfjv 
opflfiv ytoviav unoxeivouarjc; nXeupde; eI5oe; laov eaxl xole; 
duo xAv xfjv opfffiv ytoviav xepiexouaAv xXeupAv elSeai xole; 
ojioioie; xe xal 6 [io((oc; dvaypacpopievoie;- oxep e 6 ei 5el^ai. 


X(3'. 

’Edv 60o xp[y(ova auvxe-dfj xaxd (iiav y(ov[av xd<; 5uo 
xXeupde; xdlc 6 ual xXeupaTe; dvdXoyov exovxa Aaxe xdc; 
ojioXoyoue; auxAv xXeupde; xal TiapaXXfjXoue; elvai, at XoiKal 
xAv xpiyAv(ov TiXeupal en’ eO-delae; eaovxai.. 


A 



B r E 


’lEax(o 5uo xpiy(ova xd ABF, AFE xdi; 60o TiXeupde; xd<; 
BA, AF xdle; 5ual TiXeupdle; xaT<; AF, AE dvdXoyov e^ovxa, 
Ac piev xfjv AB izpbc, xfjv AF, ouxoje; xfjv AF xpoc xfjv AE, 
TiapdXXrjXov Be xfjv (lev AB xrj AF, xfjv Be AF xfj AE- Xey(o, 
6 x 1 STz’ eu-deiac eaxlv fj BF xfj FE. 

’E 7 i;el ydp napdXXrjXoe; eaxiv fj AB xrj AF, xal eic aOxde; 
epi 7 i;e 7 ix(oxev eO-dela fj AF, ai evaXXd^ y(ov[ai ai uxo BAF, 
AFA laai. dXXfjXaie; eialv. Bid xd auxd Bfj xal fj uko FAE xfj 
Oxo AFA larj eaxiv. Aaxe xal fj uxo BAF xfj Oko FAE eaxiv 
larj. xal exel Buo xpiyojvd eaxi. xd ABF, AFE (Jiav y(ov[av 
xfjv npoQ xA A (iid y(ov[a xfj npoQ xA A larjv exovxa, xepl 


as CB is to BA, so AB (is) to BD [Def. 6.1]. And 
since three straight-lines are proportional, as the first is 
to the third, so the figure (drawn) on the first is to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corn]. Thus, as CB (is) to BD, so the fig¬ 
ure (drawn) on CB (is) to the similar, and similarly de¬ 
scribed, (figure) on BA. And so, for the same (reasons), 
as BC (is) to CD, so the figure (drawn) on BC (is) to 
the (figure) on CA. Hence, also, as BC (is) to BD and 
DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC 
[Prop. 5.24]. And BC is equal to BD and DC. Thus, the 
figure (drawn) on BC (is) also equal to the (sum of the) 
similar, and similarly described, figures on BA and AC 
[Prop. 5.9]. 

Thus, in right-angled triangles, the figure (drawn) on 
the side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. (Which is) the very thing it 
was required to show. 

Proposition 32 

If two triangles, having two sides proportional to two 
sides, are placed together at a single angle such that the 
corresponding sides are also parallel, then the remaining 
sides of the triangles will be straight-on (with respect to 
one another). 


D 



B C E 


Let ABC and DCE be two triangles having the two 
sides BA and AC proportional to the two sides DC and 
DE —so that as AB (is) to AC, so DC (is) to DE —and 
(having side) AB parallel to DC, and AC to DE. I say 
that (side) BC is straight-on to CE. 

For since AB is parallel to DC, and the straight-line 
AC has fallen across them, the alternate angles BAC and 
ACD are equal to one another [Prop. 1.29]. So, for the 
same (reasons), CDE is also equal to ACD. And, hence, 
BAC is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one 
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5s Tocc; laac; ywviac; tocc; nXeupac; txvdXoyov, wc; xfjv BA npog 
Tf)v Ar, ouTOc TiQv FA npoQ xfjv AE, laoywviov dpa eaxl 
x6 ABF xpiywvov xw AFE xpiywvw- tar) dpa f) unb ABF 
ywvia xfj UTzb AFE. sBsix'Or) 5s xai f) uxo AFA xfj Oko BAF 
lary okx] dpa f) uxo AFE 6ual xaTc 0x6 ABF, BAF far) saxiv. 
xoivi^ xpoaxsiaiSw f) 0x6 AFB- at dpa 0x6 AFE, AFB xafa 
0x6 BAF, AFB, FBA faai sfaiv. dXX’ ai 0x6 BAF, ABF, 
AFB 5ualv op'dafa faai. sfaiv xal at 0x6 AFE, AFB dpa 
5uaiv opiJafa faai sfaiv. xp6<; 5r) xivi sOiSsia xfj AF xai xA 
xp6(; aOxfj arjpisicp xA F 50o sOiSsTai at BF, FE pif) sxl xd 
aOxd pLspr) xsipisvai xd? scps^fjc yorvan; xd<; 0x6 AFE, AFB 
5uaiv op'dafa faa<; xoioOaiv sx’ sOiDsiac dpa saxiv f) BF xfj 
FE. 

’Edv dpa 6uo xpiycova auvxsiSf) xaxd piiav yorviav xd<; 
50o xXsupdc xafa 5uoi xXsupafa dvdXoyov sxovxa Aaxs xdc; 
opioXoyouc aOxAv xXsupdi; xal xapaXXrjXouc sTvai, at Xoixai 
xAv xpiyAvwv xXsupai sx’ sODsiac; saovxai- oxsp s5si OsT^m¬ 


Xy'. 

’Ev xoic; faoic; xuxXoic; al ywvlai x6v a0x6v sxouoi 
Xoyov xafa xspicpspsiaK;, scp’ Av pspf]xaaiv, sdv xs xp6c; 
xoic; XEvxpoic; sdv xs xp6c; xafa xspicpspsian; Aai psprjxulai. 



Tilaxwaav faoi xOxXoi oi ABF, AEZ, xal xp6(; pisv xofa 
XEvxpoK; aOxAv xofa FE, 0 ywviai saxtoaav ai 0x6 BHF, 
E0Z, xp6c; 5e xafa xspicpspsiaK; a! 0x6 BAF, EAZ- Xsyw, 
6x1 saxiv Ac; f) BF xspicpspsia xp6c; xf)v EZ xspicpspsiav, 
ouxoc; f) xs 0x6 BHF y«via xp6c; xf)v 0x6 E0Z xal f) 0x6 
BAF npoQ xf)v 0x6 EAZ. 

KsfaDwaav ydp xfj (isv BF xspicpspsia faai xaxd x6 s^fjc; 
6aai5r)xoxoDv at FK, KA, xfj 5 e EZ xspicpspsia faai oaai- 
5r)xoxo0v at ZM, MN, xal ExsCeOxlEwaav al HK, HA, 0M, 
0N. 

’Exsl oijvfaai Eialv ai BF, FK, KA xspicpspsiai dXXf]Xai<;, 
faai sial xal ai 0x6 BHF, FHK, KHA ywviai dXXf]Xai<;' 
oaaxXaaiwv dpa faxlv f) BA xspicpspsia xfj; BF, xoaauxa- 
xXaaiwv saxl xal f) 0x6 BHA ywvia xfj; 0x6 BHF. 5id xd 


angle at D, and the sides about the equal angles pro¬ 
portional, (so that) as BA (is) to AC, so CD (is) to 
DE, triangle ABC is thus equiangular to triangle DCE 
[Prop. 6.6]. Thus, angle ABC is equal to DCE. And (an¬ 
gle) ACD was also shown (to be) equal to BAC. Thus, 
the whole (angle) ACE is equal to the two (angles) ABC 
and BAC. Let ACB have been added to both. Thus, 
ACE and ACB are equal to BAC, ACB, and CBA. 
But, BAC, ABC, and ACB are equal to two right-angles 
[Prop. 1.32]. Thus, ACE and ACB are also equal to two 
right-angles. Thus, the two straight-lines BC and CE, 
not lying on the same side, make adjacent angles ACE 
and ACB (whose sum is) equal to two right-angles with 
some straight-line AC, at the point C on it. Thus, BC is 
straight-on to CE [Prop. 1.14]. 

Thus, if two triangles, having two sides proportional 
to two sides, are placed together at a single angle such 
that the corresponding sides are also parallel, then the 
remaining sides of the triangles will be straight-on (with 
respect to one another). (Which is) the very thing it was 
required to show. 

Proposition 33 

In equal circles, angles have the same ratio as the (ra¬ 
tio of the) circumferences on which they stand, whether 
they are standing at the centers (of the circles) or at the 
circumferences. 


Let ABC and DEE be equal circles, and let BCC and 
EHF be angles at their centers, G and H (respectively), 
and BAC and EDE (angles) at their circumferences. I 
say that as circumference EC is to circumference EE, so 
angle BGC (is) to EHE, and (angle) BAC to EDE. 

For let any number whatsoever of consecutive (cir¬ 
cumferences), CK and KL, be made equal to circumfer¬ 
ence BC, and any number whatsoever, EM and MN, to 
circumference EE. And let GK, CL, HM, and HN have 
been joined. 

Therefore, since circumferences BC, CK, and KL are 
equal to one another, angles BGC, CGK, and KGL are 
also equal to one another [Prop. 3.27]. Thus, as many 
times as circumference BL is (divisible) by BC, so many 
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auxa 6f] xal oaaTiXaaiwv eaxlv fj NE Tispicpspeia Tfjc; EZ, to- 
aauTaxXaaLWv eaxi xal f) unb NOE ywvla Tfjc; 0 x 6 E 0 Z. el 
apa lar) eaxlv f] BA xepicpepeia xfj EN xepicpepela, lar] eaxl 
xal ywvla f) 0 x 6 BHA xfj 0 x 6 EON, xal el ^ell^wv eaxlv f) BA 
xepicpepeia xfjc; EN xepicpepelac;, piel^wv eaxl xal f) 0 x 6 BHA 
ycovla xfjc; 0 x 6 EON, xal el cXdaawv, cXdoawv. xeaacxpwv 
5 f) ovxwv pieYeAwv, 8uo [iev xepicpepeiwv xwv BE, EZ, 50 o 
8 e ywviwv xov 0 x 6 BHE, EOZ, eiXrjxxai xfji; piev BE xepi¬ 
cpepelac; xal xfjc; 0 x 6 BHE ywvlac; lacixic; xoXXaxXaalwv fj xe 
BA xepicpepeia xal f] 0 x 6 BHA ywvla, xfjc; 6e EZ xepicpepelac; 
xal xfj? 0 x 6 EOZ ywvlac; fj xe EN xepicpepia xal f] 0 x 6 EON 
ywvla. xal 6e8eixxai, 6xi el Oxepcxsi r) BA xepicpepeia xfjc; 
EN xepicpepelac, Oxepexei xal f] 0 x 6 BHA ywvla xfjc; Oxo 
EON ywvlac, xal el lar). Tar], xal el eXcxaawv, eXdaawv. 
eaxiv dpa, cOc; f) BE xepicpepeia xp6c; xf]v EZ, ouxwc; f) 0 x 6 
BHE ycovla xp6c xf]v 0 x 6 EOZ. cxXX’ cbc f] 0 x 6 BHE ycovla 
xp6c xfjv 0 x 6 EOZ, oOxwc; f] 0 x 6 BAE xp6c; xf]v 0 x 6 EAZ. 
BixXaala ydp exaxepa exaxepac;. xal (be; dpa f) BE xepicpepeia 
xp6c; xf)v EZ xepicpepeiav, ouxoc; f] xe 0 x 6 BHE ycovla xp6c; 
xf]v 0 x 6 EOZ xal f] 0 x 6 BAE izpbc, xfjv 0 x 6 EAZ. 

’Ev dpa xoTc laoic; xOxXoic; al ywvlai x6v a0x6v exouai 
Xoyov xdic xepicpepelaic, ecp’ (5v pepf]xaaiv, eciv xe npoQ xoTc; 
xevxpoic; eexv xe npoQ xaTc; xepicpepelaic; Sai peprjxuTar oxep 
e6ei 5eT^ai. 


times is angle BGL also (divisible) by BGC. And so, for 
the same (reasons), as many times as circumference NE 
is (divisible) by EF, so many times is angle NHE also 
(divisible) by EEIF. Thus, if circumference BL is equal 
to circumference EN then angle BGL is also equal to 
EEIN [Prop. 3.27], and if circumference BL is greater 
than circumference EN then angle BGL is also greater 
than EHN,"^ and if {BL is) less (than EN then BGL is 
also) less (than EHN). So there are four magnitudes, 
two circumferences BC and EF, and two angles BGC 
and EHF. And equal multiples have been taken of cir¬ 
cumference BC and angle BGC, (namely) circumference 
BL and angle BGL, and of circumference EF and an¬ 
gle EHF, (namely) circumference EN and angle EHN. 
And it has been shown that if circumference BL exceeds 
circumference EN then angle BGL also exceeds angle 
EHN, and if {BL is) equal (to EN then BGL is also) 
equal (to EHN), and if {BL is) less (than EN then BGL 
is also) less (than EHN). Thus, as circumference BC 
(is) to EF, so angle BGC (is) to EHF [Def 5.5]. But as 
angle BGC (is) to EHF, so (angle) BAG (is) to EOF 
[Prop. 5.15]. For the former (are) double the latter (re¬ 
spectively) [Prop. 3.20]. Thus, also, as circumference BC 
(is) to circumference EF, so angle BGC (is) to EHF, 
and BAG to EDF. 

Thus, in equal circles, angles have the same ratio as 
the (ratio of the) circumferences on which they stand, 
whether they are standing at the centers (of the circles) 
or at the circumferences. (Which is) the very thing it was 
required to show. 


t This is a straight-forward generalization of Prop. 3.27 
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Elementary Number Theor^ 


tThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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''Opoi. 

a. Movdc; eaxiv, xaii)’ r]v exaaTov xwv ovxcov sv Xeyexai.. 
P'. ’Api'dpoc; 5 e x6 ex povdScov auyxeipievov xXfjiSoc;. 
y'. Mepog eaxlv dpi.'dpoc dpi.'dpoO 6 eXdaawv xoO 
[ieiJ^ovot;, oxav xaxajiexpfj xov pei^ovoc. 

6'. Mepr) 6e, oxav xaxapexpfj. 

e'. IIoXXaTiXdaioc; 6e 6 pei^wv xou eXdaaovoc;, oxav xa- 
xajiexpfjxai Oxo xou eXdaaovoc;. 

<f'. "Apxioc; dpi'dp.oc; caxiv 6 6ixa Biaipoujievoc;. 

C- Hepiaaoc; 6e 6 [if] 6iai.pou(jevo<; f] [6] p,ovd 5 i 
5 ia(pepwv dpxiou dpnSjioO. 

r)'. Apxidxic; dpxioc; dpnSjioc; eaxiv 6 0 x 6 dpxiou dpi'dp.ou 
[iexpou(ievo(; xaxd dpxiov dpi'dp.ov. 

"Apxidxic; 5 e xepiaaoc; eaxiv 6 0 x 6 dpxiou dpi'd(iou 
[iexpoupevoc; xaxd xepiaaov dpi^jiov. 

i'. Hepiaadxic; 8e xepiaaoc; dpnJpoc; eaxiv 6 0x6 xepiaaou 
dpi^jiou [iexpou(ievoc; xaxd xepiaa6v dpnDpov. 

la'. IIpwxoc; dpnJpoc; eaxiv 6 [iovdSi povr) pexpoupevoc;. 
iP'. IIpCSxoi xp6c; dXXr]Xouc; dpnSiioi eiaiv o'l povd 5 i (iovr) 
pexpoupevoi xoivw pexpo). 

ly'. Suvdexoc; dpnJpoc; eaxiv 6 dpi'd(iG xivi pexpoupevoc;. 
i8'. Euvdexoi 8e xp6c; dXXr]Xouc; dpnJpoi eiaiv oi dpi'd(iG 
xivi pexpoupevoi xoivw pexpw. 

le'. Api'd(jL6c; dpi'dp6v xoXXaxXaaid^eiv Xeyexai, oxav, 
oaai eiaiv ev aux« (lovdSei;, xoaauxdxic; auvxe'drj 6 xoX- 
XaxXaaia^opevoc;, xal yevr]xai xic;. 

i<f'. "Oxav 8e 6uo dpnDpol xoXXaxXaaidaavxec; dXXrjXouc; 
xoiOai xiva, 6 yevopevoc; exixeSoc; xaXelxai, xXeupai 5 e 
auxou oi xoXXaxXaaidaavxec dXXrjXouc; dpiiDpoi. 

iC- "Oxav 5 c xpcTc; dpiDpol xoXXaxXaaidaavxec dXXrjXouc 
xoiwai xiva, 6 yevopevoc axcpeoc eaxiv, xXeupal 5 e aOxou 
oi xoXXaxXaaidaavxec dXXrjXouc dpi^jioi. 

IT)'. Texpdywvoc dpniljioc eaxiv 6 iadxic laoc t] [6] 0 x 6 
5 uo lawv dpiDp-Wv xcpicxojievoc- 

I'd'. KOpoc 6c 6 iadxic laoc iadxic f\ [6] 0x6 xpiwv lawv 
dpidjiwv xcpicxopcvoc. 

x'. Api'dpoi dvdXoyov eiaiv, oxav 6 xpOxoc xou 5 cuxcpou 
xal 6 xpixoc xou xcxdpxou iadxic fj xoXXaxXdaioc x6 aux6 
[icpoc f] xd aOxd (icpr) waiv. 

xa'. "0(ioioi cxixe6oi xal axepcol dpi'dpoi eiaiv oi 
avdXoyov exovxcc xdc xXcupdc. 

xP'. TcXcioc dpi'd[jL6c eaxiv 6 xoTc cauxou (icpcaiv laoc 

wv. 


Definitions 

1. A unit is (that) according to which each existing 
(thing) is said (to be) one. 

2. And a number (is) a multitude composed of units.I 

3. A number is part of a(nother) number, the lesser of 
the greater, when it measures the greater.^ 

4. But (the lesser is) parts (of the greater) when it 
does not measure it.§ 

5. And the greater (number is) a multiple of the lesser 
when it is measured by the lesser. 

6 . An even number is one (which can be) divided in 
half. 

7. And an odd number is one (which can) not (be) 
divided in half, or which differs from an even number by 
a unit. 

8 . An even-times-even number is one (which is) mea¬ 
sured by an even number according to an even number.^ 

9. And an even-times-odd number is one (which 
is) measured by an even number according to an odd 
number.* 

10. And an odd-times-odd number is one (which 
is) measured by an odd number according to an odd 
number.* 

11. A prime II number is one (which is) measured by a 
unit alone. 

12. Numbers prime to one another are those (which 
are) measured by a unit alone as a common measure. 

13. A composite number is one (which is) measured 
by some number. 

14. And numbers composite to one another are those 
(which are) measured by some number as a common 
measure. 

15. A number is said to multiply a(nother) number 
when the (number being) multiplied is added (to itself) 
as many times as there are units in the former (number), 
and (thereby) some (other number) is produced. 

16. And when two numbers multipl 3 dng one another 
make some (other number) then the (number so) cre¬ 
ated is called plane, and its sides (are) the numbers which 
multiply one another. 

17. And when three numbers multiplying one another 
make some (other number) then the (number so) created 
is (called) solid, and its sides (are) the numbers which 
multiply one another. 

18. A square number is an equal times an equal, or (a 
plane number) contained by two equal numbers. 

19. And a cube (number) is an equal times an equal 
times an equal, or (a solid number) contained by three 
equal numbers. 
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20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of 
the second that the third (is) of the fourth. 

21. Similar plane and solid numbers are those having 
proportional sides. 

22. A perfect number is that which is equal to its own 
parts, d 

t In other words, a “number” is a positive integer greater than unity. 

t In other words, a number a is part of another number b if there exists some number n such that na = b. 

§ In other words, a number a is parts of another number b (where a < fe) if there exist distinct numbers, m and n, such that na = mb. 

^ In other words, an even-times-even number is the product of two even numbers. 

* In other words, an even-times-odd number is the product of an even and an odd number. 

* In other words, an odd-times-odd number is the product of two odd numbers. 

II Literally, “first”. 

It In other words, a perfect number is equal to the sum of its own factors. 

a. Proposition 1 

Auo dpidpAv dviawv exxEipcvwv, avOucpaipoupcvou 5 s Two unequal numbers (being) laid down, and the 

dsl ToO EXdaaovoq dito tou psi^ovoq, sdv 6 XsiTtopEvoi; lesser being continually subtracted, in turn, from the 

prjSETtoTE xaTapExpfj xov itpo cauxou, cox; ou XEicpdf) povdq, greater, if the remainder never measures the (number) 

oi E^ dpxl)? dpiUpol Ttpwxoi Ttpoi; dXXf]Xou(; saovxai. preceding it, until a unit remains, then the original num¬ 

bers will be prime to one another. 



Auo ydp [dviacov] dpidpAv xAv AB, FA dvducpai- For two [unequal] numbers, AB and CD, the lesser 
poupcvou del xou EXdaaovoc; duo xou pEi^ovoc 6 XEutopEvoq being continually subtracted, in turn, from the greater, 
prjSETtoxE xaxapExpEixco xov xpo cauxou, cox; ou XEicpdfi let the remainder never measure the (number) preceding 
povdq- Xeyw, 6 xi oi AB, FA xpAxoi npbz dXXqXou^ ciaiv, it, until a unit remains. I say that AB and CD are prime 
xouxcaxiv 6 x 1 xoui; AB, FA povdq povr) pExpcI. to one another—that is to say, that a unit alone measures 

Ei ydp pr) ciaiv oi AB, FA xpAxoi xpoq dXXqXouq, (both) AB and CD. 

pExpqaEi xiq auxouq dpidpoq. pExpeixo), xai eaxw 6 E- xal 6 For if AB and CD are not prime to one another then 

pEv FA xov BZ pexpAv Xeixexw cauxou cXdaaova xov ZA, some number will measure them. Let (some number) 
6 Be AZ xov ATI pexpAv Xeixexw cauxoD cXdaaova xov HF, measure them, and let it be E. And let CD measuring 
6 Be HF xov Z0 pexpAv Xeikexo) povdBa xf]v 0A. BF leave FA less than itself, and let AF measuring DC 

’Ekei ouv 6 E xov FA pcxpcT, 6 Be FA xov BZ pcxpcT, leave GC less than itself, and let GC measuring FH leave 

xai 6 E dpa xov BZ pcxpcT' pcxpcT Be xal oXov xov BA- a unit, HA. 

xal Xoixov dpa xov AZ pExpr]aEi. 6 Be AZ xov AH pcxpcT' In fact, since E measures CD, and CD measures BF, 
xal 6 E dpa xov AH pcxpcT' pcxpcT Be xal oXov xov AF- E thus also measures BF.^ And (E) also measures the 
xal XoiTiov dpa xov FH pexpir]aei. 6 Be FH xov Z0 pcxpcT' whole of BA. Thus, (E) will also measure the remainder 
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AF.^ And AF measures DG. Thus, E also measures DG. 
And (A) also measures the whole of DG. Thus, (A) will 
also measure the remainder GG. And CG measures A A. 
Thus, A also measures AA. And (A) also measures the 
whole of FA. Thus, (A) will also measure the remaining 
unit AA, (despite) being a number. The very thing is 
impossible. Thus, some number does not measure (both) 
the numbers AB and GD. Thus, AB and CD are prime 
to one another. (Which is) the very thing it was required 
to show. 

t Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote 
numbers. 

t Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where 
all symbols denote numbers. 


xal 6 E apa xov Z 0 pexpel- pexpei 6e xal oXov xov ZA- 
xai Xoi7tf]v apa xf]v A 0 povd6a pexpriaei dpiDpoc; ov oitsp 
eaxlv dSuvaxov. oOx dpa xou<; AB, FA dptiUpouc p£xpr]asi. 
xi<; dpidpoc;- oi AB, FA dpa upAxoi. 7ip6<; dXXf]Xouc; siaiv 
OTtsp eBei. SEl^ai- 


P- 

Auo dpiOpAv BoilIevxwv pf) xpAxcov iipot; dXXqXouc; x6 
psytaxov auxAv xoivov psxpov EupElv. 



Tiaxcuaav oi BoUevxec 66o dprdpol pf) xpAxoi xpog 
dXXqXouc; oi AB, FA. SeT 6t) xAv AB, FA x6 pEyioxov xoivov 
pEXpoV EUpElv. 

Ei psv ouv 6 FA xov AB pExpEf, pExpEf 5 £ xal sauxov, 6 
FA dpa xAv FA, AB xoivov psxpov saxiv. xai cpavEpov, 6xi 
xai psyiaxov oOBeIc ydp pEi^wv xoO FA xov FA p£xpr]a£i. 

Ei Be oO pExpEl 6 FA xov AB, xAv AB, FA dvducpai- 
poupsvou d£l xoO EXdaaovoc dtio xoD pEi^ovoc; XEKphriaExai 
xi<; dpnUpoc, 6c; pExprjaEi xov xpo sauxoO. povdc; psv 
ydp ou XEicp'drjaExar ei Be pr), saovxai oi AB, FA xpAxoi 
Ttpoc; dXXr]Xouc;- oKEp ou)( uitoxEixai. XEicphrioExai xic; dpa 
dpiUpoc;, OQ pExprjaEi xov Ttpo sauxoO. xai 6 psv FA xov 
BE pExpAv Xeitiexw sauxoO sXdaaova xov EA, 6 Be EA xov 
AZ psxpAv XsiTtExw sauxoO sXdaaova xov ZF, 6 Be FZ xov 
AE psxpEixw. ETtEi ouv 6 FZ xov AE psxpsT, 6 Be AE xov 
AZ pExpEl, xal 6 FZ dpa xov AZ p£xpr)a£i. pExpsI Be xal 
sauxov xal oXov dpa xov FA pExprjasi. 6 Be FA xov BE 
pExpsT' xal 6 FZ dpa xov BE pExpsT' psxpsT Be xal xov EA' 
xal oXov dpa xov BA pExpicjasr pExpsT Be xal xov FA- 6 FZ 
dpa xouc; AB, FA pExpsT. 6 FZ dpa xAv AB, FA xoivov 


Proposition 2 

To find the greatest common measure of two given 
numbers (which are) not prime to one another. 



Let AB and CD be the two given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of AB and CD. 

In fact, if CD measures AB, CD is thus a common 
measure of CD and AB, (since CD) also measures itself. 
And (it is) manifest that (it is) also the greatest (com¬ 
mon measure). For nothing greater than CD can mea¬ 
sure CD. 

But if CD does not measure AB then some number 
will remain from AB and CD, the lesser being contin¬ 
ually subtracted, in turn, from the greater, which will 
measure the (number) preceding it. For a unit will not be 
left. But if not, AB and CD will be prime to one another 
[Prop. 7.1]. The very opposite thing was assumed. Thus, 
some number will remain which will measure the (num¬ 
ber) preceding it. And let CD measuring BE leave EA 
less than itself, and let EA measuring DF leave FC less 
than itself, and let CF measure AE. Therefore, since CE 
measures AE, and AE measures DF, CF will thus also 
measure DF. And it also measures itself. Thus, it will 
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[iSTpov eoTiv. Xeyw 6r), oti. xai (leyiaTov. el yctp eaxiv 6 
rZ Twv AB, FA [ieyiaxov xoivov p,eTpov, p,eTpr]aei tic; touc; 
AB, FA dpiiSjiouc; dpi'dp.oc; [iel^wv wv xou FZ. p,expelxa), 
xal eaxco 6 F[. xal exel 6 H xov FA [iexpel, 6 5 e FA xov 
BE [iexpel, xal 6 F[ dpa xov BE jiexpel' p,expel 5 e xal oXov 
xov BA' xal Xomov dpa xov AE (iexpr^aei. 6 8e AE xov 
AZ p.expel' xal 6 H dpa xov AZ p,expr]aei' [iexpel 8e xal 
oXov xov AF' xal Xomov dpa xov FZ (iexpr^aei 6 (iel^tov 
xov eXdaaova' oxep eaxlv d66vaxov oOx dpa xou<; AB, FA 
dpiDpioix; dpi'd(jL6c; xi<; (iexpr)aei piel^wv wv xou FZ- 6 FZ dpa 
xAv AB, FA (jeyiaxov eaxi xoivov (lexpov [oxep e6ei. BeT^ai]. 


n6pia[jia. 

’Ex 6ir) xouxou cpavepov, oxi edv dpiD^toc 8uo dpiD^toix; 
[iexpfj, xal x6 [ieyiaxov auxAv xoivov [lexpov [iexprjaei' oxep 
c 5 ei 5 eT^ai. 

y'- 

TpiAv dpi'd[iAv SoiJevxwv [xr] xpAxcov xpoc; dXXrjXouc; x6 
[ieyiaxov aOxAv xoivov [xexpov eOpelv. 



A B r A E Z 


’lEaxwaav ol SoiLlevxei; xpeTc; dpi'd[iol [xr] xpAxoi xpoc; 
dXXr]XoU(; ol A, B, F- 6eT 5 ir) xAv A, B, F x6 [xcyiaxov xoivov 
[icxpov eOpelv. 

EiXricp'dw ydp 6uo xAv A, B x6 [xcyiaxov xoivov [xcxpov 6 
A- 6 8ir) A xov F t]xoi [xexpel fj ou [xexpel. [xexpeixw xpoxepov 
[xexpel 6e xal xouc; A, B- 6 A dpa xou<; A, B, F [xexpel' 6 
A dpa xAv A, B, F xoivov [xexpov eaxlv. Xeyw 6r], oxi xal 


also measure the whole of CD. And CD measures BE. 
Thus, CF also measures BE. And it also measures EA. 
Thus, it will also measure the whole of BA. And it also 
measures CD. Thus, CF measures (both) AB and CD. 
Thus, CF is a common measure of AB and CD. So I say 
that (it is) also the greatest (common measure). For if 
CF is not the greatest common measure of AB and CD 
then some number which is greater than CF will mea¬ 
sure the numbers AB and CD. Let it (so) measure {AB 
and CD), and let it be G. And since G measures CD, 
and CD measures BE, G thus also measures BE. And it 
also measures the whole of BA. Thus, it will also mea¬ 
sure the remainder AE. And AE measures DF. Thus, G 
will also measure DF. And it also measures the whole 
of DC. Thus, it will also measure the remainder CF, 
the greater (measuring) the lesser. The very thing is im¬ 
possible. Thus, some number which is greater than CF 
cannot measure the numbers AB and CD. Thus, CF is 
the greatest common measure of AB and CD. [(Which 
is) the very thing it was required to show]. 

Corollary 

So it is manifest, from this, that if a number measures 
two numbers then it will also measure their greatest com¬ 
mon measure. (Which is) the very thing it was required 
to show. 

Proposition 3 

To find the greatest common measure of three given 
numbers (which are) not prime to one another. 



A B C D E F 

Let A, B, and C be the three given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of A, B, and C. 

For let the greatest common measure, D, of the two 
(numbers) A and B have been taken [Prop. 7.2]. So D 
either measures, or does not measure, C. First of all, let 
it measure (C). And it also measures A and B. Thus, D 
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[iSYiaTov. El yap piV] saxiv 6 A twv A, B, F piEyiaTov xolvov 
piETpov, (i£Tpr)a£i TLi; xouc; A, B, F dpi.'dpioix; dpi'd(i6c; 

Av ToO A. (lExpELTW, xai £axw 6 E. exeI ouv 6 E xouc; A, B, 
F [iExpEt, xal xouc; A, B dpa (i£xpr)a£r xai x6 xAv A, B apa 
piEyiaxov xoivov (jsxpov jiExpr^aEi. x6 Se xAv A, B (isyiaxov 
xoivov (lExpov saxlv 6 A- 6 E dpa xov A (JExpEl 6 
xov sXdaaova- oxEp saxlv dSuvaxov. oux dpa xouc; A, B, F 
dpiDpiouc; dpi'd(i6c; xic; (j£xpr)a£i Av xou A- 6 A dpa 

xAv A, B, F (jsyiaxov saxi. xoivov pisxpov. 

Mi^ (iExpEixw 8i^ 6 A xov F' Xsyw xpAxov, oxi ol F, A 
oux Eiai xpAxoi xpoc; dXXrjXouc;. etieI ydp oi A, B, F oux 
Eiai xpAxoi xpoc; dXXrjXouc;, (j£xpr)a£i xic; auxouc; dpi'd(jL6c;. 6 
8i^ xouc; A, B, F pisxpAv xal xoui; A, B pLExprjaEi, xal x6 
xAv A, B pisyiaxov xoivov (isxpov xov A pi£xpr]a£i' piExpsI 
Se xal xov F- xouc; A, F dpa dpnSiiouc; dpi'd(i6c; xic; (j£xpr)a£r 
oi A, F dpa oux siai xpAxoi xpoc; dXXrjXouc;. EiXrjcp'do ouv 
auxAv x6 pisyiaxov xoivov (isxpov 6 E. xal exeI 6 E xov A 
(lExpsl, 6 Be A xouc; A, B (lExpsI, xal 6 E dpa xouc; A, B 
(lExpsI' (lExpsI Be xal xov F- 6 E dpa xouc; A, B, F (lExpsI. 
6 E dpa xAv A, B, F xoivov saxi (isxpov. Xsyw Br], 6xi xal 
(lEyiaxov. El ydp (ir] saxiv 6 E xAv A, B, F x6 (isyiaxov 
XOIVOV (isxpov, (i£xpr]a£i xic; xouc; A, B, F dpi'd(iouc; dpi^tioc; 
(lEi^wv Av xou E. (lExpEixoi, xal saxoi 6 Z. xal exeI 6 Z xouc; 
A, B, F (lExpsI, xal xouc; A, B (lExpsI' xal x6 xAv A, B dpa 
(isyiaxov xoivov (isxpov (i£xpr]a£i. x6 Be xAv A, B (isyiaxov 
XOIVOV (isxpov saxlv 6 A- 6 Z dpa xov A (lExpsI' (lExpsI Be 
xal xov F- 6 Z dpa xouc; A, F (lExpsl' xal x6 xAv A, F dpa 
(isyiaxov xoivov (isxpov (i£xpr]a£i. x6 Be xAv A, F (isyiaxov 
XOIVOV (isxpov saxlv 6 E- 6 Z dpa xov E (lExpsI 6 (lEi^wv 
xov sXdaaova- oKsp saxlv dBuvaxov. oux dpa xouc; A, B, F 
dpi'd(iouc; dpi'd(i6c; xic; (i£xpr]a£i (lEi^oiv Av xou E- 6 E dpa 
xAv A, B, F (isyiaxov saxi xoivov (isxpov oxsp sBsi BsT^ai- 


6 '. 

"Axac; dpi'd(i 6 c; xavxoc; dpi'd(iou 6 sXdaaov xou (isi^ovoc; 
f^xoi (ispoc; saxlv f] (ispr). 

’Elaxwaav Buo dpi'd(iol oi A, BF, xal saxw sXdaawv 6 
BF- Xsyw, 6 x 1 6 BF xou A t^xoi [lepoc, saxlv f] (ispr). 


measures A, B, and C. Thus, £> is a common measure 
of A, B, and C. So I say that (it is) also the greatest 
(common measure). For if D is not the greatest common 
measure of A, B, and C then some number greater than 
D will measure the numbers A, B, and C. Let it (so) 
measure (A, B, and C), and let it be E. Therefore, since 
E measures A, B, and C, it will thus also measure A and 
B. Thus, it will also measure the greatest common mea¬ 
sure of A and B [Prop. 7.2 corn]. And D is the greatest 
common measure of A and B. Thus, E measures D, the 
greater (measuring) the lesser. The very thing is impossi¬ 
ble. Thus, some number which is greater than D cannot 
measure the numbers A, B, and C. Thus, D is the great¬ 
est common measure of A, B, and C. 

So let D not measure C. 1 say, first of all, that C 
and D are not prime to one another. For since A, B, C 
are not prime to one another, some number will measure 
them. So the (number) measuring A, B, and C will also 
measure A and B, and it will also measure the greatest 
common measure, D, of A and B [Prop. 7.2 corn]. And 
it also measures C. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one 
another. Therefore, let their greatest common measure, 
E, have been taken [Prop. 7.2]. And since E measures 

D, and D measures A and B, E thus also measures A 
and B. And it also measures C. Thus, E measures A, B, 
and C. Thus, E is a common measure of A, B, and C. So 
I say that (it is) also the greatest (common measure). For 
if E is not the greatest common measure of A, B, and C 
then some number greater than E will measure the num¬ 
bers A, B, and C. Let it (so) measure (A, B, and C), and 
let it be E. And since F measures A, B, and C, it also 
measures A and B. Thus, it will also measure the great¬ 
est common measure of A and B [Prop. 7.2 corn]. And 
D is the greatest common measure of A and B. Thus, E 
measures D. And it also measures C. Thus, F measures 
D and C. Thus, it will also measure the greatest com¬ 
mon measure of D and C [Prop. 7.2 corn]. And E is the 
greatest common measure of D and C. Thus, F measures 

E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, some number which is greater than E 
does not measure the numbers A, B, and C. Thus, E is 
the greatest common measure of A, B, and C. (Which 
is) the very thing it was required to show. 

Proposition 4 

Any number is either part or parts of any (other) num¬ 
ber, the lesser of the greater. 

Let A and BC be two numbers, and let BC be the 
lesser. I say that BC is either part or parts of A. 
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Oi A, BF yap fjToi upwToi upoc; dXXr^Xoug elalv f] ou. 
eoTwaav upoTepov ol A, BF npwToi npoQ dXXr^Xoug. 6iai- 
peiSevToc; tou BF sic; xdc; ev auxw ^ovdBac; saxai exdaxri 
[iovdc; xwv ev xG BF p,epoc; xi xoO A' waxe [ispr] eaxlv 6 BF 
xou A. 



Mr) eaxwaav 5 r) oi A, BF Tipwxoi npoc; dXXr^Xouc;' 6 5 f) 
BF xov A fjxoi [isxpe'i t) ou [isxpe'i. el p,cv ouv 6 BF xov 
A )iexpel, [LspoQ eaxlv 6 BF xou A. el 8e ou, elXr^cpTila) xwv 
A, BF p,eYiaxov xoivov [iexpov 6 A, xocl Siripr^aiilw 6 BF el<; 
xouc; xw A laouc; xoui; BE, EZ, ZF. xal exel 6 A xov A 
[isxpe'i, [icpoc; eaxlv 6 A xou A- laoc; 6e 6 A cxdaxco xwv 
BE, EZ, ZF' xal exaaxoc; dpa xwv BE, EZ, ZF xou A [lepoc; 
eaxlv waxe [iepr] eaxlv 6 BF xou A. 

"Axac; dpa dpi'd[i6(; xavxoc; dpn[)[iou 6 cXdaacov xou 
[lel^ovoc; '^xoi [lepoc; eaxlv '1) [lepr]' oxep eSei 5 el^ai. 


’Edv dpn[)[i6<; dpnL)[iou [lepoc; xal exepoc; cxcpou x6 
auxo [lepoi; xal auva[i(p6xepo(; auva[i(poxepou x6 auxo 
[lepoc; eaxai, onep 6 elc; xou evoc;. 



Api'd[i6c; ydp 6 A [dpi'd[iou] xou BF [icpoc; eaxw, xal 


For A and BC are either prime to one another, or not. 
Let A and BC, first of all, be prime to one another. So 
separating BC into its constituent units, each of the units 
in BC will be some part of A. Hence, BC is parts of A. 



So let A and BC be not prime to one another. So BC 
either measures, or does not measure, A. Therefore, if 
BC measures A then BC is part of A. And if not, let the 
greatest common measure, D, of A and BC have been 
taken [Prop. 7.2], and let BC have been divided into BE, 
EF, and EC, equal to D. And since D measures A, D is 
a part of A. And D is equal to each of BE, EF, and EC. 
Thus, BE, EF, and EC are also each part of A. Hence, 
BC is parts of A. 

Thus, any number is either part or parts of any (other) 
number, the lesser of the greater. (Which is) the very 
thing it was required to show. 

Proposition 5i 

If a number is part of a number, and another (num¬ 
ber) is the same part of another, then the sum (of the 
leading numbers) will also be the same part of the sum 
(of the following numbers) that one (number) is of an¬ 
other. 



For let a number A be part of a [number] BC, and 
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STEpoc 6 A ETspou Tou EZ TO auTo pispoc;, oTisp 6 A xoO 
BE' Xsyw, oTi. xai auvapicpoTspo^ 6 A, A auvapicpoTEpou xoO 
BE, EZ TO auxo (j£po<; soxiv, oTisp 6 A xoO BE. 

’Ekei yap, o (ispoc saxlv 6 A xoD BE, x 6 auxo pispoc; saxi 
xai 6 A xoO EZ, oaoi apa Eia'iv sv xA BE dpi'd(ioi laoi. xA 
A, xoaouxoi Eiai xai sv xA EZ dpiiDpiol Taoi xA A. 6ifjpr]a'd63 
6 piEv BE sic, xouc xA A Xaouc, xou<; BH, HE, 6 ds EZ ei<; 
xouc; xA A Iaou<; xouc; E0, 0Z- saxai 6 i^ laov x 6 TiXfiiSoc 
xAv BH, HE xA xXrj'dEi xAv E0, 0Z. xai ekei iao<; saxlv 
6 piEv BH xA A, 6 Be E0 xA A, xai oi BH, E0 dpa xoTc 
A, A laoi. Bid xd auxd 8 i^ xai oi HE, 0Z xoTc; A, A. oaoi 
dpa [sialv] sv xA BE dpnJpiol laoi xA A, xoaouxoi siai xai 
£v xoTc BE, EZ laoi xoic, A, A. oaaxXaaiwv dpa saxlv 6 BE 
xou A, xoaauxaxXaaiwv saxl xai auva(j(p 6 x£po<; 6 BE, EZ 
auvapicpoTspou xou A, A. 6 dpa pispoi; saxlv 6 A xou BE, x 6 
auxo (i£po<; saxl xai auva(j(p 6 x£po<; 6 A, A auvapicpoxEpou 
xou BE, EZ- oKsp eBei BsT^ai¬ 


t In modem notation, this proposition states that if a = (1/n) 6 and c = 

f'. 

’Edv dpi-dpioi; dpi^jiou [ispr] fj, xai sxEpoi; sxspou xd 
auxd piEpT) f), xai auvapitpoxEpoc; auva(icpox£pou xd auxd 
[ispr] saxai, ousp 6 sic; xou svoc;. 



Api-dijLoc; ydp 6 AB dpi-dpiou xou E (ispr) saxto, xai £X£po<; 
6 AE Exspou xou Z xd auxd (ispr), ditsp 6 AB xou E- XEyw, 
6 x 1 xai auva(j(p 6 x£po<; 6 AB, AE auva(j(pox£pou xou E, Z 
xd auxd pispr] saxiv, ditEp 6 AB xou E. 

’EkeI ydp, d pispr) saxlv 6 AB xou E, xd auxd (ispr) xai 
6 AE xou Z, oaa dpa saxlv sv xA AB piEpr) xou E, xoaauxd 
saxi xai £v xA AE pispr] xou Z. Biripyja-dw 6 pisv AB eic, xd 
xou E (ispr) xd AH, HB, 6 Be AE sic; xd xou Z pispr) xd 
A0, 0E- saxai Bf] laov x 6 xX-fj-doc; xAv AH, HB xA xX-fj-dsi 
xAv A0, 0E. xai exei, 6 (j£po<; saxlv 6 AH xou E, x 6 


another (number) D (be) the same part of another (num¬ 
ber) EF that A (is) of HC. I say that the sum A, D is also 
the same part of the sum BC, EF that A (is) of BC. 

For since which (ever) part A is of HC, id is the same 
part of EF, thus as many numbers as are in BC equal 
to A, so many numbers are also in EF equal to D. Let 
BC have been divided into BC and GC, equal to A, and 
EF into EH and HE, equal to D. So the multitude of 
(divisions) BG, GC will be equal to the multitude of (di¬ 
visions) EH, HE. And since BG is equal to A, and EH 
to D, thus BG, EH (is) also equal to A, D. So, for the 
same (reasons), GC, HE (is) also (equal) to A, D. Thus, 
as many numbers as [are] in BC equal to A, so many are 
also in BC, EF equal to A, D. Thus, as many times as 
BC is (divisible) by A, so many times is the sum BC, EF 
also (divisible) by the sum A, D. Thus, which(ever) part 
A is of BC, the sum A, D is also the same part of the 
sum BC, EF. (Which is) the very thing it was required 
to show 

(l/n)dthen (a + c) = (1/n) (fe + d), where all symbols denote numbers. 

Proposition 6^ 

If a number is parts of a number, and another (num¬ 
ber) is the same parts of another, then the sum (of the 
leading numbers) will also be the same parts of the sum 
(of the following numbers) that one (number) is of an¬ 
other. 



For let a number AB be parts of a number C, and an¬ 
other (number) DE (be) the same parts of another (num¬ 
ber) F that AB (is) of C. I say that the sum AB, DE is 
also the same parts of the sum C, F that AB (is) of C. 

For since which (ever) parts AB is of C, DE (is) also 
the same parts of F, thus as many parts of C as are in AB, 
so many parts of F are also in DE. Let AB have been 
divided into the parts of C, AG and GB, and DE into the 
parts of F, DH and HE. So the multitude of (divisions) 
AG, GB will be equal to the multitude of (divisions) DH, 
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auTo ^lepoc; eaxl xai 6 A0 xoD Z, 6 apa (J£po<; eaxlv 6 AH 
ToO r, TO auTO pispoc; eaxl xai auva(j(p6T£po<; 6 AH, A0 
auvapicpoTEpou toD F, Z. 5i.a xa auxa 6f] xai 6 (i£po<; Eaxlv 6 
HB xoO r, x6 aOxo \iepoQ £axi xai auvapicpoxEpoc 6 HB, 0E 
auvapicpoxEpou xoO F, Z. a apa pi£pr) Eaxlv 6 AB xoD F, xa 
auxa (iEpT) Eaxl xai auva(i(p6x£po<; 6 AB, AE auvapicpoxEpou 
xou F, Z- oKEp eBei BeT^oii- 

t In modern notation, this proposition states that if a = (m/n)b and 
numbers. 

C'. 

’Eav dpn[)(i6c; dpn[)(ioO (J£po<; fj, OTtEp dcpaipEiilElc; dcpai- 
PEilIevxoc;, xai 6 Xoiiioc; xou Xoiitou x6 auxo (J£po<; saxai, 
onEp 6 6Xo<; xou oXou. 

A E B 

I—I-1 

H r Z A 

I-1-1-1 

Api'd(i6c; ydp 6 AB dpi'd(iou xou FA (JEpoc saxto, oitEp 
dtpaipEDEli; 6 AE dtpaipEDEvxoc; xou FZ' XEyw, 6xi xai XoiTtoi; 
6 EB XoiTtou xou ZA x6 auxo [ispoc; saxiv, oTtEp okoc, 6 AB 
oXou xou FA. 

"0 ydp (JEpoc Eaxlv 6 AE xou FZ, x6 auxo ptspoc saxto 
xai 6 EB xou FH. xai etieI, 6 pispoc; saxlv 6 AE xou FZ, x6 
auxo piEpoc; saxl xai 6 EB xou FH, 6 dpa pispoc; saxlv 6 AE 
xou FZ, x6 auxo (J£po<; saxl xai 6 AB xou HZ. 6 Be pispoc; 
saxlv 6 AE xou FZ, x6 auxo (i£po<; UTtoxsixai xai 6 AB xou 
FA- 6 dpa (j£po<; sail xai 6 AB xou HZ, x6 auxo (ispoc saxl 
xai xou FA- laoc dpa saxlv 6 HZ xo FA. xoivoc dcpripy^a-dto 
6 FZ- XoiTtoc dpa 6 HF XoiTto xw ZA saxiv laoc. xai ekei, 
6 (ispoc Eaxlv 6 AE xou FZ, x6 auxo (ispoc [saxl] xai 6 EB 
xou HF, laoc Be 6 HF xo ZA, 6 dpa (ispoc saxlv 6 AE xou 
FZ, x6 auxo (ispoc saxl xai 6 EB xou ZA. dXXd 6 (ispoc 
saxlv 6 AE xou FZ, x6 auxo (ispoc saxl xai 6 AB xou FA- 
xal XoiTtoc dpa 6 EB XoiTtou xou ZA x6 auxo (ispoc saxlv, 
OTtEp oXoc 6 AB oXou xou FA- oTtsp eBei BsT^ai. 


t In modern notation, this proposition states that if a = (1/n) 6 and c = 

’Edv dpi'i}(i6c dpi'd(iou (iEpr) fj, ditsp dcpaipsiilElc dcpai- 
PEilIevxoc, xai 6 XoiTtoc tou XoiTtou xd auxd (ispr) saxai, 
aTtsp 6 oXoc xou oXou. 


HE. And since which (ever) part AG is of C, DH is also 
the same part of F, thus which(ever) part AG is of G, 
the sum AG, DH is also the same part of the sum G, F 
[Prop. 7.5]. And so, for the same (reasons), which(ever) 
part GB is of G, the sum GB, HE is also the same part 
of the sum G, F. Thus, which (ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F. 
(Which is) the very thing it was required to show. 

= {min) d then (a + c) = {mjn) {b + d), where all symbols denote 


Proposition 7^ 

If a number is that part of a number that a (part) 
taken away (is) of a (part) taken away then the remain¬ 
der will also be the same part of the remainder that the 
whole (is) of the whole. 

A E B 

I—I-1 

G C F D 

I-1-1-1 

For let a number AB be that part of a number GD 
that a (part) taken away AE (is) of a part taken away 
GF. I say that the remainder EB is also the same part of 
the remainder FD that the whole AB (is) of the whole 
GD. 

For which(ever) part AE is of CF, let EB also be the 
same part of GG. And since which(ever) part AE is of 
CF, EB is also the same part of GG, thus which(ever) 
part AE is of CF, AB is also the same part of GF 
[Prop. 7.5]. And which(ever) part AE is of CF, AB is 
also assumed (to be) the same part of CD. Thus, also, 
which (ever) part AB is of GF, {AB) is also the same 
part of CD. Thus, GF is equal to CD. Let CF have been 
subtracted from both. Thus, the remainder GC is equal 
to the remainder FD. And since which(ever) part AE is 
of CF, EB [is] also the same part of GC, and GC (is) 
equal to FD, thus which(ever) part AE is of CF, EB is 
also the same part of FD. But, which(ever) part AE is of 
CF, AB is also the same part of CD. Thus, the remain¬ 
der EB is also the same part of the remainder FD that 
the whole AB (is) of the whole CD. (Which is) the very 
thing it was required to show. 

(l/n)dthen (a — c) = (1/n) (fe — d), where all symbols denote numbers. 

Proposition 8^ 

If a number is those parts of a number that a (part) 
taken away (is) of a (part) taken away then the remain¬ 
der will also be the same parts of the remainder that the 


201 




ETOIXEIfiN C'. 


ELEMENTS BOOK 7 


r z A 

I-1-1 

H M K N @ 

I-1—I-1—I 

A A E B 

I-1-^-1 

’Api'd(jL6c; yap 6 AB dpiiDpioO toO FA (iepr) eaxw, dTiep 
dcpaips'ddc; 6 AE dcpaipe'devxog xoO FZ' Xey^, o'ci xal Xomoc; 
6 EB Xoixou xou ZA xd aOxd ^Jispr] eaxiv, dTiep okoz 6 AB 
oXou xoD FA. 

Keia'dw ydp xA AB laoz b H0, d dpa ^Jispr) eaxlv 6 H0 
xou FA, xd auxd ec^xl xal 6 AE xou FZ. 6i.npr]a'dw 6 
pi£v H0 eiz xd xou FA ^epr) xd HK, K0, 6 Be AE sIq xd xou 
FZ t^epr) xd AA, AE- eaxoti 5i^ laov x6 TiX-rj-doc; xAv HK, K0 
xA nXr^'dei xAv AA, AE. xal exei, 6 [iepog eaxlv 6 HK xou 
FA, x6 auxo piepoi; eaxl xal 6 AA xou FZ, (lei^wv Be 6 FA 
xou FZ, p,e[^cov dpa xal 6 HK xou AA. xela-dto xA AA laoc; 
6 HM. 6 dpa (lepoc eaxlv 6 HK xou FA, x6 auxo (jepo<; eaxl 
xal 6 HM xou FZ- xal Xoltioc dpa 6 MK Xoixou xou ZA 
x6 auxo [iepog eaxlv, oxep oXo<; 6 HK oXou xou FA. TiaXiv 
exel, 6 (jepo<; eaxlv 6 K0 xou FA, x6 auxo piepoc; eaxl xal 6 
EA xou FZ, (jel^wv Be 6 FA xou FZ, piel^wv dpa xal 6 0K 
xou EA. xelaDw xA EA laoi; 6 KN. 6 dpa ^Jiepoi; eaxlv 6 K0 
xou FA, x6 auxo picpoc; eaxl xal 6 KN xou FZ- xal Xoikoc; 
dpa 6 N0 XoiKou xou ZA x6 auxo (iepo<; eaxlv, oTiep okoz b 
K0 oXou xou FA. eBelx-Orj Be xal Xoixoi; 6 MK Xoltiou xou 
ZA x6 auxo ^tcpoi; Av, oxep oXoc 6 HK oXou xou FA- xal 
auva^{p6xepo(; dpa 6 MK, N0 xou AZ xd auxd ^tcpr] eaxlv, 
dxep oXoc; 6 0H oXou xou FA. lao<; Be auva^Jicpoxepoc; (lev 
6 MK, N0 xA EB, 6 Be 0H xA BA- xal Xoixoi; dpa 6 EB 
XoiKou xou ZA xd auxd ^tcpr] eaxlv, dxep oXo<; 6 AB oXou 
xou FA- oxep eBei BeT^ai.. 


whole (is) of the whole. 

C F D 

I-^-1 

G M K N H 

I-^^-1—I 

A L E B 

I-^-1-1 

For let a number AB be those parts of a number CD 
that a (part) taken away AE (is) of a (part) taken away 
CF. I say that the remainder EB is also the same parts 
of the remainder ED that the whole AB (is) of the whole 
CD. 

For let GH be laid down equal to AB. Thus, 
which (ever) parts GH is of CD, AE is also the same 
parts of CF. Let GH have been divided into the parts 
of CD, GK and KH, and AE into the part of CF, AL 
and LE. So the multitude of (divisions) GK, KH will be 
equal to the multitude of (divisions) AL, LE. And since 
which (ever) part GK is of CD, AL is also the same part 
of CF, and CD (is) greater than CF, GK (is) thus also 
greater than AL. Let CM be made equal to AL. Thus, 
which(ever) part GK is of CD, CM is also the same part 
of CF. Thus, the remainder MK is also the same part of 
the remainder ED that the whole GK (is) of the whole 
CD [Prop. 7.5]. Again, since which(ever) part KH is of 
CD, EL is also the same part of CF, and CD (is) greater 
than CF, HK (is) thus also greater than EL. Let KN be 
made equal to EL. Thus, which(ever) part KH (is) of 
CD, KN is also the same part of CF. Thus, the remain¬ 
der NH is also the same part of the remainder ED that 
the whole KH (is) of the whole CD [Prop. 7.5]. And the 
remainder MK was also shown to be the same part of 
the remainder ED that the whole GK (is) of the whole 
CD. Thus, the sum MK, NH is the same parts of DF 
that the whole HG (is) of the whole CD. And the sum 
MK, NH (is) equal to EB, and HG to BA. Thus, the 
remainder EB is also the same parts of the remainder 
ED that the whole AB (is) of the whole CD. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition states that if a = {m/n)h and c = (m/n) d then {a — c) = {min) (b — d), where all symbols denote 
numbers. 


d'. 

’Eav dpiOpoi; dpiOpou pepoc; fj, xal exepoc; exepou x6 
auxo pepoc; fj, xal evaXXd^, 6 pepoc; eaxlv -rj pepr) 6 xpAxoc; 
xou xpixou, x6 auxo pepog eaxai r\ xd auxd pcpt) xal 6 
Beuxepog xou xexdpxou. 


Proposition 9^ 

If a number is part of a number, and another (num¬ 
ber) is the same part of another, also, alternately, 
which(ever) part, or parts, the first (number) is of the 
third, the second (number) will also be the same part, or 
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the same parts, of the fourth. 



’ApnSpoi; yap 6 A dpnSpou toD BF pepo<; eaxw, xai exe- For let a number A be part of a number BC, and an- 
poc 6 A erepou toO EZ to auxo pepoc;, oxep 6 A xoD BF- other (number) D (be) the same part of another EF that 
Xeyw, bxi xal evaXXd^, 6 pepoc eaxlv 6 A xoO A t] pepr), x6 A (is) of BC. 1 say that, also, alternately, which(ever) 
auxo pepoi; eaxl xal 6 BF xou EZ j] pepr). part, or parts, A is of D, BC is also the same part, or 

’Enel ydp 6 pspoi; eaxlv 6 A xou BF, x6 auxo pepoi; eaxl parts, of EF. 
xal 6 A xou EZ, oaoi dpa eialv ev xA BF dpiOpol looi xA For since which(ever) part A is of BC, D is also the 
A, xoaouxoi eiai xal ev xA EZ laoi xA A. Binpfia'dw 6 pev same part of EF, thus as many numbers as are in BC 
BF eic xoui; xA A laoU(; xou<; BH, HF, 6 6e EZ el? xou<; xA equal to A, so many are also in EF equal to D. Let BC 
A Iaou<; xou<; E0, 0Z- eaxai 6f] laov x6 xXfj'doc xAv BH, have been divided into BC and GC, equal to A, and EF 
HF xA nXi^DeL xAv E0, 0Z. into EH and HF, equal to D. So the multitude of (di- 

Kal exel laoi eialv ol BH, HF dpiOpol dXXrjXoM;, elal visions) BC, GC will be equal to the multitude of (divi- 
8e xal ol E0, 0Z dpiilpol laoi. dXXr)Xoi.(;, xal eaxiv laov x6 sions) EH, HF. 

TiXfiifoi; xAv BH, HF xA TiXfiifei xAv E0, 0Z, 6 dpa pepo? And since the numbers BC and GC are equal to one 
eaxlv 6 BH xou E0 f] pepr), x6 auxo pepo? eaxl xal 6 HF another, and the numbers EH and HF are also equal to 
xou 0Z q xd auxd pepr)- Aaxe xal 6 pepoc eaxlv 6 BH xou one another, and the multitude of (divisions) BC, GC 
E0 f] pepr], x6 auxo pepoc; eaxl xal auvapcpoxepoc 6 BF is equal to the multitude of (divisions) EH, HC, thus 
auvapcpoxepou xou EZ q xd auxd pepr). \aoQ 8e 6 pev BH which(ever) part, or parts, BG is of EH, GC is also 
xA A, 6 6e E0 xA A- 6 dpa pepoc eaxlv 6 A xou A f] pepr], the same part, or the same parts, of HF. And hence, 
x6 auxo pepoc eaxl xal 6 BF xou EZ r] xd auxd pepr]- oxep which(ever) part, or parts, BG is of EH, the sum BC 
eSei BeT^ai. is also the same part, or the same parts, of the sum EF 

[Props. 7.5, 7.6]. And BG (is) equal to A, and EH to E>. 
Thus, which(ever) part, or parts, A is of D, BC is also 
the same part, or the same parts, of EF. (Which is) the 
very thing it was required to show. 

t In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then if a = (k/l) c then b = (k/l) d, where all symbols denote 
numbers. 

i'. Proposition IQi 

’Edv dptdpoc dprOpou pepr] fj, xal exepoc exepou xd auxd If a number is parts of a number, and another (num- 
pcpr] f), xal evaXXd^, d pepr) eaxlv 6 xpAxoc xou xplxou -i] ber) is the same parts of another, also, alternately, 
pepoc, xd auxd pepr] eaxat xal 6 5euxepoc xou xexdpxou f] which(ever) parts, or part, the first (number) is of the 
x6 auxo pepoc- third, the second will also be the same parts, or the same 

ApiOpoc Y“P 6 AB dpt-dpou xou F pepr) eaxco, xal exepoc part, of the fourth. 

6 AE exepou xou Z xd auxd pepr)- Xeyco, 6xi xal evaXXd^, For let a number AB be parts of a number C, and 
d pepr) eaxlv 6 AB xou AE -i] pepoc, xd auxd pepr) eaxl xal another (number) DE (be) the same parts of another F. 
6 F xou Z q x6 auxo pepoc. I say that, also, alternately, which (ever) parts, or part. 
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’Ekei ydp, a piepr) eaxlv 6 AB toO F, xd auxd ptspr] eax'i 
xai 6 AE xoO Z, baa. dpa eaxiv sv xw AB piepr) xoO F, 
xoaauxa xai ev xw AE piepr) xoO Z. Binpy^a'dw 6 ytev AB eiz 
xd xoO F pLEpr) xd AH, HB, 6 Be AE eiz xd xoD Z pispr) xd 
A0, 0E- saxai. 6f] laov x6 xXfj'doc; xAv AH, HB xA xXrj'dEi 
xAv A0, 0E. xai exei, 6 (J£po<; sax'iv 6 AH xoO F, x6 auxo 
piEpoc; saxl xai 6 A0 xoO Z, xai svaXXd^, 6 (J£po<; saxlv 6 
AH xoO A0 T] ptspr), x6 auxo pi£po(; soxi xai 6 F xoO Z f] 
xd auxd (Jspr). Bid xd aOxd Bf] xai, 6 ptspoc; saxlv 6 HB xou 
0E f] ptspr], x6 auxo (ispoc saxl xai 6 F xou Z f] xd auxd 
pispr]- AaxE xai [6 ptspoc saxlv 6 AH xou A0 r] ptspr), x6 
auxo pispoc; saxl xai 6 HB xou 0E f] xd auxd (ispr)' xai 6 
dpa pispoc; saxlv 6 AH xou A0 f] pispr], x6 auxo (J£po<; saxl 
xai 6 AB xou AE f] xd auxd pispr)- dXX’ 6 ptspoc saxlv 6 AH 
xou A0 f] pLEpr), x6 auxo ptspoc sBEix'dr) xai 6 F xou Z t] xd 
auxd (ispr), xai] d [dpa] pispr] saxlv 6 AB xou AE f] (ispoc, 
xd auxd (ispr) saxl xai 6 F xou Z f] x6 auxo (lEpoc oxsp eBei 
B sT^ai. 


t In modem notation, this proposition states that if a = (m/n)6 and c 
numbers. 


AB is of DE, C is also the same parts, or the same part, 
ofF. 



For since which (ever) parts AB is of C, DE is also 
the same parts of F, thus as many parts of C as are in 
AB, so many parts of E (are) also in DE. Let AB have 
been divided into the parts of C, AG and GB, and DE 
into the parts of F, DH and ELE. So the multitude of 
(divisions) AG, GB will be equal to the multitude of (di¬ 
visions) DEI, HE. And since which (ever) part AG is 
of G, DH is also the same part of F, also, alternately, 
which (ever) part, or parts, AG is of DH, G is also the 
same part, or the same parts, of F [Prop. 7.9]. And so, 
for the same (reasons), which (ever) part, or parts, GB is 
oi HE, G is also the same part, or the same parts, of F 
[Prop. 7.9]. And so [which(ever) part, or parts, AG is of 
DH, GB is also the same part, or the same parts, of HE. 
And thus, which(ever) part, or parts, AG is of DH, AB is 
also the same part, or the same parts, of DE [Props. 7.5, 
7.6]. But, which(ever) part, or parts, AG is of DH, G 
was also shown (to be) the same part, or the same parts, 
of F. And, thus] which (ever) parts, or part, AB is of DE, 
C is also the same parts, or the same part, of F. (Which 
is) the very thing it was required to show. 

{rnjn) d then if a = (k/l) c then b = (k/l) d, where all symbols denote 


la'. 

’Eav f^ Ac oXoc Ttpoc oXov, ouxcoc dcpaipEiUElc Ttpoc dcpai- 
pE'dcvxa, xai 6 Xoiitoc xpoc xov Xoixov caxai, Ac oXoc xpoc 
oXov. 

Tlaxw Ac oXoc 6 AB xpoc oXov xov FA, ouxcoc dcpai- 
PeDeIc 6 AE Ttpoc dcpatpsflEvxa xov FZ- XEyw, oxi xai Xoixoc 
6 EB Ttpoc XoiTtov xov ZA saxiv, Ac oXoc 6 AB iipoc oXov 
xov FA. 


Proposition 11 

If as the whole (of a number) is to the whole (of an¬ 
other), so a (part) taken away (is) to a (part) taken away, 
then the remainder will also be to the remainder as the 
whole (is) to the whole. 

Let the whole AB be to the whole GD as the (part) 
taken away AE (is) to the (part) taken away CF. I say 
that the remainder EB is to the remainder ED as the 
whole AB (is) to the whole GD. 
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r 


c 


A 


z 


A 


F 


E 


E 


B 

’Ekei eaxiv (bg 6 AB npoQ xov FA, ouxtoc 6 AE xpoc; 
xov rZ, 6 apa p,£poc; eaxiv 6 AB xoO FA f] (iepr), x6 auxo 
piepoi; £0x1 xai 6 AE xoO FZ f] xa aOxa (lepr). xai Xoixoc; 
apoc 6 EB XoiTCOu xou ZA x6 auxo p-epoc; eaxiv f\ pepr), axep 
6 AB xou FA. eaxiv apa (bg 6 EB xpog xov ZA, ouxwi; 6 
AB xpoc; xov FA- onep eBei Sel^ai. 


(For) since as AB is to CD, so AE (is) to CF, thus 
which(ever) part, or parts, AB is of CD, AE is also the 
same part, or the same parts, of CF [Def. 7.20]. Thus, 
the remainder EB is also the same part, or parts, of the 
remainder ED that AB (is) of CD [Props. 7.7, 7.8]. 
Thus, as EB is to ED, so AB (is) to CD [Def. 7.20]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that if a : 6 :: c : d then a : b :: a — c : b — d, where all symbols denote numbers. 


iP'. 

'Eav Satv oTioaoLoOv dpn&^ol cxvdXoyov, eaxat 
Twv TQyoupevA>v Tipoc; Eva twv STiopevcov, oOtcoc; aKocvTSc, ol 
T^youpevoL Tipoc; diiavTac; xobc, £Tiop.£vou<;. 



A B r A 


Tlaxwaav oxoaoiouv dpiifpol dvdXoyov oi A, B, F, A, 
Ac 6 A Tipoc xov B, ouxcoc 6 F xpoc xov A- Xeyw, 6xi eaxiv 
Ac 6 A itpoc xov B, ouxcoc ol A, F itpoc xouc B, A. 

’Eitel ydp eaxiv Ac 6 A itpoc xov B, ouxcoc d F itpoc 
xov A, 6 dpa pepoc eaxiv 6 A xou B q pepr), x6 auxo pepoc 
eaxl xai 6 F xou A q pepr). xai auvapcpoxepoc dpa 6 A, 
F auvapcpoxepou xou B, A x6 auxo pepoc eaxiv f) xd auxd 
pepr), ditep 6 A xou B. eaxiv dpa Ac 6 A itpoc xov B, ouxcoc 
oi A, F Itpoc xouc B, A- oitep eSei Sel^ai. 


Proposition 12i 

If any multitude whatsoever of numbers are propor¬ 
tional then as one of the leading (numbers is) to one of 
the following so (the sum of) all of the leading (numbers) 
will be to (the sum of) all of the following. 



A B C D 


Let any multitude whatsoever of numbers. A, B, C, 
D, be proportional, (such that) as A (is) to B, so C (is) 
to D. I say that as A is to B, so A, C (is) to B, D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, or parts, 
of D [Def. 7.20]. Thus, the sum A, C is also the same 
part, or the same parts, of the sum B, D that A (is) of B 
[Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D 
[Def. 7.20]. (Which is) the very thing it was required to 
show. 
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t In modern notation, this proposition states that if a ; fe :: c : ci then a ■. b :: a + c ■. b + d, where all symbols denote numbers. 


ly'. 

’Eav Teaaapec; (xpiflpiol dvdXoyov Saw, xal evaXXd^ 
dvdXoyov eaovTai. 


A B r A 

TilaTCoaav Teaaapsc dpiiSpLoi dvdXoyov oi A, B, F, A, 
S<; 6 A Ttpoc Tov B, outo<; 6 F itpoc; tov A- Xeyw, oti. xal 
evaXXd^ dvdXoyov eaovxai, S<; 6 A 7tp6<; xov F, outw<; 6 B 
Tipoc; TOV A. 

’Ekei ydp EOTiv S<; 6 A 7tp6<; tov B, outwc; 6 F itpoc; tov 
A, 6 dpa (ispoc; eotiv 6 A toO B f] |i£pr), to auTO (ispoc; eotI 
xal 6 F Tou A f] xd aOxd ptspr). svaXXd^ dpa, o pispoc; saxlv 
6 A ToO F fj (i£pr), TO auxo piEpoc; eotI xal 6 B xou A f] xd 
aOxd piEpr]. Eaxw dpa Sc; 6 A itpoc; xov F, ouxwc; 6 B itpoc; 
TOV A- oitEp eBei. BeT^m- 

1 In modern notation, this proposition states that if a : b :: c : d then a : 

l6'. 

’Edv Saiv oitoaoiouv dpn[)(iol xal dXXoi auxoTc; laoi to 
itXfjiiloc; auv5uo Xap-Pavop-Evoi xal ev tS auxS Xoym, xal 5i’ 
laou EV xS auxS XoyS Eaovxai. 

A'- 1 A'- 1 

B'- 1 E'- 1 

E'-1 Z'-1 

Tlaxcoaav oitoaoiouv dpnSiiol ol A, B, F xal dXXoi auxoTc; 
laoi TO itXfjiLloc; a6v6uo Xa(iPav6(i£voi ev xS auxS Xoyo ol 
A, E, Z, S(; pLEv 6 A itpoi; xov B, ouxwi; 6 A itp6(; xov E, 
Sc; Be 6 B Itpoc; xov F, ouxoc; 6 E itpoc xov Z- XEyw, 6xi 
xal 6i’ laou saxlv Sc; 6 A itpoc; xov F, ouxwc; 6 A itpoc; xov 
Z. 

’Eitsl ydp saxiv Sc; 6 A itpoc; xov B, ouxtoc; 6 A itpoc; 
xov E, EvaXXd? dpa saxlv Sc 6 A itpoc xov A, ouxwc o B 
Itpoc xov E. itdXiv, EitEi saxiv Sc 6 B itpoc xov F, ouxmc 6 


Proposition 13^ 

If four numbers are proportional then they will also 
be proportional alternately. 



A B C D 


Let the four numbers A, B, C, and D be proportional, 
(such that) as A (is) to B, so C (is) to id. I say that they 
will also be proportional alternately, (such that) as A (is) 
to C, so B (is) to D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, 
or the same parts, of D [Def. 7.20]. Thus, alterately 
which (ever) part, or parts, A is of C, B is also the same 
part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as 
A is to C, so B (is) to D [Def. 7.20]. (Which is) the very 
thing it was required to show. 

:: b : d, where all symbols denote numbers. 

Proposition 14^ 

If there are any multitude of numbers whatsoever, 
and (some) other (numbers) of equal multitude to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

A'-1 D'-1 

B I-1 E I-1 

C I-1 F I-1 

Let there be any multitude of numbers whatsoever, A, 
B, C, and (some) other (numbers), D, E, F, of equal 
multitude to them, (which are) in the same ratio taken 
two by two, (such that) as A (is) to B, so D (is) to E, 
and as B (is) to C, so E (is) to F. I say that also, via 
equality, as A is to C, so D (is) to F. 

For since as A is to B, so D (is) to E, thus, alternately, 
as A is to D, so B (is) to E [Prop. 7.13]. Again, since 
as B is to C, so E (is) to F, thus, alternately, as B is 
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E Tipot; Tov Z, evaXXoc^ apa eaxlv (ix; 6 B Tipoi; tov E, outwc 
6 r upoc; TOV Z. (ix; 6 s 6 B xpoc; xov E, ouxwc 6 A Tipoc; 
xov A' xal tdz apa 6 A xpoi; xov A, ouxw<; 6 E Tipoc xov 
Z' EvaXXa^ apa saxlv Ac 6 A Tipoc xov E, ouxwc 6 A iipoc 
xov Z- oTisp e 6 si. BsT^ai- 

t In modern notation, this proposition states that if a : b :: d : e and b : c 

is'. 

’Eav (iovac dpi'd(i 6 v xiva tJisxp^, iaaxic Be Exspoc dpi'dtJioc 
dXXov xivd dpi'dp.ov [iExpfj, xal svaXXd^ ladxic f] (iovdc xov 
xpixov dpi'd[jL 6 v ^Expr]aEi xal 6 BsuxEpoc xov xsxapxov. 

, B H @ r 

7\i-1 I-^^-1 

, E K A Z 

/\\ -1 I-1-1-1 

Movdc ydp fj A dpiDpiov xiva xov BE p,ExpElxa), ladxic Be 
E xspoc dpiiS^oc 6 A dXXov xivd dpnSp-ov xov EZ (JExpslxw 
Xeyw, 6 x 1 xal svaXXd^ ladxic A ^ovdc xov A dpnSiiov 
^ExpsI xal 6 BE xov EZ. 

’EtieI ydp ladxic i^) A p,ovdc xov BE dpiiSiiov ^ExpsI xal 6 
A xov EZ, oaai dpa Eialv sv xA BE ^ovdBsc, xoaouxol slai 
xal £v xA EZ dpiD^iol laoi xA A. BiripT^aDw 6 ^ev BE eIc xdc 
Ev sauxA ^ovdBac xdc BH, H0, 0E, 6 Be EZ sic xouc xA A 
laouc xouc EK, KA, AZ. saxai Br) laov x 6 TtXfjDoc xAv BH, 
H0, 0E xA TtXrj'dEi xAv EK, KA, AZ. xal etieI laai slalv al 
BH, H0, 0E ^ovdBsc dXXrjXaic, sial Be xal ol EK, KA, AZ 
dpiiD^Jicl laoi dXXrjXoic, xal saxiv laov x 6 TiXfjDoc xAv BH, 
H0, 0E ^ovdBwv xA TlXri'dEi xAv EK, KA, AZ dpnSiiAv, 
saxai dpa Ac f] BH (lovdc Tipoc xov EK dpiD^ov, ouxcoc iil 
H0 (iovdc Tipoc xov KA dpnSiiov xal f) 0E (lovdc Tipoc xov 
AZ dpiD^ov. saxai dpa xal Ac sTc xAv f)you(ji£vwv xpoc sva 
xAv £Tio(i£vwv, ouxwc aTiavxEC ol fjyoutXEvoi xpoc dxavxac 
xouc Exo^Evouc saxiv dpa Ac f) BH ^ovdc xpoc xov EK 
dpi'dpiov, ouxcoc 6 BE xpoc xov EZ. lar) Be f) BH (jovdc xfj 
A ^ovdBi, 6 Be EK dpnil^oc xA A dpiD^A. saxiv dpa Ac f) 
A ^ovdc xpoc xov A dpnSiiov, ouxoc 6 BE xpoc xov EZ. 
ladxic dpa f) A (iovdc xov A dpiiDtiov (lExpsI xal 6 BE xov 
EZ- oxEp eBei BeT^m- 


t This proposition is a special case of Prop. 7.9. 


to E, SO C (is) to F [Prop. 7.13]. And as B (is) to E, 
so A (is) to E. Thus, also, as A (is) to E, so C (is) to F. 
Thus, alternately, as A is to C, so E (is) to F [Prop. 7.13]. 
(Which is) the very thing it was required to show. 

:: e : f then a : c :: d : f, where all symbols denote numbers. 

Proposition 15 

If a unit measures some number, and another num¬ 
ber measures some other number as many times, then, 
also, alternately, the unit will measure the third num¬ 
ber as many times as the second (number measures) the 
fourth. 



E K L F 

DI-1 I-1-1-1 

For let a unit A measure some number BC, and let 
another number E measure some other number EF as 
many times. I say that, also, alternately, the unit A also 
measures the number E as many times as BC (measures) 
EF. 

For since the unit A measures the number BC as 
many times as E (measures) EF, thus as many units as 
are in BC, so many numbers are also in EF equal to 
E. Let BC have been divided into its constituent units, 
BG, GH, and HC, and EF into the (divisions) EK, KL, 
and LF, equal to E. So the multitude of (units) BG, 
GH, HC will be equal to the multitude of (divisions) 
EK, KL, LF. And since the units BG, GH, and HC 
are equal to one another, and the numbers EK, KL, and 
LF are also equal to one another, and the multitude of 
the (units) BG, GH, HC is equal to the multitude of the 
numbers EK, KL, LF, thus as the unit BG (is) to the 
number EK, so the unit GH will be to the number KL, 
and the unit HC to the number LF. And thus, as one of 
the leading (numbers is) to one of the following, so (the 
sum of) all of the leading will be to (the sum of) all of 
the following [Prop. 7.12]. Thus, as the unit BG (is) to 
the number EK, so BC (is) to EF. And the unit BG (is) 
equal to the unit A, and the number EK to the number 
E. Thus, as the unit A is to the number E, so BC (is) to 
EF. Thus, the unit A measures the number E as many 
times as BC (measures) EF [Def. 7.20]. (Which is) the 
very thing it was required to show 
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If'. 

Eav 8uo dpi'd^oi noXXaTiXaaidaocvxec; dXXr^Xouc; noiwai 
Tivac, ol YE'^ojiEvoi z\ auTWv laoi dXXr^Xoic; eaovxai. 

A'- 1 

Bi-1 

ri- 1 

Ai-1 

E'- 1 

Tilaxwaav 60o dpiiDpiol oi A, B, xai 6 pisv A xov B tioX- 
XaxXaaidaac; xov F koislxo, 6 6e B xov A KoXXaxXaaidaac; 
xov A Tioi.eixw Xeyw, oxi. Iao<; eaxiv 6 F xA A. 

’Ekei ydp 6 A xov B KoXXaTiXaaidaac xov F Kexoirjxsv, 
6 B dpa xov F p.expel xaxd xdc; ev xA A p.ovd8o{<;. (iexpei 5e 
xai f) E p,ovd<; xov A dpi'd^ov xaxd xd<; ev auxA ^ovdSai;' 
iadxi<; dpa f] E piovdc; xov A dpi'djjiov (lexpeT xai 6 B xov 
F. evaXXd^ dpa ladxK; rj E p.ovdc; xov B dpi'dp.ov (jexpeT xai 
6 A xov F. xdXiv, exel 6 B xov A xoXXaxXaaidaac; xov A 
xexoirjxev, 6 A dpa xov A p,expel xaxd xdc; ev xA B ^.ovdSac;. 
[iexpei 8e xai rj E [lovdc; xov B xaxd xdc; ev auxA [iovd8a(;- 
ladxic; dpa fj E [lovdc; xov B dpi'd[i6v [lexpel xai 6 A xov A. 
ladxic; 8e T) E [lovdc; xov B dpi'd[i6v e[iexpei xai 6 A xov F- 
ladxic; dpa 6 A exdxepov xAv F, A [xexpel. laoc; dpa eaxiv 
6 F xA A- oxep e8ei 8el5ai. 


Proposition 16^ 

If two numbers multipl 3 nng one another make some 
(numbers) then the (numbers) generated from them will 
be equal to one another. 

Ai- 1 

Bi-1 

C'- 1 

Di-1 

El-1 

Let A and B be two numbers. And let A make C (by) 
multipl 3 dng B, and let B make D (by) multipl 3 dng A. 1 
say that C is equal to D. 

For since A has made C (by) multipl 3 dng B, B thus 
measures C according to the units in A [Def. 7.15]. And 
the unit E also measures the number A according to the 
units in it. Thus, the unit E measures the number A as 
many times as B (measures) C. Thus, alternately, the 
unit E measures the number B as many times as A (mea¬ 
sures) C [Prop. 7.15]. Again, since B has made D (by) 
multiplying A, A thus measures D according to the units 
in B [Def. 7.15]. And the unit E also measures B ac¬ 
cording to the units in it. Thus, the unit E measures the 
number B as many times as A (measures) D. And the 
unit E was measuring the number B as many times as 
A (measures) C. Thus, A measures each of C and D an 
equal number of times. Thus, C is equal to D. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition states that ab = ba, where all symbols denote numbers. 


iC'. 

’Edv dpidpoi; 8uo dpidpouc; itoXXaxXaaidaac; Koifj xivac;, 
oi yevopevoi e^ auxAv xov auxov e^ouai Xoyov xolc; itoXXa- 
xXaaiaa'delaiv. 

Ai-1 

-1 ri-1 

A'-1 E'-1 

Zi—I 

Apidpoc; ydp 6 A 8uo dpnlpouc; xouc; B, F xoXXa- 
TtXaaidaac; xouc; A, E Koielxw Xeyw, 6xi eaxiv Ac; 6 B xpoc; 
xov F, ouxwc; 6 A Ttpoc; xov E. 

’Enel ydp 6 A xov B xoXXaitXaaidaac; xov A itexolqxev, 
6 B dpa xov A pexpel xaxd xdc; ev xA A povcabac;. pexpel 


Proposition 17^ 

If a number multipl 3 dng two numbers makes some 
(numbers) then the (numbers) generated from them will 
have the same ratio as the multiplied (numbers). 

A'-1 

B I- C I-1 

D'-1 E I-1 

F I—I 

For let the number A make (the numbers) D and 
E (by) multiplying the two numbers B and C (respec¬ 
tively). I say that as B is to C, so D (is) to E. 

For since A has made D (by) multipl 3 dng B, B thus 
measures D according to the units in A [Def. 7.15]. And 
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5s xal f) Z (jovac tov A dpi'd(i6v xaxd Tdi; sv aOxo (jovdSac;- 
iadxi<; dpa f) Z p,ovd(; xov A dpi'dp.ov pisxpsT xal 6 B xov A. 
eaxLv dpa A<; f) Z pLovd<; 7ip6(; xov A dpi'dp.ov, ouxax; 6 B 
xpoc; xov A. 6id xd auxd 6f] xal Ac; f) Z ^ovdc; xpoc; xov A 
dpi.'dpiov, ouxwc; 6 F xpoc; xov E- xal Ac; dpa 6 B xpoc; xov 
A, ouxoc; 6 r xpoi; xov E. svaXXd^ dpa saxlv A(; 6 B xpoi; 
xov r, ouxwc; 6 A xpoc; xov E- oxsp s 6 ei BsT^ai.. 


the unit F also measures the number A according to the 
units in it. Thus, the unit F measures the number A as 
many times as B (measures) D. Thus, as the unit F is 
to the number A, so B (is) to D [Def. 7.20]. And so, for 
the same (reasons), as the unit F (is) to the number A, 
so C (is) to E. And thus, as B (is) to D, so C (is) to E. 
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that iid = ab and e = ac then d : e :: b : c, where all symbols denote numbers. 


IT)'. 

’Edv 6uo dpiDpol dpiOpov xiva TtoXXaTtXaaidaavxsi; 
xoiAai xivac;, ol Y£'''dpsvoi auxAv xov auxov s^ouai Xoyov 
xolc; TtoXXaxXaaidaaaiv. 

A'- 1 

Bi- 1 

ri- 1 

Ai- 1 

E'- 1 

Auo ydp dpiOpol ol A, B dpiOpov xiva xov F xoXXa- 
TtXaaidaavxsc; xouc; A, E Ttoisixcoaav XEym, 6xi saxlv Ac; 6 
A Ttpoc; xov B, ouxwi; 6 A xpoc; xov E. 

’EkeI ydp 6 A xov F xoXXaitXaaidaai; xov A KEitolqxEv, 
xal 6 F dpa xov A TtoXXaTtXaaidaac; xov A KEitolqxEv. 6i.d 
xd aOxd 6f] xal 6 F xov B itoXXaxXaai.daac; xov E KEitolqxEv. 
dpiDpoc; 6f] 6 F 5uo dpiilpouc; xouc; A, B KoXXaitXaaidaai; 
xouc; A, E TtEKoiqxEv. saxiv dpa Ac; 6 A xpoc; xov B, ouxoc; 
6 A xpoc; xov E- oxsp eBei. BeI^oii. 


Proposition 18t 

If two numbers multiplying some number make some 
(other numbers) then the (numbers) generated from 
them will have the same ratio as the multiplying (num¬ 
bers). 

Ai-1 

Bi-1 

Cl- 1 

Di-1 

El-1 

For let the two numbers A and B make (the numbers) 
D and E (respectively, by) multiplying some number C. 
I say that as A is to B, so D (is) to E. 

For since A has made D (by) multiplying C, C has 
thus also made D (by) multiplying A [Prop. 7.16]. So, for 
the same (reasons), C has also made E (by) multiplying 
B. So the number C has made D and E (by) multiplying 
the two numbers A and B (respectively). Thus, as A is to 
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing 
it was required to show. 


1 In modern notation, this propositions states that if ac = ci and be = e then a : b :: d : e, where all symbols denote numbers. 


’Edv xcaaapEc; dpiDpol dvaXeyov Aaiv, 6 ex xpAxou xal 
xExdpxou yEvopEvoc; dpidpoc; laoc; saxai xA ex SEUxspou xal 
xpixou yEvopEvtp dpnlpA- xal sdv 6 ex xpAxou xal xExdpxou 
yEvopEvoc; dpidpoc; laoc; fj xA ex SEUxspou xal xplxou, ol 
xsaaaapEc; dpiOpol dvdXoyov saovxai. 

’Elaxtoaav xsaaapEc; dpiOpol dvdXoyov ol A, B, F, A, 
Ac; 6 A xpoc; xov B, ouxmc; 6 F xpoc; xov A, xal 6 pEv A 
xov A xoXXaxXaaidoac; xov E xoiEixm, 6 5£ B xov F xoX- 
XaxXaaidaac; xov Z xoiEixw Xsyto, 6xi laoc; saxlv 6 E xA Z. 


Proposition 19^ 

If four number are proportional then the number cre¬ 
ated from (multiplying) the first and fourth will be equal 
to the number created from (multiplying) the second and 
third. And if the number created from (multiplying) the 
first and fourth is equal to the (number created) from 
(multiplying) the second and third then the four num¬ 
bers will be proportional. 

Let A, B, C, and D be four proportional numbers, 
(such that) as A (is) to B, so C (is) to D. And let A make 
E (by) multiplying D, and let B make F (by) multiplying 
C. I say that E is equal to F. 
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ABTAEZH ABCDEFG 


'O Y“P A Tov r KoXkcmXaaia.aa.Q tov H koisltw. end 
ouv 6 A TOV r noXXanXaaiaaac; tov H nenoirjxev, tov 6e 
A noXXanXaaidaac; tov E nenoirjxev, dpi.'dpioc 61^ 6 A 6uo 
dpiiSjiouc; Touc; F, A noXXanXaaidaac; touc H, E nenoirjxev. 
eoTiv dpa (bg 6 F npoc; tov A, outwc; 6 FI npog tov E. dXX’ 
(be; 6 F npoe; tov A, outcoc; 6 A npoc; tov B' xal (be; dpa 
6 A npoc; tov B, outwc; 6 H npoc; tov E. ndXiv, enel 6 A 
TOV F noXXanXaoidaac; tov H nenoirixev, dXXd pii^v xal 6 
B TOV F noXXanXaaidaae; tov Z nenoirjxev, 860 8r) dpiiiljiol 
oi A, B dpn[)(i6v Tiva tov F noXXanXaaidaavTee; Toue; H, Z 
nenoirixaaiv. eoTiv dpa (be; 6 A npoe; tov B, ouTtoe; 6 H npoe; 
TOV Z. dXXd piTjv xal (be; 6 A npoe; tov B, ouT(oe; 6 H npoe; 
TOV E' xal (be; dpa 6 H npoe; tov E, ouTtoe; 6 H npoe; tov 
Z. 6 H dpa npoe; exdTspov twv E, Z tov auTov exei Xoyov 
laoe; dpa eadv 6 E tw Z. 

’'EoTto 6 t) ndXiv laoe; 6 E tcS Z- Xeyto, oti eadv (be; 6 A 
npoe; TOV B, ouT(oe; 6 F npoe; tov A. 

Tebv ydp auTcbv xaTaaxeuaaDevTOJv, enel laoe; eadv 6 
E T(b Z, eaTiv dpa (be; 6 H npoe; tov E, ouTO^e; 6 H npoe; tov 
Z. dXX’ (be; piev 6 H npoe; tov E, oUT(oe; 6 F npoe; tov A, (be; 
8 e 6 H npoe; tov Z, ouT(oe; 6 A npoe; tov B. xal (be; dpa 6 A 
npoe; TOV B, ouTtoe; 6 F npoe; tov A- onep eSei 8 el^ai. 


For let A make G (by) multiplying C. Therefore, since 
A has made G (by) multiplying G, and has made E (by) 
multiplying D, the number A has made G and E by mul¬ 
tiplying the two numbers G and D (respectively). Thus, 
as G is to D, so G (is) to E [Prop. 7.17]. But, as G (is) to 

D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to 

E. Again, since A has made G (by) multiplying G, but, 
in fact, B has also made F (by) multiplying G, the two 
numbers A and B have made G and F (respectively, by) 
multiplying some number G. Thus, as A is to B, so G (is) 
to F [Prop. 7.18]. But, also, as A (is) to B, so G (is) to 
E. And thus, as G (is) to E, so G (is) to F. Thus, G has 
the same ratio to each of E and F. Thus, E is equal to F 
[Prop. 5.9]. 

So, again, let E be equal to F. I say that as A is to B, 
so G (is) to D. 

For, with the same construction, since E is equal to F, 
thus as G is to E, so G (is) to F [Prop. 5.7]. But, as G 
(is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F, 
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so 
G (is) to D. (Which is) the very thing it was required to 
show. 


t In modern notation, this proposition reads that if a : fe :: c : d then ad = be, and vice versa, where all symbols denote numbers. 


X. 

Oi eXdxiaToi dpiDpol t15v tov auTov Xoyov eyovTCOv 
auTolc; pcTpouai touc; tov auTov Xoyov eyovTac; iadxic; o 
T£ psi^wv TOV pei^ova xal 6 eXdaawv tov eXdaaova. 

TilaTwaav ydp eXa^ioToi dpidpol twv tov auTov Xoyov 
eyovTCOv toTc; A, B oi FA, EZ' Xeyto, oti iadxii; 6 FA tov 
A pcTpel xal 6 EZ tov B. 


Proposition 20 

The least numbers of those (numbers) having the 
same ratio measure those (numbers) having the same ra¬ 
tio as them an equal number of times, the greater (mea¬ 
suring) the greater, and the lesser the lesser. 

For let GD and EF be the least numbers having the 
same ratio as A and B (respectively). I say that GD mea¬ 
sures A the same number of times as EE (measures) B. 
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'O FA yap xou A oux eaxi (iepr). el yap Buvaxov, eaxw 
xal 6 EZ apa xou B xa otuxa pepr) eaxlv, axep 6 FA xou 
A. oaa apa eaxlv ev xw FA [iepr] xou A, xoaauxa eaxi xal 
cv xG EZ pepr) xou B. Sirjpr^aiLlw 6 pev FA elc; xa xou A 
[iepr] xa FFI, FIA, 6 6 c EZ cic; xa xou B pcpr) xa E0, 0Z- 
caxai 6 f) laov x 6 TiXfiDoi; xwv FF[, FIA xw hXy^tlIci xwv E0, 
0Z. xal excl laoi clalv oi FFL, FIA dpiiiljiol dXXr^Xoic;, elal 
5e xal ol E0, 0Z dpn[)(iol laoi dXXrjXoic;, xal caxiv laov x 6 
xXfjiiloc; xwv FFI, FIA xG iiXr]T[)ci xwv E0, 0Z, caxiv dpa wt; 
6 FH Tipoc; xov E0, ouxtoc; 6 HA npoc, xov 0Z. caxai dpa 
xal 6 c; cIc; x 6 v rjYoupicvtov xpoc; cva x 6 v C7i:o(icvwv, ouxax; 
dxavxcc; oi rjYoupicvoi xpoc; axavxac; xouc; cxopicvouc;. caxiv 
dpa 6 (; 6 FH xpoc; xov E0, ouxox; 6 FA xpoc; xov EZ' ol 
FH, E0 dpa xolc; FA, EZ ev x 6 aux 6 X 6 y 9 eialv cXdaaovec; 
ovxcc aux 6 v oxcp eaxlv d 6 uvaxov uxoxcivxai y“P ol FA, 
EZ cXa^iaxoi x 6 v xov auxov Xoyov cxovxwv auxolc;. oux 
dpa pcpr) eaxlv 6 FA xou A- (icpoc; dpa. xal 6 EZ xou B x 6 
auxo picpoc; eaxlv, oxcp 6 FA xou A- ladxic; dpa 6 FA xov 
A picxpcT xal 6 EZ xov B- oxcp c 8 ei BcT^ai- 


xa'. 

Ol xpAxoi xpog dXXr]Xouc; dpi'dpiol cXd)(iaxol eiai x 6 v xov 
auxov XoYov cxovxtov auxolc;. 

Tlaxwaav xpAxoi xpoc; dXXrjXouc; dpiDpiol ol A, B- Xcyw, 
6 x 1 ol A, B eXd)(iaxol ciai x 6 v xov auxov Xoyov cxovxtov 
auxolc;. 

El Ydp [iT], caovxal xivcc; x 6 v A, B cXdaaovec; dpiDjiol 
cv x 6 aux 6 Xoyw ovxci; xolc; A, B. eaxcoaav ol F, A. 



For CD is not parts of A. For, if possible, let it be 
(parts of A). Thus, EF is also the same parts of B that 
CD (is) of A [Def 7.20, Prop. 7.13]. Thus, as many parts 
of A as are in CD, so many parts of B are also in EF. Let 
CD have been divided into the parts of A, CC and CD, 
and EF into the parts of B, EFl and HE. So the multi¬ 
tude of (divisions) CC, CD will be equal to the multitude 
of (divisions) FBI, ELF. And since the numbers CC and 
CD are equal to one another, and the numbers EF[ and 
HF are also equal to one another, and the multitude of 
(divisions) CC, CD is equal to the multitude of (divi¬ 
sions) EH, HF, thus as CC is to EH, so CD (is) to HF. 
Thus, as one of the leading (numbers is) to one of the 
following, so will (the sum of) all of the leading (num¬ 
bers) be to (the sum of) all of the following [Prop. 7.12]. 
Thus, as CG is to EH, so CD (is) to EF. Thus, CC 
and EH are in the same ratio as CD and EF, being less 
than them. The very thing is impossible. For CD and 
EF were assumed (to be) the least of those (numbers) 
having the same ratio as them. Thus, CD is not parts of 
A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the 
same part of B that CD (is) of A [Def. 7.20, Prop 7.13]. 
Thus, CD measures A the same number of times that EF 
(measures) B. (Which is) the very thing it was required 
to show. 

Proposition 21 

Numbers prime to one another are the least of those 
(numbers) having the same ratio as them. 

Let A and B be numbers prime to one another. I say 
that A and B are the least of those (numbers) having the 
same ratio as them. 

For if not then there will be some numbers less than A 
and B which are in the same ratio as A and B. Let them 
be C and D. 
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’Ekei ouv oi eXa)(iaToi dpi'd^iol xwv tov auxov Xoyov 
e)(6vxtov (iexpoOai touq xov auxov Xoyov e)(ovxo{(; ladxn; 
6 xe xov (JEi^ova xai 6 sXdxxwv xov sXdxxova, 

xouxsaxLv 6 xe f)you(JEvo<; xov fjyoujiEvov xai 6 Exop-Evoc; 
xov ExopEvov, ladxii; dpa 6 F xov A pExpEl xai 6 A xov B. 
oadxic; 6 t) 6 F xov A pExpEl, xoaaOxai povd5E<; saxwaav sv 
xo E. xai 6 A dpa xov B psxpEl xaxd xdi; sv xA E povdSa?. 
xai exeI 6 F xov A pExpEl xaxd xd<; sv xA E povd5a<;, xod 6 
E dpa xov A pExpEl xaxd tolq ev xA F povdBag. 5id xd auxd 
6 E xai xov B pExpEl xaxd xdg ev xA A povdSac;. 6 E 
dpa xouc; A, B pExpEl xpAxouc ovxac; xp6<; dXXr^Xouc;' oxEp 
saxlv dSuvaxov. oux dpa saovxai xlvec xAv A, B EXdaaovEc 
dpiTilpol £v xA aOxA Xoyw ovxec; xoTi; A, B. ol A, B dpa 
sXdxiaxoi Eiai xAv xov auxov Xoyov £)(6vxwv auxolt;' oxEp 
eBel BEl^ai. 


x(3'. 

Oi sXdxiCTxoi dpi^pol xAv xov auxov Xoyov £)(6vxwv 
auxolc; xpAxoi xpoc; dXXrjXouc; Eialv. 

Ai-1 

B'- 1 

ri- 1 

Ai-1 

El-1 

Tiaxwaav £Xd)(i.axoi. dpiDpol xwv xov auxov Xoyov 
EXovxwv auxoTc; ol A, B- Xsyw, oxi. oi A, B xpAxoi. xpoc; 
dXXr^Xouc; Eiaiv. 

El ydp pr] Eiai xpAxoi xpoc; dXXr^Xouc;, pExpr^aEi xic; 
auxouc dpiUpot;. pExpEixw, xai saxto 6 F. xai oadxic; psv 
6 F xov A pExpEl, xoaauxai povdBEc; saxtoaav sv xA A, 


Therefore, since the least numbers of those (num¬ 
bers) having the same ratio measure those (numbers) 
having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser 
the lesser—that is to say, the leading (measuring) the 
leading, and the following the following —C thus mea¬ 
sures A the same number of times that D (measures) B 
[Prop. 7.20]. So as many times as C measures A, so many 
units let there be in E. Thus, D also measures B accord¬ 
ing to the units in E. And since C measures A according 
to the units in E, E thus also measures A according to 
the units in C [Prop. 7.16]. So, for the same (reasons), E 
also measures B according to the units in D [Prop. 7.16]. 
Thus, E measures A and B, which are prime to one an¬ 
other. The very thing is impossible. Thus, there cannot 
be any numbers less than A and B which are in the same 
ratio as A and B. Thus, A and B are the least of those 
(numbers) having the same ratio as them. (Which is) the 
very thing it was required to show. 

Proposition 22 

The least numbers of those (numbers) having the 
same ratio as them are prime to one another. 

Ai-1 

Bi-1 

Cl-1 

Di-1 

El-1 

Let A and B be the least numbers of those (numbers) 
having the same ratio as them. I say that A and B are 
prime to one another. 

For if they are not prime to one another then some 
number will measure them. Let it (so measure them), 
and let it be C. And as many times as C measures A, so 
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oaaxic; 5e 6 F tov B (lexpET, ToaauTai piovaBsc eaxwaav ev 
TW E. 

’Enel 6 r TOV A piexpel xocxoc xocc; ev xw A [iovd5ac;, 6 
r dpa xov A xoXXaxXaaidoai; xov A xeTCOirjxev. 8id xd 
auxd 6r) xal 6 F xov E xoXXaxXcxaKxaac; xov B xexoirjxev. 
dtpi.'dpioc 6i^ 6 F 8uo dpi.'dptoix; xouc; A, E xoXXaxXaaidaac; 
xouc; A, B xeKoirjxev eaxiv dpa A<; 6 A Kpoc xov E, ouxw<; 
6 A xpoi; xov B' oi A, E dpa xoTc A, B ev xw auxo Xoyw 
elalv eXdaaoveg ovxeg auxwv oxep eaxlv d80vaxov. oOx 
dpoc xouc; A, B dpi'dp.ouc; cxpnSjioc; xi<; [iexpr^aei. ol A, B dpa 
xpwxoi xpoc; dXXr^Xouc; elaiv oxep e8ei Set^ai. 

xy'- 

’Edv 8uo dpi'd(jLoi xpwxoi xpoc; dXXr]Xouc; Saiv, 6 xov eva 
auxwv [iexpwv dpnSjioc; xpoc; xov Xomov xpwxoc; eaxai. 



A B r A 


Tilaxwaav 8uo dpnSiJoi xpwxoi xpoc; dXXrjXouc; oi A, B, 
xov 8e A (jexpeixw xi<; dpi'djioc; 6 F- Xeyo, 6xi xal oi F, B 
Tipoxoi. xpoc; dXXr]Xouc; eiaiv. 

Ei ydp pir) eiaiv oi F, B xpwxoi xpog dXXr^Xouc;, [iexpr^aei 
[xk;] xouc; F, B dpi'd(jL6c;. piexpeixw, xal eaxw 6 A. exel 6 
A xov F (jexpeT, 6 8e F xov A piexpel, xal 6 A dpa xov A 
piexpel. piexpel 8e xal xov B- 6 A dpa xouc; A, B piexpel 
xpAxouc; ovxac; xpoc; dXXrjXouc;' oxep eaxlv d8uvaxov. oux 
dpa xouc; F, B dpiiDpiouc; dpi'd[jL6c; xic; piexpr]aei. oi F, B dpa 
xpAxoi xpoc; dXXr]Xouc; eiaiv oxep e8ei 8eT5ai- 

x6'. 

’Edv 8uo dpiDpiol xpoc; xiva dpiDpiov xpwxoi Saiv, xal 6 
z\ auxwv yevopievoc; xpoc; xov auxov Tipwxoc; eaxai. 


many units let there be in D. And as many times as C 
measures B, so many units let there be in E. 

Since C measures A according to the units in D, C 
has thus made A (by) multiplying D [Def. 7.15]. So, for 
the same (reasons), C has also made B (by) multiplying 
E. So the number C has made A and B (by) multiplying 
the two numbers D and E (respectively). Thus, as D is 
to E, so A (is) to B [Prop. 7.17]. Thus, D and E are in 
the same ratio as A and B, being less than them. The 
very thing is impossible. Thus, some number does not 
measure the numbers A and B. Thus, A and B are prime 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 23 

If two numbers are prime to one another then a num¬ 
ber measuring one of them will be prime to the remaining 
(one). 


A B C D 

Let A and B be two numbers (which are) prime to 
one another, and let some number C measure A. 1 say 
that C and B are also prime to one another. 

For if C and B are not prime to one another then 
[some] number will measure C and B. Let it (so) mea¬ 
sure (them), and let it be D. Since D measures C, and C 
measures A, D thus also measures A. And (D) also mea¬ 
sures B. Thus, D measures A and B, which are prime 
to one another. The very thing is impossible. Thus, some 
number does not measure the numbers C and B. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 24 

If two numbers are prime to some number then the 
number created from (multiplying) the former (two num¬ 
bers) will also be prime to the latter (number). 
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ABTAEZ ABCDEF 


Auo yap dpi'd(jLoi ol A, B npoQ Tiva dpi'dp.ov xov F upwToi 
eaxtoaocv, xal 6 A xov B TioXXaxXaaidaat; xov A tioieixw 
Xeyco, 6 x 1 oi F, A xpwxoi xpoc; dXXrjXouc; elaiv. 

El ydp [iT] eiaiv oi F, A xpwxoi npog dXXrjXouc;, [iexpr^aei 
[xk;] xouc; F, A dpi'dp.oi;. p,£xpeixw, xctl eaxw 6 E. xal exel 
oi F, A xpwxoi xpoc; dXXrjXouc; eiaiv, xov Se F [iexpel xic; 
dpiTiljioi; 6 E, oi A, E dpa xpwxoi xpoi; dXXrjXouc; eiaiv. 
oadxic; 5f) 6 E xov A p.expel, xoaauxai p.ovd5e<; eaxtoaav ev 
xw Z' xal 6 Z dpa xov A (iexpel xaxd xdi; ev xw E p.ovd 8 a(;. 
6 E dpa xov Z xoXXaxXaaidaac; xov A Tiexoirjxev. dXXd 
[if)v xal 6 A xov B xoXXaxXaaidaac; xov A xexoirixev laoc; 
dpa eaxlv 6 ex xwv E, Z xw ex xwv A, B. edv Se 6 uxo 
xwv dxpwv laoc; ^ xw uxo xwv [ieawv, oi xeaaapec; dpiiiljiol 
dvdXoyov eiaiv eaxiv dpa (be; 6 E xpoe; xov A, ouxtog 6 B 
xpog xov Z. oi Be A, E xpcoxoi, oi 8 e xpwxoi xal eXa^iaxoi, oi 
8 e eXd^iaxoi dpn[)[iol xc3v xov auxov Xoyov exovxcov auxole; 
[iexpouai xouc; xov auxov Xoyov e^ovxac; ladxic; 6 xe [iei^tov 
xov [iei^ova xal 6 eXdaawv xov eXcxaaova, xouxeaxiv 6 xe 
f)you(ievo(; xov fjyoujievov xal 6 exojievoc; xov e7i6(ievov 6 
E dpa xov B p,expel. (iexpel 8 e xal xov F' 6 E dpa xouc; B, F 
(iexpel xpcbxouc; ovxac; xpoc; cxXXr^Xouc;- oxep eaxlv dBuvaxov. 
oux dpa xouc; F, A dpi'd(iouc; (xpi'd(i 6 c; xic (iexpr]aei. oi F, A 
dpa xpibxoi Tipoc; cxXXr^Xouc; eiaiv onep eBei 8 el^ai. 


xs'. 

’Edv 8 uo dpiiSiiol xpcbxoi xpoc; dXXrjXouc; Saiv, 6 ex xou 
evoc; auxebv yev 6 (ievoc; xpoc; xov Xoixov xpcbxoc; eaxai. 

’lEaxwaav 8 uo dpiDiiol xpcbxoi xpoc; dXXrjXouc; oi A, B, 
xal 6 A eauxov xoXXaxXaaidaac; xov F xoieixto' Xeyco, 6 xi 


For let A and B be two numbers (which are both) 
prime to some number C. And let A make D (by) multi¬ 
plying B. I say that C and D are prime to one another. 

For if C and D are not prime to one another then 
[some] number will measure C and D. Let it (so) mea¬ 
sure them, and let it be E. And since C and A are prime 
to one another, and some number E measures C, A and 
E are thus prime to one another [Prop. 7.23]. So as 
many times as E measures D, so many units let there 
be in F. Thus, F also measures D according to the units 
in E [Prop. 7.16]. Thus, E has made D (by) multiply¬ 
ing F [Def. 7.15]. But, in fact, A has also made £> (by) 
multiplying B. Thus, the (number created) from (multi¬ 
plying) E and F is equal to the (number created) from 
(multiplying) A and B. And if the (rectangle contained) 
by the (two) outermost is equal to the (rectangle con¬ 
tained) by the middle (two) then the four numbers are 
proportional [Prop. 6.15]. Thus, as E is to A, so B (is) 
to F. And A and E (are) prime (to one another). And 
(numbers) prime (to one another) are also the least (of 
those numbers having the same ratio) [Prop. 7.21]. And 
the least numbers of those (numbers) having the same 
ratio measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures B. And it also 
measures C. Thus, E measures B and C, which are prime 
to one another. The very thing is impossible. Thus, some 
number cannot measure the numbers C and D. Thus, 
C and D are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 25 

If two numbers are prime to one another then the 
number created from (squaring) one of them will be 
prime to the remaining (number). 

Let A and B be two numbers (which are) prime to 
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oi B, r npwToi npoQ dXXfjXouc; elaiv. 


A B r A 



KeiaiSw yap A laoQ b A. skei oi A, B upAxoi npog 
dXXr]Xouc; siaiv, !ao<; 6e 6 A tw A, xai oi A, B dpa Kpwxoi 
Tipoc; dXXrjXouc Eiaiv sxdxEpoc; dpa xAv A, A xpoc; xov B 
TipAxoc EaxLv xal 6 ex xAv A, A dpa yev6(jevo<; npoQ xov B 
xpAxoc Eoxai. 6 Be ex xAv A, A YEv6(iEvo<; dpiiSiioc; saxiv 6 
r. oi r, B dpa TipAxoi. Kpoc dXXr]Xouc; Eiaiv oxEp eBei. BEl^ai. 


Xf'. 

’Edv BOo dpi.'dpol Tipoc BOo dpi.'dpouc d(i(p6xEpoi. Tipoc 
ExdxEpov TipAxoi Aaiv, xal oi auxAv yEvojiEvoi TipAxoi 
Tipoc dXXrjXouc saovxai. 

Ai-1 T'-1 

B'-1 A'-1 

E'- 1 

Z'- 1 

Auo ydp dpiiEljiol oi A, B Tipoc Buo dpnSjiouc xouc E, 
A dpcpoxEpoi Tipoc sxdxEpov upAxoi saxwaav, xal 6 (jev 
A xov B TioXXaTiXaaidaac xov E TioiEixw, 6 Be E xov A 
TioXXaTiXaai.daac xov Z TioiEixw Xsy^^, oxi. oi E, Z xpAxoi 
Tipoc dXXrjXouc Eiaiv. 

’EtieI ydp ExdxEpoc xAv A, B Tipoc xov E TipAxoc eaxiv, 
xal 6 EX xAv A, B dpa yEvopEvoc Tipoc xov E TipAxoc saxai. 
6 Be ex xAv A, B yEvo^Evoc saxiv 6 E' oi E, E dpa TipAxoi 
Tipoc dXXr]Xouc eiaiv. Bid xd auxd Br) xal oi E, A upAxoi 
Tipoc dXXrjXouc Eiaiv. sxdxEpoc dpa xAv E, A Tipoc xov E 
TipAxoc saxiv. xal 6 ex xAv E, A dpa yEv6(JEvoc Tipoc xov 
E TipAxoc saxai. 6 Be ex xAv E, A yEvopEvoc eaxiv 6 Z. oi 
E, Z dpa TipAxoi Tipoc dXXrjXouc eiaiv oTiep eBei BeT^ai. 


one another. And let A make C (by) multiplying itself. I 
say that B and C are prime to one another. 


A B C D 



For let D be made equal to A. Since A and B are 
prime to one another, and A (is) equal to D, D and B are 
thus also prime to one another. Thus, D and A are each 
prime to B. Thus, the (number) created from (multily- 
ing) £> and A will also be prime to B [Prop. 7.24]. And C 
is the number created from (multipl 3 dng) D and A. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 

Proposition 26 

If two numbers are both prime to each of two numbers 
then the (numbers) created from (multiplying) them will 
also be prime to one another. 

A'-1 C I-1 

B I-1 D'-1 

E I-1 

F I-1 

For let two numbers, A and B, both be prime to each 
of two numbers, C and D. And let A make E (by) mul- 
tipl 3 dng B, and let C make F (by) multipl 3 dng D. I say 
that E and F are prime to one another. 

For since A and B are each prime to C, the (num¬ 
ber) created from (multiplying) A and B will thus also 
be prime to C [Prop. 7.24]. And E is the (number) cre¬ 
ated from (multipl 3 dng) A and B. Thus, E and C are 
prime to one another. So, for the same (reasons), E and 
D are also prime to one another. Thus, C and D are each 
prime to E. Thus, the (number) created from (multiply¬ 
ing) C and D will also be prime to E [Prop. 7.24]. And 
F is the (number) created from (multipl 3 dng) C and D. 
Thus, E and F are prime to one another. (Which is) the 
very thing it was required to show. 
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xC'. 

’Eav 60o dpi'd^ol npwToi npoc; dXXr]Xou<; Saiv, xcxl noX- 
XaTiXaaidaac; exdT£po<; sauxov Koifj Tiva, oi ysvopisvoi 
auTWv TipoToi. xpoc dXXrjXouc saoviai, xdv oi 
Toijc; ysvopisvouc; ■KoXkom.Xaaia.aa.vTeQ xoiGoi xivac;, xdxelvoi. 
xpwToi. npoQ dXXrjXouc eaovTai. [xai del xepi tou<; dxpouc 
toDto auptpaivei]. 


A B r A E Z 



TiaTwaav 5uo dpiDpiol Kpwxoi npbz dXXrjXoix; oi A, B, 
xal 6 A eauxov (jev xoXXa7i;Xaai.daa<; xov F xoi.eixw, xov 
5e r 'KoXXaxXaai.daat; xov A xoieixw, 6 5e B eauxov piev 
xoXXaxXaaidaac; xov E xoieixco, xov 5e E xoXXaxXaaidaac; 
xov Z Koieixw Xeyw, oxi. ol' xe F, E xal oi A, Z xpAxoi. xpoc; 
dXXr]Xouc; eiaiv. 

’Exel ydp oi A, B xpAxoi. xpoc; dXXrjXouc eiaiv, xal 6 
A eauxov xoXXaxXaaidaat; xov F xexoirjxev, oi F, B dpa 
TipAxoi. xpoc; dXXrjXouc eiaiv. exel ouv oi F, B upAxoi xpog 
dXXr^Xouc; eiaiv, xal 6 B eauxov xoXXaxXaaidaac; xov E 
xexoirixev, oi F, E dpa xpAxoi xpoc; dXXr^Xouc; eiaiv. xdXiv, 
exel oi A, B xpAxoi xpog dXXrjXouc; eiaiv, xal 6 B eauxov 
xoXXauXaaidaac; xov E xexoirixev, oi A, E dpa upAxoi xpoc; 
dXXr^Xouc; eiaiv. exel ouv 8uo dpi^(iol oi A, F xpoc; 5uo 
dpi^jiouc; xouc B, E djiqjoxepoi xpot; exdxepov xpAxoi eiaiv, 
xal 6 ex xAv A, F dpa yevojievoc; xpoi; xov ex xAv B, E 
xpAxoc; eaxiv. xai eaxiv 6 [iev ex xAv A, F 6 A, 6 5e ex 
xAv B, E 6 Z. oi A, Z dpa xpAxoi xpoc; dXXr^Xoui; eiaiv 
oxep eBei Sel^ai. 


Proposition 27^ 

If two numbers are prime to one another and each 
makes some (number by) multiplying itself then the num¬ 
bers created from them will be prime to one another, and 
if the original (numbers) make some (more numbers by) 
multipl 3 dng the created (numbers) then these will also be 
prime to one another [and this always happens with the 
extremes]. 


A B C D E F 



Let A and B be two numbers prime to one another, 
and let A make C (by) multipl 3 dng itself, and let it make 
D (by) multiplying C. And let B make E (by) multiplying 
itself, and let it make F by multipl 3 dng E. I say that C 
and E, and D and F, are prime to one another. 

For since A and B are prime to one another, and A has 
made C (by) multiplying itself, C and B are thus prime 
to one another [Prop. 7.25]. Therefore, since C and B 
are prime to one another, and B has made E (by) mul¬ 
tiplying itself, C and E are thus prime to one another 
[Prop. 7.25]. Again, since A and B are prime to one an¬ 
other, and B has made E (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, 
since the two numbers A and C are both prime to each 
of the two numbers B and E, the (number) created from 
(multiplying) A and C is thus prime to the (number cre¬ 
ated) from (multipl 3 dng) B and E [Prop. 7.26]. And D is 
the (number created) from (multiplying) A and C, and F 
the (number created) from (multiplying) B and E. Thus, 
D and F are prime to one another. (Which is) the very 
thing it was required to show. 


t In modem notation, this proposition states that if a is prime to b, then a? is also prime to , as well as a® to b^, etc., where all symbols denote 
numbers. 


XT)'. 

’Eav 5uo dpidpol npAxoi xpoi; dXXrjXoui; Aaiv, xal au- 
vapcpoxepoc; npoc; exdxepov auxAv npAxoi; eaxac xal edv 
auvapcpoxepoi; xpoi; eva xivd auxAv xpAxoc; fj, xal ol e^ 
dpyrjc; dpidpol itpAxoi 7tp6<; dXXrjXouc eaovxai. 


Proposition 28 

If two numbers are prime to one another then their 
sum will also be prime to each of them. And if the sum 
(of two numbers) is prime to any one of them then the 
original numbers will also be prime to one another. 
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A B r 

I-1-1 

A'- 1 

Suyxeia'dwacxv yap 660 dpL'd^J^ol TipOxoi. Tipoc; dXXr^X- 
o\K oi AB, BF' Xsyw, oti xal auva^cpoTspoc 6 AF xpoi; 
exdTEpov Twv AB, BF xpfiToc sotiv. 

Et ydp [ir] siaiv oi FA, AB xpwToi. npoc; dXXrjXoU'Z, 
piSTpr]aei. n.? tou<; FA, AB dpnOjiDc;. piSTpeiTW, xai sotw 6 A. 
exsl ouv 6 A xouc; FA, AB ^STpel, xai Xoixov dpa tov BF 
piSTpr]a£L. ^expel 8s xal xov BA- 6 A dpa xouc; AB, BF pis- 
xpsl xpAxouc; ovxac; xpoc; dXXr^Xouc;- ousp saxlv d8uvaxov. 
oux dpa xouc; FA, AB dpi'd[jLouc; dpi-d^toc; xic; (lExp-rjasr oi 
FA, AB dpa xpAxoi. xpoc; dXXrjXouc; siaiv. 8id xd auxd 81^ 
xai oi AF, FB xpAxoi xpoc; dXXr]Xouc; siaiv. 6 FA dpa xpoc; 
sxdxspov xAv AB, BF xpAxoc; saxiv. 

’'Eaxwaav 8f) xdXiv oi FA, AB xpAxoi xpoc; dXXr^Xouc;- 
Xsyo), 6x1 xal oi AB, BF xpAxoi xpoc; dXXr]Xouc; siaiv. 

Ei ydp ^r) siaiv oi AB, BF xpAxoi xpoc; dXXr]Xouc;, 
pi£xpr]asi xic; xouc; AB, BF dpi-d^xoc;. (jsxpsixw, xal saxw 6 A. 
xal STisl 6 A sxdxspov xAv AB, BF pisxpsT, xal oXov dpa xov 
FA (jsxpr)asi. pisxpsT Ss xal xov AB- 6 A dpa xouc; FA, AB 
txsxpsT xpAxouc; ovxac; xpoc; dXXr]Xouc;- oxsp saxlv d8uvaxov. 
oux dpa xouc; AB, BF dpi-diiouc; dpi-diioc; xic; ^sxpr]asi. oi 
AB, BF dpa xpAxoi xpoc; dXXrjXouz siaiv- oxsp £8si SsT^ai. 


Xif}'. 

"Axac; xpAxoc; dpi-dp-oc; xpoc; dxavxa dpi-diiov, 6v ^ir) ^s- 
xpsT, xpAxoc; saxiv. 

Ai-1 

Bi-1 

ri-1 

Tiaxa) xpAxoc; dpi-dpioc; 6 A xal xov B [iiq p,sxpsixa)- Xsyw, 
6 x 1 oi B, A xpAxoi xpoc; dXXrjXouc; siaiv. 

Ei ydp siaiv oi B, A xpAxoi xpoc; dXXi^Xouc;, ^sxpr]asi 
xic; auxouc; dpi-dpioc;. (jsxpsixw 6 F. sxsl 6 F xov B (isxpsT, 
6 Ss A xov B ou (isxpsT, 6 F dpa xA A oux saxiv 6 auxoc;. 
xal sxsl 6 F xouc; B, A ^sxpsT, xal xov A dpa (JSxpsT xpAxov 
ovxa (if] Av auxA 6 auxoc;- oxsp saxlv d 8 uvaxov. oux dpa 
xouc; B, A (isxp-fjasi xic; dpiiDtioc;. oi A, B dpa xpAxoi xpoc; 
dXXf]Xouc; siaiv- oxsp £ 8 si SsT^ai. 


A B C 

I-1-1 

Di-1 

For let the two numbers, AB and BC, (which are) 
prime to one another, be laid down together. I say that 
their sum AC is also prime to each of AB and BC. 

For if CA and AB are not prime to one another then 
some number will measure CA and AB. Let it (so) mea¬ 
sure (them), and let it be D. Therefore, since D measures 
CA and AB, it will thus also measure the remainder BC. 
And it also measures BA. Thus, D measures AB and 
BC, which are prime to one another. The very thing is 
impossible. Thus, some number cannot measure (both) 
the numbers CA and AB. Thus, CA and AB are prime 
to one another. So, for the same (reasons), AC and CB 
are also prime to one another. Thus, CA is prime to each 
of AB and BC. 

So, again, let CA and AB be prime to one another. I 
say that AB and BC are also prime to one another. 

For if AB and BC are not prime to one another then 
some number will measure AB and BC. Let it (so) mea¬ 
sure (them), and let it be D. And since D measures each 
of AB and BC, it will thus also measure the whole of 
CA. And it also measures AB. Thus, D measures CA 
and AB, which are prime to one another. The very thing 
is impossible. Thus, some number cannot measure (both) 
the numbers AB and BC. Thus, AB and BC are prime 
to one another. (Which is) the very thing it was required 
to show. 

Proposition 29 

Every prime number is prime to every number which 
it does not measure. 

Ai-1 

B'-1 

C'-' 

Let A be a prime number, and let it not measure B. I 
say that B and A are prime to one another. For if B and 
A are not prime to one another then some number will 
measure them. Let C measure (them). Since C measures 
B, and A does not measure B, C is thus not the same as 
A. And since C measures B and A, it thus also measures 
A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot 
measure (both) B and A. Thus, A and B are prime to 
one another. (Which is) the very thing it was required to 
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X'. 

’Eav 5uo dpLiDtJiol KoWa.KXaaia.aa.vTez dXXrjXouc noLwai 
Tivoc, Tov 5e YS^'^op.evov auxwv p.expf) xic; xpwxoc; dpi'dp.oc;, 
xal eva xwv dp)(fjc; (iexpr^aei. 

Ai-1 

B'- 1 

ri-1 

Ai-1 

El-1 

Auo ydp dpiiSpLoi oi A, B TioXXaKXaaidaavxei; dXXrjXoix; 
xov r xoieixwaocv, xov 5e F ptexpeixw xic Kpwxo^ dpiiSpLOi; 6 
A' Xeyw, 6 x 1 6 A eva xwv A, B (iexpeT. 

Tov ydp A piT) (iexpeixw xai eaxi TipGxoc; 6 A' oi A, 
A dpa upGxoi upoc; dXXrjXouc; eiaiv. xal oadxn; 6 A xov F 
[iexpel, xoaaOxai [iovd5ec; eaxwaav ev xw E. exel ouv 6 A 
xov F piexpel xaxd tolq ev xw E piovdBac;, 6 A dpa xov E 
KoXXaKXaaidaaz xov F TCexoirjxev. dXXd pirjv xal 6 A xov 
B KoXXaKXaaidaaz xov F xenoirixev laoc; dpa eaxlv 6 ex 
xAv A, E xA ex xAv A, B. eaxiv dpa A<; 6 A Tipoi; xov A, 
ouxoc 6 B upoc; xov E. ol 6 e A, A TipAxoi, oi 6 e KpAxoi xal 
eXdxioxoi, oi 5e eXdxiaxoi (jexpoOai xouc; xov auxov Xoyov 
exovxac iadxic 6 xe piei^wv xov piei^ova xal 6 eXdaawv xov 
eXaaaova, xouxeaxiv 6 xe f)You(jevo<; xov f)You(ievov xal 6 
e 7 i 6 (jevo<; xov e-n: 6 (jevov 6 A dpa xov B [iexpel. ojioiwc; 5f) 
5ei^o(jev, 6 xi xal edv xov B (jt) ptexpfj, xov A pLexpr]aei.. 6 A 
dpa eva xAv A, B ptexpeT' onep c5ei 5el^ai. 


Xa'. 

"AKac; auvdevxoc; dpi'd(jL6c; Otio xpAxou xivot; dpi'd(ioO pie- 
xpeTxai. 

’'Eaxw auvdevxoc dpiiSpLo^ 6 A' Xeyw, 6xi 6 A uko KpAxou 
xivoc dpnSjiou [iexpelxai. 

’E7i;el Y“P auvdexoc eaxiv 6 A, piexpr]aei. xic auxov 


show. 

Proposition 30 

If two numbers make some (number by) multiplying 
one another, and some prime number measures the num¬ 
ber (so) created from them, then it will also measure one 
of the original (numbers). 

Ai-1 

Bi-1 

Cl-1 

Di-1 

El-1 

For let two numbers A and B make C (by) multiplying 
one another, and let some prime number D measure C. I 
say that D measures one of A and B. 

For let it not measure A. And since D is prime, A 
and D are thus prime to one another [Prop. 7.29]. And 
as many times as D measures C, so many units let there 
be in E. Therefore, since D measures C according to 
the units E, D has thus made C (by) multiplying E 
[Def. 7.15]. But, in fact, A has also made C (by) multi¬ 
plying B. Thus, the (number created) from (multiplying) 
D and E is equal to the (number created) from (mul¬ 
tiplying) A and B. Thus, as D is to A, so B (is) to E 
[Prop. 7.19]. And D and A (are) prime (to one another), 
and (numbers) prime (to one another are) also the least 
(of those numbers having the same ratio) [Prop. 7.21], 
and the least (numbers) measure those (numbers) hav¬ 
ing the same ratio (as them) an equal number of times, 
the greater (measuring) the greater, and the lesser the 
lesser—that is to say, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20]. Thus, 
D measures B. So, similarly, we can also show that if 
(D) does not measure B then it will measure A. Thus, 
D measures one of A and B. (Which is) the very thing it 
was required to show. 

Proposition 31 

Every composite number is measured by some prime 
number. 

Let A be a composite number. I say that A is measured 
by some prime number. 

For since A is composite, some number will measure 
it. Let it (so) measure (A), and let it be B. And if B 
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dpi'd^oc- piSTpeiTW, xai eaxw 6 B. xal el (lev npcSTOQ eaxiv 6 
B, Yeyovot; dv e’lr) to exixax'dev. el 6e auvdexoc;, pieTpr]aei. 
Ti<; auTov dpiiDpioc. piexpeiTW, xal eaxw 6 F. xai exei 6 F 
Tov B [ieTpel, 6 6c B xov A [iexpcl, xal 6 F dpa xov A 
picxpcT. xal cl [icv xpwxoc; eaxiv 6 F, Ycyovoi; dv clr) x6 
cxiTaxiSev. cl 6c auvdexoc;, (jcxprjaci xic; auxov dpidiioc;. 
xoiauxrjc; 6r) Yivo(jLcvr)(; exiaxccl^coc; Xr](p'dr)acxal xic; xpwxoc; 
dpidpioc;, OQ ptcxpr]aei.. cl y“P ou Xrjcp'drjacxai, (icxpr)aouai. 
xov A dpidpiov dxcipoi dpidpiol, Sv excpoi; cxcpou eXdaawv 
caxlv oxcp caxlv d6uvaxov cv dpidpioT^. Xrjcp'drjacxal xi<; dpa 
xpOxoc; dpidijLoc;, oq (jcxpr)aci xov xpo eauxoO, oq xal xov A 
piexpr]aci.. 


A'-1 

Bi-1 

ri-1 

"Axai; dpa auvdevxoc; dpidiioc; 0x6 xpwxou xivoc; dpidiiou 
[icxpcTxai.- oxcp e6ci 6cT^ai.. 

X(3'. 

"Axac; dpidpioc; t]xoi. xpwxoc; eaxiv f] 0x6 xpwxou xiv6c; 
dpidpiou [iexpclxai. 

A' I 

Tlaxw dpi'd[jL6c; 6 A- Xcyw, 6xi 6 A f^xoi xpwxoc; eaxiv f] 
0x6 xpwxou TWOQ dpidpioO (JCxpcTxai. 

El (jcv ouv xpCSxoc; eaxiv 6 A, y£Yov6c; dv cir] x6 
cxixax'Ocv. cl 6c auvdexoc;, picxpr]aci xic; a0x6v xpwxoc; 
dpidpioc;. 

"Axac; dpa dpidiidc; t]xoi xpwxoc; eaxiv f] 0x6 xpwxou 
xiv6c; dpidpioO picxpcTxai- oxcp c6ci dcT^ai- 

Xy'. 

Apidpifiv dodcvxov oxoawvouv eOpcTv xouc; cXaxiaxouc; 
xSSv x6v a0x6v Xoyov exovxcov aOxoTc;. 

Tlaxwaav ol dodevTce oxoaoiouv dpidpiol ol A, B, F- del 
dr) cOpeTv xouc; cXaxiaxouc; xwv x6v a0x6v Xoyov exovxwv 
xoTc; A, B, F. 

Ol A, B, F Ydp r)xoi xpwxoi xp6c; dXXr]Xouc; clalv f) ou. 
cl picv ouv ol A, B, F xpOxoi xp6c; dXXrjXouc; clalv, cXdxiaxol 
clai xOv x6v a0x6v Xoyov exovxwv aOxoTc;. 


is prime then that which was prescribed has happened. 
And if (B is) composite then some number will measure 
it. Let it (so) measure (B), and let it be C. And since 
C measures B, and B measures A, C thus also measures 
A. And if C is prime then that which was prescribed has 
happened. And if (C is) composite then some number 
will measure it. So, in this manner of continued inves¬ 
tigation, some prime number will be found which will 
measure (the number preceding it, which will also mea¬ 
sure A). And if (such a number) cannot be found then an 
infinite (series of) numbers, each of which is less than the 
preceding, will measure the number A. The very thing is 
impossible for numbers. Thus, some prime number will 
(eventually) be found which will measure the (number) 
preceding it, which will also measure A. 

Ai-1 

B'-1 

C'- 1 

Thus, every composite number is measured by some 
prime number. (Which is) the very thing it was required 
to show. 

Proposition 32 

Every number is either prime or is measured by some 
prime number. 

A'- 1 

Let A be a number. I say that A is either prime or is 
measured by some prime number. 

In fact, if A is prime then that which was prescribed 
has happened. And if (it is) composite then some prime 
number will measure it [Prop. 7.31]. 

Thus, every number is either prime or is measured 
by some prime number. (Which is) the very thing it was 
required to show. 

Proposition 33 

To find the least of those (numbers) having the same 
ratio as any given multitude of numbers. 

Let A, B, and C be any given multitude of numbers. 
So it is required to find the least of those (numbers) hav¬ 
ing the same ratio as A, B, and C. 

For A, B, and C are either prime to one another, or 
not. In fact, if A, B, and C are prime to one another then 
they are the least of those (numbers) having the same 
ratio as them [Prop. 7.22]. 
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ABrAEZH@KAM 



Ei 6e ou, elXr^cp'dto twv A, B, F to (isyiaxov xoivov 
^xsTpov 6 A, xai 6aaxi.c; 6 A exaaxov twv A, B, F (jexpsT, 
ToaauTai. ^ovd8s<; eaxwaav ev exdaTW xwv E, Z, H. xal 
exaaxoc dpa xwv E, Z, H exaaxov xwv A, B, F (lexpeT xaxd 
xdi; ev xw A ^ovdSai;. oi E, Z, F[ dpa xou<; A, B, F iadxic; 
^expoDaiv oi E, Z, H dpa xoTc A, B, F ev xw auxw Xoyw 
eiaiv. Xeyw 8r), oxi. xai eXdxiaxoi. ei ydp [ir] eiaiv oi E, Z, 
H eXdxiaxoi xSSv xov auxov Xoyov exovxwv xoTc; A, B, F, 
eaovxai [xivec;] xwv E, Z, FE eXdaaovec dpiij^ol ev xo aOxw 
Xoyw ovxec toXq A, B, F. eaxwaav oi 0, K, A- iadxi.c; dpa 6 
0 xov A (jexpeT xai exdxepoc; xov K, A exdxepov xov B, F. 
oadxii; 6e 6 0 xov A (jexpeT, xoaaOxai piovd8e<; eaxoaav ev 
xo M- xal exdxepoc dpa xov K, A exdxepov xov B, F jexpeT 
xaxd xdc ev xo M piovd8a<;. xal e^el 6 0 xov A piexpeT xaxd 
xdc ev xo M ^ovdBac, xal 6 M dpa xov A (lexpeT xaxd xdc 
ev xo 0 ^ovd6ac. 6id xd auxd 6f] 6 M xal exdxepov xov B, 
F (JexpeT xaxd xdc ev exaxepo xov K, A (jovdBac 6 M dpa 
xouc A, B, F (JexpeT. xal exel 6 0 xov A (jexpeT xaxd xdc 
ev xo M (JovdSac, 6 0 dpa xov M xoXXaKXaaidaac xov A 
xeKoirjxev. 6id xd auxd 5r) xal 6 E xov A KoXXaxXaaidaac 
xov A xexoirjxev. laoc dpa eaxlv 6 ex xov E, A xo ex 
xov 0, M. eaxiv dpa oc 6 E xpoc xov 0, ouxoc 6 M xpoc 
xov A. (jei^ov 5e 6 E xou 0- (jei^ov dpa xal 6 M xoO A. 
xal (JexpeT xouc A, B, F- oxep eaxlv dSuvaxov UKOxeixai 
ydp 6 A xov A, B, F xo (Jeyiaxov xoivov (jexpov. oux dpa 
eaovxai xivec xov E, Z, H eXdaaovec dpi'd(jol ev xo auxo 
Xoyo ovxec xoTc A, B, F. oi E, Z, H dpa eXdxiaxoi eiai xov 
xov auxov Xoyov exovxov xoTc A, B, F- oxep e6ei 8eT^ai. 


X8'. 

Auo dpi'd(Jov BoiDevxov eOpeTv, 6v eXdxiaxov (jexpouaiv 
dpi'd(j6v. 

Tiaxoaav oi SoDevxec 5uo dpiT)(Jol oi A, B- 5eT 5r) eupeTv, 


ABCDEFGHKLM 



And if not, let the greatest common measure, D, of 

A, B, and C have be taken [Prop. 7.3]. And as many 
times as D measures A, B, C, so many units let there 
be in E, F, G, respectively. And thus E, F, G mea¬ 
sure A, B, G, respectively, according to the units in D 
[Prop. 7.15]. Thus, E, F, G measure A, B, C (respec¬ 
tively) an equal number of times. Thus, E, F, G are in 
the same ratio as A, B, G (respectively) [Def. 7.20]. So 1 
say that (they are) also the least (of those numbers hav¬ 
ing the same ratio as A, B, C). For if E, F, G are not 
the least of those (numbers) having the same ratio as A, 

B, C (respectively), then there will be [some] numbers 
less than E, F, G which are in the same ratio as A, B, G 
(respectively). Let them be H, K, L. Thus, H measures 
A the same number of times that K, L also measure B, 

C, respectively. And as many times as H measures A, so 
many units let there be in M. Thus, K, L measure B, 
C, respectively, according to the units in M. And since 
H measures A according to the units in M, M thus also 
measures A according to the units in H [Prop. 7.15]. So, 
for the same (reasons), M also measures B, G accord¬ 
ing to the units in K, L, respectively. Thus, M measures 
A, B, and G. And since H measures A according to the 
units in M, H has thus made A (by) multiplying M. So, 
for the same (reasons), E has also made A (by) multiply¬ 
ing D. Thus, the (number created) from (multiplying) 
E and D is equal to the (number created) from (multi¬ 
plying) H and M. Thus, as E (is) to H, so M (is) to 
D [Prop. 7.19]. And E (is) greater than H. Thus, M 
(is) also greater than D [Prop. 5.13]. And (M) measures 
A, B, and G. The very thing is impossible. For D was 
assumed (to be) the greatest common measure of A, B, 
and G. Thus, there cannot be any numbers less than E, 
F, G which are in the same ratio as A, B, C (respec¬ 
tively). Thus, E, F, G are the least of (those numbers) 
having the same ratio as A, B, G (respectively). (Which 
is) the very thing it was required to show. 

Proposition 34 

To find the least number which two given numbers 
(both) measure. 

Let A and B be the two given numbers. So it is re- 
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6v eXa)(i.aTov ^STpouaiv dpiiDpiov. 

Ai- 1 B'- 1 

ri-1 

Ai-1 

E'-' Z'-' 

01 A, B Y“P upwToi npoc dXXrjXouc; elalv r] ou. 
eaTCoaav TipoTspov ol A, B Tipwxoi Tipoc; dXXr^Xoug, xal 6 A 
Tov B noXXaTiXaaidaocc; tov F tioleitw xai 6 B dpa xov A 
TioXXaTiXaai.daat; xov F xsKoirjxev. oi A, B dpa xov F ^s- 
xpouaiv. Xsyw 6r], 6xi xai eXd)(i.axov. si ydp (ir], (iExpr)aoua[ 
xiva dpi'd(i6v ol A, B sXdaaova ovxa xoO F. ^Expslxwaav 
xov A. xai 6adxi<; 6 A xov A (lExpsI, xoaauxai [iovaSsc; 
saxwaav sv xA E, oadxic; Be 6 B xov A (lExpsI, xoaauxai 
[iovaBsc; saxtoaav sv xA Z. 6 p,£v A dpa xov E TioXXa- 
xXaaidaac; xov A xsTiolrjXEv, 6 5 e B xov Z TioXXaxXaaidaag 
xov A KExolrjXEv Xaoz dpa Eaxlv 6 ex xAv A, E xA ex xAv 
B, Z. Eaxiv dpa Ac; 6 A Tipoc; xov B, ouxcoc; 6 Z Tipoc; xov 
E. ol Be a, B xpAxoi, ol Be xpAxoi xal sXdxiaxoi, ol Be 
£X d)(iaxoi [iExpouai xouc; xov auxov Xoyov E)(ovxac; ladxic; 6 
x£ p,£[^cov xov (iEi^ova xal 6 sXdaacov xov sXdaaova' 6 B 
dpa xov E [iExpsl, Ac; £Ti6p,£voc; £Ti6p,£vov. xal etieI 6 A xou<; 
B, E TioXXaxXaaidaac; xouc; F, A tietioItjxev, saxiv dpa Ac; 
6 B Tipoc; xov E, ouxwc; 6 F xpoc; xov A. (iExpsl Be 6 B xov 
E- [iExpEl dpa xal 6 F xov A 6 [isl^tov xov sXdaaova' oxEp 
Eaxlv dBuvaxov. oux dpa ol A, B p,£xpoua[ xiva dpi'dp.ov 
sXdaaova ovxa xou F. 6 F dpa £Xd)(iaxoc; Av uxo xAv A, B 
[iExpElxai. 


A'-1 B I-1 

2 I-1 E I-1 

E I-1 

A'- 1 

Hi-1 @1-1 

Mil) saxwaav Br] ol A, B xpAxoi xpoc; dXXrjXouc;, 
xal ElX/icpiSwaav sXd^iaxoi dpii[)(iol xAv xov auxov Xoyov 
EXovxcov xoTc; A, B ol Z, E- laoc; dpa saxiv 6 ex xAv A, E xA 


quired to find the least number which they (both) mea¬ 
sure. 

A'-1 B I-1 

Cl- 1 

Di-1 

E I-1 F I-1 

For A and B are either prime to one another, or not. 
Let them, first of all, be prime to one another. And let A 
make C (by) multipl 3 dng B. Thus, B has also made C 
(by) multipl 3 dng A [Prop. 7.16]. Thus, A and B (both) 
measure C. So I say that (C) is also the least (num¬ 
ber which they both measure). For if not, A and B will 
(both) measure some (other) number which is less than 
C. Let them (both) measure D (which is less than C). 
And as many times as A measures D, so many units let 
there be in E. And as many times as B measures D, 
so many units let there be in F. Thus, A has made D 
(by) multipl 3 dng E, and B has made D (by) multiply¬ 
ing F. Thus, the (number created) from (multiplying) 
A and E is equal to the (number created) from (multi¬ 
plying) B and F. Thus, as A (is) to B, so E (is) to E 
[Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers 
having the same ratio) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
B measures E, as the following (number measuring) the 
following. And since A has made C and D (by) multi¬ 
plying B and E (respectively), thus as B is to E, so C 
(is) to D [Prop. 7.17]. And B measures E. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea¬ 
sure some number which is less than C. Thus, C is the 
least (number) which is measured by (both) A and B. 

A I-1 B I-1 

F I-1 E I-1 

C I-1 

D I-1 

G I-1 H I-1 

So let A and B be not prime to one another. And 
let the least numbers, F and E, have been taken having 
the same ratio as A and B (respectively) [Prop. 7.33]. 
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ex Twv B, Z. xal 6 A xov E xoXXaxXaaitxaat; tov F xoieixw 
xal 6 B apa xov Z xoXXaxXaaidaac; xov F xexoirjxev oi A, 
B dpa xov F [iexpoOaiv. Xeyw 6r], 6xi xal eXa^iaxov. el ydp 
[iT], [iexpr^aoual xiva dpnfljiov ol A, B cXdaaova ovxa xou 
F. [iexpelxwaav xov A. xal oadxic; p,ev 6 A xov A p,expel, 
xoaaOxai p.ovd5e<; caxcoaav ev xw F[, oadcxic; 8c 6 B xov A 
[iexpcl, xoaauxai (iovd8ec; caxtoaav cv xw 0. 6 (icv A dpa 
xov F[ KoXXaxXaaidaat; xov A xexolrjxcv, 6 8c B xov 0 
xoXXaxXaaidaac; xov A xexolrixcv. laoc; dpa eaxlv 6 ex xwv 
A, F[ xw ex xwv B, 0' caxiv dpa dx; 6 A xpog xov B, ouxcoc; 
6 0 xpog xov H. dx; 8e 6 A xpoc; xov B, ouxtog 6 Z xpog 
xov E- xal (be; dpa 6 Z xpoe; xov E, ouxcoc; 6 0 xpoc; xov 
F[. oi 8c Z, E cXd)(iaxoi, ol 8e cXd)(iaxoi p,cxpouai xouc; xov 
auxov Xoyov exovxag iadxic; 8 xe p-ci^o^v xov pci^ova xal 6 
eXdaacov xov cXdaaova' 6 E dpa xov H pexpcl. xal cxel 6 
A xouc E, F[ xoXXaxXaaidaac xouc F, A xcxolrjxev, eaxiv 
dpa (be 6 E Tipoc xov H, ouxtoc o F xpoc xov A. 6 8c E xov 
F[ pexpcl' xal 6 F dpa xov A pexpcl 6 pci^ojv xov cXdaaova' 
oxep eaxlv d8uvaxov. oux dpa ol A, B pcxp'riaoual xiva 
dpiDpov cXdaaova ovxa xou F. 6 F dpa cXd)(iaxoc wv und 
x(bv A, B pexpclxai' oncp cxei 8cl^ai. 


Xe'. 

’Edv 8uo dpi'dpol dpiiSpov xiva pcxpwaiv, xal 6 cXd^iaxoc 
ux’ auxwv pexpoupevoc xov auxov pcxp'/jaci. 

Ai- 1 Bi- 1 

r 2 A 

I-^- 1 

El-1 

Auo ydp dpiiilpol oi A, B dpiDpov xiva xov FA pe- 
xpelx(oaav, cXdxiaxov 8c xov E- Xeyco, 6xi xal 6 E xov FA 
pexpcl. 

El ydp ou pexpcl 6 E xov FA, 6 E xov AZ pcxpGv 
Xcixcx(o eauxou cXdaaova xov FZ. xal excl ol A, B xov E 
pexpouaiv, 6 8c E xov AZ pexpcl, xal oi A, B dpa xov 
AZ pcxpr]aouaiv. pexpouai 8e xal oXov xov FA- xal Xoixov 
dpa xov FZ pcxprjaouaiv cXdaaova ovxa xou E' oxcp eaxlv 
d8uvaxov. oux dpa ou pexpcl 6 E xov FA- pexpcl dpa- oxep 
c8ei 8el^ai. 


Thus, the (number created) from (multiplying) A and E 
is equal to the (number created) from (multiplying) B 
and F [Prop. 7.19]. And let A make C (by) multiplying 
E. Thus, B has also made C (by) multiplying F. Thus, 
A and B (both) measure C. So 1 say that (C) is also the 
least (number which they both measure). For if not, A 
and B will (both) measure some number which is less 
than C. Let them (both) measure D (which is less than 
C). And as many times as A measures D, so many units 
let there be in G. And as many times as B measures D, 
so many units let there be in El. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying 
El. Thus, the (number created) from (multiplying) A and 
G is equal to the (number created) from (multiplying) B 
and iT. Thus, as A is to B, so H (is) to G [Prop. 7.19]. 
And as A (is) to B, so F (is) to E. Thus, also, as F (is) 
to E, so H (is) to G. And F and E are the least (num¬ 
bers having the same ratio as A and B), and the least 
(numbers) measure those (numbers) having the same ra¬ 
tio an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
E measures G. And since A has made C and D (by) mul¬ 
tiplying E and G (respectively), thus as E is to G, so G 
(is) to D [Prop. 7.17]. And E measures G. Thus, G also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea¬ 
sure some (number) which is less than G. Thus, C (is) 
the least (number) which is measured by (both) A and 
B. (Which is) the very thing it was required to show. 

Proposition 35 

If two numbers (both) measure some number then the 
least (number) measured by them will also measure the 
same (number). 

A'-1 B I-1 

C F D 

I-^-1 

El-1 

For let two numbers, A and B, (both) measure some 
number GD, and (let) E (be the) least (number mea¬ 
sured by both A and B). I say that E also measures CD. 

For if E does not measure GD then let E leave GF 
less than itself (in) measuring DF. And since A and B 
(both) measure E, and E measures DF, A and B will 
thus also measure DF. And (A and B) also measure the 
whole oiGD. Thus, they will also measure the remainder 
CF, which is less than E. The very thing is impossible. 
Thus, E cannot not measure GD. Thus, (A) measures 
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Xf'. 

Tpiwv dpiiDiicSv So'devTCov eupelv, ov eXd)(iaTov [ie- 
xpoOaiv dpi'd(jL6v. 

TSaTwaav oi BotJevtsc xpsTc; dpi.'dpol oi A, B, F- 6sT 5i^ 
eOpsTv, 6v eXd)(i.aTov psTpouaiv dpi.'dpov. 

A'-1 

B I - 1 

r I- 1 

A I-1 

E'-1 

Z'-1 

EiXi^cpiOw ydp uno 6 uo twv A, B eXa^iaxoc; p,£Tpo 6 p,£voi; 
6 A. 6 61 ^ r TOV A r]TOl p£Tp£'l f] oO ^l£Tp£l. ^£Tp£[TW 
7 ip 6 T£pov. (j£Tpouai Be xal oi A, B tov A- oi A, B, F 
dpa TOV A (JETpoOaiv. XEyw 6 r], oti xal £Xd)(i.aTov. ei ydp 
[iT], p.£Tpr)aouai.v [xiva] dpiDpov oi A, B, F EXdaaova ovxa 
ToO A. pExpEiTwaav tov E. etieI oi A, B, F tov E pETpouaiv, 
xal oi A, B dpa tov E p.£TpoOaiv. xal 6 £Xd)(iaTO(; dpa 0x6 
Twv A, B [i£Tpou(iEvo(; [tov E] [iETpr^aEi. £Xd)(iaToc; 5e 0x6 
Twv A, B [iETpoujiEvoc; eotiv 6 A' 6 A dpa t6v E [iETpr^aEi 
6 [iEii^wv t6v sXdaaova' oxsp eotIv dBOvaxov. oOx dpa oi 
A, B, F [iETpr^aouai Tiva dpiiL)[i 6 v sXdaaova ovTa tou A- oi 
A, B, F dpa £Xd)(iaTov t6v A p,£Tpouaiv. 

Mf) ^lETpEiTco xdXiv 6 F t6v A, xal slXr^cp'dw 0x6 twv 
F, A £Xd)(iaTo<; [iSTpoujiEvoc; dpi'dti6<; 6 E. sxsl oi A, B 
t6v a [iSTpouaiv, 6 Be A t6v E (iETpsl, xal oi A, B dpa 
t6v E p.£Tpo0aiv. [iETpsI Be xal 6 F [t6v E- xal] oi A, B, 
F dpa t6v E p.£Tpouaiv. Xsyto Br], oti xal £Xd)(iaTov. si 
ydp [iT], [iETpr^aouai Tiva oi A, B, F sXdaaova ovxa tou E. 
[iETpEiTtoaav t6v Z. exeI oi A, B, F t6v Z p.£Tpo0aiv, xal oi 
A, B dpa t6v Z [iSTpouaiv xal 6 £Xd)(iaTO(; dpa 0x6 tAv 
A, B p,£Tpo0p,£vo(; t6v Z (i£Tpr)a£i. £Xd)(i.aTo<; Be 0x6 tAv 
A, B psTpoOpEvoc; saxiv 6 A- 6 A dpa t6v Z (JETpsI. psTpsI 
Be xal 6 F t6v Z- oi A, F dpa t6v Z pETpouaiv Aaxs xal 6 
sXdxiaToc; 0x6 tAv A, F (j£Tpo0(j£vo<; t6v Z p£Tpr]a£i.. 6 Be 
sXdxiaToc; 0x6 tAv F, A (i£TpoO(J£v6<; saTiv 6 E- 6 E dpa 
t6v Z psTpsI 6 (JEi^wv t6v sXdaaova- oxsp saxlv dBOvaxov. 
oOx dpa oi A, B, F p£Tpr]aouai Tiva dpi.'dp6v sXdaaova ovxa 
TOU E. 6 E dpa £Xdxi.aTO<; Av 0x6 tAv A, B, F psTpElTai.- 
oxsp eBei. BsT^ai- 


(CD). (Which is) the very thing it was required to show. 

Proposition 36 

To find the least number which three given numbers 
(all) measure. 

Let A, B, and C be the three given numbers. So it is 
required to find the least number which they (all) mea¬ 
sure. 

A I-1 

B I-1 

C I-1 

D I-1 

E I-1 

F I-1 

For let the least (number), D, measured by the two 
(numbers) A and B have been taken [Prop. 7.34]. So C 
either measures, or does not measure, D. Let it, first of 
all, measure (D). And A and B also measure D. Thus, 
A, B, and C (all) measure D. So I say that (D is) also 
the least (number measured by A, B, and C). For if not, 
A, B, and C will (all) measure [some] number which 
is less than D. Let them measure E (which is less than 
D). Since A, B, and C (all) measure E then A and B 
thus also measure E. Thus, the least (number) measured 
by A and B will also measure [D] [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
will measure E, the greater (measuring) the lesser. The 
very thing is impossible. Thus, A, B, and C cannot (all) 
measure some number which is less than D. Thus, A, B, 
and C (all) measure the least (number) D. 

So, again, let C not measure D. And let the least 
number, E, measured by C and D have been taken 
[Prop. 7.34]. Since A and B measure D, and D measures 
E, A and B thus also measure E. And C also measures 
[A]. Thus, A, B, and C [also] measure E. So I say that 
{E is) also the least (number measured by A, B, and C). 
For if not. A, B, and C will (all) measure some (number) 
which is less than E. Let them measure F (which is less 
than E). Since A, B, and C (all) measure F, A and B 
thus also measure F. Thus, the least (number) measured 
by A and B will also measure F [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
measures F. And C also measures F. Thus, D and C 
(both) measure F. Hence, the least (number) measured 
by D and C will also measure F [Prop. 7.35]. And E 
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XC. 

’Eav dpi'd^ioc; uno tlvoc; dpi^jioO (iSTpriTai, 6 p-expoup-evoc; 
opwvupov pepoc; e^si. xw psxpoOvxi.. 

Ai-1 

Bi-1 

ri-1 

A'—I 

’Api'dpoc; ydp 6 A uko xivo<; dpiiSpoO xoD B psxpeio'dw 
Xeyco, 6 x 1 6 A opwvupov pepoc sx^'’ B. 

'Oadxic ydp 6 B xov A pexpeX, xoaaOxai. povdSec eaxw- 
aav ev xw F. exel 6 B xov A pexpel xaxd xdc ev xw F 
povdBac, pexpel 5c xai f) A povdc xov F dpi.'dpov xaxd xdc 
ev auxA povd5a<;, tadxi.c; dpa f) A povdc xov F dpiiSpov pe- 
xpcT xai 6 B xov A. cvaXXd^ dpa iadxic f) A povdc xov B 
dpi.'dpov pexpel xai 6 F xov A- 6 dpa pepoc eoxiv f) A povdc 
xou B dpiiSpou, x 6 auxo pepoc eoxl xai 6 F xou A. fj 6 c A 
povdc xou B dpnDpou pepoc caxlv opwvupov auxw- xai 6 F 
dpa xou A pepoc saxlv opAvupov xA B. Aaxc 6 A pepoc 
cxei xov F opAvupov ovxa xA B- oTicp c 6 ci BcT^ai- 


Xr)'. 

’Edv dpnSpoc pspoc SXTI oxiouv, 0x6 opwvupou dpnSpou 
pexpr]'dr)acxai xA pcpci. 

-1 

B'-1 

ri-1 

A'—I 

Api'dpoc ydp 6 A pepoc cx^xw oxiouv xov B, xai xA B 
pepci opAvupoc eaxw [dpi'dpoc] 6 F- Xeyw, 6 xi 6 F xov A 
pcxpcT. 

’Excl ydp 6 B xou A pepoc eaxlv opAvupov xA F, eoxi 
5e xai f) A povdc xou F pepoc opAvupov auxA, 6 dpa pepoc 


is the least (number) measured by C and D. Thus, E 
measures F, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A, B, and C cannot measure 
some number which is less than E. Thus, E (is) the least 
(number) which is measured by A, B, and C. (Which is) 
the very thing it was required to show. 

Proposition 37 

If a number is measured by some number then the 
(number) measured will have a part called the same as 
the measuring (number). 

A'-1 

Bi-1 

C'-1 

Di-1 

For let the number A be measured by some number 
B. I say that A has a part called the same as B. 

For as many times as B measures A, so many units 
let there be in C. Since B measures A according to the 
units in C, and the unit D also measures C according 
to the units in it, the unit D thus measures the number 
C as many times as B (measures) A. Thus, alternately, 
the unit D measures the number B as many times as C 
(measures) A [Prop. 7.15]. Thus, which(ever) part the 
unit D is of the number B, C is also the same part of A. 
And the unit U is a part of the number B called the same 
as it (i.e., a Bth part). Thus, C is also a part of A called 
the same as B (i.e., C is the Bxh part of A). Hence, A has 
a part C which is called the same as B (i.e., A has a Hth 
part). (Which is) the very thing it was required to show. 

Proposition 38 

If a number has any part whatever then it will be mea¬ 
sured by a number called the same as the part. 

AI-1 

Bi-1 

Cl-1 

Di-1 

For let the number A have any part whatever, B. And 
let the [number] C be called the same as the part B (i.e., 
B is the Cth part of A). I say that C measures A. 

For since H is a part of A called the same as C, and 
the unit D is also a part of C called the same as it (i.e.. 
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eaxlv f) A (iova<; toO F dpi.'dtJioO, to aOxo (jepoc eaxi xai 6 B 
ToO A- iadxi<; dpa f] A piovdc; tov F dpiiDpiov piSTpel xal 6 B 
Tov A. evaXXd^ dpa Ioom-q f] A piovdc; tov B dpiiDpiov piSTpel 
xai 6 F TOV A. 6 F dpa tov A (JETpsI' oxep sBei Bsl^ai.. 


XtE)'. 

Api'd(i6v eupsTv, oq eXd)(i.aTo<; Av e^ei. Td Boi^evTa pispr]. 

A B r 

I—I I-1 I-1 

A E 

I-1 I-1 

Z 


H 


@ 

I-1 

TilaTW Td SodevTa pispr] Td A, B, F- BeT 5i^ dpi'd(jL6v 
EupElv, oQ tXaxioxoQ Av e^ei Td A, B, F [ispr). 

’TlaTwaav ydp toTc A, B, F (ispEaiv 6piAvu(jLoi dpiiDpiol 
oi A, E, Z, xal EiXrjcp'dw 0x6 tAv A, E, Z EXa^LOTOC piE- 
Tpou(JEvo<; dpi'd(jL6c; 6 H. 

'O F[ dpa opiAvopia ptspr) exsl toTc A, E, Z. toTc Be A, 
E, Z 6piAvu(ia (ispr) eotI Td A, B, F- 6 FE dpa sxsi. Td A, B, 
F (ispr). Xsyw Brj, oti. xal sXdxioTOi; Av, ei ydp pirj, soTai. ti<; 
TOO H sXdaawv dpiDpioi;, oq e^ei Td A, B, F pispr]. eotw 6 
0. exeI 6 0 Exei Td A, B, F piepr), 6 0 dpa 0x6 opiwvupiwv 
dpiEEpiAv piETpriiSriaETai toTc A, B, F pispEaiv. toiq Be A, B, 
F (lEpEoiv 6(iAvupioi. dpiiDpiol eIolv ol A, E, Z- 6 0 dpa 0x6 
tAv a, E, Z (lETpElTai. xal eotiv sXdaaov toO H- oxEp 
eotIv dBOvaTov. oOx dpa saxai ti<; toO H sXdaawv dpiDpioi;, 
6c; E^ei Td A, B, F (iepr)' oxEp eBei. BEl^ai.. 


D is the Cth part of C), thus which (ever) part the unit D 
is of the number C, B is also the same part of A. Thus, 
the unit D measures the number C as many times as B 
(measures) A. Thus, alternately, the unit D measures the 
number B as many times as C (measures) A [Prop. 7.15]. 
Thus, C measures A. (Which is) the very thing it was 
required to show. 


Proposition 39 

To find the least number that will have given parts. 





H 


D 


H 


E 


H 


F 


H 


H 


Let A, B, and C be the given parts. So it is required 
to find the least number which will have the parts A, B, 
and C (i.e., an Ath part, a Bth part, and a Cth part). 

For let D, E, and F be numbers having the same 
names as the parts A, B, and C (respectively). And let 
the least number, G, measured by D, E, and F, have 
been taken [Prop. 7.36]. 

Thus, G has parts called the same as D, E, and F 
[Prop. 7.37]. And A, B, and C are parts called the same 
as D, E, and F (respectively). Thus, G has the parts A, 
B, and G. So I say that (G) is also the least (number 
having the parts A, B, and G). For if not, there will be 
some number less than G which will have the parts A, 
B, and G. Let it be H. Since FI has the parts A, B, and 
G, H will thus be measured by numbers called the same 
as the parts A, B, and G [Prop. 7.38]. And D, E, and 
F are numbers called the same as the parts A, B, and G 
(respectively). Thus, H is measured by D, E, and F. And 
(iL) is less than G. The very thing is impossible. Thus, 
there cannot be some number less than G which will have 
the parts A, B, and G. (Which is) the very thing it was 
required to show. 
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OL. 

’Eav Qaiv oaoiSrjiioTouv dpL'd^J^ol dvdXoyov, oi 6e 
dxpoi ofUTWv KpwToi npoQ dXXrjXouc; Saiv, eXd)(i.aToi elai 
Twv Tov auTov Xoyov s)(6vtcov auxoic;. 



TilaTwaav oKoaoioOv dpi'd(jLoi e^fjc dvdXoyov oi A, B, 
r, A, oi Se dxpoi auTWv oi A, A, xpwxoi xpoc; dXXrjXouc; 
eaxtoaoiv Xey^J, o'ci oi A, B, F, A eXd)(iaToi eiai xwv xov 
auxov Xoyov e)(6vxtov auxoli;. 

Ei ydp pir], eaxcoaav eXdxxovec; xwv A, B, F, A oi E, 
Z, F[, 0 ev xw auxw Xoytp ovxei; aOxoIg. xoil exel oi A, 
B, F, A ev xw cxuxG Xoytp eial xoTc; E, Z, F[, 0, xai eaxiv 
laov x6 xXfj^oi; [xwv A, B, F, A] xw nXy^Tiiei [xwv E, Z, FL, 
0], 5i’ laou dpa eaxiv (be; 6 A xpoc; xov A, 6 E xpog xov 
0. oi 6c A, A xpwxoi, oi 6c xpwxoi xal eXd)(iaxoi, oi 5e 
cXa^iaxoi dpiiitiol piexpoOai xoug xov auxov Xoyov cxovxac; 
iadxic; 6 xc [icii^cov xov (jci^ova xal 6 cXdaaov xov eXdaaova, 
xouxcoxiv 6 xc rjyoupicvoc; xov fjyoujicvov xal 6 cxopicvoc; 
xov CTCOjicvov. picxpel dpa 6 A xov E 6 [ici^tov xov cXdaaova' 
oxep eaxiv d6uvaxov. oux dpa oi E, Z, FE, 0 cXdaaovcc 
ovxec xAv A, B, F, A ev xA auxA Xoyw cialv auxolc;. oi A, 
B, F, A dpa eXa^iaxoi eiai xAv xov auxov Xoyov cxovxtov 
auxolc;' oxcp c5ei 6cl^ai. 


P- 

Apiiiliiouc; cupclv e^lic dvdXoyov eXaxiaxouc;, oaouc; dv 
cxixd^r) xic;, ev xA 6o'dcvxi Xoyw. 

Tiaxa) 6 6o'dcl(; Xoyoc; ev eXa^iaxoic; dpiDjiolc; 6 xou 
A xpoc; xov B- 6cl 6ir) dpi'd(iouc; cupclv e^llc; dvdXoyov 
cXaxiaxouc;, oaouc; dv xi<; cxixd^r), cv xA xou A xpoc; xov B 
Xoyw. 

’EKixexdxDwaav 6f] xcaaapcc;, xal 6 A cauxov xoXXa- 
TiXaaidaai; xov F Tioicixw, xov 6c B TioXXaxXaaidaac; xov A 
xoicixw, xal CXI 6 B cauxov xoXXaxXaaidaac; xov E xoieixo), 
xal exi 6 A xouc; F, A, E TioXXaxXaaidaac; xou<; Z, H, 0 
Tioicixw, 6 6c B xov E KoXXaxXaaidaai; xov K xoieixcu. 


Proposition 1 

If there are any multitude whatsoever of continuously 
proportional numbers, and the outermost of them are 
prime to one another, then the (numbers) are the least 
of those (numbers) having the same ratio as them. 



Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that 
A, B, C, D are the least of those (numbers) having the 
same ratio as them. 

For if not, let E, F, G, H be less than A, B, C, D 
(respectively), being in the same ratio as them. And since 
A, B, C, D are in the same ratio as E, F, G, H, and the 
multitude [of A, B, G, D] is equal to the multitude [of E, 
F, G, H], thus, via equality, as A is to D, (so) E (is) to El 
[Prop. 7.14]. And A and D (are) prime (to one another). 
And prime (numbers are) also the least of those (numbers 
having the same ratio as them) [Prop. 7.21]. And the 
least numbers measure those (numbers) having the same 
ratio (as them) an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that 
is to say, the leading (measuring) the leading, and the 
following the following [Prop. 7.20]. Thus, A measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, E, F, G, H, being less than A, B, G, 

D, are not in the same ratio as them. Thus, A, B, G, D 
are the least of those (numbers) having the same ratio as 
them. (Which is) the very thing it was required to show. 

Proposition 2 

To find the least numbers, as many as may be pre¬ 
scribed, (which are) continuously proportional in a given 
ratio. 

Let the given ratio, (expressed) in the least numbers, 
be that of A to B. So it is required to find the least num¬ 
bers, as many as may be prescribed, (which are) in the 
ratio of A to i?. 

Let four (numbers) have been prescribed. And let A 
make G (by) multiplying itself, and let it make D (by) 
multipl 3 dng B. And, further, let B make E (by) multiply¬ 
ing itself. And, further, let A make E, G, H (by) mul- 
tipl 3 dng G, D, E. And let B make K (by) multiplying 

E. 
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AI-1 r I-1 

B I-1 A I-1 

El-1 

Zi-1 

Hi-1 

01-1 

Ki-1 

Kai eKEi 6 A eauxov [iev KoXXaxXaaiaaai; tov T 
Tzenoirixev, tov 6e B KoXXaxXaaiaaac; tov A Tieiioirjxsv, 
eoTiv apa (be 6 A Tipoe tov B, [ouTtoe] 6 F upoe tov A. 
ndXiv, enel 6 [iev A tov B noXXaTXaaidoae tov A Tenoirjxev, 
6 6e B eauTov ■KoXkom.Xaaia.aoLQ tov E xeKoirjxev, exexTepoe 
dpa tAv a, B tov B KoXXaxXaaidaae exdtTepov tAv A, E 
■n:87i;oir]xev. eoTiv dpa Ae 6 A Tipoe tov B, ouT(oe 6 A Tipoe 
TOV E. dXX’ Ae 6 A npoQ tov B, 6 F npoQ tov A- xai Ae 
dpa 6 F Tipoe TOV A, 6 A xpoe tov E. xai exel 6 A Toue F, 
A KoXXaxXaaidaae Toue Z, H Kexoirjxev, eaxiv dpa Ae 6 F 
xpoe TOV A, [ouTcoe] 6 Z xpoe tov H. Ae 6e 6 F npoQ tov 
A, ouToe rjv 6 A xpoe tov B- xai Ae dpa 6 A xpoe tov B, 6 
Z Tipoe TOV H. 7i:dXi.v, exel 6 A Toue A, E KoXXaxXaaidaae 
Toue H, 0 Kexolrjxev, eoTiv dpa Ae 6 A npoq tov E, 6 FE 
Tipoe TOV 0. dXX’ Ae 6 A xpoe tov E, 6 A npoQ tov B. xai 
Ae dpa 6 A Tipoe t6v B, ouTCoe 6 H xpoe t6v 0. xai exel 
ol A, B TOV E xoXXaKXaai.daavTee Toue 0, K 7i;e7ioi.r]xaai.v, 
eaTLv dpa Ae 6 A npbz tov B, ouTCoe 6 0 xpoe tov K. dXX’ 
Ae 6 A npoQ TOV B, ouTCoe o xe Z xpoe tov H xai 6 H xpoe 
TOV 0. xai Ae dpa 6 Z xpoe tov H, ouxoe 6 xe H npbe, 
TOV 0 xai 6 0 npbz tov K- oi F, A, E dpa xai ol Z, H, 
0, K dvdXoyov elaiv ev xA xoO A npbz tov B X6y«- Xeyw 
5r), oTi xai eXdxioxoi. exel ydp oi A, B eXdxioxol eiai. xAv 
TOV auTov Xoyov exovxcov auxoTe, oi 6e eXdxiaxoi xAv tov 
auTov Xoyov exdvxwv TipAxoi. Tipoe dXXr]Xoue eiaiv, oi A, B 
dpa xpAxoi xpoe dXXrjXoue eiaiv. xai exdxepoe [i£v xAv A, 
B eauxov xoXXaxXaaidaae exdxepov xAv F, E Kexoirjxev, 
exdxepov 6e xAv F, E KoXXaxXaaidaae exdxepov xAv Z, K 
■KeKoirjxev oi F, E dpa xai oi Z, K xpAxoi xpoe dXXrjXoue 
eiaiv. edv 6e Aaiv oxoaoioOv dpi.'d[iol e^i^e dvdXoyov, oi 
6e dxpoi. auxAv xpAxoi npbz dXXr]Xoue Aaiv, eXdxiaxoi eiai. 
tAv tov auTov Xoyov exovxwv auxole- oi F, A, E dpa xai 
oi Z, H, 0, K eXdxiaxoi eiai xAv tov auxov Xoyov cxovxtov 
Tole A, B- oxep e6ei 5eT^ai. 


AI-1 C I-1 

B I-1 D'-1 

El-1 

F I-1 

Gi-1 

Hi- 1 

Ki-1 

And since A has made C (by) multiplying itself, and 
has made D (by) multiplying B, thus as A is to B, [so] C 
(is) to D [Prop. 7.17]. Again, since A has made D (by) 
multiplying B, and B has made E (by) multipl 3 dng itself, 

A, B have thus made D, E, respectively, (by) multiplying 

B, Thus, as A is to B, so D (is) to E [Prop. 7.18]. But, as 
A (is) to B, (so) C (is) to D. And thus as C (is) to D, (so) 
D (is) to E. And since A has made E, G (by) multiplying 

C, D, thus as C is to D, [so] F (is) to G [Prop. 7.17]. 
And as G (is) to D, so A was to B. And thus as A (is) 
to B, (so) E (is) to G. Again, since A has made G, ff 
(by) multipl 3 dng D, E, thus as D is to E, (so) G (is) to 
iJ [Prop. 7.17]. But, as D (is) to E, (so) A (is) to B. 
And thus as A (is) to B, so G (is) to H. And since A, B 
have made H, K (by) multiplying E, thus as A is to B, 
so H (is) to K. But, as A (is) to B, so E (is) to G, and 
G to El. And thus as F (is) to G, so G (is) to H, and El 
to K. Thus, G, D, E and F, G, H, K are (both continu¬ 
ously) proportional in the ratio of A to B. So I say that 
(they are) also the least (sets of numbers continuously 
proportional in that ratio). For since A and B are the 
least of those (numbers) having the same ratio as them, 
and the least of those (numbers) having the same ratio 
are prime to one another [Prop. 7.22], A and B are thus 
prime to one another. And A, B have made G, E, respec¬ 
tively, (by) multiplying themselves, and have made F, K 
by multiplying G, E, respectively. Thus, G, E and F, K 
are prime to one another [Prop. 7.27^. And if there are 
any multitude whatsoever of continuously proportional 
numbers, and the outermost of them are prime to one 
another, then the (numbers) are the least of those (num¬ 
bers) having the same ratio as them [Prop. 8.1]. Thus, G, 

D, E and F, G, H, K are the least of those (continuously 
proportional sets of numbers) having the same ratio as A 
and B. (Which is) the very thing it was required to show. 
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n6pia[Jia. 

’Ex 6iq toutou (pavepov, oti. eav xpsTc; dpi.'dpiol e^fjc 
dvdXoyov £Xd)(iaToi 5ai xwv xov auxov Xoyov £)(6vxtL)v 
auxoic;, ol dxpov aOxwv xexpdywvoL siaiv, edv 5e xeaaapec;, 
xu[3oi. 


Corollary 

So it is clear, from this, that if three continuously pro¬ 
portional numbers are the least of those (numbers) hav¬ 
ing the same ratio as them then the outermost of them 
are square, and, if four (numbers), cube. 


y'- 

’Edv fiaiv oTioaoiouv dpidpol e^fjc dvdXoyov eXd)(i.ax- 
oi xwv xov auxov Xoyov eyovxcov auxoic;, oi dxpoi auxwv 
Tipdxoi xpoc; dXXqXouc; elaiv. 


A 

B 

r 

A 


E'-1 

ZI ©^ 


Proposition 3 

If there are any multitude whatsoever of continu¬ 
ously proportional numbers (which are) the least of those 
(numbers) having the same ratio as them then the outer¬ 
most of them are prime to one another. 


A 

B 

c 

D 


E ^ 
F ^ 






A'-1 

Ml-1 

Ni-1 

H I-1 

’Elaxwaav oKoaoiouv dpidpol dvdXoyov eXdyiaxoi 
xwv xov auxov Xoyov eyovxwv auxoic; oi A, B, F, A' Xeyto, 
6 x 1 oi dxpoi auxSv oi A, A xpwxoi xpoc; dXXr]Xouc; eiaiv. 

EiXficpOwaav ydp 6 uo pcv dpidpoi eXa^ioxoi ev xw xAv 
A, B, r, A Xoyw oi E, Z, xpslc 6 e oi H, 0, K, xal c^rjc; 
El xXsiouc;, ewc; x 6 XapPavopcvov KXfjdoc; ’(aov ysvrjxai xA 
TiXTihei xAv A, B, F, A. eiXrjcpdwaav xal soxwaav oi A, M, 

Kal Esl oi E, Z Edyiaxoi ciai xwv xov auxov Xoyov 
exdvxwv auxoic;, xpAxoi xpoc; dXXr]Xouc; eiaiv. xal Ed 
Edxepoc; xAv E, Z eauxov psv xoXXaKXaaidaac; Edxepov 
xAv H, K KETioiqxsv, Edxepov 8 s xAv H, K xoXXa- 
xXaaidaac; Edxepov xAv A, S Ksxoiqxsv, xal oi H, K dpa 
xal oi A, S xpAxoi xpoc; dXXrjXouc; siaiv. xal sxel oi A, B, 
F, A sXdxiaxoi siai xAv xov auxov Xoyov exovxwv auxoic;, 
eial 5e xal oi A, M, N, S sXdxiaxoi E xA auxA Xoyw ovxec; 
xolc; A, B, F, A, xai saxiv ’(aov x 6 xXfj'doc; xAv A, B, F, 
A xA TiXTihei xAv A, M, N, 5, Eaaxoc; dpa xAv A, B, F, 
A Edaxcp xAv A, M, N, S ’(aoc; Exiv ’(aoc; dpa Exlv 6 
psv A xA A, 6 5e A xA S. xai siaiv oi A, S xpAxoi xpoc; 
dXXr]Xouc;. xal oi A, A dpa xpAxoi xpoc; dXXf]Xouc; siaiv 
oxsp Esi 5sl5ai. 


L I-1 

Ml- 1 

Ni-1 

Ol-1 

Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers (which are) the least of 
those (numbers) having the same ratio as them. I say 
that the outermost of them, A and D, are prime to one 
another. 

For let the two least (numbers) E, F (which are) 
in the same ratio as A, B, C, D have been taken 
[Prop. 7.33]. And the three (least numbers) G, H, K 
[Prop. 8.2]. And (so on), successively increasing by one, 
until the multitude of (numbers) taken is made equal to 
the multitude of A, B, C, D. Let them have been taken, 
and let them be L, M, N, O. 

And since E and F are the least of those (numbers) 
having the same ratio as them they are prime to one an¬ 
other [Prop. 7.22]. And since E, F have made G, K, re¬ 
spectively, (by) multiplying themselves [Prop. 8.2 corn], 
and have made L, O (by) multiplying G, K, respec¬ 
tively, G, K and L, O are thus also prime to one another 
[Prop. 7.27]. And since A, B, G, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, 
O are also the least (of those numbers having the same 
ratio as them), being in the same ratio as A, B, G, D, and 
the multitude of A, B, G, D is equal to the multitude of 
L, M, N, O, thus A, B, G, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to O. And L 
and O are prime to one another. Thus, A and D are also 
prime to one another. (Which is) the very thing it was 
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6 '. 

Aoywv So'dsvTWv oKoawvoOv ev eXa)([aToi.(; dpi'diidic; 
dpiiDpioix; eupsTv e^fjc dvdXoyov eXaxioTouc; ev toTc; BoAelai 


Xoyoic;. 

Ai B 

r I-1 A 

E'-1 Z 

N'-1 @ 

S'-1 H 

Ml-1 K 

O'-1 A 


TilaTwaav oi SoAevTSc; Xoyoi ev eXccxiaxoic; dpiApidic; 6 
xe ToO A Tipoc; xov B xal 6 xou F npoQ xov A xai exi 6 
ToO E npoQ xov Z- Bet 6f] dpiA^toix; eOpelv e^fjc; dvdXoyov 
eXa^iaxoDc; ev xe xo xou A Tipoc; xov B Xoyw xal ev xS xou 
r Tipoc; xov A xai exi xA xou E xpoc; xov Z. 

EiXricp'dw ydp 6 utio xAv B, F eXdxioxoc; (jexpou(ievo(; 
dpiApioc; 6 F[. xal 6adxi.c; piev 6 B xov FE piexpel, xoaauxdxic; 
xal 6 A xov 0 ^expeixw, oadxic; 5e 6 F xov H piexpel, xo- 
aauxdxii; xal 6 A xov K (jexpelxw. 6 6e E xov K fjxoi piexpel 
f] ou (jexpeT. piexpeixo) Tipoxepov. xal oadxic; 6 E xov K pie- 
xpeT, xoaauxdxic; xal 6 Z xov A (jexpeixo). xal exel ladxic; 6 
A xov 0 piexpeT xal 6 B xov H, eaxiv dpa Ac; 6 A 7ip6(; xov 
B, ouxwc; 6 0 Tipoc; xov H. 6id xd auxd 8i^ xal Ac; 6 F xpoc; 
xov A, ouxwc; 6 H xpoi; xov K, xal exi Ac; 6 E xpoc; xov Z, 
ouxwc; 6 K xpoc; xov A' oi 0, H, K, A dpa e^fjc; dvdXoyov 
eiaiv ev xe xA xou A xpoc; xov B xal ev xA xou F xpoc; xov 
A xal exi ev xA xou E xpoc; xov Z Xoyo. Xcyw 6r], 6xi xal 
eXdxiaxoi. ei ydp pir) eiaiv ol 0, H, K, A e^fjc; dvdXoyov 
eXdxiaxoi ev xe toXq xou A xpoi; xov B xal xou F xpoc; xov 
A xal ev xA xou E xpoc; xov Z Xoyoic;, eaxwaav oi N, S, 
M, O. xal exei eaxiv Ac; 6 A xpoc; xov B, ouxwc 6 N xpoc; 
xov S, oi 8e A, B eXdxiaxoi, oi 8e eXdxiaxoi piexpouai xouc; 
xov auxov Xoyov exovxac; iadxic; o xe piei^wv xov piei^ova 
xal 6 eXdaawv xov eXdaaova, xouxeaxiv 6 xe fjyou^evoc; 
xov f)you(jevov xal 6 exopievoi; xov exopievov, 6 B dpa xov 
S piexpel. 6id xd auxd 6r) xal 6 F xov S (jexpeT' oi B, F 
dpa xov S piexpouaiv xal 6 eXdxiaxoc; dpa uxo xAv B, F 
piexpoutxevoc; xov S ^expr]aei. eXdxiaxoc 6e 0x6 xAv B, F 
piexpelxai 6 H- 6 H dpa xov S piexpeT 6 t^ei^wv xov eXdaaova- 
oxep eaxiv dBuvxaxov. oux dpa eaovxai xivec; xAv 0, H, K, 
A eXdaaovec; dpiApiol e^ilc; ev xe xA xou A xpoc; xov B xal 
xA xou F xpoc; xov A xal exi xA xou E xpoc; xov Z XoyA. 


required to show. 

Proposition 4 

For any multitude whatsoever of given ratios, (ex¬ 
pressed) in the least numbers, to find the least numbers 
continuously proportional in these given ratios. 

A'-1 B I-1 

C I-1 D'-1 

E I-1 F I-1 

N'-1 H'-1 

O'-1 G'- 

Ml-1 Ki-1 

P I-1 L I-1 

Let the given ratios, (expressed) in the least numbers, 
be the (ratios) of A to B, and of C to D, and, further, 
of E to F. So it is required to find the least numbers 
continuously proportional in the ratio of A to B, and of 
C to B, and, further, of E to E. 

For let the least number, G, measured by (both) B and 
C have be taken [Prop. 7.34]. And as many times as B 
measures G, so many times let A also measure H. And as 
many times as C measures G, so many times let D also 
measure K. And E either measures, or does not measure, 
K. Let it, first of all, measure (AT). And as many times as 
E measures K, so many times let E also measure L. And 
since A measures B the same number of times that B also 
(measures) G, thus as A is to B, so H (is) to G [Def. 7.20, 
Prop. 7.13]. And so, for the same (reasons), as C (is) to 
D, so G (is) to K, and, further, as E (is) to F, so K (is) 
to L. Thus, H, G, K, L are continuously proportional in 
the ratio of A to B, and of C to D, and, further, of E to 
F. So I say that (they are) also the least (numbers con¬ 
tinuously proportional in these ratios). For if H, G, K, 
L are not the least numbers continuously proportional in 
the ratios of A to B, and of G to E>, and of E to E, let N, 
O, M, P be (the least such numbers). And since as A is 
to B, so N (is) to O, and A and B are the least (numbers 
which have the same ratio as them), and the least (num¬ 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measur¬ 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures O. So, for 
the same (reasons), G also measures O. Thus, B and G 
(both) measure O. Thus, the least number measured by 
(both) B and G will also measure O [Prop. 7.35]. And 
G (is) the least number measured by (both) B and C. 
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O'-1 

P I-1 

S I-1 

T'-1 

Mi^ ^ETpeiTW 6i^ 6 E xov K, xai eiXrjcp'do Oxo twv E, 
K eXa)(i.aTo<; psTpoOpsvoc; dpiiDpoc 6 M. xal 6adxi<; (lev 
6 K xov M pexpel, xoaauxdxi<; xai sxdxspoc; xwv 0, H 
exdxepov xwv N, S psxpeixw, oadaxic 6e 6 E xov M ps- 
xpeT, xoaauxdxic; xal 6 Z xov O psxpeixw. exei iadxLi; 6 0 
xov N psxpeT xal 6 H xov S, eaxiv dpa (be; 6 0 xpoe; xov 
H, ouxcoc; 6 N xpoc; xov S. (b<; 5e 6 0 xpoe; xov H, ouxcoc 
6 A xpoi; xov B' xal (b<; dpa 6 A xpoi; xov B, ouxo<; 6 N 
xpoc; xov 5. 6id xd aOxd 6f] xal (be; 6 E xpoe; xov A, ouxoie; 
6 S xpoe; xov M. xdXiv, sxel ladxie; 6 E xov M psxpeT xal 
6 Z xov O, eaxLv dpa oe; 6 E xpoi; xov Z, ouxcoe; 6 M xpoe; 
xov O' oi N, S, M, O dpa e^fje; exvdXoyov staiv ev xoTe; xoO 
xe A xpoe; xov B xal xoO E xpoe; xov A xal exi xoD E xpoe; 
xov Z Xoyoie;. Xsyoj 6r), oxi. xal eX(X)(i.axoi. ev xoTe; A B, E 
A, E Z XoyoLe;. el ydp [ir], eaovxal xivee; x(5v N, S, M, O 
eXdaaovee; expiiSiiol e^fje; dvexXoyov ev xoTe; A B, E A, E Z 
Xoyoie;. eax(oaav ol El, P, E, T. xal exel eaxiv Ae; 6 B xpoe; 
xov P, ouxcoe; 6 A xpoe; xov B, ol 5e A, B eXd)(iaxoi, oi 8e 
eXdxiaxoi (jexpoOai xoue; xov aOxov Xoyov exovxac aOxoTc 
ladxie; 6 xe f]youpevoe; xov fjyoOpevov xal 6 ex6(jevo(; xov 
ex6(jevov, 6 B dpa xov P (lexpeT. 8id xd auxd 6f] xal 6 E 
xov P pexpeT' ol B, E dpa xov P pexpoOaiv. xal 6 eXdxiaxoi; 
dpa 0x6 xAv B, E (jexoOpevoe; xov P pexpr]aei. eXdxiaxoe; 
8e 0x6 xAv B, E (jexpou^evoe; eaxiv 6 H' 6 H dpa x6v P 
pexpeT. xal eaxiv Ae; 6 H npoq x6v P, oux(oe; 6 K npoQ x6v 
E- xal 6 K dpa x6v E pexpeT. (jexpeT 6e xal 6 E x6v E- ol E, 
K dpa x6v E (jexpouaiv. xal 6 eXdxiaxoe; dpa 0x6 xAv E, K 
pexpoOpevoe; x6v E (jexpr)aei. eXdxiaxoe; 6e 0x6 xAv E, K 
pexpoOpevoe; eaxiv 6 M- 6 M dpa x6v E (jexpeT 6 pel^(ov x6v 
eXdaaova- oxep eaxiv dSOvaxov. oOx dpa eaovxal xivee; xAv 


Thus, G measures O, the greater (measuring) the lesser. 
The very thing is impossible. Thus, there cannot be any 
numbers less than H, G, K, L (which are) continuously 
(proportional) in the ratio of A to B, and of G to D, and, 
further, of E to F. 



So let E not measure K. And let the least num¬ 
ber, M, measured by (both) E and K have been taken 
[Prop. 7.34]. And as many times as K measures M, so 
many times let H, G also measure N, O, respectively. 
And as many times as E measures M, so many times let 
F also measure P. Since iJ measures N the same num¬ 
ber of times as G (measures) O, thus as El is to G, so 
N (is) to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, 
so A (is) to B. And thus as A (is) to B, so N (is) to 
O. And so, for the same (reasons), as G (is) to D, so O 
(is) to M. Again, since E measures M the same num¬ 
ber of times as F (measures) P, thus as E is to F, so 
M (is) to P [Def. 7.20, Prop. 7.13]. Thus, N, O, M, P 
are continuously proportional in the ratios of A to B, and 
of C to D, and, further, of E to F. So I say that (they 
are) also the least (numbers) in the ratios of A B, C D, 
E F. For if not, then there will be some numbers less 
than N, O, M, P (which are) continuously proportional 
in the ratios of A B, G D, E F. Let them be Q, R, S, 
T. And since as Q is to R, so A (is) to B, and A and B 
(are) the least (numbers having the same ratio as them), 
and the least (numbers) measure those (numbers) hav¬ 
ing the same ratio as them an equal number of times, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures R. So, for 
the same (reasons), G also measures R. Thus, B and G 
(both) measure R. Thus, the least (number) measured by 
(both) B and G will also measure R [Prop. 7.35]. And G 
is the least number measured by (both) B and C. Thus, 
G measures R. And as G is to R, so K (is) to S. Thus, 
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N, S, M, O eXaaaovzQ dpi'd(jLoi e^fjc; dvdXoyov ev xe toiq 
ToO A Tipoc; Tov B xai xou F npoQ xov A xal exi xoO E xpoc; 
xov Z XoYoiQ' oi N, S, M, O dpa dvdXoyov eXdxioxoi 
eiaiv sv xoTc A B, F A, E Z XoyoLc;' oxep e5si. 


Oi exiKeBoi. dpi'd(jLoi xpoc; dXXrjXouc Xoyov exo'Joi xov 
auyxeitxsvov ex xAv xXeupAv. 

A'-1 

B I-1 

r I-1 AI-1 

E'-1 Z'-1 

H'-1 

@1-1 

K'-' 

AI-1 

Tiaxwaav exiKeBoi. dpLiD^J^ol oi A, B, xai xou [lev A 
xXeupai eaxwaav oi F, A dpiiSiJoi, xou 6 e B oi E, Z' Xeyw, 
6 x 1 6 A xpoc; xov B Xoyov exsi. xov auyxei^Jievov ex xAv 
xXeupAv. 

Aoywv ydp BoiJevxwv xou xe 6 v exsi. 6 F xpoc; xov E xal 
6 A npoQ xov Z eiXricp'dwaav dpL'd^J^ol s^fjc; eXdxiaxoi. ev toiq 
F E, A Z XoyoLi;, oi FE, 0, K, Aaxe elvai A<; ^ev xov F xpoc; 
xov E, ouxwc xov H npoQ xov 0, Ac; 6 e xov A xpoc; xov Z, 
ouxwc; xov 0 xpoc; xov K. xai 6 A xov E xoXXaxXaaidaac; 
xov A Koieixw. 

Kai exel 6 A xov ^ev F xoXXaxXaaidaai; xov A 
xexoirjxev, xov 8 e E xoXXaxXaaidaac; xov A xexoirjxev, 
eaxiv dpa Ac; 6 F xpoc; xov E, ouxwc; 6 A xpoc; xov A. Ac; 
8 e 6 F xpoc; xov E, ouxwc; 6 H xpoc; xov 0- xai Ac; dpa 6 
H xp 6 (; xov 0, ouxW(; 6 A xpoc; xov A. xdXiv, exel 6 E xov 
A xoXXaxXaaidaac; xov A xexoirjxev, dXXd ^Jn^v xal xov Z 
xoXXaxXaaidaac; xov B xexoirjxev, eaxiv dpa Ac; 6 A xpoc; 
xov Z, ouxwc; 6 A xpoc; xov B. dXX’ Ac; 6 A xpoc; xov Z, 
ouxoc; 6 0 xpoc xov K- xal Ac; dpa 6 0 xpoc; xov K, ouxoc; 
6 A xpoc; xov B. eSeix'dr) 6 e xal Ac; 6 H xpoc; xov 0, ouxwc; 
6 A xpoc; xov A- 5i’ laou dpa eaxiv Ac; 6 H xpoc; xov K, 
[ouxwc;] 6 A xpoc; xov B. 6 8 e H xpoc; xov K Xoyov exsi 


K also measures S [Def. 7.20]. And E also measures 
S [Prop. 7.20]. Thus, E and K (both) measure S. Thus, 
the least (number) measured by (both) E and K will also 
measure S [Prop. 7.35]. And M is the least (number) 
measured by (both) E and K. Thus, M measures S, the 
greater (measuring) the lesser. The very thing is impos¬ 
sible. Thus there cannot be any numbers less than N, O, 

M, P (which are) continuously proportional in the ratios 
of A to B, and of C to D, and, further, of E to F. Thus, 

N, O, M, P are the least (numbers) continuously propor¬ 
tional in the ratios of A B, C D, E F. (Which is) the very 
thing it was required to show. 

Proposition 5 

Plane numbers have to one another the ratio compoun¬ 
ded! out of (the ratios of) their sides. 

A'-1 

Bi 

C I-1 Di-1 

E I-1 F I-1 

G'-' 

H'-1 

Ki-1 

L I-1 

Let A and B be plane numbers, and let the numbers 
C, D be the sides of A, and (the numbers) E, F (the 
sides) of B. I say that A has to B the ratio compounded 
out of (the ratios of) their sides. 

For given the ratios which C has to E, and D (has) to 
F, let the least numbers, G, El, K, continuously propor¬ 
tional in the ratios C E, D F have been taken [Prop. 8.4], 
so that as C is to E, so G (is) to H, and as D (is) to F, so 
H (is) to K. And let D make L (by) multiplying E. 

And since D has made A (by) multipl 3 dng G, and has 
made L (by) multiplying E, thus as C is to E, so A (is) to 
L [Prop. 7.17]. And as G (is) to E, so G (is) to U. And 
thus as G (is) to iF, so A (is) to L. Again, since E has 
made L (by) multipl 3 dng D [Prop. 7.16], but, in fact, has 
also made B (by) multiplying F, thus as D is to F, so L 
(is) to B [Prop. 7.17]. But, as D (is) to F, so H (is) to 
K. And thus as H (is) to K, so L (is) to B. And it was 
also shown that as G (is) to H, so A (is) to L. Thus, via 
equality, as G is to K, [so] A (is) to B [Prop. 7.14]. And 
G has to K the ratio compounded out of (the ratios of) 
the sides (of A and B). Thus, A also has to B the ratio 
compounded out of (the ratios of) the sides (of A and B). 
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Tov auYX£[(i£vov £x xov xX£up6Sv xal 6 A Spec xpot; xov 
B Xoyov £)(£i xov auYX£[[i£vov ex xwv xX£upwv 6x£p £5£i 
5£T^aL. 

t i.e., multiplied. 

f'. 

’Eav Saiv oxoaoioOv dpniljiol E^fjc; dvaXoYov, 6 5£ 
xpoxoc; xov 6£ux£pov [if] psxpfj, ouBe aXXoc ouSde; o08£va 
p£xpr]a£i.. 

A'-1 

B I-1 

r I-1 

A'-1 

E'-1 

Zi-1 

H'-' 

@1-1 

TSaxwaav oxoaotoDv dpi'd(ioi E^fje dvdXoyov oi A, B, 
r, A, E, 6 Be A xov B p.r) jiExpEixw Xeyw, oxi. ouBe dXXoc; 
ouBeIc ouBsva jiExpr^aEi. 

"Oxi ^Ev ouv oi A, B, r, A, E s^rji; dXXr^Xouc; ou ^e- 
xpouaiv, (pavEpov oOBs y®P o A xov B piExpEl. Xeyw 
Brj, 6 x 1 . ouBe dXXoc; ouBe'k; oOBsva (i£xpr)a£i. Ei y«P Su- 
vaxov, piExpEixtu 6 A xov E. xal oaoi Eialv oi A, B, F, 
xoaoOxoi. EiXrjcp'dwaav £Xd)(i.axoi. dpiiDpol xwv xov aOxov 
Xoyov Exovxwv xolg A, B, F oi Z, H, 0. xal etceI oi Z, 
H, 0 £v xo aOxo Xoyw Eial xoTc A, B, F, xai saxiv laov x 6 
xXfjDoc; xwv A, B, F xw 7 i;Xr]i[}£i. xAv Z, H, 0, Bi.’ laou dpa 
saxiv «<; 6 A xpoc; xov F, ouxw<; 6 Z xpoc; xov 0. xal enei 
saxiv «<; 6 A xpoc; xov B, ouxo<; 6 Z Kpoc xov H, oO pExpsT 
Be 6 A xov B, oO (lExpsI dpa ouBs 6 Z xov H- oOx dpa povdc; 
saxiv 6 Z- f) ydp povde xdvxa dpi'dpov piExpsT. xai siaiv oi 
Z, 0 xpAxoi KpoQ dXXrjXoui; [oOBs 6 Z dpa xov 0 pExpsl]. 
xai saxiv A<; 6 Z xpoz xov 0, ouxox; 6 A xpoi; xov F- ouBs 
6 A dpa xov F pExpsI. 6 poio<; Br) B£i^o(i£v, oxi oOBs dXXoc; 
oOBeIc; ouBsva p£xpr]a£i' oxsp eBei BsT^ai- 


C'. 

’Edv 6aiv oKoaoioOv dpiDiiol [s^fje;] dvdXoyov, 6 Be 
xpAxoc; xov saxaxov psxpfj, xal xov BsOxspov (j£xpr)a£i. 


(Which is) the very thing it was required to show. 


Proposition 6 

If there are any multitude whatsoever of continuously 
proportional numbers, and the first does not measure the 
second, then no other (number) will measure any other 
(number) either. 

A'-1 

B'-1 

C'-1 

D'-1 

El-1 

F I-1 

G'- 

Hi-1 

Let A, B, C, D, E be any multitude whatsoever of 
continuously proportional numbers, and let A not mea¬ 
sure B. 1 say that no other (number) will measure any 
other (number) either. 

Now, (it is) clear that A, B, C, D, E do not succes¬ 
sively measure one another. For A does not even mea¬ 
sure B. So I say that no other (number) will measure 
any other (number) either. For, if possible, let A measure 
C. And as many (numbers) as are A, B, C, let so many 
of the least numbers, F, G, El, have been taken of those 
(numbers) having the same ratio as A, B, C [Prop. 7.33]. 
And since F, G, H are in the same ratio as A, B, C, and 
the multitude of A, B, C is equal to the multitude of F, 
G, H, thus, via equality, as A is to G, so F (is) to H 
[Prop. 7.14]. And since as A is to B, so F (is) to G, 
and A does not measure B, F does not measure G either 
[Def. 7.20]. Thus, F is not a unit. For a unit measures 
all numbers. And F and H are prime to one another 
[Prop. 8.3] [and thus F does not measure H]. And as 
F is to H, so A (is) to G. And thus A does not measure 
G either [Def. 7.20]. So, similarly, we can show that no 
other (number) can measure any other (number) either. 
(Which is) the very thing it was required to show. 

Proposition 7 

If there are any multitude whatsoever of [continu¬ 
ously] proportional numbers, and the first measures the 


234 




STOIXEION T)'. 


ELEMENTS BOOK 8 


Ai-1 

B'-1 

ri-1 

A'-1 

TilaTwaav oKoaoioOv dpi'd(jLoi e^rjc dvdXoyov oi A, B, F, 
A, 6 6e A Tov A (lexpsiTW Xsyw, oxi xal 6 A xov B (lexpsT. 

Et yap ou (lexpsT 6 A xov B, o08s dXXoc; o06ei<; o08sva 
pisxpr]aei.' (lexpsT 6e 6 A xov A. (jexpsT dpa xal 6 A xov B- 
oTisp eBei. BeT^Qii- 


’Edv 6uo dpiTiljiwv jiExa^u xaxd x6 auvE)(£<; dvdXoyov 
EjiKiKxwaiv dpiTiljioi, oaoi eIc; auxouc jiExa^u xaxd x6 au- 
vExsc dvoXoyov Epixixxouaiv dpiDpioi, xoaouxoi xal dq xouc; 
xov auxov Xoyov s^ovxag [auxoTc;] p,Exa^u xaxd x6 auvExec; 
dvdXoyov £[jL7iEao0vxai. 

AI-1 E I-1 

r I- 1 M'- 1 

A I-1 N'-1 

B I-1 Z I-1 

H'-' 

@1-1 

K'-' 

A'-1 

Auo ydp dpiDp-Wv xwv A, B p,£xa^u xaxd x6 auvEXEC 
dvdXoyov spixiKXExwaav dpiDiiol ol F, A, xal xEKoiria'dw (be; 
6 A Tipoc; xov B, ouxcoc; 6 E xpoc; xov Z- Xsyoj, oxi oaoi eIc; 
xoijc; A, B (JExa^u xaxd x6 ouvexec dvdXoyov £pi7i;£7ixcbxaai.v 
dpiTiljioi, xoaouxoi xal Eie; xoue; E, Z [iExa^u xaxd x6 auvExsc; 
dvdXoyov EpixEaoOvxai. 

"Oaoi ydp Eiai xc5 iiXr]T[)£i oi A, B, F, A, xoaouxoi 
£iXr](p^(oaav sXdxiaxoi dpi^jiol xwv xov auxov Xoyov 
EXovxtov xolg A, F, A, B oi H, 0, K, A- oi dpa dxpoi 
auxebv oi H, A xpcbxoi xpoe; dXXrjXouc; Eiaiv. xal exeI oi A, 
F, A, B xolc; H, 0, K, A sv xeb auxeb Xoytp Eiaiv, xai saxiv 
laov x6 xXfj'doi; xebv A, F, A, B xcS xX^^tlIei xwv H, 0, K, 
A, 8i’ laou dpa saxiv (be; 6 A xpoe; xov B, oux(oe; 6 H xpoe; 
xov A. (be; 8£ 6 A xpoe; xov B, ouxtoe; 6 E xpoe; xov Z- xal 


last, then (the first) will also measure the second. 

Ai-1 

Bi-1 

C'-1 

Di-1 

Let A, B, C, D be any number whatsoever of continu¬ 
ously proportional numbers. And let A measure D. I say 
that A also measures B. 

For if A does not measure B then no other (number) 
will measure any other (number) either [Prop. 8.6]. But 
A measures D. Thus, A also measures B. (Which is) the 
very thing it was required to show. 

Proposition 8 

If between two numbers there fall (some) numbers in 
continued proportion then, as many numbers as fall in 
between them in continued proportion, so many (num¬ 
bers) will also fall in between (any two numbers) having 
the same ratio [as them] in continued proportion. 

A'-1 E I-1 

Cl-1 Ml-1 

Di -1 Ni-1 

B I-1 F I-1 

G'-1 

H'-1 

Ki-1 

L I-1 

For let the numbers, C and D, fall between two num¬ 
bers, A and B, in continued proportion, and let it have 
been contrived (that) as A (is) to B, so E (is) to F. I say 
that, as many numbers as have fallen in between A and 
B in continued proportion, so many (numbers) will also 
fall in between E and F in continued proportion. 

For as many as A, B, C, D are in multitude, let so 
many of the least numbers, G, El, K, L, having the same 
ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, 
the outermost of them, G and L, are prime to one another 
[Prop. 8.3]. And since A, B, C, D are in the same ratio 
as G, FI, K, L, and the multitude of A, B, G, D is equal 
to the multitude of G, H, K, L, thus, via equality, as A is 
to B, so G (is) to L [Prop. 7.14]. And as A (is) to B, so 
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(be; oepa 6 H upoc; xov A, outcoc; 6 E npoe; tov Z. ol 5e H, A 
npwToi, ol 6e upcoToi xal eXa^ioToi, ol 6e eXa^iaxoi dpiAjiol 
[iETpouai Toui; xov auxov Xoyov e)(ovxa(; laocxig 6 xe [iel^tov 
xov [iell^ova xal 6 eXaaatov xov eXdaaova, xouxeaxiv o xs 
fjYoujievoc; xov fjYoujievov xal 6 exop-Evoc; xov £x6p,Evov. 
lo&xiQ dpa 6 H xov E p,ExpEl xal 6 A xov Z. 6adxi<; 6f] 6 H 
xov E p.ExpEl, xoaauxdxic; xal sxdxEpoe; xwv 0, K sxdxEpov 
xwv M, N p.ExpElxcj- ol H, 0, K, A dpa xouc; E, M, N, Z 
ladxic; [iExpouaiv. ol H, 0, K, A dpa xolc; E, M, N, Z sv xw 
auxw X 6 y(P Eialv. dXXd ol H, 0, K, A xoTc; A, E, A, B sv xw 
auxw XoYtp Elalv xal ol A, F, A, B dpa xolc E, M, N, Z sv 
xw auxeS X 6 y(P eIoIv. ol Be A, F, A, B s^fje; dvdXoYov Eiaiv 
xal ol E, M, N, Z dpa s^fje dvdXoYov eIoiv. oooi dpa eIc 
xouc A, B p,Exa^u xaxd x6 auvE^ec dvdXoYov sjixExxtbxaaiv 
dpiAjiol, xoaouxoi xal eIc xouc E, Z jiExa^u xaxd x6 auvE^ec 
dvdXoYov EjjLXExxAxaaiv dpiAp-ol' oxEp eSei SEl^ai. 


’Edv 8uo dpiAjiol xpwxoi xpoc dXXr^Xouc Qaiv, xal 
Eic auxouc pExa^u xaxd x6 auvExec dvdXoYov spxlxxcoaiv 
dpiApol, oaoi eIc auxouc pExa^u xaxd x6 auvExec dvdXoYov 
£[i7i;l7i;xouai.v dpiApol, xoaouxoi xal sxaxspou auxAv xal 
[iovdSoc (iExa^u xaxd x6 auvEXEC dvdXoYov EpixEaouvxai. 



Tlaxcoaav 6 uo dpiD^ol xpwxoi xpoc dXXrjXouc ol A, 
B, xal EIC auxouc pExa^u xaxd x 6 ouvexec dvdXoYov 
EpxiKXExojaav ol F, A, xal sxxEiaAco f) E povde Xeyco, 
6 x 1 oaoi EIC xouc A, B pExa^u xaxd x 6 ouvexec dvdXoYov 
spxETixcbxaaiv dpiApol, xoaouxoi xal sxaxspou xwv A, 
B xal xfje p.ovd5oc [isxa^u xaxd x 6 ouvexec dvdXoYov 

EjiKEOOUVXai. 

EiX/iepDcjoav Ydp 5uo ^ev dpiAp-ol sXdxioxoi sv xc3 xwv 
A, F, A, B XoYtp ovxEc ol Z, F[, xpslc Se ol 0, K, A, xal dsl 


E (is) to F. And thus as G (is) to L, so E (is) to F. And 
G and L (are) prime (to one another). And (numbers) 
prime (to one another are) also the least (numbers hav¬ 
ing the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio 
(as them) an equal number of times, the greater (measur¬ 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, G measures E the same 
number of times as L (measures) F. So as many times as 
G measures E, so many times let El, K also measure M, 
N, respectively. Thus, G, El, K, L measure E, M, N, 
F (respectively) an equal number of times. Thus, G, El, 
K, L are in the same ratio as E, M, N, F [Def. 7.20]. 
But, G, E{, K, L are in the same ratio as A, G, D, B. 
Thus, A, G, D, B are also in the same ratio as E, M, N, 
F. And A, G, D, B are continuously proportional. Thus, 
E, M, N, F are also continuously proportional. Thus, 
as many numbers as have fallen in between A and B in 
continued proportion, so many numbers have also fallen 
in between E and F in continued proportion. (Which is) 
the very thing it was required to show. 

Proposition 9 

If two numbers are prime to one another and there 
fall in between them (some) numbers in continued pro¬ 
portion then, as many numbers as fall in between them 
in continued proportion, so many (numbers) will also fall 
between each of them and a unit in continued proportion. 



Let A and B be two numbers (which are) prime to 
one another, and let the (numbers) G and D fall in be¬ 
tween them in continued proportion. And let the unit E 
be set out. I say that, as many numbers as have fallen 
in between A and B in continued proportion, so many 
(numbers) will also fall between each of A and B and 
the unit in continued proportion. 

For let the least two numbers, E and G, which are in 
the ratio of A, G, D, B, have been taken [Prop. 7.33]. 
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e^fjc; evl nXebuc;, ewt; av laov yevrjTai to TCXfj'doc; auTWv xw 
iiXr]TL>£i Twv A, r, A, B. elXrjcp^waav, xal eaxwaav oi M, N, 
S, O. cpavepov 6r], oxi 6 [iev Z eauxov ■KoWom.Xaaia.aoLz xov 
0 xenoirixev, xov 5e 0 noXXaxXaaiaaag xov M iiexoirjxev, 
xai 6 H eauxov (lev KoXXaTiXaaiaaac; xov A Kenoirjxev, xov 
8e A KoXXaxXaaiaaac; xov O Kexoirjxev. xal exei oi M, N, 
S, O eXa)(i.axo[ eiai. xwv xov auxov Xoyov exovxwv xolt; Z, 
H, elal 5e xal oi A, F, A, B £Xd)(iaxoi xwv xov auxov Xoyov 
exovxwv xoTc; Z, H, xal eaxiv laov x6 TiXfj'doc; xAv M, N, S, 
O xA KX/iileL xAv A, F, A, B, exaaxoc; dpa xAv M, N, S, O 
exdaxw xAv A, F, A, B laoc; eaxiv Iao<; dpa eaxiv 6 piev M 
xA A, 6 Be O xA B. xal exel 6 Z eauxov KoXXaTiXaaidaai; 
xov 0 Tiexolrjxev, 6 Z dpa xov 0 (jexpeT xaxd xd<; ev xA Z 
ptovd8a<;. (jexpeT Be xal f] E piovdc; xov Z xaxd xdi; ev auxA 
piovdBa<;- ladxi.i; dpa f] E piovdc; xov Z dpiiDijLov (jexpeT xal 6 Z 
xov 0. eaxiv dpa A<; f) E (Jovd<; upoc; xov Z dpiDpiov, ouxox; 
6 Z npoQ xov 0. xdXiv, eTiel 6 Z xov 0 xoXXaxXaaidaac; 
xov M Kexolrjxev, 6 0 dpa xov M (lexpeT xaxd xd<; ev xA Z 
(JovdBac. (JexpeT Be xal f] E (Jovd<; xov Z dpiDpiov xaxd xd<; ev 
auxA (jovdBat;- iadxi<; dpa f) E (jovdc; xov Z dpi^tJov ptexpeT 
xal 6 0 xov M. eaxiv dpa Ac; fj E (jovdc; xpoc; xov Z dpnDpiov, 
ouxoc; 6 0 upoi; xov M. eBelx'dr] Be xal Ac; f] E (Jovdc; upoc; 
xov Z dpnDpiov, ouxwc 6 Z upoi; xov 0- xal Ac; dpa f) E (jovdc; 
upoc; xov Z dpi'd(j6v, ouxwc; 6 Z Kpoc; xov 0 xal 6 0 upoc; 
xov M. laoc; Be 6 M xA A' eaxiv dpa A(; fj E (jovdi; xpoi; xov 
Z dpi'd(j6v, ouxoc; 6 Z upoi; xov 0 xal 6 0 xpoc; xov A. Bid 
xd auxd Bf] xal Ac; f) E (Jovdc; upoc; xov H dpi'd(j6v, ouxoc; 6 
H xpoi; xov A xal 6 A Kpoc; xov B. oaoi dpa eii; xouc A, B 
(jexa^u xaxd x6 auvexei; dvdXoyov e(J7i;e-n:xAxaaiv dpi'd(joi, 
xoaouxoi xal exaxepou xAv A, B xal (JovdBoc; xrjc; E (jexa^u 
xaxd x6 auvexe? dvdXoyov ^(JxexxAxaaiv dpi'd(joi- oxep eBei 
BeT^ai. 


/ 

l. 

’Edv Buo dpi'd(jAv exaxepou xal (JovdBoc; (jexa^u xaxd 
x6 auvexec; dvdXoyov e(J7il7i:xwaiv dpi'd(Jol, oaoi exaxepou 
auxAv xal (JovdBoc; (jexa^u xaxd x6 auvexe? dvdXoyov 
£(j7i;i7i;xouaiv dpi'd(jol, xoaouxoi xal eic; auxouc; (jexa^u xaxd 
x6 auvexec; dvdXoyov e(J7i;eaouvxai. 

Auo ydp dpi'd(jAv xAv A, B xal (JovdBo^ xfjc; F (je- 
xa^u xaxd x6 auvexsc dvdXoyov £(j7ii7ix£xwaav dpi'd(Jol oT 
xe A, E xal oi Z, FE- Xeyw, 6xi oaoi exaxepou xAv A, 
B xal (jovdBoi; xfjc; F (jexa^u xaxd x6 auvexec; dvdXoyov 
e(J7i;e7i:xAxaaiv dpi'd(joi, xoaouxoi xal eic; xouc; A, B (jexa^u 
xaxd x6 auvexsc; dvdXoyov e(j-n:eaouvxai. 


And the (least) three (numbers), H, K, L. And so on, 
successively increasing by one, until the multitude of the 
(least numbers taken) is made equal to the multitude of 
A, C, D, B [Prop. 8.2]. Let them have been taken, and 
let them be M, N, O, P. So (it is) clear that F has made 
H (by) multipl 3 dng itself, and has made M (by) multi¬ 
plying H. And G has made L (by) multiplying itself, and 
has made P (by) multiplying L [Prop. 8.2 corr.]. And 
since M, N, O, P are the least of those (numbers) hav¬ 
ing the same ratio as F, G, and A, G, D, B are also the 
least of those (numbers) having the same ratio as F, G 
[Prop. 8.2], and the multitude of M, N, O, P is equal 
to the multitude of A, G, D, B, thus M, N, O, P are 
equal to A, G, D, B, respectively. Thus, M is equal to 
A, and P to B. And since F has made H (by) multiply¬ 
ing itself, F thus measures H according to the units in F 
[Def. 7.15]. And the unit E also measures F according to 
the units in it. Thus, the unit E measures the number F 
as many times as F (measures) H. Thus, as the unit E is 
to the number F, so F (is) to FI [Def. 7.20]. Again, since 
F has made M (by) multipl 3 dng H, H thus measures M 
according to the units in F [Def. 7.15]. And the unit E 
also measures the number F according to the units in it. 
Thus, the unit E measures the number F as many times 
as H (measures) M. Thus, as the unit E is to the number 
E, so H (is) to M [Prop. 7.20]. And it was shown that as 
the unit E (is) to the number E, so F (is) to H. And thus 
as the unit E (is) to the number E, so F (is) to H, and H 
(is) to M. And M (is) equal to A. Thus, as the unit E is 
to the number E, so F (is) to H, and H to A. And so, for 
the same (reasons), as the unit E (is) to the number G, 
so G (is) to L, and L to B. Thus, as many (numbers) as 
have fallen in between A and B in continued proportion, 
so many numbers have also fallen between each of A and 
B and the unit E in continued proportion. (Which is) the 
very thing it was required to show. 

Proposition 10 

If (some) numbers fall between each of two numbers 
and a unit in continued proportion then, as many (num¬ 
bers) as fall between each of the (two numbers) and the 
unit in continued proportion, so many (numbers) will 
also fall in between the (two numbers) themselves in con¬ 
tinued proportion. 

For let the numbers D, E and F, G fall between the 
numbers A and B (respectively) and the unit G in con¬ 
tinued proportion. I say that, as many numbers as have 
fallen between each of A and B and the unit G in contin¬ 
ued proportion, so many will also fall in between A and 
B in continued proportion. 
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r I-1 r I-1 

A I-1 Z I-1 

E'-1 H'-' 

A'-1 B I-1 

01-1 

K'-1 

AI-1 

'O A yap Tov Z TioXXanXaaiaaac; xov 0 koisltw, 
excxTepoc; 5e twv A, Z tov 0 noXXotTiXaaidaac; exdxepov 
xwv K, A Tioieixco. 

Kai tnei eaxiv (be; f) F piovdc; npoQ xov A dpi'd(jL6v, ouxcoc 
6 A xpoc; xov E, Ioom-q dpa f) F (lovde; xov A dpi'djjiov piexpel 
xai 6 A xov E. f) Be F (iovd<; xov A dpi.'dpiov piexpel xaxd xd<; 
ev xo A (lovdBac;- xal 6 A dpa dpi'd(jL6i; xov E piexpel xaxd 
xac ev xeb A piovdSac 6 A dpa eauxov xoXXaxXaaidaae; xov 
E xeKoirjxev. xdXiv, exei eaxiv (be; fj F [(jovde;] Tipoe; xov 
A dpi'dpiov, ouxoie; 6 E xpoe; xov A, iadxie; dpa f] F piovde; 
xov A dpi'd(jL6v piexpel xai 6 E xov A. fj 5e F piovde; xov 
A dpiiSijLov piexpel xaxd xdc ev x(5 A ptovdBae;- xal 6 E dpa 
xov A (jexpeT xaxd xdi; ev x(5 A (lovdBai;' 6 A dpa xov E 
TioXXaxXaaidaae; xov A -KeKoirjxev. Bid xd auxd Bf] xai 6 
picv Z eauxov KoXXaxXaaidaai; xov FE Tiexoirjxev, xov Be H 
xoXXaKXaaidaae; xov B Tiexoirjxev. xal enel 6 A eauxov (lev 
xoXXaKXaaidaae; xov E xeTioirjxev, xov Be Z xoXXauXaaidaae; 
xov 0 xeKoirjxev, eaxiv dpa (be 6 A npoQ xov Z, ouxcoe 6 E 
Tipoe xov 0. Bid xd auxd 8i^ xal &>q 6 A Tipoe tov Z, oux(oe o 
0 Tipoe TOV H. xal Ae dpa 6 E Tipoe tov 0, ouTcoe 6 0 Tipoe 
TOV H. TidXiv, eTiel 6 A exdTepov xAv E, 0 xoXXaTiXaaidaae 
exdxepov xAv A, K TieTioirjxev, eaxiv dpa Ae 6 E Tipoe tov 0, 
ouT(De o A Tipoe TOV K. dXX’ Ae 6 E Tipoe tov 0, ouTcoe 6 A 
Tipoe TOV Z- xal Ae dpa 6 A Tipoe tov Z, ouTcoe 6 A Tipoe tov 
K. TidXiv, enel exdTepoe tAv A, Z xov 0 TioXXaTiXaaidaae 
exdxepov xAv K, A TieTioirjxev, eaxiv dpa Ae 6 A Tipoe xov 
Z, oux(oe o K Tipoe TOV A. dXX’ Ae 6 A Tipoe t6v Z, ouT(oe o 
A Tipoe TOV K- xal Ae dpa 6 A Tipoe tov K, oux(oe o K Tipoe 
xov A. exi enel 6 Z exdxepov xAv 0, H xoXXaTiXaaidaae 
exdxepov xAv A, B TieTioirjxcv, eaxiv dpa Ae 6 0 Tipoe tov 
H, ouT(oe o A Tipoe TOV B. Ae Be 6 0 xpoe tov H, ouTioe 
6 A Tipoe TOV Z- xal Ae dpa 6 A Tipoe tov Z, ouT(oe o A 
Tipoe TOV B. eBeix'di^ Be xal Ae 6 A Tipoe tov Z, ouT(oe o Te 
A Tipoe TOV K xal 6 K Tipoe tov A- xal Ae dpa 6 A Tipoe 
TOV K, ouTcoe 6 K Tipoe TOV A xal 6 A Tipoe tov B. ol A, 
K, A, B dpa xaxd x6 auvexsc eicriv dvdXoyov. oaoi 
dpa exaxepou xAv A, B xal xfje F piovdBoe (lexa^u xaxd 
x6 auvexec; dvdXoyov epiTiiTixouaiv dpi'dpioi, xoaouxoi xal eie 
xoue A, B (jexa^u xaxd x6 auvexsc ejiTieaouvxai- oTiep eBei 


C I—I CI—I 

Di- F I-1 

E I-1 G'-1 

A'-1 B I-1 

H'-1 

K'- 

L I-1 

For let D make H (by) multiplying F. And let D, F 
make K, L, respectively, by multiplying FI. 

As since as the unit C is to the number D, so D (is) to 
E, the unit C thus measures the number D as many times 
as D (measures) E [Def. 7.20]. And the unit C measures 
the number D according to the units in D. Thus, the 
number D also measures E according to the units in D. 
Thus, D has made E (by) multipl 3 dng itself. Again, since 
as the [unit] C is to the number D, so E (is) to A, the 
unit C thus measures the number D as many times as E 
(measures) A [Def. 7.20]. And the unit C measures the 
number D according to the units in D. Thus, E also mea¬ 
sures A according to the units in D. Thus, D has made 
A (by) multipl 3 dng E. And so, for the same (reasons), E 
has made G (by) multiplying itself, and has made B (by) 
multipl 3 dng G. And since D has made E (by) multiplying 
itself, and has made iT (by) multiplying E, thus as D is to 
E, so E (is) to H [Prop 7.17]. And so, for the same rea¬ 
sons, as D (is) to F, so H (is) to G [Prop. 7.18]. And thus 
as E (is) to H, so H (is) to G. Again, since D has made 
A, K (by) multipl 3 dng E, H, respectively, thus as E is to 
H, so A (is) to K [Prop 7.17]. But, as E (is) to H, so D 
(is) to F. And thus as D (is) to F, so A (is) to AT. Again, 
since D, F have made K, L, respectively, (by) multiply¬ 
ing H, thus as D is to F, so K (is) to L [Prop. 7.18]. But, 
as D (is) to F, so A (is) to K. And thus as A (is) to K, 
so K (is) to L. Further, since F has made L, B (by) mul- 
tipl 3 dng H, G, respectively, thus as H is to G, so L (is) to 
B [Prop 7.17]. And as H (is) to G, so D (is) to F. And 
thus as D (is) to F, so L (is) to B. And it was also shown 
that as D (is) to F, so A (is) to K, and K to L. And thus 
as A (is) to K, so K (is) to L, and L to B. Thus, A, K, 
L, B are successively in continued proportion. Thus, as 
many numbers as fall between each of A and B and the 
unit C in continued proportion, so many will also fall in 
between A and B in continued proportion. (Which is) 
the very thing it was required to show. 
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5sT^aL. 


la'. 

Auo TETpaycovwv dpnDpwv eXz (jeaoc dvdXoyov eaxiv 
dpi'dpoc, xal 6 Texpdywvoc; Tipoi; tov TSTpdywvov 6i- 
nXaaiova Xoyov e)(£i fjTisp f) xXsupd iipoc; Tf]v nXeupav. 

A'-1 

B I-1 

r I-1 AI-1 

E'-1 

TilaTwaav xexpdywvoi. dpiiDpol oi A, B, xal xoO psv A 
xXeupd eaxw 6 F, xoO Se B 6 A' Xeyw, 6xi xwv A, B elc; 
[ieaoc; dvdXoyov eaxiv dpnfljioc;, xal 6 A xpoc; xov B 5i- 
xXaaiova Xoyov tjxep 6 F xpog xov A. 

'O F ydp xov A noXkomXaaiaaaz xov E xoi.eixw. xal 
ETisl xexpdywvoc eaxiv 6 A, xXeupd Se auxou eaxiv 6 F, 6 F 
dpa eauxov KoXXaxXaaidaai; xov A xeTioirjxev. 6id xd aOxd 
5f) xal 6 A eauxov xoXXaxXaaidaai; xov B -KeKoirjxev. exel 
ouv 6 F exdxepov xwv F, A xoXXaxXaaidaac; exdxepov xwv 
A, E nexoirjxev, eaxiv dpa dx; 6 F xpog xov A, ouxwt; 6 A 
xpot; xov E. 5id xd auxd xal dx; 6 F xpoc; xov A, ouxtoc 6 
E xpoc xov B. xal dx; dpa 6 A xpog xov E, ouxo<; 6 E xpoc; 
xov B. xwv A, B dpa elc; p-eaoi; dvdXoyov eaxiv dpniljioi;. 

Aeyw 8r], oxi xal 6 A xpoc; xov B BixXaaiova Xoyov e^ei 
fjxep 6 F xpoc; xov A. exel ydp xpelc; dpnSjiol dvdXoyov eiaiv 
oi A, E, B, 6 A dpa xpog xov B SixXaaiova Xoyov ex£i fjTiep 
6 A xpoc; xov E. Ac; Be 6 A xpoc; xov E, ouxwc; 6 F Tipoc; 
xov A. 6 A dpa Tipoc; xov B SiTiXaaiova Xoyov ex£i f]7iep rj 
F TiXeupd Tipoc; xf]v A- oxep e6ei BeT^ai. 


Proposition 11 

There exists one number in mean proportion to two 
(given) square numbers.^ And (one) square (number) 
has to the (other) square (number) a squared^ ratio with 
respect to (that) the side (of the former has) to the side 
(of the latter). 

Ai-1 

Bi- 1 

C I-1 D'-1 

El-1 

Let A and B be square numbers, and let C be the side 
of A, and D (the side) of S. I say that there exists one 
number in mean proportion to A and B, and that A has 
to i? a squared ratio with respect to (that) C (has) to D. 

For let C make E (by) multipl 3 dng D. And since A is 
square, and C is its side, C has thus made A (by) multi¬ 
plying itself. And so, for the same (reasons), D has made 
B (by) multiplying itself. Therefore, since C has made A, 
E (by) multiplying C, D, respectively, thus as C is to D, 
so A (is) to E [Prop. 7.17]. And so, for the same (rea¬ 
sons), as C (is) to D, so E (is) to B [Prop. 7.18]. And 
thus as A (is) to E, so E (is) to B. Thus, one number 
(namely, E) is in mean proportion to A and B. 

So I say that A also has to a squared ratio with 
respect to (that) C (has) to D. For since A, E, B are 
three (continuously) proportional numbers, A thus has 
to B a squared ratio with respect to (that) A (has) to E 
[Def. 5.9]. And as A (is) to E, so C (is) to D. Thus, A has 
to B a squared ratio with respect to (that) side C (has) 
to (side) D. (Which is) the very thing it was required to 
show. 


t In other words, between two given square numbers there exists a number in continued proportion, 
t Literally, “double”. 


iP'. 

Auo xupwv (xpidpAv 8uo peaoi dvdXoyov eiaiv dpidpoi, 
xal 6 xu^oc; iipoc; xov xOpov xpiTiXaaiova Xoyov eyei riiiep f) 
TiXeupd Tipoc; xrjv iiXeupdv. 

’'Eaxwaav xOpoi dpidpol oi A, B xal xou pev A nXeupcd 
eaxco 6 F, xou Be B 6 A- Xeyco, oxi xAv A, B Buo peaoi 
dvdXoyov eiaiv dpiOpoi, xal 6 A Tipoc; xov B xpiuXaaiova 
Xoyov eyei fjTiep 6 F Tipoc; xov A. 


Proposition 12 

There exist two numbers in mean proportion to two 
(given) cube numbers.! ^nd (one) cube (number) has to 
the (other) cube (number) a cubed! ratio with respect 
to (that) the side (of the former has) to the side (of the 
latter). 

Let A and B be cube numbers, and let C be the side 
of A, and D (the side) of B. I say that there exist two 
numbers in mean proportion to A and B, and that A has 
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to i? a cubed ratio with respect to (that) C (has) to D. 



'O yap r eauTov pev noXXaTiXaoidaai; tov E tioieitw, For let C make E (by) multiplying itself, and let it 
Tov 6e A TioXXaKXaaidaat; xov Z koislto, 6 5s A sauxov make F (by) multiplying D. And let D make G (by) mul- 
TioXXaKXaaLdaat; tov H tioleitw, Exarspo^ Be tAv F, A xov tipl 3 dng itself, and let C, D make H, K, respectively, (by) 
Z KoXXaxXaaidaai; ExdxEpov xAv 0, K koielxw. multipl 3 dng F. 

Kai etceI xu[3o(; caxlv 6 A, nXcupd Be auxoO 6 F, xal 6 And since A is cube, and C (is) its side, and C has 
F Eauxov pcv xoXXaxXaaidaocc; xov E xETioirjXEv, 6 F dpa made F (by) multiplying itself, C has thus made E (by) 
Eauxov pEv xoXXocxXaaidoai; xov E xExoirixEv, xov Be E multipl 3 dng itself, and has made A (by) multipl 3 dng E. 
noXXanXaGLaGaz xov A xEKoirjXEv. Bid xd auxd Bf] xai 6 And so, for the same (reasons), D has made G (by) mul- 
A Eauxov psv xoXXaKXaaidaat; xov H xETioirixEv, xov Be FI tipl 3 dng itself, and has made B (by) multipl 3 dng G. And 
7ioXXa7i;Xaai.daa<; xov B KExoirjxEv. xai etieI 6 F sxdxspov since G has made E, F (by) multipl 3 dng C, D, respec- 
xAv F, A noXXanXoLmoLaoLc, cxdxEpov xAv E, Z KExoirjxEv, tively, thus as G is to D, so E (is) to F [Prop. 7.17]. And 
Eaxiv dpa A<; 6 F xpoi; xov A, ouxo<; 6 E xpoc; xov Z. so, for the same (reasons), as C (is) to D, so F (is) to G 
Bid xd auxd Br) xai A<; 6 F xpoc; xov A, ouxox; 6 Z xpoc; [Prop. 7.18]. Again, since C has made A, H (by) multi- 
xov H. xdXiv, EKEi 6 F ExdxEpov xAv E, Z xoXXaxXaaidaai; plying E, F, respectively, thus as E is to F, so A (is) to 
ExdxEpov xAv A, 0 KExoirjxEv, eoxiv dpa Ac 6 E Tipoc; xov ff [Prop. 7.17]. And as E (is) to F, so G (is) to D. And 
Z, ouxwc 6 A xpoc xov 0. Ac Be 6 E xpoc xov Z, ouxoc 6 F thus as C (is) to D, so A (is) to H. Again, since C, D 
Tipoc TOV A- xal Ac dpa 6 F Tipoc tov A, outoc 6 A Tipoc tov have made iJ, K, respectively, (by) multiplying F, thus 
0. TidXiv, etieI ExaTEpoc tAv F, A xov Z TioXXaTiXaaidaac as G is to D, so H (is) to K [Prop. 7.18]. Again, since D 
ExdxEpov xAv 0, K TiETioirjxEv, eoxiv dpa Ac 6 F Tipoc tov has made K, B (by) multipl 3 dng F, G, respectively, thus 
A, ouTWc 6 0 Tipoc TOV K. TidXiv, etieI 6 A sxdTEpov xAv as F is to G, so K (is) to B [Prop. 7.17]. And as F (is) 
Z, H TioXXaTiXaoidoac sxdxEpov xAv K, B TiETioirjXEv, eoxiv to G, so G (is) to D. And thus as G (is) to D, so A (is) 
dpa Ac 6 Z Tipoc xov H, ouxwc 6 K Tipoc xov B. Ac Be 6 Z to H, and H to K, and K to B. Thus, H and K are two 
Tipoc xov H, ouxwc 6 F Tipoc tov A- xal Ac dpa 6 F Tipoc (numbers) in mean proportion to A and B. 

TOV A, ouTWc 6 TE A Tipoc TOV 0 Xal 6 0 Tipoc TOV K xal So I say that A also has to B a cubed ratio with re- 
6 K Tipoc TOV B. xAv A, B dpa Buo pcaoi dvdXoyov Eiaiv spect to (that) C (has) to D. For since A, H, K, B are 
oi 0, K. four (continuously) proportional numbers, A thus has 

Acyw Brj, oxi xal 6 A Tipoc xov B xpiTiXaaiova Xoyov cyEi to i? a cubed ratio with respect to (that) A (has) to H 
rjnEp 6 F Tipoc xov A. etieI ydp xsaaapEc dpnUpol dvdXoyov [Def. 5.10]. And as A (is) to H, so C (is) to D. And 
Eiaiv oi A, 0, K, B, 6 A dpa Tipoc tov B xpiTiXaaiova Xoyov [thus] A has to B a cubed ratio with respect to (that) G 
EXei tlTiEp 6 A Tipoc TOV 0. Ac Be 6 A Tipoc tov 0, outoc 6 (has) to D. (Which is) the very thing it was required to 
F Tipoc TOV A' xal 6 A [dpa] Tipoc tov B xpiTiXaaiova Xoyov show. 

EXei fjTiEp 6 F Tipoc TOV A- oTiEp eBei BEl^ai- 

t In other words, between two given cube numbers there exist two numbers in continued proportion. 

^ Literally, “triple”. 

ly'. Proposition 13 

’Edv Aaiv oaoiBrjTioTouv dpnlpol s^fjc dvdXoyov, xal If there are any multitude whatsoever of continuously 
TioXXaTiXaaidaac ExaoToc cauTov Koifj Tiva, oi yEvopEvoi proportional numbers, and each makes some (number 
auTAv dvdXoyov saovxar xal sdv oi dpxfjc touc by) multiplying itself, then the (numbers) created from 
yEvopcvouc TioXXaTiXaaidaavxEc TioiAai Tivac, xal auTol them will (also) be (continuously) proportional. And if 
dvdXoyov caovxai [xal del TiEpl touc dxpouc touxo aupPaivEi] . the original (numbers) make some (more numbers by) 
’'EaTwaav oTioaoiouv dpnlpol E^fjc dvdXoyov, oi A, B, multipl 3 dng the created (numbers) then these will also 
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r, (be; 6 A Tipoc; tov B, ouTtog 6 B Tipoc; xov F, xal oi 
A, B, r eauTouc; [iev noXXaTiXaaicxaavTee; toui; A, E, Z 
noieiTCoaav, 8s A, E, Z KoXXaTxXaaidaavxse; xouc; H, 
0, K noieixtoaccv Xeyo^, 6xi ol xs A, E, Z xal ol H, 0, K 
e^fje; dvdXoyov elaiv. 


A 

B 

r 

A 

E 

Z 


A 

M 

N 

O 

n 


be (continuously) proportional [and this always happens 
with the extremes]. 

Let A, B, C be any multitude whatsoever of contin¬ 
uously proportional numbers, (such that) as A (is) to B, 
so B (is) to C. And let A, B, C make D, E, F (by) 
multiplying themselves, and let them make G, H, K (by) 
multiplying D, E, F. I say that D, E, F and G, El, K are 
continuously proportional. 

A'-1 L I-1 


B 

C 

D 

E 

F 


O 

M 

N 

P 

Q 


H'-1 

01- 

K'- 

'O psv ydp A xov B xoXXaxXaaidaae; xov A xoisixco, 
sxdxepoc; 5 e xAv A, B xov A 7T:oXXa7i;Xaai.daa<; sxdxspov xAv 
M, N xoLEixco. xai Tidkiv 6 psv B xov F iioXXa7iXaai.daa<; xov 
S xoiEixto, ExdxEpoc; 8£ xAv B, F xov S xoXXaxXaaidaae; 
sxdxspov xAv O, n Tioislxco. 

'Opoitoe; 8r) xolc; sxdvco Bsl^opEv, 6xi oi A, A, E xal oi 
H, M, N, 0 s^fje; slaiv dvdXoyov sv xA xoO A Tipoc; xov 
B Xoytp, xal sxi oi E, S, Z xal oi 0, O, 11, K s^fje; siaiv 
dvdXoyov sv xA xoO B xpoc xov F Xoyep. xai saxiv Ac; 6 A 
xpog xov B, ouxcoc; 6 B xpoc; xov F- xal oi A, A, E dpa xoTc; 
E, S, Z sv xA aOxA Xoyep sial xal sxi. oi H, M, N, 0 toiq 
0, O, n, K. xai saxLv laov x6 psv xAv A, A, E KXfjhoe; xA 
xAv E, S, Z TiXi^hsL, x6 8s xAv H, M, N, 0 xA xAv 0, O, 
n, K' 6i’ laou dpa saxiv A<; psv 6 A xpb^ xov E, ouxcoe; 6 
E Tipoc; xov Z, Ac; 8s 6 H Tipoc; xov 0, ouxcoc; 6 0 Tipoc; xov 
K- oTisp sSsi 8£T^ai.. 


G' 

Hi- 1 

Ki- 

For let A make L (hy) multiplying B. And let A, B 
make M, N, respectively, (by) multiplying L. And, again, 
let B make O (by) multiplying G. And let B, G make P, 
Q, respectively, (by) multplying O. 

So, similarly to the above, we can show that D, L, 
E and G, M, N, H are continuously proportional in the 
ratio of A to B, and, further, (that) E, O, F and H, P, Q, 
K are continuously proportional in the ratio of B to C. 
And as A is to B, so B (is) to G. And thus D, L, E are in 
the same ratio as E, O, F, and, further, G, M, N, El (are 
in the same ratio) as El, P, Q, K. And the multitude of 
D, L, E is equal to the multitude of E, O, F, and that of 
G, M, N, El to that of El, P, Q, K. Thus, via equality, as 
D is to E, so E (is) to F, and as G (is) to H, so H (is) to 
K [Prop. 7.14]. (Which is) the very thing it was required 
to show. 


l6'. 

’Edv xsxpdywvoc; xsxpdywvov psxpf), xal fj TiXsupd xrjv 
TiXsupdv p£xpr]a£i.' xal sdv f) iiXsupd xqv TiXsupdv psxpf), xal 
6 xsxpdywvoc; xov xsxpdywvov p£xpf]a£i.. 

Tlaxcoaav xsxpdyiovoi. dpiiDpol oi A, B, TiXsupal 8£ auxAv 
saxtoaav oi F, A, 6 bs A xov B psxpsixGr- Xsyto, oxi. xal 6 
F xov A pExpsl. 


Proposition 14 

If a square (number) measures a(nother) square 
(number) then the side (of the former) will also mea¬ 
sure the side (of the latter). And if the side (of a square 
number) measures the side (of another square number) 
then the (former) square (number) will also measure the 
(latter) square (number). 

Let A and B be square numbers, and let G and D be 
their sides (respectively). And let A measure B. I say that 
G also measures D. 
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'O r yap Tov A noXXooiXaaidoac; tov E noieiTW ol A, E, 
B dpa dvdXoyov slaiv ev tw toO E npoQ tov A Xoyw. 
xai exei oi A, E, B dvdXoyov eiaiv, xal (jexpsT 6 A tov 
B, piSTpel dpa xal 6 A tov E. xal eoTiv A<; 6 A npbc, tov E, 
ouTOc 6 r xpoc; TOV A- (JETpsI dpa xal 6 F tov A. 

ndXi.v 6f] 6 r TOV A piSTpeiTW Xeyw, oti. xal 6 A tov B 
piSTpel. 

Twv ydp auTWv xaTaaxeuaaDevTWv opLolwi; del^optsv, 
OTi oi A, E, B dvdXoyov eiaiv ev to tou F npoc: tov A 
Xoyo. xal ensi eaxiv o<; 6 F npd<; tov A, outoc 6 A xpoc; 
TOV E, ptexpeT 8c 6 F tov A, ptCTpcI dpa xal 6 A tov E. xal 
ciaiv oi A, E, B e^fjc dvdXoyov ptcxpcT dpa xal 6 A tov B. 

’Edv dpa Tcxpdyovoc; xcxpdyovov (i£Tpf), xal fj xXcupd 
Tf]v xXcupdv piCTpr]aci.' xal edv f) xXcupd xrjv xXcupdv pisxpfj, 
xal 6 Tcxpdyovoc tov xcxpdyovov piCTpr]aci.' oxcp c8ci. 
BcT^au 


is'. 

’Edv xupoc dpiDpioi; xOpov dpi'dpiov piexpr], xal f) xXcupd 
Tf]v xXcupdv piCTpr]aci' xal edv rj xXeupd xfjv xXeupdv [iexpfi, 
xal 6 xOpoi; tov xOpov piCTprjaci. 

Kupog ydp dpiDpiot; 6 A xOpov tov B (ieTpclxo, xal tou 
[icv A xXcupd caxo 6 F, tou 8e B 6 A' Xcyo, oti 6 F tov 
A pLcxpcI. 



'O F ydp eauTov KoXXaxXaaiaaccc; tov E xoicIto, 6 8c A 



For let C make A (by) multiplying D. Thus, A, E, 
B are continuously proportional in the ratio of C to D 
[Prop. 8.11]. And since A, E, B are continuously pro¬ 
portional, and A measures B, A thus also measures E 
[Prop. 8.7]. And as A is to E, so C (is) to D. Thus, C 
also measures D [Def. 7.20]. 

So, again, let C measure D. 1 say that A also measures 
B. 

For similarly, with the same construction, we can 
show that A, E, B are continuously proportional in the 
ratio of C to D. And since as C is to D, so A (is) to E, 
and C measures D, A thus also measures E [Def. 7.20]. 
And A, E, B are continuously proportional. Thus, A also 
measures B. 

Thus, if a square (number) measures a(nother) square 
(number) then the side (of the former) will also measure 
the side (of the latter). And if the side (of a square num¬ 
ber) measures the side (of another square number) then 
the (former) square (number) will also measure the (lat¬ 
ter) square (number). (Which is) the very thing it was 
required to show. 

Proposition 15 

If a cube number measures a(nother) cube number 
then the side (of the former) will also measure the side 
(of the latter). And if the side (of a cube number) mea¬ 
sures the side (of another cube number) then the (for¬ 
mer) cube (number) will also measure the (latter) cube 
(number). 


For let the cube number A measure the cube (num¬ 
ber) B, and let C be the side of A, and D (the side) of B. 
1 say that C measures D. 



For let C make E (by) multipl 3 dng itself. And let 
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eauTov TioXXanXaaiaaag xov H tioieitco, xal exi 6 T xov A 
7ioXXa7i;Xaai.daa<; xov Z [tioieixw], ExdxEpoc Be xwv F, A xov 
Z KoXXaTiXaaidaai; sxdxEpov xov 0 , K tioleixo. cpavEpov 
5 r|, 6x1 ol E, Z, H xctl oi A, 0 , K, B s^fjc; dvdXoyov Eiaiv 
Ev xo xou r npog xov A Xoyo. xal etceI ol A, 0 , K, B s^fjc 
dvdXoyov Eiaiv, xal piExpEl 6 A xov B, (lExpEl dpa xal xov 
0 . xal Eoxiv Ac 6 A npoc xov 0 , ouxoc 6 F xpoc xov A- 
piExpEl dpa xal 6 F xov A. 

AXXd Br) (JExpElxo 6 F xov A' Xeyo, 6 xi xal 6 A xov B 
piExpr]aEi.. 

Tov ydp auxov xaxaaxEuaa'dsvxov opioloc Br) BeI^o^iev, 
6x1 ol A, 0 , K, B E^fjc dvdXoyov Eiaiv ev xo xou F upoc 
xov A Xoyo. xal ekeI 6 F xov A (lExpEl, xal saxiv Ac 6 F 
Tipoc xov A, ouxoc 6 A xpoc xov 0 , xal 6 A dpa xov 0 
piExpEl' AaxE xal xov B (JExpEl 6 A- 67i:Ep eBei BEl^ai. 

If'. 

’Edv xExpdyovoc dpi'dpioc xExpdyovov dpnDjiov [if] 
[iExpfj, oOBe f] TiXEupd xr)v xXEupdv p,Expr]aEi' xdv fj xXEupd 
xf]v nXEupdv (jf] (iExpf), oOBe 6 xExpdyovoc xov xExpdyovov 
[iExpr]aEi. 


Ai- 

H r ^ 

B 1- 

-1 


Tlaxoaav xExpdyovoi dpiDpiol ol A, B, nXEupal Be auxAv 
saxoaav ol F, A, xal (ii^ piExpElxo 6 A xov B- Xsyo, 6xi ouBe 
6 F xov A (JExpEl. 

El ydp piExpEl 6 F xov A, piExpr]aEi xal 6 A xov B. ou 
piExpEl Be 6 A xov B- ouBe dpa 6 F xov A piExpr]aEi. 

Mr) piExpElxw [Br)] ndXiv 6 F xov A- Xsyw, 6xi ouBs 6 A 
xov B piExpr]aEi. 

El ydp piExpEl 6 A xov B, piExpr]aEi xal 6 F xov A. ou 
piExpEl Be 6 F xov A- ouB’ dpa 6 A xov B piExpr]aEi' 67iEp 
eBei BEl^ai. 


iC'. 

’Edv xOpoc dpnJpioc xOpov dpi'dpiov pif) piExpfj, ouBs f) 
nXEupd xr)v xXEupdv jiExpr^aEi' xdv f) nXEupd xr)v nXEupdv 
pir) piExpfj, ouBe 6 xupoc xov xupov piExpr^aEi. 


D make G (by) multiplying itself. And, further, [let] C 
[make] F (by) multiplying D, and let C, D make H, K, 
respectively, (by) multiplying F. So it is clear that E, F, 
G and A, FI, K, B are continuously proportional in the 
ratio of C to D [Prop. 8.12]. And since A, FI, K, B are 
continuously proportional, and A measures B, (A) thus 
also measures H [Prop. 8.7]. And as A is to II, so C (is) 
to D. Thus, G also measures D [Def 7.20]. 

And so let C measure D. I say that A will also mea¬ 
sure B. 

For similarly, with the same construction, we can 
show that A, H, K, B are continuously proportional in 
the ratio of G to D. And since G measures D, and as G is 
to D, so A (is) to B, A thus also measures B [Def 7.20]. 
Hence, A also measures B. (Which is) the very thing it 
was required to show. 

Proposition 16 

If a square number does not measure a(nother) 
square number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of 
a square number) does not measure the side (of another 
square number) then the (former) square (number) will 
not measure the (latter) square (number) either. 

A'-1 C I-1 

B I-1 D'-1 

Let A and B be square numbers, and let G and D be 
their sides (respectively). And let A not measure B. I say 
that G does not measure D either. 

For if C measures D then A will also measure B 
[Prop. 8.14]. And A does not measure B. Thus, C will 
not measure D either. 

[So], again, let G not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.14]. And G does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 

Proposition 17 

If a cube number does not measure a(nother) cube 
number then the side (of the former) will not measure the 
side (of the latter) either. And if the side (of a cube num¬ 
ber) does not measure the side (of another cube number) 
then the (former) cube (number) will not measure the 
(latter) cube (number) either. 
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A'- 

H r ^ 

B 1- 

-1 


Kupog yap dpi'd(i 6 c; 6 A xu^ov dpi'dp.ov xov B pir) jis- 
xpeiTW, xal ToO ptev A xXeupd eaxw 6 F, toO 6 e B 6 A' 
Xeyw, 6 x 1 6 F xov A ou pisxpr]asi.. 

Et ydp piExpel 6 F xov A, xal 6 A xov B pisxpr]aEi.. oO 
piExpEl Be 6 A xov B' ou6’ dpa 6 F xov A piExpEl. 

AXXd 8i^ (if] (iExpELxw 6 F xov A- Xsyw, oxi. ouBs 6 A 
xov B (iExpf]aEi.. 

Ei ydp 6 A xov B (lExpEl, xal 6 F xov A (iExpf]aEi.. ou 
(iExpEl Be 6 F xov A- ouB’ dpa 6 A xov B piExp/jaEi.' oxEp 
eBel BEl^ai. 


11^'. 

Auo 6 (ioi 6 iv etiitceBwv dpiDpiAv eT<; \isaoQ dvdXoyov saxiv 
dpiDpioc xal 6 exixeBoc; Tipoi; xov etcitceBov BmXaaiova Xoyov 
EXei f^TiEp f] 6 (i 6 Xoyo<; nXEupd xpot; xf]v opioXoyov xXEupdv. 

AI-1 B I-1 

r I-1 EI-1 

A I-1 Z I-1 

-' 

TSaxwaav Buo opioioi exIxeBoi dpiiDpiol ol A, B, xal xou 
(i£v A TiXEupal saxtoaav oi F, A dpiDpol, xou Be B ol E, 
Z. xal exeI 6(10101 exIxeBoI Eiaiv oi dvdXoyov e^ovxec; xdc; 
xXEupdc, saxiv dpa Ag 6 F xpoc; xov A, ouxox; 6 E xpoc; 
xov Z. XEyco ouv, 6 xi xAv A, B z\.q [liaoz dvdXoyov saxiv 
dpifliioc;, xal 6 A xpoc; xov B BixXaaiova Xoyov ejei fjxsp 6 
F xpoc; xov E f] 6 A xpog xov Z, xouxsaxiv fjxEp f] 6 (i 6 Xoyo(; 
xXsupd xpot; xfjv 6 (i 6 Xoyov [xXsupdv]. 

Kal EXEi saxiv Ac; 6 F xpoc; xov A, ouxtoc; 6 E xpoc; xov 
Z, EvaXXd^ dpa saxiv Ac; 6 F xpoc; xov E, 6 A xpoc; xov Z. 
xal exeI exIxeBoc; saxiv 6 A, xXsupal Be auxou ol F, A, 6 A 
dpa xov F xoXXaxXaaidaac; xov A xExolrjXSv. Bid xd auxd 
8 f] xal 6 E xov Z xoXXaxXaaidaac; xov B xExolrjXSv. 6 A 
8 f] xov E xoXXaxXaaidaac; xov H xoislxco. xal exeI 6 A xov 
(lEv F xoXXaxXaaidaac; xov A xExoirjxsv, xov Be E xoXXa- 
xXaaidaa; xov H xsxolrjXEv, saxiv dpa A; 6 F xpo; xov E, 
ouxw; 6 A xpo; xov H. dXX’ A; 6 F xpo; xov E, [ouxto;] 
6 A xpo; xov Z- xal A; dpa 6 A xpo; xov Z, ouxw; 6 A 
xpo; xov H. xdXiv, exeI 6 E xov (isv A xoXXaxXaaidaa; xov 
H xExolrjXEv, xov Be Z xoXXaxXaaidaa; xov B xExolrjXSv, 
saxiv dpa A; 6 A xpo; xov Z, ouxw; 6 H xpo; xov B. 
eBeIx'Ot] Be xal A; 6 A xpo; xov Z, ouxw; 6 A xpo; xov 


Ai- 


Ri- 

-1 D^ 


For let the cube number A not measure the cube num¬ 
ber B. And let C be the side of A, and D (the side) of B. 
I say that C will not measure D. 

For if C measures D then A will also measure B 
[Prop. 8.15]. And A does not measure B. Thus, C does 
not measure D either. 

And so let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.15]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 

Proposition 18 

There exists one number in mean proportion to two 
similar plane numbers. And (one) plane (number) has to 
the (other) plane (number) a squared^ ratio with respect 
to (that) a corresponding side (of the former has) to a 
corresponding side (of the latter). 

A'-1 B I-1 

C'-1 E I-1 

Di- F I- 

G'-1 

Let A and B be two similar plane numbers. And let 
the numbers C, D be the sides of A, and E, F (the sides) 
of B. And since similar numbers are those having pro¬ 
portional sides [Def. 7.21], thus as C is to D, so E (is) to 
F. Therefore, I say that there exists one number in mean 
proportion to A and B, and that A has to B a squared 
ratio with respect to that C (has) to E, or D to F —that is 
to say, with respect to (that) a corresponding side (has) 
to a corresponding [side]. 

For since as C is to D, so E (is) to F, thus, alternately, 
as C is to E, so D (is) to F [Prop. 7.13]. And since A is 
plane, and C, D its sides, D has thus made A (by) mul- 
tipl 3 dng C. And so, for the same (reasons), E has made 
B (by) multipl 3 dng E. So let D make G (by) multiplying 
E. And since D has made A (by) multiplying C, and has 
made G (by) multipl 3 dng E, thus as G is to E, so A (is) to 
G [Prop. 7.17]. But as G (is) to E, [so] D (is) to E. And 
thus as D (is) to E, so A (is) to G. Again, since E has 
made G (by) multiplying D, and has made B (by) multi¬ 
plying F, thus as D is to F, so G (is) to B [Prop. 7.17]. 
And it was also shown that as D (is) to F, so A (is) to G. 
And thus as A (is) to G, so G (is) to B. Thus, A, G, B are 
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H' xal (bg apa 6 A Kpoc tov H, b H Tipoi; tov B. oi 

A, H, B apa e^fjc; dvdXoyov siaiv. twv A, B dpa elc [ieaoc; 
dvdXoyov eaxiv dpi'd(jL6c;. 

Asyw 6r], oti. xai 6 A xpoc; xov B BixXaabva Xoyov 
eX£i ■fl'Ksp f) opioXoyoc TiXeupd xpoc; xi^v 6(jl6Xoyov KXeupdv, 
xoi)xeaxi.v fjTiep 6 F npoQ xov E f] 6 A Kpoc xov Z. exel yap 
oi A, H, B dvdXoyov siaiv, 6 A npoQ xov B dixXaaiova 
Xoyov ii:pdc; xov H. xai eaxiv o<; d A Tipoc; xov H, 

ouxoc o xe r xpoc; xov E xal 6 A xpoc; xov Z. xai 6 A dpa 
xpoc; xov B dixXaaiova Xoyov exei rjnep 6 F npbz xov E f] 
6 A npbz xov Z- oxep eBei del^ai. 

t Literally, “double”. 

Auo opioiwv axepewv dpiiSijAv 6uo pieaoi dvdXoyov 
ejiTtiTtxouaiv dpnJpioi' xai 6 axcpeoc; xpoc; xov opioiov axepeov 
xpixXaaiova Xoyov exei fixep fj opioXoyoc; xXeupd xpoc; xf]v 
opioXoyov xXeupdv. 

AI-1 r I-1 

A'-1 

E'-1 

B I- Z I-1 

H'-1 

01-1 

K' 

M I-1 N'-1 

tV '-' H '-' 

Tlaxwaav 6uo o(jioioi axepeol oi A, B, xai xoO piev A 
xXeupal eaxwaav oi F, A, E, xoO 6e B oi Z, H, 0. xal exel 
opioioi axepeoi eiaiv oi dvdXoyov exovxec; xdc; xXeupdc;, eaxiv 
dpa Ac; picv 6 F xpoc; xov A, ouxoc; 6 Z xp6(; xov H, Ac; 8e 
6 A xpoc; xov E, ouxwc; 6 H xpoc; xov 0. Xeyo, 6xi xAv A, 
B 8uo pieaoi dvdXoyov c(ix[xxouaiv dpiDpioi, xal 6 A xpoc; 
xov B xpixXaaiova Xoyov exei f]xep 6 F xpoc; xov Z xal 6 
A xpoc; xov H xal exi 6 E xpoc; xov 0. 

'O F ydp xov A xoXXaxXaaidaac; xov K xoieixco, 6 5e 
Z xov H xoXXaxXaaidaac; xov A xoieixw. xal exel oi F, 
A xolc; Z, H ev xw auxw Xoycp eiaiv, xal ex piev xwv F, 
A eaxiv 6 K, ex 6e xAv Z, H 6 A, oi K, A [dpa] opioioi 
cxixeSoi eiaiv dpiDpioi' xAv K, A dpa elc; (ieaoc; dvdXoyov 
eaxiv dpiiDpioc;. eaxto 6 M. 6 M dpa eaxiv 6 ex xAv A, 
Z, Ac; ev xA xpd xouxou {)ewpr](iaxi cSeix'dr). xal exel 6 
A xov (lev F xoXXaxXaaidaac; xov K xexoirjxev, xov 5e Z 
xoXXaxXaaidaac; xov M xexoirjxev, eaxiv dpa Ac; 6 F xpoc; 
xov Z, ouxcoc; 6 K xpoc; xov M. dXX’ Ac; 6 K xpoc; xov M, 
6 M xpoc; xov A. oi K, M, A dpa e^fjc; eiaiv dvdXoyov ev 


continously proportional. Thus, there exists one number 
(namely, G) in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) a corresponding side (has) to a corre¬ 
sponding side—that is to say, with respect to (that) C 
(has) to E, or D to F. For since A, G, B are continuously 
proportional, A has to B a squared ratio with respect to 
(that A has) to G [Prop. 5.9]. And as A is to G, so G (is) 
to E, and D to F. And thus A has to i? a squared ratio 
with respect to (that) G (has) to E, ov D to F. (Which 
is) the very thing it was required to show. 


Proposition 19 

Two numbers fall (between) two similar solid num¬ 
bers in mean proportion. And a solid (number) has to 
a similar solid (number) a cubedl ratio with respect to 
(that) a corresponding side (has) to a corresponding side. 

A'-1 C I-1 

Di-1 

E I-1 


B 

-' F 


G 


H 

- 

H 

Ml- 

^ N 

L 1- 

- 0 


Let A and B be two similar solid numbers, and let 
G, D, E be the sides of A, and F, G, H (the sides) of 
B. And since similar solid (numbers) are those having 
proportional sides [Def. 7.21], thus as G is to D, so F 
(is) to G, and as D (is) to E, so G (is) to El. I say that 
two numbers fall (between) A and B in mean proportion, 
and (that) A has to B a cubed ratio with respect to (that) 
G (has) to F, and D to G, and, further, E to iJ. 

For let G make K (by) multiplying D, and let F make 
L (by) multiplying G. And since G, D are in the same 
ratio as F, G, and K is the (number created) from (mul¬ 
tiplying) G, D, and L the (number created) from (multi¬ 
plying) F, G, [thus] K and L are similar plane numbers 
[Def. 7.21]. Thus, there exits one number in mean pro¬ 
portion to K and L [Prop. 8.18]. Let it be M. Thus, M is 
the (number created) from (multiplying) D, F, as shown 
in the theorem before this (one). And since D has made 
K (by) multiplying G, and has made M (by) multiplying 
F, thus as G is to F, so K (is) to M [Prop. 7.17]. But, as 
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Tbi ToO r npoQ Tov Z Xoyw. xal tnei eaxiv (ix; 6 F Tipoc; xov 
A, ouTWc; 6 Z npog xov H, evaXXa^ apa eaxlv (be; 6 F Tipoc; 
xov Z, ouxcDc; 6 A Tipoc; xov F[. 8 i.a xa auxex 6 f] xai Ac; 6 A 
Tipoc; xov F[, ouxwc; 6 E Tipoc; xov 0. oi K, M, A apa e^fje; 
elaiv (xvaXoyov ev xe xA xou F Tipoc; xov Z Xoyw xal xA 
xoD A Tipoc; xov H xal sxi. xA xou E Tipoc; xov 0. exaxepoc; 
5i^ xAv E, 0 xov M TioXXaTiXaaidaac; exdxepov xAv N, S 
Tioieixw. xai STiei axepsoc; eaxiv 6 A, TiXeupal Be auxoO eiaiv 
ol F, A, E, 6 E dpa xov ex xAv F, A TioXXaTiXaaidaac; xov 
A Tiexolrjxcv. 6 6 e ex xAv F, A eaxiv 6 K- 6 E dpa xov K 
TioXXaTiXaaidaac; xov A xeTioirjxev. 6 i(d xcd aOxed 6 f] xal 6 0 
xov A TioXXaTiXaaidaac; xov B TieTioir]xev. xal eTiel 6 E xov 
K TioXXaTiXaaidaac; xov A TieTioirjxev, dXXd (jifjv xal xov M 
TioXXaTiXaaidaac; xov N TieTioir]xev, eaxiv dpa Ac; 6 K Tipo; 
xov M, ouxw; 6 A xpo; xov N. A; 6 e 6 K Tipo; xov M, 
ouxcd; 6 xe F Tipo; xov Z xal 6 A Tipo; xov H xal exi 6 E 
Tipo; xov 0- xal A; dpa 6 F Tipo; xov Z xal 6 A Tipo; xov 
H xal 6 E Tipo; xov 0, ouxo; 6 A xpo; xov N. xdXiv, exel 
exdxepo; xAv E, 0 xov M xoXXaxXaaidaa; exdxepov xAv 
N, S xexoirjxev, eaxiv dpa A; 6 E xpo; xov 0, ouxw; 6 N 
xpo; xov S. dXX’ A; 6 E xpo; xov 0, ouxw; 6 xe F xpo; xov 
Z xal 6 A xpo; xov H' xal A; dpa 6 F xpo; xov Z xal 6 A 
xpo; xov H xal 6 E xpo; xov 0, ouxw; o xe A xpo; xov N 
xal 6 N xpo; xov S. xdXiv, exel 6 0 xov M xoXXaxXaaidaa; 
xov S xexoir]xev, dXXd ^Jii^v xal xov A xoXXaxXaaidaa; xov 
B xexoirjxev, eaxiv dpa A; 6 M xpo; xov A, oux(o; 6 5 xpo; 
xov B. dXX’ A; 6 M xpo; xov A, ouxco; o xe F xpo; xov Z 
xal 6 A xpo; xov FE xal 6 E xpo; xov 0. xal A; dpa 6 F 
xpo; xov Z xal 6 A xpo; xov H xal 6 E xpo; xov 0, ouxco; 
oO (iovov 6 S xpo; xov B, dXXd xal 6 A xpo; xov N xal 6 
N xpo; xov S. oi A, N, S, B dpa e^rj; eiaiv dvdXoyov ev 
xoT; eipr)(ievoi; xAv xXeupAv Xoyoi;. 

Aey(o, 6 x 1 xal 6 A xpo; xov B xpixXaaiova Xoyov 
exei fjxep f] o^xoXoyo; xXeuped xpo; xr)v 6 (jL 6 Xoyov xXeupdv, 
xouxeaxiv fjxep 6 F dpi'dpio; xpo; xov Z fj 6 A xpo; xov 
H xal exi 6 E xpo; xov 0. exel ycdp xeaaape; dpi'd(jLol e^fj; 
dvdXoyov eiaiv ol A, N, S, B, 6 A dpa xpo; xov B xpi¬ 
xXaaiova Xoyov eyei fjxep 6 A xpo; xov N. dXX’ A; 6 A 
xpo; xov N, ouxco; eSeix'di^ 6 xe F xpo; xov Z xal 6 A xpo; 
xov H xal exi 6 E xpo; xov 0. xal 6 A dpa xpo; xov B 
xpixXaaiova Xoyov exei fjxep f] o(jL 6 Xoyo; xXeuped xpo; xf]v 
o^xoXoyov xXeupdv, xouxeaxiv fjxep 6 F dpiD^o; xpo; xov 
Z xal 6 A xpo; xov H xal exi 6 E xpo; xov 0- oxep e 8 ei 
BeT^ai. 

t Literally, “triple”. 

/ 

X . 

’Ecdv 5uo dpi'd[jLAv el; ^teao; dvdXoyov e[jixixxf) dpi'd[jL6;, 
ojioioi exixeSoi eaovxai oi (xpiDiioi. 


K (is) to M, (so) M (is) to L. Thus, K, M, L are contin¬ 
uously proportional in the ratio of C to F. And since as 
C is to D, so F (is) to G, thus, alternately, as C is to F, so 
D (is) to G [Prop. 7.13]. And so, for the same (reasons), 
as D (is) to G, so E (is) to FI. Thus, K, M, L are contin¬ 
uously proportional in the ratio of G to F, and of D to G, 
and, further, of E to H. So let E, FI make N, O, respec¬ 
tively, (by) multipl 3 dng M. And since A is solid, and G, 

D, E are its sides, E has thus made A (by) multiplying 
the (number created) from (multiplying) G, D. And K 
is the (number created) from (multiplying) G, D. Thus, 
E has made A (by) multipl 3 dng AT. And so, for the same 
(reasons), iJ has made B (by) multiplying L. And since 
E has made A (by) multiplying K, but has, in fact, also 
made N (by) multipl 3 dng M, thus as K is to M, so A (is) 
to N [Prop. 7.17]. And as K (is) to M, so G (is) to E, 
and D to G, and, further, E to H. And thus as G (is) to 

E, and D to G, and E to H, so A (is) to N. Again, since 
E, H have made N, O, respectively, (by) multipl 3 dng M, 
thus as E is to H, so N (is) to O [Prop. 7.18]. But, as 
E (is) to H, so G (is) to F, and D to G. And thus as G 
(is) to F, and D to G, and E to H, so (is) A to N, and 
N to O. Again, since iJ has made O (by) multiplying M, 
but has, in fact, also made B (by) multipl 3 dng L, thus as 
M (is) to L, so O (is) to B [Prop. 7.17]. But, as M (is) 
to L, so C (is) to F, and D to G, and E to H. And thus 
as G (is) to F, and D to G, and E to H, so not only (is) 
O to B, but also A to N, and N to O. Thus, A, N, O, 
B are continuously proportional in the aforementioned 
ratios of the sides. 

So I say that A also has to i? a cubed ratio with respect 
to (that) a corresponding side (has) to a corresponding 
side—that is to say, with respect to (that) the number G 
(has) to F, or D to G, and, further, E to H. For since A, 
N, O, B are four continuously proportional numbers, A 
thus has to B a cubed ratio with respect to (that) A (has) 
to N [Def. 5.10]. But, as A (is) to N, so it was shown (is) 
G to E, and D to G, and, further, E to H. And thus A has 
to B a cubed ratio with respect to (that) a corresponding 
side (has) to a corresponding side—that is to say, with 
respect to (that) the number G (has) to F, and D to G, 
and, further, E to H. (Which is) the very thing it was 
required to show. 


Proposition 20 

If one number falls between two numbers in mean 
proportion then the numbers will be similar plane (num- 
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Auo yap dpi'd^Gv twv A, B zic, [isaoQ dvdXoyov 
EjiKiKTETW dpi'd(i6c; 6 F- Xsyw, oti. oi A, B o(jLoioi. eultisBoi 
elaiv dpi'd(jLo(. 




r ^ 

B ^ 


bers). 

For let one number C fall between the two numbers A 
and B in mean proportion. I say that A and B are similar 
plane numbers. 


A'-1 

A'- 

r* 1 

1 F 1 

Zi 1-1 


1 JH h 


B'- 

-1 

E'-' 



H'- 

-H 



EiXricp'dwaocv [yap] sXd)(i.aT 0 i dpidpoi twv tov auxov 
Xoyov eyovTCov toTc; A, F ol A, E- ladxK; dpa 6 A tov A 
psTpei xal 6 E tov F. 6adxi<; 6r) 6 A tov A psTpel, ToaauTai 
povdbsc eoTwaav sv tA Z' 6 Z dpa tov A xoXXaTiXaaidaai; 
TOV A KETolrjxsv. WOTS 6 A emKedoQ eaziv, xXsupai 8s 
auToO oi A, Z. xdXiv, etsI oi A, E sXd)(i.aTo[ siai tAv tov 
auTov Xoyov exovtwv toTc F, B, iadxic; dpa 6 A tov F ps- 
TpsI xa'i 6 E TOV B. oadxLc; 5f] 6 E tov B pETpsI, ToaauTai 
povdBsc EOTwaav sv tA FI. 6 E dpa tov B pETpsI xaTd Td<; 
Ev tA H povd5ai;' 6 FI dpa tov E KoXXaxXaaidaai; tov B 
TiEKoirjXEv. 6 B dpa ExiTsBoc; eoti, xXEupal Be auTou siaiv 
oi E, H. oi A, B dpa EKiKsBoi siaiv dpnfpoi. Xsyo) 8r), oti 
xai opoioi. etieI ydp 6 Z tov psv A xoXXaKXaaidaac tov 
A xEKoirjXEv, TOV Be E noXXaKXaaidaac tov F KExoirjxsv, 
EOTiv dpa Ac 6 A xpoc tov E, outoc 6 A xpoc tov F, 
TOUTEOTiv 6 F xpoc TOV B. xdXiv, exeI 6 E sxdTspov tAv Z, 
H xoXXaxXaaidaac touc F, B xExoirjxsv, eotiv dpa Ac d Z 
xpoc TOV FI, ouTWc 6 F xpdc tov B. Ac Be 6 F xpoc tov B, 
ouTOc d A xpdc TOV E- xal Ac dpa d A xpdc tov E, outwc 
d Z xpdc TOV FI' xal svaXXd^ Ac d A xpdc tov Z, outwc d 
E xpdc TOV FI. oi A, B dpa dpoioi exixeBoi dpidpoi siaiv ai 
ydp xXsupal auTAv dvdXoydv siaiv dxsp eBei BsT^ai. 


[For] let the least numbers, D and E, having the 
same ratio as A and C have been taken [Prop. 7.33]. 
Thus, D measures A as many times as E (measures) C 
[Prop. 7.20]. So as many times as D measures A, so 
many units let there he in F. Thus, E has made A (by) 
multipl 3 dng D [Def. 7.15]. Hence, A is plane, and D, 
F (are) its sides. Again, since D and E are the least 
of those (numbers) having the same ratio as C and B, 
D thus measures C as many times as E (measures) B 
[Prop. 7.20]. So as many times as E measures B, so 
many units let there be in G. Thus, E measures B ac¬ 
cording to the units in G. Thus, G has made B (by) mul¬ 
tiplying E [Def. 7.15]. Thus, B is plane, and E, G are 
its sides. Thus, A and B are (both) plane numbers. So I 
say that (they are) also similar. For since F has made A 
(by) multiplying D, and has made G (by) multipl 3 dng E, 
thus as D is to E, so A (is) to C —that is to say, C to B 
[Prop. 7.17].^ Again, since E has made G, B (by) multi¬ 
plying F, G, respectively, thus as F is to G, so G (is) to 
B [Prop. 7.17]. And as C (is) to B, so D (is) to E. And 
thus as D (is) to E, so F (is) to G. And, alternately, as D 
(is) to F, so E (is) to G [Prop. 7.13]. Thus, A and B are 
similar plane numbers. For their sides are proportional 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


t This part of the proof is defective, since it is not demonstrated that F x E = C. Furthermore, it is not necessary to show that D : E :: A : C, 
because this is true by hypothesis. 


xa'. 

’Edv Buo dpidpAv BOo pcaoi dvdXoyov EpxixTwaiv 
dpnlpoi, opoioi aTEpEoi Eiaiv oi dpnUpoi. 

Auo ydp dpidpAv tAv A, B Buo pcaoi dvdXoyov 
EpraxTETwaav dpidpoi oi F, A- Xcyw, oti oi A, B opoioi 
aTEpEoi Eiaiv. 

EiXfjCpdwaav ydp cXdxiaToi dpidpoi tAv tov auTov 
Xoyov EyovTcov toTc A, F, A TpElc oi E, Z, H- oi dpa dxpoi 
auTAv oi E, H xpATOi xpoc dXXr]Xouc Eiaiv. xal exeI tAv 
E, H eTc psaoc dvdXoyov spxsxTOXEv dpidpoc 6 Z, oi E, 
H dpa dpiiDpol opoioi exixeBoi Eiaiv. saTwaav ouv tou psv 


Proposition 21 

If two numbers fall between two numbers in mean 
proportion then the (latter) are similar solid (numbers). 

For let the two numbers G and D fall between the two 
numbers A and B in mean proportion. I say that A and 
B are similar solid (numbers). 

For let the three least numbers E, F, G having the 
same ratio as A, C, D have been taken [Prop. 8.2]. Thus, 
the outermost of them, E and G, are prime to one an¬ 
other [Prop. 8.3]. And since one number, F, has fallen 
(between) E and G in mean proportion, E and G are 
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E TiXeupal ol 0, K, xou Be H oi A, M. cpavepov apa eaxiv 
ex ToO xpo TouTou, oTi. oi E, Z, H e^fjc; eiaiv dvdXoyov ev 
xe xw xou 0 xpot; xov A Xoycp xal xG xou K xpoc; xov M. 
xai exei oi E, Z, H eXd)(i.axo[ eiai xwv xov auxov Xoyov 
exovxwv xoTc A, E, A, xai caxiv iaov x6 xXfjiLioc; xAv E, 
Z, H xA iiXr]TL>ei xwv A, F, A, Bi’ laou dpa caxiv Ac; 6 E 
xpog xov H, ouxtoc; 6 A xpoc; xov A. oi Be E, H xpAxoi, oi 
Be xpAxoi xal cXa^iaxoi, oi Be eXa^iaxoi (icxpouoi xouc; xov 
auxov Xoyov cxovxac; auxolc; iadxic; 6 xc [ici^wv xov [ici^ova 
xal 6 cXdaawv xov eXciaaova, xouxcaxiv 6 xc f)you(icvo<; 
xov f)you(Jcvov xal 6 exopievoc; xov c-n:6(JCvov iadxic; dpa 
6 E xov A [icxpcl xal 6 H xov A. oadxic; Bf] 6 E xov A 
picxpcT, xoaauxai (iovdBci; caxwaav cv xA N. 6 N dpa xov E 
TioXXaxXaaidaac; xov A xcKoirjxcv. 6 Be E caxiv 6 ex xAv 
0, K' 6 N dpa xov ex xAv 0, K xoXXaxXaaidaac; xov A 
■KCKoirjXCv. axcpcoc; dpa caxiv 6 A, xXcupal Be auxou ciaiv 
oi 0, K, N. xdXiv, cxcl oi E, Z, H cXdxiaxoi ciai xAv xov 
auxov Xoyov cxovxtov xolc; F, A, B, iadxic dpa 6 E xov F 
picxpcT xal 6 H xov B. oadxic; 8r) 6 E xov F (JcxpeT, xoaauxai 
piovdBcc; eaxwaav ev xA S. 6 FE dpa xov B picxpcT xaxd xdc; 
cv xA E! (iovdBac;' 6 5 dpa xov FI xoXXaxXaaidaac; xov B 
xexoirixcv. 6 Be H caxiv 6 ex xAv A, M- 6 5 dpa xov ex 
xAv A, M xoXXaxXaaidaac; xov B xcTioirjXCv. axcpcoc; dpa 
caxiv 6 B, xXcupal Be auxou ciaiv oi A, M, 5- oi A, B dpa 
axcpcoi ciaiv. 



Acyw [Bii]], 6 x 1 xal opioioi. excl ydp oi N, 5 xov E xoX- 
XaxXaaidaavxec; xouc; A, F xcxoir^xaaiv, caxiv dpa Ac; 6 N 
xpoc; xov S, 6 A Tipoc; xov F, xouxcaxiv 6 E xpoc; xov Z. 
dXX’ Ac; 6 E xpoc; xov Z, 6 0 xpoc; xov A xal 6 K xpoc; xov 
M- xal Ac dpa 6 0 xpoc xov A, ouxoc 6 K xpoc tov M xal 
6 N xpoc Tov 5. xai eiaiv oi (icv 0, K, N xXcupal xou A, 


thus similar plane numbers [Prop. 8.20]. Therefore, let 
H, K be the sides of E, and L, M (the sides) of G. Thus, 
it is clear from the (proposition) before this (one) that E, 
F, G are continuously proportional in the ratio of H to 
L, and of K to M. And since E, F, G are the least (num¬ 
bers) having the same ratio as A, G, D, and the multitude 
of E, F, G is equal to the multitude of A, G, D, thus, 
via equality, as E is to G, so A (is) to D [Prop. 7.14]. 
And E and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having 
the same ratio as them) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures A the same 
number of times as G (measures) D. So as many times as 
E measures A, so many units let there be in N. Thus, N 
has made A (by) multiplying E [Def. 7.15]. And E is the 
(number created) from (multiplying) H and K. Thus, N 
has made A (by) multiplying the (number created) from 
(multiplying) H and K. Thus, A is solid, and its sides are 
El, K, N. Again, since E, F, G are the least (numbers) 
having the same ratio as G, D, B, thus E measures C the 
same number of times as G (measures) B [Prop. 7.20]. 
So as many times as E measures G, so many units let 
there be in O. Thus, G measures B according to the units 
in O. Thus, O has made B (by) multipl 3 dng G. And 
G is the (number created) from (multiplying) L and M. 
Thus, O has made B (by) multiplying the (number cre¬ 
ated) from (multipl 3 dng) L and M. Thus, B is solid, and 
its sides are L, M, O. Thus, A and B are (both) solid. 



[So] I say that (they are) also similar. For since N, O 
have made A, G (by) multipl 3 dng E, thus as N is to O, so 
A (is) to G—that is to say, E to F [Prop. 7.18]. But, as 
E (is) to F, so El (is) to L, and K to M. And thus as H 
(is) to L, so K (is) to M, and N to O. And H, K, N are 
the sides of A, and L, M, O the sides of B. Thus, A and 
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oi 6e A, M TiXsupai toO B. oi A, B apa dpLAtJiol o(jLoioi. 
aTspeoi siaiv onep eSei 5el^ai. 

t The Greek text has “O, L, M”, which is obviously a mistake. 

x(3'. 

’Edv xpeTc dpi'd(Joi dvdXoyov waiv, 6 8e Ttpwxoc; 
x£xpdYWvo<; fj, xai 6 xpixoc xsxpdywvoc; eaxai. 

Ai-1 

B I-1 

r I-1 

Tlaxcoaav xpsTc; dpiAttol e^fjc dvdXoyov oi A, B, F, 6 5e 
TtpOxot; 6 A xsxpdywvoc; saxw Xeyw, 6xi xal 6 xpixoc; 6 F 
xexpdycovot; eaxiv. 

’Exei ydp xwv A, F elc (leaoc dvdXoyov eaxiv dpi.Ati6<; 
6 B, oi A, F dpa o(jLoioi. exixeSoi siaiv. xexpdywvoc; 6e 6 A- 
xexpdywvoc dpa xai 6 F- oxep eSei 8sT^ai.. 

xy'- 

’Edv xsaaapec; dpi'd^oi e^fjc dvdXoyov Saiv, 6 5e xpcoxot; 
xu^ot; fj, xai 6 xsxapxoc; xupoc eoxai. 

Ai-1 

B I-1 

r I-1 

A I-1 

Tiaxcoaav xeaaapsc dpi'd(ioi e^fjc dvdXoyov oi A, B, F, 
A, 6 8s A xOpoc saxw Xsyw, 6xi xai 6 A ko ^ oc , saxiv. 

’Eitsl ydp xwv A, A 8uo ^Jisaoi dvdXoyov eiaiv dpiAjioi 
oi B, F, oi A, A dpa o(ioioi siai axspsoi dpiA^toi. xupo<; 8s 
6 A- xupoc dpa xai 6 A- oxsp £8si 8s'i5ai. 


x6'. 

’Edv 8uo dpiA^tol xpog dXXr]XoU(; Xoyov sywaiv, 6v 
xExpdywvoc dpi'd[jL6c; xpoc; xsxpdyovov dpiA^xov, 6 8s 
xpAxoc; xsxpdytovoi; fj, xal 6 8s0xspo<; xsxpdywvoc saxai. 

Ai-^ r I- 1 

B I-1 A I-1 

Auo ydp dpiAjioi oi A, B 7tp6<; dXXr^Xoix; Xoyov 


B are similar solid numbers [Def. 7.21]. (Which is) the 
very thing it was required to show. 

Proposition 22 

If three numbers are continuously proportional, and 
the first is square, then the third will also be square. 

Ai-1 

Bi-1 

C'-1 

Let A, B, C be three continuously proportional num¬ 
bers, and let the first A be square. I say that the third C 
is also square. 

For since one number, B, is in mean proportion to 
A and C, A and C are thus similar plane (numbers) 
[Prop. 8.20]. And A is square. Thus, C is also square 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 

Proposition 23 

If four numbers are continuously proportional, and 
the first is cube, then the fourth will also be cube. 

Ai-1 

Bi-1 

Cl-1 

Di-1 

Let A, B, C, D be four continuously proportional 
numbers, and let A be cube. I say that D is also cube. 

For since two numbers, B and C, are in mean propor¬ 
tion to A and D, A and D are thus similar solid numbers 
[Prop. 8.21]. And A (is) cube. Thus, £> (is) also cube 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 

Proposition 24 

If two numbers have to one another the ratio which 
a square number (has) to a(nother) square number, and 
the first is square, then the second will also be square. 


Ai- 


Bi- 

-1 


For let two numbers, A and B, have to one another 
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eX^T^waav, 6v TSTpay^voc; dpi'diioc; 6 F Tipoc; xsTpdywvov 
dpiiSjiov Tov A, 6 6e A T£Tpdywvo<; eaxw Xeyw, oti xal 6 
B TExpdywvoc; eaxiv. 

’Ekei ydp oi r, A xExpdywvoL Eiaiv, oi F, A dpa o(ioioi. 
etiltieBoi Eiaiv. xwv F, A dpa sic (J£ao<; dvdXoyov spKiKXEi 
dpi.'dpoc- xai saxiv A<; 6 F Tipoc; xov A, 6 A npoQ xov B- 
xai xAv A, B dpa eTc; (isaoc dvdXoyov ejjltiltixei. dpi'd(jL6c;. xod 
EaxLv 6 A xExpdywvoc xai 6 B dpa xExpdywvoc; saxiv oxEp 
eBei BsT^ai. 

xs'. 


’Edv 8uo dpi'dpol xpog dXXr]Xouc; Xoyov sx^aiv, 6v 
xu^oi; dpnL>(i6c; xpoc; xupov dpnSiiov, 6 Be xpAxoc; xOpoc; fj, 
xal 6 Bsuxspoc; x6po<; saxai. 



Auo ydp dpi^jioi oi A, B npdz dXXr^Xouc; Xoyov 
EXexwaav, 6v xupog dpiDp-oc; 6 F xpoi; xupov dpiDp-ov xov 
A, xupog Be saxw 6 A- Xsyw [Br^], 6xi xal 6 B xupog saxiv. 

’EtceI ydp 01 F, A xupoi siaiv, oi F, A op,oioi axs- 
pEoi Eiaiv xAv F, A dpa Buo p,£aoi dvdXoyov EjiKiTixouaiv 
dpi'dpoi. oaoi Be sic; xou<; F, A psxa^u xaxd x6 auvsxsc 
dvdXoyov EpxiKxouaiv, xoaouxoi xal sii; xouc; xov auxov 
Xoyov £xovxa<; auxolc Aaxs xal xAv A, B Buo [isaoi 
dvdXoyov £[jL7i:i7i:xouaiv dpiDpoi. £(Jiii7i:x£xwaav oi E, Z. exeI 
ouv xsaaapsc dpnSiiol oi A, E, Z, B s^fjc; dvdXoyov siaiv, 
xai saxi xOpoc; 6 A, xupoc dpa xal 6 B- oxsp eBei BeT^m- 


Xf'. 

Oi 6p.oioi exixeBoi dpi^(iol xp6<; dXXrjXouc Xoyov sxou- 
aiv, 6v xExpdytovoc; dpiDpoc xp6<; xsxpdywvov dpnSiiov. 



Tiaxwaav o[jLoioi exixeBoi dpnSiJol oi A, B- Xsyw, 6xi 
6 A xpoc; xov B Xoyov £xei, ov xsxpdytovoc; dpn[)(i6c; xpog 


the ratio which the square number C (has) to the square 
number D. And let A be square. I say that B is also 
square. 

For since C and D are square, C and D are thus sim¬ 
ilar plane (numbers). Thus, one number falls (between) 
C and D in mean proportion [Prop. 8.18]. And as C is 
to D, (so) A (is) to B. Thus, one number also falls (be¬ 
tween) A and B in mean proportion [Prop. 8.8]. And A 
is square. Thus, B is also square [Prop. 8.22]. (Which is) 
the very thing it was required to show. 

Proposition 25 


If two numbers have to one another the ratio which 
a cube number (has) to a(nother) cube number, and the 
first is cube, then the second will also be cube. 



For let two numbers, A and B, have to one another 
the ratio which the cube number C (has) to the cube 
number D. And let A be cube. [So] I say that B is also 
cube. 

For since C and D are cube (numbers), C and D are 
(thus) similar solid (numbers). Thus, two numbers fall 
(between) C and D in mean proportion [Prop. 8.19]. 
And as many (numbers) as fall in between C and D in 
continued proportion, so many also (fall) in (between) 
those (numbers) having the same ratio as them (in con¬ 
tinued proportion) [Prop. 8.8]. And hence two numbers 
fall (between) A and B in mean proportion. Let E and F 
(so) fall. Therefore, since the four numbers A, E, F, B 
are continuously proportional, and A is cube, B (is) thus 
also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 

Proposition 26 

Similar plane numbers have to one another the ratio 
which (some) square number (has) to a(nother) square 
number. 



Let A and B be similar plane numbers. I say that A 
has to B the ratio which (some) square number (has) to 
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xexpdYWvov dpiiDpiov. 

’Ekei ydp ol A, B o(jLoioi. ekikeBol Eiaiv, xwv A, B dpa 
eXz [leaoz dvdXoyov spixiiixEi dpnSjioc;. EpimiixExw xal saxw 6 
r, xal ElXr](pT[)waav £Xd)(iaxoi dpiDpiol xwv xov auxov Xoyov 
EXovxwv xoic; A, F, B ol A, E, Z- oi dpa dxpoi auxwv oi 
A, Z xExpdywvol Eiaiv. xal exeI saxiv (be; 6 A xpoc; xov Z, 
ouxcoc; 6 A xpoc; xov B, xal Eiaiv ol A, Z xExpdytovoi, 6 A 
dpa xpoc; xov B Xoyov EX^ij ov xExpdywvoc dpi'diioc; xpoc; 
xExpdywvov dpiiDpiov oxEp eBei BeT^Qii- 

xC'. 

Ol opioioi axEpsol dpnJpiol xpoc; dXXrjXoui; Xoyov sxou- 
aiv, 6v xu[3o(; dpnJpioi; xpoc; xupov dpi'dpiov. 

AI-1 E I-1 

E'-1 Z'-1 

A'-1 H'-1 

B I-1 01-1 

TSaxwaav opioioi axEpEol dpiDpiol ol A, B- Xsyo, 6xi 6 
A xpoc; xov B Xoyov Exsi’, ov xupoc dpi'd(i6c; xp6<; xOpov 
dpiDpiov. 

’ExeI ydp ol A, B opioioi axEpEol Eiaiv, xOv A, B dpa 6uo 
pisaoi dvdXoyov spixlxxouaiv dpi'd(jLol. £[ixixx£xwaav ol F, 
A, xal EiXi^cpiSwaav sXdxiaxoi dpiDpiol xwv xov auxov Xoyov 
EXovxwv xoTc; A, F, A, B laoi auxoTc x6 xXfj'doc; ol E, Z, H, 
0- ol dpa dxpoi auxAv ol E, 0 xOpoi Eiaiv. xal saxiv &>q 6 
E xpoc xov 0, ouxoc 6 A xpoc; xov B- xal 6 A dpa xpoc; 
xov B Xoyov exEi, ov xOpoc; dpi'd[jL6c; xp6<; xOpov dpi'dpiov 
oxsp eBei BeT^oii. 


a(nother) square number. 

For since A and B are similar plane numbers, one 
number thus falls (between) A and B in mean propor¬ 
tion [Prop. 8.18]. Let it (so) fall, and let it be C. And 
let the least numbers, D, E, F, having the same ratio 
as A, C, B have been taken [Prop. 8.2]. The outermost 
of them, D and F, are thus square [Prop. 8.2 corn]. And 
since as D is to F, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number 
(has) to a(nother) square number. (Which is) the very 
thing it was required to show. 

Proposition 27 

Similar solid numbers have to one another the ratio 
which (some) cube number (has) to a(nother) cube num¬ 
ber. 

A'-1 E I-1 

C I-1 F I-1 

D'-1 G'-1 

Bi-1 Hi-1 

Let A and B be similar solid numbers. I say that A 
has to B the ratio which (some) cube number (has) to 
a(nother) cube number. 

For since A and B are similar solid (numbers), two 
numbers thus fall (between) A and B in mean proportion 
[Prop. 8.19]. Let C and D have (so) fallen. And let the 
least numbers, E, F, G, FI, having the same ratio as A, 
C, D, B, (and) equal in multitude to them, have been 
taken [Prop. 8.2]. Thus, the outermost of them, E and 
H, are cube [Prop. 8.2 corn]. And as E is to H, so A (is) 
to B. And thus A has to B the ratio which (some) cube 
number (has) to a(nother) cube number. (Which is) the 
very thing it was required to show. 
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Applications of Number Theor^ 


tThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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OL. 

’Eav 80o 6(ioioi enineSoi dpi'd^iol noXXauXaaidaavxec; 
dXXr^Xouc; noiwai xiva, 6 Yev6(ievo(; xexpdywvoc eaxai.. 

A'-1 

B I-1 

r I-1 

A I-1 

Tilaxwaav 8uo ojjLoioi. etiltisBoi dpiiDpiol oi A, B, xai 6 
A xov B KoXXaxXaaidaai; xov T xoLeixw Xeyw, oxi. 6 T 
xexpdYWvoc eaxiv. 

'O Y“P A eauxov 7ioXXa7i;Xaai.daa<; xov A koislxw. 6 A 
dpa xexpdYWvoc saxiv. exei ouv 6 A eauxov (jev KoXXa- 
TiXaaidaac; xov A Kexoirjxev, xov 5c B xoXXaxXaaidaac; xov 
r xcKoirjxcv, eaxiv dpa (be; 6 A xpoc; xov B, ouxcoc 6 A 
xpoc; xov r. xal cxel oi A, B o[jLoioi. cxixeSoi eiaiv dpiiSijLoi, 
xov A, B dpa cTc; (icaoc dvdXoYov e[jLxixx8i. dpi.'dpioe;. edv 5e 
5uo dpiiDpiov (jcxa^u xaxd x6 auvexec; dvdXoYov cpiKixxcoaiv 
dpi.'dpioi, oaoi eic; auxoix; cpiKiKxouai., xoaouxoi. xal eic; xou<; 
xov aOxov XoYov cxovxac oaxe xal xov A, F eic; pieaoc; 
dvdXoYov e[jLxixxei. dpi'd(i6c;. xai caxi. xexpaYOvoc 6 A- 
xexpaYOvoc dpa xal 6 F- oxep eSci BeT^ai.. 


P- 

’Edv 5uo dpi.'dpiol xoXXaxXaaLdaavxce; dXXrjXoue; xoioai 
xexpaYOvov, o^xoioi CKiKcBoi ciaiv dpiiDpoi. 

A'-1 

B I-1 

r I-1 

A I-1 

’lEaxoaav 6uo dpiiSiJol oi A, B, xal 6 A xov B xoXXa- 
xXaaidaag xexpaYOvov xov F xoieixo- Xcyo, oxi oi A, B 
ojioioi cxixeSoi eiaiv dpiDp-oi. 

'O Ydp A eauxov xoXXaxXaaidaae; xov A xoicixo' 6 A 
dpa xcxpdYOvoi; eaxiv. xal cxel 6 A eauxov [iev xoXXa- 
xXaaidaag xov A xcxoirjxev, xov 5e B xoXXaxXaaidaae; xov 
F xexoirjxcv, eaxiv dpa (be; 6 A xpoe; xov B, 6 A xpoe; xov 
F. xal excl 6 A xexpdYOvoe; eaxiv, dXXd xal 6 F, oi A, F 
dpa op,oioi cxixeSoi eiaiv. xov A, F dpa ele; [icaoe; dvdXoYov 


Proposition 1 

If two similar plane numbers make some (number by) 
multipl 3 nng one another then the created (number) will 
be square. 

Ai-1 

Bi-1 

Cl-1 

Di-1 

Let A and B be two similar plane numbers, and let A 
make C (by) multiplying B. I say that C is square. 

For let A make D (by) multiplying itself. D is thus 
square. Therefore, since A has made D (by) multiply¬ 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since A and 
B are similar plane numbers, one number thus falls (be¬ 
tween) A and B in mean proportion [Prop. 8.18]. And if 
(some) numbers fall between two numbers in continued 
proportion then, as many (numbers) as fall in (between) 
them (in continued proportion), so many also (fall) in 
(between numbers) having the same ratio (as them in 
continued proportion) [Prop. 8.8]. And hence one num¬ 
ber falls (between) D and C in mean proportion. And D 
is square. Thus, C (is) also square [Prop. 8.22]. (Which 
is) the very thing it was required to show. 

Proposition 2 

If two numbers make a square (number by) multiply¬ 
ing one another then they are similar plane numbers. 

Ai-1 

Bi-1 

Cl-1 

Di-1 

Let A and B be two numbers, and let A make the 
square (number) C (by) multiplying B. I say that A and 
B are similar plane numbers. 

For let A make D (by) multiplying itself. Thus, D is 
square. And since A has made D (by) multiplying itself, 
and has made C (by) multiplying B, thus as A is to B, so 
D (is) to C [Prop. 7.17]. And since D is square, and C 
(is) also, D and C are thus similar plane numbers. Thus, 
one (number) falls (between) D and C in mean propor- 


254 




ETOIXEIfiN 


ELEMENTS BOOK 9 


ejiKiKxei. xa[ eaxiv (bg 6 A npoq xov F, ouxw<; 6 A xpoc; xov 
B- xal xwv A, B apa sTc; \xiaoQ dvdXoyov epiKiKxei. edv 8s 
8uo dpLiD^J^Siv sic; ^saoc; dvdXoyov E^JiKiKxr), o^xoioi eulxsBoi 
Eiaiv [oi] dpi'd^xoL' oi dpa A, B opioioi siaiv ExinEBor ousp 
£8 el BsT^ai. 


y'- 

’Edv xOpoc; dpi.'d^ot; sauxov xoXXaxXaaidaac; xoif) xiva, 
6 y£v6(i£vo<; x6po<; saxai.. 

Ai-1 

B I-1 

r I-1 

A I-1 

Kupog ydp dpnDjioc 6 A sauxov xoXXaTiXaaidaai; xov B 
■n:oi.£(xw Xsyw, oxi. 6 B xupo<; saxiv. 

EiXr]cp'dw ydp xou A KXsupd 6 F, xal 6 F sauxov KoXXa- 
TiXaaidaac; xov A tioleixw. cpavspov 5r] saxiv, 6xi 6 F xov A 
xoXXaKXaaidaac xov A xsKoirjxsv. xal skei 6 F sauxov xoX- 
XaxXaaidaac; xov A Ksxoirjxsv, 6 F dpa xov A ^sxpsT xaxd 
xdi; sv auxA tJ^ovd8a<;. dXXd tJl'nv xal fj [iovdc xov F ^sxpsT 
xaxd xd<; sv auxw (Jovd5ac;- saxiv dpa (be; f) ^ovde; Tipoc; xov 
F, 6 F npoQ xov A. TidXiv, skeI 6 F xov A KoXXauXaaidaai; 
xov A KEKOirjXEv, 6 A dpa xov A (isxpsT xaxd xd<; sv xc5 F 
^ovd8a<;. ^sxpsT 8s xal f) ^Jiovdc; xov F xaxd xd<; sv auxw 
piovd8a<;- saxiv dpa A<; f] ^Jiovdc; Kpoe; xov F, 6 A npoQ xov 
A. dXX’ A<; f) ^ovd<; Tipoe; xov F, 6 F Kpoe; xov A' xal 
dpa f) ^ovd<; Tipoe; xov F, ouxcoi; 6 F npbc, xov A xal 6 A 
upoc; xov A. xfjc; dpa (lovdSoc; xal xou A dpnDpioO 8uo ^Jisaoi 
dvdXoyov xaxd x6 auv£)(£c; sijLTiEKxAxaaiv dpiD^iol oi F, A. 
ndXiv, sxsl 6 A sauxov xoXXaxXaaidaac; xov B Ksxoirjxsv, 
6 A dpa xov B (JsxpsT xaxd xdc; sv auxA piovd8a<;- (JsxpsT 8s 
xal f) (jLovde; xov A xaxd xd<; sv auxA (JovdSac;- saxiv dpa (be; 
f] piovde; Kpoe; xov A, 6 A Tipoe; xov B. xfje; 8s (iovdSoe; xal 
xou A 8uo pisaoi dvdXoyov sliTiSKxAxaaiv dpi'dpioi- xal xAv 
A, B dpa 8uo (jsaoi dvdXoyov sjjLnsaouvxai dpi'd(jLoi. sdv 8s 
8uo dpiiSiiAv 6uo ^saoi dvdXoyov s^Kixxoiaiv, 6 8s KpAxoe; 
Ko^oc, fj, xal 6 8£ux£po(; xupoc saxai. xai saxiv 6 A xOpoe;- 
xal 6 B dpa xupoe; saxiv ousp sSsi 8£T^ai. 

6 '. 

’Edv xupoe; dpuJ^Jide; xOpov dpiD^Jidv xoXXauXaaidaae; 
Koifj xiva, 6 y£v6(i£vo(; xupoe; saxai. 


tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus, 
one (number) also falls (between) A and B in mean pro¬ 
portion [Prop. 8.8]. And if one (number) falls (between) 
two numbers in mean proportion then [the] numbers are 
similar plane (numbers) [Prop. 8.20]. Thus, A and B are 
similar plane (numbers). (Which is) the very thing it was 
required to show. 

Proposition 3 

If a cube number makes some (number by) multiply¬ 
ing itself then the created (number) will be cube. 

A'-1 

Bi- 1 

C'-1 

Di-1 

For let the cube number A make B (by) multiplying 
itself. I say that B is cube. 

For let the side C of A have been taken. And let C 
make D by multipl 3 dng itself. So it is clear that C has 
made A (by) multiplying B. And since C has made D 
(by) multipl 3 dng itself, C thus measures D according to 
the units in it [Def. 7.15]. But, in fact, a unit also mea¬ 
sures C according to the units in it [Def. 7.20]. Thus, as 
a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the 
units in C. And a unit also measures C according to the 
units in it. Thus, as a unit is to C, so D (is) to A. But, 
as a unit (is) to C, so C (is) to D. And thus as a unit (is) 
to C, so C (is) to D, and D to A. Thus, two numbers, C 
and D, have fallen (between) a unit and the number A 
in continued mean proportion. Again, since A has made 
B (by) multipl 3 dng itself, A thus measures B according 
to the units in it. And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to B. 
And two numbers have fallen (between) a unit and A in 
mean proportion. Thus two numbers will also fall (be¬ 
tween) A and B in mean proportion [Prop. 8.8]. And if 
two (numbers) fall (between) two numbers in mean pro¬ 
portion, and the first (number) is cube, then the second 
will also be cube [Prop. 8.23]. And A is cube. Thus, B 
is also cube. (Which is) the very thing it was required to 
show. 

Proposition 4 

If a cube number makes some (number by) multiply¬ 
ing a(nother) cube number then the created (number) 
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A'-1 

B I - 1 

r I-1 

A I-1 

Kupot; yap dpiiDpioc 6 A xu^ov dpi.'d^tov xov B noXka- 
xXaaidaac; tov F koisltw Xsyw, oti 6 F xupoc eaxiv. 

'O ydp A eauTov noXkoLnXaaiaLaaz tov A xoieLw 6 
A dpa xOpoc; saxiv. xai exei 6 A eauxov (lev xoXXa- 
xXaaidaai; xov A 7i;exo[r)XSv, xov 6s B xoXXaxXaaidaai; xov 
F KExoirjxsv, soxiv dpa A<; 6 A npoq xov B, ouxo<; 6 A xpoc; 
xov F. xal SKEi o'l A, B xupoi. siaiv, o^xoioi axEpsoi siaiv oi A, 
B. xAv A, B dpa 5uo [isaoi dvdXoyov Epixixxouaiv dpi'dp.oi- 
waxE xal xAv A, F 8uo p,£aoi dvdXoyov EjixEaoOvxai 
dpi^jioi. xa[ saxi xupot; 6 A- xOpoc; dpa xal 6 F- oxEp 
£5 ei Bsl^ai. 

z'. 

’Edv xupog dpi'd(jL6c; dpi'd(jL6v xiva xoXXa7i;Xaai.daa<; xOpov 
xoifj, xal 6 xoXXaxXaaiaa'dslc; xOpoi; saxai. 

Ai-1 

B I- 1 

r I-1 

A I-1 

Kupog ydp dpi'd(jL6c; 6 A dpnSiiov xiva xov B xoXXa- 
xXaaidaac; xOpov xov F xoleixw Xsyw, oxi. 6 B xuPo<; saxiv. 

'O ydp A Eauxov ■KoXkom.Xaaia.aa.Q xov A koieIxw xupoc 
dpa saxiv 6 A. xal ekeI 6 A sauxov ^ev xoXXaxXaaidaac; xov 
A xEKolrjXEv, xov Be B xoXXa7i;Xaai.daa<; xov F xExolrjxsv, 
EaxLv dpa Ac; 6 A xpoc; xov B, 6 A xpoc; xov F. xal exeI 
oi A, F xupoi Eialv, op,oioi axspsol siaiv. xAv A, F dpa 
5uo [isaoi dvdXoyov £[ixlxxouaiv dpi'd(ioi. xal saxiv Ac; 6 A 
xpoi; xov F, ouxwc 6 A xpoc; xov B' xal xAv A, B dpa 8uo 
[isaoi dvdXoyov £(ixlxxouaiv dpiDp-ol. xal saxi xupoc; 6 A- 
xupoc; dpa saxi xal 6 B- oxEp eBei Bsl^ai. 


f'. 

’Edv dpnDpioc; sauxov xoXXaxXaaidaac; xupov xoi^, xal 


will be cube. 

Ai-1 

Bi-1 

C'-1 

Di-1 

For let the cube number A make C (by) multiplying 
the cube number B. I say that C is cube. 

For let A make D (by) multipl 3 hng itself. Thus, D is 
cube [Prop. 9.3]. And since A has made D (by) multi¬ 
plying itself, and has made C (by) multipl 3 dng B, thus 
as A is to B, so D (is) to C [Prop. 7.17]. And since A 
and B are cube, A and B are similar solid (numbers). 
Thus, two numbers fall (between) A and B in mean pro¬ 
portion [Prop. 8.19]. Hence, two numbers will also fall 
(between) D and C in mean proportion [Prop. 8.8]. And 
D is cube. Thus, C (is) also cube [Prop. 8.23]. (Which 
is) the very thing it was required to show. 

Proposition 5 

If a cube number makes a(nother) cube number (by) 
multiplying some (number) then the (number) multi¬ 
plied will also be cube. 

A'-1 

Bi-1 

C'-1 

Di-1 

For let the cube number A make the cube (number) 
C (by) multipl 3 dng some number B. I say that B is cube. 

For let A make D (by) multiplying itself D is thus 
cube [Prop. 9.3]. And since A has made D (by) multiply¬ 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since D and C 
are (both) cube, they are similar solid (numbers). Thus, 
two numbers fall (between) D and C in mean proportion 
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus, 
two numbers also fall (between) A and B in mean pro¬ 
portion [Prop. 8.8]. And A is cube. Thus, B is also cube 
[Prop. 8.23]. (Which is) the very thing it was required to 
show. 

Proposition 6 

If a number makes a cube (number by) multiplying 
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auTog xupog eaxai. 

Ai-1 

B I-1 

r I- 1 

’ApiiSiJoc; yap 6 A eauTov noXXanXaaiaaac; xOpov tov B 
TioLEiTW Xeyw, oti. xal 6 A xuPo<; eaxiv. 

'O yocp A TOV B noXXauXaaiaaoci; tov F toieitw. eteI ouv 
6 A sauTov ^£v ToXXaxXaai.daat; tov B KETXoirjXEv, tov Se 
B TCoXXanXctaidaac; tov F nEnoiriXEv, 6 F dpa xOpoc eotiv. 
xal ekeI 6 A sauTov KoXXaTiXaoidaac; tov B tcetoitjxev, 6 
A dpa TOV B p,ETpEl xaxd Taq ev auTW p,ovd6a(;. [iETpEl Be 
xal f) p-ovdc; tov A xaxd xdc; ev auxw [iovdSac;. saxiv dpa 
&>Q f] [jLovdc Tipoc; TOV A, ouTWc; 6 A Tipoc; tov B. xal etieI 
6 A TOV B ToXXaTiXaaidaac; tov F nETiolrjXEv, 6 B dpa tov 
F ^ExpEl xaxd xdc; ev tw A ^ovd5a<;. ^sxpEl Be xal f) ^Jiovdc; 
TOV A xaxd xdi; ev aOxw ^ovd5a<;. saxiv dpa (be f) ^ovde 
xpoe TOV A, ouTcoe 6 B xpoe tov F. dXX’ (be f] (iovde Tipoe 
TOV A, ouT(oe 6 A xpoe tov B- xal (be dpa 6 A xpoe tov B, 
6 B xpoe TOV F. xal ekeI ol B, F xOpoi siaiv, o[jLoioi. aTspsoi 
Eiaiv. t(5v B, F dpa 8uo ^Jisaoi dvdXoyov siaiv dpi'd[jLoi. xal 
saxiv (be 6 B xpoe tov F, 6 A Tipoe tov B. xal xwv A, B 
dpa Buo ^Jisaoi dvdXoyov siaiv dpiiDpiol. xal saxiv xOpoe 6 
B- xOpoe dpa saxl xal 6 A- oKsp eBei Bsl^ai. 

C'. 

'Eav auv'dsTOi; dpL'd^ot; dpi-Opov Tiva KoXXauXaaidaai; 
Kotfj TLva, 6 ysvopsvoc; oTSpsoc, sotoli. 

A'-1 

B I-1 

r I- 1 

A'-1 

E'-1 

SuvOsToe ydp dpiiDpioe 6 A dpi'dp.ov xiva tov B KoXXa- 
TiXaaidaae tov F koieItoj- Xsyoj, oxi 6 F axEpsoe saxiv. 

’EtceI ydp 6 A auvoDsToe saxiv, uno dpi'd(jioO xivoe [ie- 
Tpr)TL)r]aETai. [iETpsla'dto uxo xoO A, xal oadxie 6 A tov A 
[iSTpsT, ToaaOxai [iovdBse £aT(oaav ev tG E. exeI ouv 6 A 
TOV A (iETpsl xaxd xde £v xib E povdBae, 6 E dpa tov A 
xoXXaxXaaidaae tov A xsxolrjXEv. xal exeI 6 A tov B xoX- 
XaxXaaidaae tov F xexoItjxev, 6 Be A saxiv 6 ex twv A, E, 
6 dpa EX t(3v A, E tov B xoXXaxXaaidaae tov F xExolrjxsv. 
6 F dpa axspEoe saxiv, xXsupal Be aOxoO siaiv oi A, E, B- 


itself then it itself will also be cube. 

Ai-1 

Bi-1 

C'-1 

For let the number A make the cube (number) B (by) 
multipl 3 nng itself. I say that A is also cube. 

For let A make C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C 
(by) multiplying B, C is thus cube. And since A has made 
B (by) multiplying itself, A thus measures B according to 
the units in (A). And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to 
B. And since A has made C (by) multiplying B, B thus 
measures C according to the units in A. And a unit also 
measures A according to the units in it. Thus, as a unit is 
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to 
B. And thus as A (is) to B, (so) B (is) to C. And since B 
and C are cube, they are similar solid (numbers). Thus, 
there exist two numbers in mean proportion (between) 
B and C [Prop. 8.19]. And as B is to C, (so) A (is) to B. 
Thus, there also exist two numbers in mean proportion 
(between) A and B [Prop. 8.8]. And B is cube. Thus, A 
is also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 

Proposition 7 

If a composite number makes some (number by) mul- 
tipl 3 dng some (other) number then the created (number) 
will be solid. 

A'-1 

Bi-1 

C'-1 

Di-1 

El-1 

For let the composite number A make C (by) multi¬ 
plying some number B. 1 say that C is solid. 

For since A is a composite (number), it will be mea¬ 
sured by some number. Let it be measured by D. And, 
as many times as D measures A, so many units let there 
be in E. Therefore, since D measures A according to 
the units in E, E has thus made A (by) multiplying D 
[Def. 7.15]. And since A has made C (by) multiplying B, 
and A is the (number created) from (multipl 3 dng) D, E, 
the (number created) from (multiplying) D, E has thus 
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onep eBsi. Sei^ai. 


1^'- 

’Eav duo p,ovd6oc; onoaoiouv dpi.'dpol e^fjc dvaXcyov 
Saiv, 6 p,ev xpixoc; dKo xfjc; (lovdSoc; xsxpdywvoc; eaxai. 
xal ol eva SiaXsiTiovxei;, 6 6e xexapxoc xupoc xai oi 
5uo BiaXemovxec xdvxec, 6 5e epSopoc; xOpoc; dp-ot xal 
xexpdywvot; xai oi xsvxe BiaXslxovxec;. 


Ai-1 

B I-1 

r I-1 

A'-1 

El-1 

Zi-1 

Tilaxwaav dxo povd8o<; oxoaoioOv dpiDpoi e^fjc dvdXoy- 
ov ol A, B, r, A, E, Z- Xsyw, oxi. 6 pev xplxoi; dxo 
xfjc; povd5oc; 6 B xexpdycovoc; eaxi xal oi eva SiaXelxovxet; 
xdvxeg, 6 6e xexapxog 6 F xupog xal oi 8uo 8iaXeixovxe(; 
xdvxec, 6 8e ep8opoc; 6 Z xupog dpa xal xexpdytovoc; xal oi 
xevxe 8iaXeixovxe<; ndvxec;. 

’Exel ydp eaxiv wc fj povdc; xpoc; xov A, ouxtog 6 A 
xpog xov B, iadxic; dpa fj povdc; xov A dpiDpov pexpel xal 
6 A xov B. r) 8e povdc; xov A dpnilpov pexpeT xaxd xdc; 
ev auxw povd8a(;' xal 6 A dpa xov B pexpel xaxd xdc; cv 
xw A povd8ac;. 6 A dpa eauxov xoXXaxXaaidaac; xov B 
xexoirixev xexpdytovoc; dpa caxlv 6 B. xal exel oi B, F, A 
c^fjc; dvdXoyov elaiv, 6 8c B xcxpdytovoc; caxiv, xal 6 A dpa 
xcxpdytovoc; eaxiv. 8id xd auxd 8r) xal 6 Z xcxpdywvoc; 
caxiv. opoiwc; 8iq 8ei^opcv, oxi xal oi eva 8iaXeixovxc(; 
xdvxcc; xcxpdycovoi eiaiv. Xcyco 8r], oxi xal 6 xexapxoc; duo 
xfjc; povd8o(; 6 F xupoc; caxl xal oi 8uo 8iaXeixovxc(; xdvxcc;. 
cxel ydp eaxiv (be; rj povdc; xpoc; xov A, ouxcoc; 6 B xpoc; xov 
F, iadxic; dpa f] povdc; xov A dpiDpov pexpel xal 6 B xov F. f) 
8e povdc xov A dpiDpov pexpel xaxd xdc; cv xw A povdSac 
xal 6 B dpa xov F pexpel xaxd xdc; ev xA A povd8ac;- 6 A 
dpa xov B xoXXaxXaaidaac; xov F xexoirjxcv. cxel ouv 6 
A eauxov pev xoXXaxXaaidaac; xov B ncxoirjxev, xov 8c B 
xoXXauXaaidaac; xov F xexoirixcv, xu^oc; dpa eaxiv 6 F. xal 
cxel oi F, A, E, Z c^fjc; dvdXoyov eiaiv, 6 8e F xupoc; caxiv, 


made C (by) multiplying B. Thus, C is solid, and its sides 
are D, E, B. (Which is) the very thing it was required to 
show. 

Proposition 8 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then the third 
from the unit will be square, and (all) those (numbers 
after that) which leave an interval of one (number), and 
the fourth (will be) cube, and all those (numbers after 
that) which leave an interval of two (numbers), and the 
seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (num¬ 
bers). 

Ai-1 

Bi-1 

Cl- 1 

Di-1 

El-1 

F I-1 

Let any multitude whatsoever of numbers. A, B, C, 
D, E, E, be continuously proportional, (starting) from 
a unit. I say that the third from the unit, B, is square, 
and all those (numbers after that) which leave an inter¬ 
val of one (number). And the fourth (from the unit), C, 
(is) cube, and all those (numbers after that) which leave 
an interval of two (numbers). And the seventh (from the 
unit), F, (is) both cube and square, and all those (num¬ 
bers after that) which leave an interval of five (numbers). 

For since as the unit is to A, so A (is) to B, the unit 
thus measures the number A the same number of times 
as A (measures) B [Def. 7.20]. And the unit measures 
the number A according to the units in it. Thus, A also 
measures B according to the units in A. A has thus made 
B (by) multiplying itself [Def. 7.15]. Thus, B is square. 
And since B, C, D are continuously proportional, and B 
is square, D is thus also square [Prop. 8.22]. So, for the 
same (reasons), F is also square. So, similarly, we can 
also show that all those (numbers after that) which leave 
an interval of one (number) are square. So I also say that 
the fourth (number) from the unit, C, is cube, and all 
those (numbers after that) which leave an interval of two 
(numbers). For since as the unit is to A, so B (is) to C, 
the unit thus measures the number A the same number 
of times that B (measures) C. And the unit measures the 
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xal 6 Z apa xupo<; saxiv. eBsix'dr) 8s xal TExpaYWvoc' 6 apa 
Ep8o(ioc; OLKO xfjc; (lovaBoc; xOpoc; xe saxi xal xExpaywvoc. 
ojioicoi; ?>r] Ssi^ojisv, 6xi xal oi kevxe 8i.aXEi7i;ovxE<; xdvxEc 
xOpoi XE slai. xal xsxpdywvor OKsp eBei. BsT^ai- 


’Edv dxo piovd 8 o(; oxoaoioOv s^rjc xaxd x 6 auvExec 
dpiiDpiol dvdXoyov Saiv, 6 8 e (isxd xrjv piovdSa xsxpdywvoc; 
fi, xal oi XoLTiol xdvxEc; xExpdywvoi. saovxai. xal sdv 6 (isxd 
xf]v (iovd5a xOpoc fj, xal ol Xoixol xdvxst; xOpoi. saovxai. 

Ai-1 

B I-1 

r I- 1 

A'-1 

El-1 

Zi-1 

Tlaxwaav dxo piovd 8 o<; s^fjc; dvdXoyov oaoiBrjKoxoDv 
dpi'dpiol ol A, B, r, A, E, Z, 6 Be piExd xi^v piovdBa 
6 A xExpdywvoc; saxw Xsya), 6 xi xal ol Xoixol xdvxsc 
XExpdywvoi saovxai. 

"Oxi piEv oijv 6 xpixoc duo xfjc; (lovdBoc; 6 B xsxpdywvoc; 
saxi xal ol sva BiaxXEiKovxEc; xdvxEc;, BsBsixxar Xsyo [ 8 rj], 
6 x 1 xal ol Xoixol xdvxsc; xsxpdywvoi siaiv. etieI ydp ol A, 
B, r E^fjc; dvdXoyov siaiv, xal saxiv 6 A xsxpdywvoc;, xal 6 
r [dpa] xExpdyovoc; saxiv. xdXiv, etieI [xal] ol B, E, A s^fjc; 
dvdXoyov siaiv, xai saxiv 6 B xsxpdywvoc;, xal 6 A [dpa] 
xExpdywvoc; saxiv. opioiax; 8 f) 8 e[^o(jev, 6 xi xal ol Xoixol 
xdvxEi; xExpdywvoi siaiv. 

AXXd 5f] saxw 6 A xupoc;- Xsyw, 6 xi xal ol Xoixol xdvxsc; 
xOpoi Eiaiv. 

"Oxi (lEv ouv 6 xExapxoc; dxo xfjc; piovdBoc; 6 F xOpoc; saxi 
xal ol 5uo BiaXsixovxsc; xdvxsc;, BsBsixxar Xsyw [ 8 f)], 6 xi xal 
ol Xoixol xdvxEc; xOpoi siaiv. etieI ydp saxiv (be f) (lovde upoe 
xov A, ouxcoe 6 A npoQ xov B, ladxie dpa f) (Jovde xov A 
piExpsT xal 6 A xov B. fj Be [iovde xov A [iExpEl xaxd xde sv 


number A according to the units in A. And thus B mea¬ 
sures C according to the units in A. A has thus made C 
(by) multipl 3 dng B. Therefore, since A has made B (by) 
multiplying itself, and has made C (by) multiplying B, C 
is thus cube. And since C, D, E, F are continuously pro¬ 
portional, and C is cube, F is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh 
(number) from the unit is (both) cube and square. So, 
similarly, we can show that all those (numbers after that) 
which leave an interval of five (numbers) are (both) cube 
and square. (Which is) the very thing it was required to 
show. 

Proposition 9 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is square, then all the remaining (num¬ 
bers) will also be square. And if the (number) after the 
unit is cube, then all the remaining (numbers) will also 
be cube. 

Ai-1 

Bi-1 

Cl- 1 

Di-1 

El-1 

F I-1 

Let any multitude whatsoever of numbers. A, B, C, 
D, E, F, be continuously proportional, (starting) from a 
unit. And let the (number) after the unit. A, be square. I 
say that all the remaining (numbers) will also be square. 

In fact, it has (already) been shown that the third 
(number) from the unit, B, is square, and all those (num¬ 
bers after that) which leave an interval of one (number) 
[Prop. 9.8]. [So] I say that all the remaining (num¬ 
bers) are also square. For since A, B, C are continu¬ 
ously proportional, and A (is) square, C is [thus] also 
square [Prop. 8.22]. Again, since B, C, D are [also] con¬ 
tinuously proportional, and B is square, D is [thus] also 
square [Prop. 8.22]. So, similarly, we can show that all 
the remaining (numbers) are also square. 

And so let A be cube. I say that all the remaining 
(numbers) are also cube. 

In fact, it has (already) been shown that the fourth 
(number) from the unit, C, is cube, and all those (num¬ 
bers after that) which leave an interval of two (numbers) 
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auTW ^ovaSac;- xal 6 A apa tov B [iSTpei xaxa xac; ev auTW 
[iovd6a<;- 6 A dpa eauxov xoXXaxXaaidaac; tov B xexoirjxev. 
xai eoTiv 6 A xupo<;. edv 6e xupo<; dpi'djjioc; eauTov xoXXa- 
xXaaidaac; xoifj xiva, 6 y£v6(J£vo<; xOpoc; Eaxiv xal 6 B dpa 
xOpoc; £axiv. xal Exd xEoaapEc dpiiDpiol ol A, B, F, A E^fjc 
dvdXoyov eIolv, xal eoxiv 6 A xOpoc;, xal 6 A dpa xupoc 
Eaxlv. 6id xd auxd 6f) xal 6 E xupoc Eoxlv, xal 6ptolo<; ol 
XoiKol KdvxEc xupoi. Eialv oxEp eBei BEl^ai.. 


/ 

l. 

’Edv dxo piovd5o<; OKoaoioOv dpiiSiiol dvdXoyov 

Saiv, 6 Be piExd xf]v (lovdBa pti^ fj TExpaycovot;, ou 6 ’ dXXoc; 
ouBeIc; xExpdywvoc; saxai. xoO xplxou duo xfjc; piovdBog 

xal xwv Eva BiaXEixovxov xdvxwv. xal sdv 6 piExd xf]v 
piovdBa xOpoc pir) oOBs dXXo<; ouBeIc; xOpoi; saxai x^p'^^ 
xoO xExdpxou duo xfji; [iovdBoi; xal xwv Buo BiaXsixovxwv 
xdvxcov. 

Ai-1 

B I-1 

r I- 1 

A'-1 

El-1 

Zi-1 

’Elaxwaav dxo piovdBoc s^fjc; dvdXoyov oaoiBrjxoxoDv 
dpiiDpiol ol A, B, r, A, E, Z, 6 (lExd xf]v piovdBa 6 A pti^ 
saxw xExpdyovoc;- Xsyo), 6xi ouBe dXXoc; ouBsk xsxpdywvoc; 
saxai x^p'i'^ xplxou duo xf]c; (jiovdBoc; [xal xAv sva Bia- 
Xeikovxwv] . 

El ydp Buvaxov, saxw 6 F xsxpdywvoc;. saxi Be xal 6 
B xExpdywvoi;' ol B, F dpa xpoc; dXXrjXouc Xoyov sxou- 
aiv, 6 v xExpdywvoi; dpi'd(i 6 c; Kpoc xsxpdywvov dpnJpiov. xal 
saxiv Ac 6 B xpoc xov F, 6 A xpoc xov B- ol A, B dpa 
xpoc dXXr^Xouc Xoyov sxouaiv, 6 v xsxpdywvoc dpiiSpioc; xpoc 
xExpdytovov dpn[)(i 6 v Aaxs ol A, B 6 [jLoioi etiIxeBoI siaiv. 
xal saxi xExpdywvoc 6 B- xsxpdyovoc dpa saxl xal 6 A- 
oxEp oux OxEXEixo. oux dpa 6 F xsxpdywvoc saxiv. 6 (iola)c; 
8 i^ BskopiEv, 6 x 1 ouB’ dXXoc ouBslc xsxpdywvoc saxi X^P'’^ 


[Prop. 9.8]. [So] I say that all the remaining (numbers) 
are also cube. For since as the unit is to A, so A (is) to 
B, the unit thus measures A the same number of times 
as A (measures) B. And the unit measures A according 
to the units in it. Thus, A also measures B according to 
the units in (A). A has thus made B (by) multipl 3 dng it¬ 
self. And A is cube. And if a cube number makes some 
(number by) multiplying itself then the created (number) 
is cube [Prop. 9.3]. Thus, B is also cube. And since the 
four numbers A, B, C, D are continuously proportional, 
and A is cube, D is thus also cube [Prop. 8.23]. So, for 
the same (reasons), B is also cube, and, similarly, all the 
remaining (numbers) are cube. (Which is) the very thing 
it was required to show. 

Proposition 10 

If any multitude whatsoever of numbers is [continu¬ 
ously] proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is not square, then no other (number) 
will be square either, apart from the third from the unit, 
and all those (numbers after that) which leave an inter¬ 
val of one (number). And if the (number) after the unit 
is not cube, then no other (number) will be cube either, 
apart from the fourth from the unit, and all those (num¬ 
bers after that) which leave an interval of two (numbers). 

Ai-1 

Bi-1 

Cl- 1 

Di-1 

El-1 

F I-1 

Let any multitude whatsoever of numbers. A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. And let the (number) after the unit. A, not be 
square. I say that no other (number) will be square ei¬ 
ther, apart from the third from the unit [and (all) those 
(numbers after that) which leave an interval of one (num¬ 
ber)]. 

For, if possible, let C be square. And B is also 
square [Prop. 9.8]. Thus, B and C have to one another 
(the) ratio which (some) square number (has) to (some 
other) square number. And as B is to C, (so) A (is) 
to B. Thus, A and B have to one another (the) ratio 
which (some) square number has to (some other) square 
number. Hence, A and B are similar plane (numbers) 
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ToO TpiTou duo Tfjc; p.ovd5o<; xal xwv eva SictXeniovxcov. 

’AXXd 6f] eaxw 6 A xupoc- Xsyw, 6xi ou6’ aXXoi; 
oOBeIc; xupoc saxai xsxdpxou dKO xfjc; p,ovd5o(; 

xai xGv 6uo diaXsmovxwv. 

Et ydp Buvaxov, saxw 6 A xupo<;. Eaxi. Be xai 6 F xOpoc;- 
xExapxoc ydp saxiv dxo xrjc povd5o<;. xai saxiv A<; 6 F xpoc; 
xov A, 6 B xpoc; xov F- xal 6 B dpa xpoc; xdv F Xoyov sx^ij 
6v xOpoc; npoQ xOpov. xal saxiv 6 F xupoc;- xai 6 B dpa 
xOpoc; saxiv. xai exei saxiv (be; f) (iovd<; xpoc; xov A, 6 A xpoc; 
xov B, f) Be povdi; xov A pExpsI xaxd xdc; sv auxeb (lovdBac;, 
xai 6 A dpa xov B pExpsI xaxd xdc; sv aOxA povdBac;- 6 A 
dpa sauxov xoXXaxXaaidaac; xOpov xov B xsxoirjxsv. sdv 
Be dpi'dpoc; sauxov xoXXaxXaaidaac; xOpov xoifj, xai auxoc; 
xOpoc; saxai. xOpoc; dpa xal 6 A- oxsp oOx uxoxsixai. oOx 
dpa 6 A xOpoc; saxiv. opoiwc; Bi^ Bsi^opEv, oxi ouB’ dXXoc; 
ouBslc; xupoc; saxl xsxdpxou dxo xfjc; povdBoc; xal 

xov Buo BiaXsixovxov oxsp sBsi BeT^m- 


la'. 

’Edv dxo p,ovdBoc; oxoaoiouv dpi'dpol s^fje; dvdXoyov 
oaiv, 6 sXdxxov xov p,E[^ova p-ExpsI xaxd xiva xov uxapxovx- 
ov sv xoTc; dvdXoyov dpifljiolc;. 

Ai-1 

B I-1 

r I-1 

Ai- 1 

El-1 

TSaxoaav dxo (lovdBoc; xfjc; A oxoaoiouv dpiDiuol s^fje; 
dvdXoyov oi B, F, A, E' Xsyo, oxi xov B, F, A, E 6 
sXdxiaxoc; 6 B xov E piExpsT xaxd xiva xov F, A. 

’Exsl ydp saxiv oc; f) A povdc; xpoc; xov B, ouxoc; 6 A 
xpoc; xov E, iadxic; dpa f] A (lovdc; xov B dpi'dpov piExpsT 
xal 6 A xov E- svaXXd^ dpa iadxic; f) A povdi; xov A piExpsT 
xal 6 B xov E. f) Be A (iovde; xov A piExpsT xaxd xdc; sv 


[Prop. 8.26]. And B is square. Thus, A is also square. 
The very opposite thing was assumed. C is thus not 
square. So, similarly, we can show that no other (number 
is) square either, apart from the third from the unit, and 
(all) those (numbers after that) which leave an interval 
of one (number). 

And so let A not be cube. I say that no other (num¬ 
ber) will be cube either, apart from the fourth from the 
unit, and (all) those (numbers after that) which leave an 
interval of two (numbers). 

For, if possible, let D be cube. And C is also cube 
[Prop. 9.8]. For it is the fourth (number) from the unit. 
And as C is to D, (so) B (is) to C. And B thus has to 
C the ratio which (some) cube (number has) to (some 
other) cube (number). And C is cube. Thus, B is also 
cube [Props. 7.13, 8.25]. And since as the unit is to 
A, (so) A (is) to B, and the unit measures A accord¬ 
ing to the units in it, A thus also measures B according 
to the units in (A). Thus, A has made the cube (num¬ 
ber) B (by) multiplying itself And if a number makes a 
cube (number by) multiplying itself then it itself will be 
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo¬ 
site thing was assumed. Thus, D is not cube. So, simi¬ 
larly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (num¬ 
bers after that) which leave an interval of two (numbers). 
(Which is) the very thing it was required to show. 

Proposition 11 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then a lesser 
(number) measures a greater according to some existing 
(number) among the proportional numbers. 

A'-1 

Bi-1 

C'-1 

Di-1 

E I-1 

Let any multitude whatsoever of numbers, B, C, D, 
E, be continuously proportional, (starting) from the unit 
A. I say that, for B, C, D, E, the least (number), B, 
measures E according to some (one) of C, D. 

For since as the unit A is to B, so D (is) to E, the 
unit A thus measures the number B the same number of 
times as D (measures) E. Thus, alternately, the unit A 
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auTW ^ova6ai;' xal 6 B apa tov E [iSTpei xaxa tocc; ev xw 
A (iovaSac;- Aaxe 6 eXdaaov 6 B xov pei^ova xov E ps- 
xpsT xaxd XLva dpi.'dpov xAv 07iap)(6vxwv sv toXq dvdXoyov 
dpi.'dpoT(;. 


n 6 pia[Jia. 

Kofi cpavspov, 0X1. rjv e)(£i xd^iv 6 (jexpwv dxo povd6o<;, 
xf]v auxrjv e)(ei xal 6 xaD’ 6v [iexpel duo xoO (iexpoujievou 
exl x6 Kpo auxoO. oxep eBei 5el^ai. 


lP'. 

’Edv duo povdSoc; oxoaoiouv dpiDpol e^fjc dvdXoyov 
SSaiv, ucp’ oawv dv 6 ea^axoc; Tipwxcov dpnfljiGv psxpfjxai, 
0x6 xAv aOxov xal 6 xapd xiQv povdSa p£xpr]'dr)aexai. 

AI-1 E I-1 

B I-1 Z I-1 

r I- 1 H'- 1 

A I-1 @1-1 

Tlaxwaav dxo povd5o<; 6 xoaoi 6 r]xoxo 0 v dpi.'dpol dvdXoy- 
ov ol A, B, r, A' Xeyw, oxi Ocp’ oacov dv 6 A xpcoxtov 
dpi^jiwv p,£xpf)xai, 0x6 xwv aOxwv xal 6 A (iexpTj'driaexai. 

Msxpeia'Ow ydp 6 A 0x6 xivog xpcoxou dpn[)[iou xoO E- 
Xeyw, 6 x 1 6 E x 6 v A (jexpsT. ^f] ydp' xal eaxiv 6 E xpAxoc, 
dxa<; 56 xpAxoc dpiiiliiOc; xp 6 c; dxavxa, 6 v (jexpsT, xpwxoc; 
eaxiv oi E, A dpa xpoxoi xp 6 <; dXXrjXouc eialv. xal exel 
6 E x 6 v A pexpeT, pexpelxw a0x6v xaxd x 6 v Z- 6 E dpa 
x 6 v Z xoXXaxXaaidaac; x 6 v A xexolrjxev. xdXiv, exel 6 A 
x 6 v A (iexpel xaxd xdc; ev xw E povdBac;, 6 A dpa x 6 v T 
xoXXaxXaaidaai; x 6 v A xexolrjxev. dXXd (if]v xal 6 E x 6 v Z 
xoXXaxXaaidaac; x 6 v A xexolrjxev 6 dpa ex xwv A, E lao<; 
eaxl xA ex xAv E, Z. eaxiv dpa Ac 6 A xp 6 c x 6 v E, 6 Z 
xp 6 c; x 6 v E. ol 6 e A, E xpAxoi, ol 66 xpAxoi xal 6 Xdxiaxoi, 
ol 56 eXdxiaxoi pexpoOai xoOc x 6 v a0x6v Xoyov exovxac; 
ladxic 6 xe fjyoOpevoc x 6 v fjyoOpevov xal 6 exopevoc x 6 v 
exopevov [iexpel dpa 6 E x 6 v E. [lexpelxw a0x6v xaxd x 6 v 
E[' 6 E dpa x 6 v E[ xoXXaxXaaidaac; x 6 v E xexolrjxev. dXXd 
[irjv 5id x 6 xp 6 xoOxou xal 6 A x 6 v B xoXXaxXaaidaac x 6 v 
E xexolrjxev. 6 dpa ex xAv A, B laoc eaxl xA ex xAv E, E[. 
eaxiv dpa Ac 6 A xp 6 c x 6 v E, 6 EE xp 6 c x 6 v B. ol 56 A, E 
xpAxoi, ol 56 xpAxoi xal eXd^iaxoi, ol 56 eXd^iaxoi dpnL)[iol 


measures D the same number of times as B (measures) 
E [Prop. 7.15]. And the unit A measures D according to 
the units in it. Thus, B also measures E according to the 
units in D. Hence, the lesser (number) B measures the 
greater E according to some existing number among the 
proportional numbers (namely, D). 

Corollary 

And (it is) clear that what(ever relative) place the 
measuring (number) has from the unit, the (number) 
according to which it measures has the same (relative) 
place from the measured (number), in (the direction of 
the number) before it. (Which is) the very thing it was 
required to show. 

Proposition 12 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, then however 
many prime numbers the last (number) is measured by, 
the (number) next to the unit will also be measured by 
the same (prime numbers). 

A'-1 E I-1 

B I-1 F I-1 

C I-1 G'-1 

D'-1 HI-1 

Let any multitude whatsoever of numbers. A, B, C, 
D, be (continuously) proportional, (starting) from a unit. 
I say that however many prime numbers D is measured 
by, A will also be measured by the same (prime numbers). 

For let D be measured by some prime number E. I 
say that E measures A. For (suppose it does) not. E is 
prime, and every prime number is prime to every num¬ 
ber which it does not measure [Prop. 7.29]. Thus, E 
and A are prime to one another. And since E measures 
D, let it measure it according to F. Thus, E has made 
D (by) multipl 3 dng F. Again, since A measures D ac¬ 
cording to the units in C [Prop. 9.11 corn], A has thus 
made D (by) multipl 3 dng C. But, in fact, E has also 
made D (by) multiplying F. Thus, the (number cre¬ 
ated) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, as A is to E, 
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime 
(to one another), and (numbers) prime (to one another 
are) also the least (of those numbers having the same ra¬ 
tio as them) [Prop. 7.21], and the least (numbers) mea¬ 
sure those (numbers) having the same ratio as them an 
equal number of times, the leading (measuring) the lead- 
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[iSTpoOai. TOUQ Tov auTov Xoyov exovxag auToIc ladxic; 6 xe 
fjYoOjievoc; xov fjyoOtJisvov xal 6 e7i6(j£vo<; xov £ii6p,£vov 
^sxpel dpa 6 E xov B. pisxpeixw aOxov xaxd xov ©• 6 E dpa 
xov 0 TioXkoLKXaaia.aa.Q xov B Kenoirjxsv. dXXd (if]v xai 6 A 
eauxov ■KoXkomXa.aiaaa.Q xov B TiSKOirjxev 6 dpa ex xwv E, 
0 laoQ eax'i xO anb xoO A. eaxiv dpa dx; 6 E Kpoc xov A, 6 A 
xpoc; xov 0 . oi Be A, E xpOxoi., oi 5 e xpwxoi xal eXdxioxoi, oi 
5 e eXdxLaxoi. (lexpoOai xou<; xov aOxov Xoyov exovxac; ladxn; 
6 f)youp,evoi; xov r)youp,evov xal 6 £ii6p,evo<; xov exop-evov 
pexpel dpa 6 E xov A (be fjyoupevoe fjyoupevov. dXXd pf]v 
xal ou pexpel' oxep dBuvaxov. oux dpa ol E, A xpoxoi xpoe 
dXXr^Xoue elaiv. auvDexoi dpa. ol Be auvTilexoi uxo [xpcbxou] 
dpiTilpou xivoe pexpouvxai. xal exel 6 E xpwxoe uxoxeixai, 6 
Be xpcbxoe 0 x 6 exepou dpiiSpoO oO pexpelxai t] Ocp’ eauxoO, 6 
E dpa xoOe A, E pexpeT' oaxe 6 E xov A pexpeT. pexpeT Be 
xal xov A- 6 E dpa xoue A, A pexpeT. opolcoe Br) Bei^opev, 
6x1 Ocp’ oawv dv 6 A xpcbxwv dpi.'dpcBv pexprjxai., 0 x 6 xAv 
aOxAv xal 6 A pexprjDriaexai.- oxep eBei. BeT^ai- 


ly'. 

’Edv dx 6 povdBoe oxoaoioOv dpiiDpol e^fje dvdXoyov 
Saiv, 6 Be pexd xfjv povdBa xpAxoe fj, 6 peyiaxoe Ox’ 
oOBev 6 e [dXXou] pexprj'driaexai xape^ xAv Oxapxovxtov ev 
xoTe dvdXoyov dpiDpole- 

’Elaxcoaav dx 6 povdBoe oxoaoiouv dpiiSpol e^fje dvdXoyov 
oi A, B, r, A, 6 Be pexd xf]v povdBa 6 A xpAxoe eaxco' 
Xeyco, 6 x 1 6 peyiaxoe auxAv 6 A Ox’ oOBev 6 e dXXou pe- 
xpr)iL)r]aexai xape^ xAv A, B, E. 


ing, and the following the following [Prop. 7.20]. Thus, 
E measures C. Let it measure it according to G. Thus, 
E has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made G (by) multi¬ 
plying B [Prop. 9.11 corn]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) E, G. Thus, as A is to E, (so) G 
(is) to B [Prop. 7.19]. And A and E (are) prime (to 
one another), and (numbers) prime (to one another are) 
also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures B. Let it measure it according to H. Thus, 
E has made B (by) multipl 3 dng H. But, in fact, A has 
also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multipl 3 dng) E, H is equal 
to the (square) on A. Thus, as E is to A, (so) A (is) 
to H [Prop. 7.19]. And A and E are prime (to one an¬ 
other), and (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures A, as the leading (measuring the) leading. But, 
in fact, (E) also does not measure (A). The very thing 
(is) impossible. Thus, E and A are not prime to one 
another. Thus, (they are) composite (to one another). 
And (numbers) composite (to one another) are (both) 
measured by some [prime] number [Def. 7.14]. And 
since E is assumed (to be) prime, and a prime (number) 
is not measured by another number (other) than itself 
[Def. 7.11], E thus measures (both) A and E. Hence, E 
measures A. And it also measures D. Thus, E measures 
(both) A and D. So, similarly, we can show that however 
many prime numbers D is measured by, A will also be 
measured by the same (prime numbers). (Which is) the 
very thing it was required to show. 

Proposition 13 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, (starting) from a unit, and the (num¬ 
ber) after the unit is prime, then the greatest (number) 
will be measured by no [other] (numbers) except (num¬ 
bers) existing among the proportional numbers. 

Let any multitude whatsoever of numbers. A, B, G, 
D, be continuously proportional, (starting) from a unit. 
And let the (number) after the unit. A, be prime. I say 
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AI—I E I-1 

B I-1 Z I-1 

r I-1 H'—I 

A I-1 @1-1 

El yoLp Buvaxov, ^expela^lco uno toO E, xai 6 E (jr] 5 svi 
Twv A, B, r eaxco 6 ocuxoc;. cpavepov Bt], oxi. 6 E Kpwxoi; 
oux eaxiv. el yap 6 E upwxoc; eaxi xal [iexpel xov A, xal xov 
A piexpr]aei xpwxov ovxa [if] wv auxw 6 auxoc;' oxep eaxiv 
dSuvaxov. oux dpa 6 E xpwxoc; eaxiv. auvdexoc; dpa. kolq 
5 e auvdexoc; dpidpioc; 0x6 xpcoxou xivoc; dpidpiou [iexpelxar 
6 E dpa 0 x 6 xptoxou xiv6(; dpidpiou [iexpelxai. Xeyw 6r], 6xi 
Ox’ ou 5 ev 6 (; dXXou xptoxou (iexprj'drjaexai xXrjv xou A. el y^p 
Ocp’ exepou (iexpelxai 6 E, 6 5 c E x6v A piexpcT, xdxclvoc; dpa 
x6v A picxpr]aci' waxc xal x6v A [iexpr^aei xpwxov ovxa (if) 
wv auxw 6 aOxoc oxcp eaxiv d 50 vaxov. 6 A dpa x6v E 
(lexpcl. xal excl 6 E x6v A (icxpel, (icxpelxw aux6v xaxd x6v 
Z. Xcyw, 6x1 6 Z o 06 evl xAv A, B, E eaxiv 6 aOxoc;. cl ydp 6 
Z cvl xAv A, B, r eaxiv 6 a 0 x 6 <; xal (icxpel x6v A xaxd x6v 
E, xal cl<; dpa xAv A, B, E x6v A (icxpel xaxd x6v E. dXXd 
cic; xAv A, B, E x6v A (icxpel xaxd xiva xAv A, B, E' xal 6 
E dpa evl xAv A, B, E eaxiv 6 aOxoc;' oxcp ou)( Oxoxeixai. 
oOx dpa 6 Z evl xAv A, B, E eaxiv 6 aOxoc;. 6(iolcoc; 5 f) 
6el^o(icv, 6x1 (icxpelxai 6 Z 0 x 6 xou A, 5 cixvuvxcc; xdXiv, 
6x1 6 Z oux eaxi xpAxoc;. cl ydp, xal (icxpel x6v A, xal x6v 
A (icxpfjaci xpAxov ovxa (if) Av aOxA 6 aOxoc;- 6xcp eaxiv 
d 50 vaxov oOx dpa xpAxoc; eaxiv 6 Z- a 0 vdexo<; dpa. dxac; 
6e auvdexoc; dpid(i6c; 0 x 6 xpAxou xiv6c; dpi'd(iou (lexpclxai- 6 
Z dpa 0 x 6 xpAxou xiv6c; dpid(iou (icxpelxai. Xeyto 6f), 6xi Ocp’ 
exepou xpAxou ou (icxpr)dir)aexai xXfjv xou A. el ydp excpoc; 
xic; xpAxoc; x6v Z (icxpel, 6 6c Z x6v A (icxpel, xdxclvoc; 
dpa x6v A (icxpf)aci- Aaxc xal x6v A (icxpf)aci xpAxov ovxa 
(if) Av aOxA 6 auxoc;- 6xcp eaxiv d6uvaxov. 6 A dpa x6v Z 
(lexpcl. xal excl 6 E x6v A (icxpel xaxd x6v Z, 6 E dpa x6v 
Z xoXXaxXaaidaac; x6v A xcxolr)XCv. dXXd (if)v xal 6 A x6v 
E xoXXaxXaaidaac; x6v A xcxolr)XCv- 6 dpa ex xAv A, E 
’(aoc; eaxi xA ex xAv E, Z. dvdXoyov dpa eaxiv Ac; 6 A xp6c; 
x6v E, ouxwc; 6 Z xp6c; x6v E. 6 6c A x6v E (icxpel- xal 6 Z 
dpa x6v E (lexpcl. (icxpclxw a 0 x 6 v xaxd x6v H. 6(iolw(; 6 f) 
6el^o(icv, 6x1 6 H o 06 cvl xAv A, B eaxiv 6 aOxoc;, xal 6 xi 
(icxpelxai 0 x 6 xou A. xal excl 6 Z x 6 v E (icxpel xaxd x 6 v H, 
6 Z dpa x 6 v H xoXXaxXaaidaac; x 6 v E xcxolr)XCv. dXXd (if)v 
xal 6 A x 6 v B xoXXaxXaaidaac; x 6 v E xcxolr)XCv- 6 dpa ex 
xAv A, B ’(aoc; eaxi xA ex xAv Z, H. dvdXoyov dpa Ac; 6 A 
xp 6 ; x 6 v Z, 6 H xp 6 ; x 6 v B. (icxpel 6 c 6 A x 6 v Z- (icxpel 
dpa xal 6 H x 6 v B. (lexpcixw aux 6 v xaxd x 6 v 0. 6 (io[ 6 i; 6 f) 
6e[^o(icv, 6x1 6 0 xA A oOx eaxiv 6 aOxo;. xal excl 6 H x 6 v 


that the greatest of them, D, will be measured by no other 
(numbers) except A, B, C. 


A'-1 E ^ 

B I-1 F ^ 

C I-1 

D'-1 


For, if possible, let it be measured by E, and let E not 
be the same as one of A, B, C. So it is clear that E is 
not prime. For if E is prime, and measures D, then it will 
also measure A, (despite A) being prime (and) not being 
the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, E is not prime. Thus, (it is) composite. And every 
composite number is measured by some prime number 
[Prop. 7.31]. Thus, E is measured by some prime num¬ 
ber. So I say that it will be measured by no other prime 
number than A. For if E is measured by another (prime 
number), and E measures D, then this (prime number) 
will thus also measure D. Hence, it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, A mea¬ 
sures E. And since E measures D, let it measure it ac¬ 
cording to E. I say that F is not the same as one of A, B, 
C. For if E is the same as one of A, B, C, and measures 
D according to E, then one of A, B, C thus also measures 
D according to E. But one of A, B, C (only) measures 
D according to some (one) of A, B, C [Prop. 9.11]. And 
thus E is the same as one of A, B, C. The very oppo¬ 
site thing was assumed. Thus, E is not the same as one 
of A, B, C. Similarly, we can show that F is measured 
by A, (by) again showing that F is not prime. For if (F 
is prime), and measures D, then it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, F is 
not prime. Thus, (it is) composite. And every composite 
number is measured by some prime number [Prop. 7.31]. 
Thus, F is measured by some prime number. So I say 
that it will be measured by no other prime number than 
A. For if some other prime (number) measures F, and 
E measures D, then this (prime number) will thus also 
measure D. Hence, it will also measure A, (despite A) 
being prime (and) not being the same as it [Prop. 9.12]. 
The very thing is impossible. Thus, A measures F. And 
since E measures D according to F, E has thus made 
D (by) multipl 3 dng F. But, in fact, A has also made D 
(by) multipl 3 dng C [Prop. 9.11 corn]. Thus, the (number 
created) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, proportionally, 
as A is to E, so F (is) to C [Prop. 7.19]. And A measures 
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B [iETpei xocToc Tov 0, 6 H apa tov 0 KoXkoLnXaaiaLooLz xov 
B KSKOirjxev. dXXa (jifjv xai 6 A eauxov xoXXaTiXaaidaac; 
TOV B xsKoirixev 6 dpa uko 0, H laoc; eaxi tw axo toO A 
Texpaywvw' saxiv dpa (b(; 6 0 xpo^ xov A, 6 A Kpoc xov H. 
[iExpei Be 6 A xov H- (JExpEl dpa xal 6 0 xov A Tipwxov ovxa 
[if] wv auxw 6 auxoc;- oxEp dxoxov. oOx dpa 6 p-syiaxot; 6 
A 0x6 EXEpou dpi'dp.oO (iExprj'driaExai xaps^ xwv A, B, F- 
oxEp eBei BEt^ai. 


l6'. 

’Edv £Xd)(i.axo(; dpi'd^6(; 0 x 6 xpAxwv dpi.'dpwv pExpfjxai, 
Ox’ oOBev6 <; dXXou xpAxou dpi'd(jLoD p,Expr)TL>r]aExai. xaps^ 
xAv E^ dp)(fji; pExpoOvxwv. 

A'-1 B I-1 

EI-1 r I-1 

Z I—I A I-1 

’EXd)(ioxo(; ydp dpnSjiOi; 6 A 0 x 6 xpAxwv dpi'dp.Av xAv 
B, r, A ^ExpELO'dw Xeyw, 6x1. 6 A Ox’ oOBev6 <; dXXou 
xpAxou dpnSjioO [iExprj'driaExai xaps^ xAv B, F, A. 

El ydp Buvaxov, [iExpEia'dw 0 x 6 xpAxou xoO E, xal 6 
E [irjBEvl xAv B, F, A saxw 6 auxoc;. xal exeI 6 E x6v 
A [lExpEl, [lExpEixto a 0 x 6 v xaxd x6v Z' 6 E dpa x6v Z 
xoXXaxXaaidaac; x6v A xExolrjXEv. xal [lExpElxai 6 A 0 x 6 
xpAxtov dpn[)[iAv xAv B, F, A. sdv Be Buo dpi'djiol xoX- 
XaxXaaidaavxEc dXXr]XoU(; xoiAal xiva, x6v Be yEvopEvov 
E^ aOxAv [isxpfj xic xpAxoc; dpi'dpoc;, xal sva xAv dpxrjc 
[iExpr]aEi' ol B, F, A dpa sva xAv E, Z [iExprjaouaiv. x6v 
[i£v ouv E oO [i£xpr]aouaiv 6 ydp E xpAxoc; saxi xal oOBevI 
xAv B, F, A 6 aOxoc;. x6v Z dpa [XExpouaiv sXdaaova ovxa 
xou A' oxEp dBuvaxov. 6 ydp A OxoxEixai sXdxiaxoc; 0 x 6 
xAv B, F, A [i£xpou[i£voi;. oOx dpa x6v A [i£xpr]a£i xpAxoc; 
dpi'd[i6<; xaps? xAv B, F, A- oxEp eBei BEl^ai. 


E. Thus, F also measures C. Let it measure it according 
to G. So, similarly, we can show that G is not the same 
as one of A, B, and that it is measured by A. And since 
F measures G according to G, F has thus made G (by) 
multipl 3 dng G. But, in fact, A has also made G (by) mul¬ 
tiplying B [Prop. 9.11 corn]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) F, G. Thus, proportionally, as A (is) 
to F, so G (is) to B [Prop. 7.19]. And A measures F. 
Thus, G also measures B. Let it measure it according to 
H. So, similarly, we can show that iJ is not the same as 
A. And since G measures B according to H, G has thus 
made B (by) multiplying H. But, in fact, A has also made 
B (by) multiplying itself [Prop. 9.8]. Thus, the (number 
created) from (multipl 3 dng) iJ, G is equal to the square 
on A. Thus, as FI is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, F[ also measures A, (despite 
A) being prime (and) not being the same as it. The very 
thing (is) absurd. Thus, the greatest (number) D cannot 
be measured by another (number) except (one of) A, B, 
G. (Which is) the very thing it was required to show. 

Proposition 14 

If a least number is measured by (some) prime num¬ 
bers then it will not be measured by any other prime 
number except (one of) the original measuring (num¬ 
bers). 

A'-1 B I-1 

E'-1 C'-1 

F I-1 D'-1 

For let A be the least number measured by the prime 
numbers B, C, D. I say that A will not be measured by 
any other prime number except (one of) B, G, D. 

For, if possible, let it be measured by the prime (num¬ 
ber) E. And let E not be the same as one of B, C, D. 
And since E measures A, let it measure it according to F. 
Thus, E has made A (by) multiplying F. And A is mea¬ 
sured by the prime numbers B, G, D. And if two num¬ 
bers make some (number by) multipl 3 dng one another, 
and some prime number measures the number created 
from them, then (the prime number) will also measure 
one of the original (numbers) [Prop. 7.30]. Thus, B, G, 
D will measure one of E, F. In fact, they do not measure 
E. For E is prime, and not the same as one of B, C, D. 
Thus, they (all) measure F, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the 
least (number) measured by B, C, D. Thus, no prime 
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iz'. 

’Eav xpsTc; dpiiDpiol e^fjc dvdXoyov Saw eXdxiaxoi xwv 
xov auxov Xoyov auxolc, 8uo oKoioiouv auv- 

xE'devxEi; npoQ xov Xoikov Kpwxoi slaiv. 

A A E 2 

AI-1 I-^-1 

B I-1 

r I-1 

TCaxwaav xpelc dpi'd(ioi e^fjc dvdXoyov eXdxiaxoi xwv 
xov auxov Xoyov exovxcov auxolc oi A, B, F' Xeyco, 6 xi xwv 
A, B, r 8 uo oTioioiouv auvxs'devxet; Tipoc; xov Xomov Kpwxoi 
elaiv, ol piev A, B upoc; xov F, oi 6 e B, F upoc; xov A xal 
exi ol A, F Tipoc; xov B. 

ElXr^cp'dtoaav ydp eXdxiaxoi dpii[)(ioi xwv xov auxov 
Xoyov exovxtov xoTc; A, B, F 5 uo oi AE, EZ. cpavepov 
5 r), 6x1 6 (Jev AE eauxov TioXXaTiXaaidaac xov A TieTioirjxev, 
xov 6e EZ TioXXaxXaaidaac; xov B TieTioirjxev, xai exi 6 EZ 
eauxov TioXXaxXaaidaac; xov F xexoirjxev. xal exel oi AE, 
EZ eXdxiaxoi eiaiv, xpwxoi xpoc; dXXrjXouc; eiaiv. edv 5 e 
5 uo dpiDpiol xpwxoi xpoc; dXXr^Xouc; Saiv, xai auvajicpoxepoc; 
xpoc; exdxepov xpwxoc; eaxiv xai 6 AZ dpa xpoc; cxdxepov 
X6TV AE, EZ xpwxoc; caxiv. dXXd pirjv xal 6 AE xpoc; xov 
EZ xpwxoc; caxiv oi AZ, AE dpa xpoc; xov EZ xpwxoi eiaiv. 
edv 5 e 5 uo dpiDpiol xpoc; xiva dpii[)(i6v xpwxoi Saiv, xal 6 
z\ auxwv ycvopicvoc; xpoc; xov Xoixov xpwxoc; caxiv waxe 
6 ex xwv ZA, AE xpoc; xov EZ xpwxoc; eaxiv waxc xal 6 
ex xwv ZA, AE xpoc; xov dxo xou EZ xpwxoc; caxiv. [edv 
ydp 6uo dpiiiljiol xpwxoi xpoc; dXXrjXouc; Saiv, 6 ex xou evoc; 
auxwv yevojicvoc; xpoc; xov Xoixov xpwxoc; caxiv]. dXX’ 6 
ex xwv ZA, AE 6 dxo xou AE eaxi (jcxd xou ex xwv AE, 
EZ' 6 dpa dxo xou AE picxd xou ex xAv AE, EZ xpoc; xov 
dxo xou EZ xpAxo; caxiv. xai eaxiv 6 picv dxo xou AE 
6 A, 6 8e ex xAv AE, EZ 6 B, 6 6c dxo xou EZ 6 F' oi 
A, B dpa auvxcdcvxe; xpo; xov F xpAxoi eiaiv. 6(jLoiw; 6ir) 
6ei^o(icv, oxi xal oi B, F xpo; xov A xpAxoi eiaiv. Xcyw 
6r), 6x1 xal oi A, F xpo; xov B xpAxoi eiaiv. exel ydp 6 AZ 
xpo; exdxepov xAv AE, EZ xpAxo; eaxiv, xal 6 dxo xou 
AZ xpo; xov ex xAv AE, EZ xpAxo; eaxiv. dXXd xA dxo 
xou AZ laoi eiaiv oi dxo xAv AE, EZ picxd xou 81 ; ex xAv 
AE, EZ' xal oi dxo xAv AE, EZ dpa picxd xou 81 ; uxo xAv 
AE, EZ xpo; xov uxo xAv AE, EZ xpAxoi [eiai]. 8 icX 6 vxi 
oi dxo xAv AE, EZ (icxd xou dxa^ 0 x 6 AE, EZ xpo; xov 
0 x 6 AE, EZ xpAxoi eiaiv. cxi 6 ieX 6 vxi oi dxo xAv AE, EZ 
dpa xpo; xov 0 x 6 AE, EZ xpAxoi eiaiv. xai eaxiv 6 (icv 


number can measure A except (one of) B, C, D. (Which 
is) the very thing it was required to show. 

Proposition 15 

If three continuously proportional numbers are the 
least of those (numbers) having the same ratio as them 
then two (of them) added together in any way are prime 
to the remaining (one). 

D E F 

AI-1 I-^-1 

Bi- 1 

Cl-1 

Let A, B, C be three continuously proportional num¬ 
bers (which are) the least of those (numbers) having the 
same ratio as them. I say that two of A, B, C added to¬ 
gether in any way are prime to the remaining (one), (that 
is) A and B (prime) to C, B and C to A, and, further, A 
and C to B. 

Let the two least numbers, BE and EF, having the 
same ratio as A, B, C, have been taken [Prop. 8.2]. 
So it is clear that DE has made A (by) multipl 3 dng it¬ 
self, and has made B (by) multiplying EF, and, fur¬ 
ther, EF has made C (by) multiplying itself [Prop. 8.2]. 
And since DE, EF are the least (of those numbers hav¬ 
ing the same ratio as them), they are prime to one an¬ 
other [Prop. 7.22]. And if two numbers are prime to 
one another then the sum (of them) is also prime to each 
[Prop. 7.28]. Thus, DE is also prime to each of DE, EF. 
But, in fact, DE is also prime to EF. Thus, DE, DE 
are (both) prime to EF. And if two numbers are (both) 
prime to some number then the (number) created from 
(multiplying) them is also prime to the remaining (num¬ 
ber) [Prop. 7.24]. Hence, the (number created) from 
(multiplying) ED, DE is prime to EF. Hence, the (num¬ 
ber created) from (multiplying) ED, DE is also prime 
to the (square) on EF [Prop. 7.25]. [For if two num¬ 
bers are prime to one another then the (number) created 
from (squaring) one of them is prime to the remaining 
(number).] But the (number created) from (multiplying) 
ED, DE is the (square) on DE plus the (number cre¬ 
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the 
(square) on DE plus the (number created) from (multi¬ 
plying) DE, EF is prime to the (square) on EF. And 
the (square) on DE is A, and the (number created) from 
(multiplying) DE, EF (is) B, and the (square) on EF 
(is) C. Thus, A, B summed is prime to C. So, similarly, 
we can show that B, C (summed) is also prime to A. So 
1 say that A, C (summed) is also prime to B. For since 
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duo ToO AE 6 A, 6 8s tmb xSv AE, EZ 6 B, 6 6s dKo toO 
EZ 6 r. oi A, r dpa auvxs'dEVTSt; Tipoc; tov B KpwToi siaiv 
oTisp e6si. BsT^ai- 


DF is prime to each of DE, EF then the (square) on DF 
is also prime to the (number created) from (multiplying) 
DE, EE [Prop. 7.25]. But, the (sum of the squares) on 
DE, EE plus twice the (number created) from (multiply¬ 
ing) DE, EF is equal to the (square) on DF [Prop. 2.4]. 
And thus the (sum of the squares) on DE, EE plus twice 
the (rectangle contained) by DE, EE [is] prime to the 
(rectangle contained) by DE, EF. By separation, the 
(sum of the squares) on DE, EE plus once the (rect¬ 
angle contained) by DE, EF is prime to the (rectangle 
contained) by DE, EF.l Again, by separation, the (sum 
of the squares) on DE, EE is prime to the (rectangle 
contained) by DE, EE. And the (square) on DE is A, 
and the (rectangle contained) by DE, EF (is) B, and 
the (square) on EF (is) C. Thus, A, C summed is prime 
to B. (Which is) the very thing it was required to show. 


t Since if af} measures + 2a {3 then it also measures a^ + (3'^ + a f}, and vice versa. 


If'. 

’Edv 6uo dptdpoi TipfiToi Ttpoi; dXXrjXouc fiatv, oOx saxai. 
Ac; 6 itpAxoc; itpoc; xov Bsuxspov, ouxtoc; 6 BsOxspoc; itpoc; 
dXXov xivd. 

A'-1 

B I-1 

r I-1 

Auo ydp dpiOpol oi A, B iipAxoi itpoc; dXXf]Xou<; saxtu- 
aav Xeyco, oxt oux saxiv Ac; 6 A itpoc; xov B, ouxwc; 6 B 
itpoi; dXXov xivd. 

Ei ydp Suvaxov, saxw Ac; 6 A itpoc; xov B, 6 B itpoc; 
xov r. oi 8s A, B itpAxoi, oi Ss itpAxot xai EXdyiaxoi, oi 8 e 
EX d)(iaxoi dptdpol psxpoOai. xouc; xov aOxov Xoyov sxovxac; 
iadxic; 6 xs fjyoupsvoi; xov fjyoOpsvov xal 6 sitopsvoc; xov 
sitopsvov pExpsT dpa 6 A xov B Ac; fjyoupsvoc; fjyoupsvov. 
pExpsT 8 e xal sauxov 6 A dpa xouc; A, B pExpsI itpAxouc; 
ovxac; Itpoc; dXXr]Xouc;- oitsp dxoitov. oux dpa saxai Ac; 6 A 
Itpoc; xov B, ouxwc; 6 B itpoc; xov E- oitsp sSsi 8ET^ai. 


iC'. 

’Edv Aaiv 6aoi8r)itoxouv dpnUpol s^fjc; dvdXoyov, oi 6e 
dxpoi auxAv itpAxoi itpoc; dXXrjXouc; Aaiv, oux saxai Ac; 6 
itpAxoc; Itpoc; xov 8EuxEpov, ouxwc; 6 saxaxoc; itpoc; dXXov 


Proposition 16 

If two numbers are prime to one another then as the 
first is to the second, so the second (will) not (be) to some 
other (number). 

Ai-1 

Bi-1 

C'-1 

For let the two numbers A and B be prime to one 
another. I say that as A is to B, so B is not to some other 
(number). 

For, if possible, let it be that as A (is) to B, (so) 
B (is) to C. And A and B (are) prime (to one an¬ 
other). And (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21]. And the least numbers measure 
those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B, as the leading (measuring) the leading. 
And (A) also measures itself. Thus, A measures A and B, 
which are prime to one another. The very thing (is) ab¬ 
surd. Thus, as A (is) to B, so B cannot be to C. (Which 
is) the very thing it was required to show. 

Proposition 17 

If any multitude whatsoever of numbers is continu¬ 
ously proportional, and the outermost of them are prime 
to one another, then as the first (is) to the second, so the 
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xivA. 

TCaTwaav 6aoi6r]7ioTouv dpLiDtJiol s^fjc; dvdXoyov oi A, 
B, r, A, ol 5e ctxpoi auxwv oi A, A xpAxoi xpog dXXrjXouc; 
eoxwaav Xeyco, 6xi oux eaxiv &>c, b A npoc, xov B, ouxcoc; 6 
A Tipoi; dXXov xivd. 

A'- 1 

B I-1 

r I-1 

Ai- 1 

E'-1 

Ei yctp 5uvax6v, eaxw (be 6 A xpoe xov B, ouxwe 6 A 
xpoe xov E- evaXXd^ dpa eaxiv (be 6 A xpoe xov A, 6 B xpoe 
xov E. oi 6e A, A xpAxoi., oi 6e xpwxoi xal eX(X)(i.axoi., oi Be 
eXdxiaxoi (xpnSiioi piexpoDai. xoue xov aOxov Xoyov e-)(^o\)Ta.Q 
iadxie 6 xe f]yoOpievoe xov fjyoOpievov xal 6 e7i6(j£voe xov 
e7i6(j£vov. (jexpeT dpa 6 A xov B. xai eaxiv Ae 6 A xpoe 
xov B, 6 B Tipoe xov r. xal 6 B dpa xov E (lexpeT'' Aaxe 
xal 6 A xov r (lexpeT. xal exei eaxiv Ae 6 B xpoe xov F, 
6 r xpoe xov A, piexpeT Be 6 B xov F, piexpeT dpa xal 6 F 
xov A. dXX’ 6 A xov F e(iexp£i' Aaxe 6 A xal xov A (jexpeT. 
piexpeT Be xal eauxov. 6 A dpa xoue A, A piexpeT xpAxoue 
ovxae xpoe dXXr]Xoue' oxep eaxiv dBuvaxov. oux dpa eaxai 
Ae 6 A xpoe x6v B, ouxcoe 6 A xpoe dXXov xivd' oxep eBei 
BeT^ai. 


IT)'. 

Auo dpiDiJAv BoDevxcov exiaxetjiao'dai, ei Buvaxov eaxiv 
auxoTe xpixov dvdXoyov xpoaeupelv. 

AI-1 r I-1 

B I-1 A I-1 

Tiaxajaav oi Bo'devxee Buo dpnSiiol oi A, B, xal 
Beov eax(o exiaxeil^aa'dai, ei Buvaxov eaxiv auxoTe xpixov 
dvdXoyov xpoaeupelv. 

Oi Br) A, B y]xoi xpAxoi xpoe dXXrjXoue eialv r] ou. xal ei 
xpAxoi xpoe dXXrjXoue eiaiv, BeBeixxai, 6xi dBuvaxov eaxiv 
auxole xpixov dvdXoyov xpoaeupelv. 

AXXd Bt) P-T) eaxtoaav oi A, B xpAxoi xpoe dXXr^Xoue, 
xal 6 B eauxov xoXXaxXaaidaae xov F xoieixto. 6 A Brj xov 
F fjxoi pexpel 1] ou pexpel. pexpeixto xpoxepov xaxd xov A- 
6 A dpa xov A xoXXaxXaaidaae xov F xexoirjxev. dXXa prjv 
xal 6 B eauxov noXXaxXaaidaae xov F xexoirjxev 6 dpa 


last will not be to some other (number). 

Let A, B, C, D be any multitude whatsoever of con¬ 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that as 
A is to B, so D (is) not to some other (number). 

Ai- 1 

Bi- 1 

Cl- 1 

Di- 1 

El- 1 

For, if possible, let it be that as A (is) to B, so D 
(is) to E. Thus, alternately, as A is to D, (so) B (is) 
to E [Prop. 7.13]. And A and D are prime (to one 
another). And (numbers) prime (to one another are) 
also the least (of those numbers having the same ra¬ 
tio as them) [Prop. 7.21]. And the least numbers mea¬ 
sure those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead¬ 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B. And as A is to B, (so) B (is) to C. Thus, B 
also measures C. And hence A measures C [Def 7.20]. 
And since as B is to C, (so) C (is) to D, and B mea¬ 
sures C, C thus also measures D [Def 7.20]. But, A was 
(found to be) measuring C. And hence A also measures 
D. And (A) also measures itself Thus, A measures A 
and D, which are prime to one another. The very thing is 
impossible. Thus, as A (is) to B, so D cannot be to some 
other (number). (Which is) the very thing it was required 
to show. 

Proposition 18 

For two given numbers, to investigate whether it is 
possible to find a third (number) proportional to them. 

A'-1 C I-1 

B I-1 D'-1 

Let A and B be the two given numbers. And let it 
be required to investigate whether it is possible to find a 
third (number) proportional to them. 

So A and B are either prime to one another, or not. 
And if they are prime to one another then it has (already) 
been show that it is impossible to find a third (number) 
proportional to them [Prop. 9.16]. 

And so let A and B not be prime to one another. And 
let B make C (by) multiplying itself So A either mea¬ 
sures, or does not measure, C. Let it first of all measure 
(C) according to D. Thus, A has made C (by) multiply- 
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ex Twv A, A laoc, eaxl xw dmo xou B. eaxiv apa A<; 6 A 
Tipoc; xov B, 6 B npoQ xov A- xoic; A, B apa xpixoc; dpi.'dpioc 
dvdXoyov 7i;poar]6pr)xai. 6 A. 

AXXd 6f] [if] [iexpeixw 6 A xov F- Xeyo, 6xi xoT(; A, B 
d6uvax6v eaxi. xp[xov dvdXoyov xpoaeupelv dpi'd(jL6v. ei ydp 
Suvaxov, 7i;poar]upr)a'dw 6 A. 6 dpa ex xAv A, A laoc; eax'i 
xA dxo xou B. 6 6e dxo xou B eaxiv 6 F- 6 dpa ex xAv A, 
A laoc; eaxl xA F. Aaxe 6 A xov A xoXXaxXaaidaai; xov 
F TieKoirjxev 6 A dpa xov F piexpel xaxd xov A. dXXa (if]v 
UTioxeixai xai [if] piexpAv oxep dxoTiov. oux dpa 6uvax6v 
eaxi xoTc; A, B xpixov dvdXoyov xpoaeupelv dpi'd(jL6v, oxav 
6 A xov F ^1^ (j^expr)' oxep e 5 ei. Bel^ai- 


TpiAv dpiiDpiAv Bo'devxcov exiaxctliaaiSai, xoxe Suvaxov 
caxiv auxolc xcxapxov dvdXoyov xpoaeupeTv. 

Ai-1 

B I-1 

r I-1 

Ai- 1 

El- 1 

Tilaxwaav oi So'devxei; xpeTc; dpi'dtJ^o'i o'l X, B, F, xal 6eov 
eaxw exiaxctjiaa'dai., xoxe Suvaxov eaxiv aOxoTi; xexapxov 
dvdXoyov xpoaeupeTv. 

’Uxoi ouv oux eiaiv e^fjc dvdXoyov, xal oi dxpoi auxAv 
TipAxoi upoc; dXXr]Xouc; eiaiv, t] e^fjc eiaiv dvdXoyov, xai oi 
dxpoi auxAv oux eiai xpAxoi xpoc; dXXrjXoui;, f] ouxe e^fjc 
eiaiv dvdXoyov, ouxe oi dxpoi auxAv xpAxoi xpoc; dXXr]Xou<; 
eiaiv, f] xal e^fjc eiaiv dvdXoyov, xal oi dxpoi aOxAv xpAxoi 
Tipoc; dXXrjXouc; eiaiv. 

Ei (lev ouv oi A, B, F e^fjc; eiaiv dvdXoyov, xal oi 
dxpoi auxAv oi A, F TipAxoi Tipoc; dXXrjXouc; eiaiv, SeSeixxai, 
6x1 dSuvaxov eaxiv auxoTc; xexapxov dvdXoyov Tipoaeupelv 
dpi'dpiov. eaxwaav Sc^ oi A, B, F e^fjc dvdXoyov xAv 
dxpAv TidXiv ovxwv TipAxwv Tipoc; dXXr]Xouc;. Xeyw, oxi 
xal ouxW(; dSuvaxov eaxiv auxoTc; xexapxov dvdXoyov Tipo- 
aeupeTv. ei ydp Suvaxov, Tipoaeupr]a'do 6 A, Aaxe elvai Ac; 
xov A Tipoc; xov B, xov F Tipoc; xov A, xal yeyovexo Ac; 6 B 
Tipoc; xov F, 6 A Tipoc; xov E. xal eTiei eaxiv Ac; ^ev 6 A xpoc; 
xov B, 6 F Tipoc; xov A, Ac; Se 6 B Tipoc; xov F, 6 A xpoi; 
xov E, Si’ laou dpa Ac; 6 A Tipoc; xov F, 6 F xpoc; xov E. oi 
Se A, F xpAxoi, oi Se xpAxoi xal eXd)(iaxoi, oi Se eXdxiaxoi 


ing D. But, in fact, B has also made C (by) multiplying 
itself. Thus, the (number created) from (multipl 3 dng) A, 
D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been 
found proportional to A, B, (namely) D. 

And so let A not measure C. I say that it is impossi¬ 
ble to find a third number proportional to A, B. For, if 
possible, let it have been found, (and let it be) D. Thus, 
the (number created) from (multiplying) A, D is equal to 
the (square) on B [Prop. 7.19]. And the (square) on B 
is C. Thus, the (number created) from (multipl 3 dng) A, 
D is equal to C. Hence, A has made C (by) multiplying 
D. Thus, A measures C according to D. But (A) was, in 
fact, also assumed (to be) not measuring (C). The very 
thing (is) absurd. Thus, it is not possible to find a third 
number proportional to A, B when A does not measure 
C. (Which is) the very thing it was required to show. 

Proposition 19^ 

For three given numbers, to investigate when it is pos¬ 
sible to find a fourth (number) proportional to them. 

Ai- 1 

Bi-1 

Cl- 1 

Di- 1 

El- 1 

Let A, B, C be the three given numbers. And let it be 
required to investigate when it is possible to find a fourth 
(number) proportional to them. 

In fact, (A, B, C) are either not continuously pro¬ 
portional and the outermost of them are prime to one 
another, or are continuously proportional and the outer¬ 
most of them are not prime to one another, or are neither 
continuously proportional nor are the outermost of them 
prime to one another, or are continuously proportional 
and the outermost of them are prime to one another. 

In fact, if A, B, C are continuously proportional, and 
the outermost of them, A and C, are prime to one an¬ 
other, (then) it has (already) been shown that it is im¬ 
possible to find a fourth number proportional to them 
[Prop. 9.17]. So let A, B, C not be continuously propor¬ 
tional, (with) the outermost of them again being prime to 
one another. 1 say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if 
possible, let it have been found, (and let it be) D. Hence, 
it will be that as A (is) to B, (so) C (is) to D. And let it be 
contrived that as B (is) to C, (so) D (is) to E. And since 
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[iSTpoOai. Tou<; tov aOxov Xoyov ej^ovtolq 6 ts f)Yo6p,£voi; 
Tov f)You(ievov xal 6 enop-evoc; xov enojievov. [iSTpei apct 6 
A TOV r (bg fjYoujievoc; fjYoujievov. p,£TpeI 5e xal eauxov 
6 A apa xouc; A, F piexpel xp«xou<; ovxac; xpoc; dXXr]Xouc;- 
oxsp eaxiv dBuvaxov. oOx dpa toXq A, B, F 8uvax6v eaxi 
xexapxov dvdXoyov xpoaeupelv. 

AXXd 6f] xdXiv eaxwaav oi A, B, F dvdXoyov, oi 5 e 
A, F ^r) saxwaav xpwxoi. xpoc; dXXr]Xouc;. Xeyw, oxi. 5 uvax 6 v 
eaxiv aOxoTc xexapxov dvdXoyov xpoaeupeTv. 6 ydp B xov F 
xoXXaxXaaidaac xov A xoieixw 6 A dpa xov A f]xoi [iexpel 
f] oO (jexpeT. piexpeixw auxov xpoxepov xaxd xov E- 6 A dpa 
xov E xoXXaxXaaidaac xov A xexoirjxev. dXXd (if]v xai 6 
B xov F KoXXaxXaaidaai; xov A xexoirjxev 6 dpa ex xAv 
A, E lao<; eaxl xA ex xAv B, F. dvdXoyov dpa [eaxiv] A<; 6 
A npoQ xov B, 6 F xpoc; xov E- xoi<; A, B, F dpa xexapxoc 
dvdXoyov 7i;poar]6pr)xai 6 E. 

AXXd 8r) ^f] (jexpeixw 6 A xov A' Xeyw, 6xi d6uvax6v 
eaxi xoTc; A, B, F xexapxov dvdXoyov xpoaeupeTv dpiiDpiov. 
ei ydp 5 uvax 6 v, Kpoaeuprja'dw 6 E- 6 dpa ex xAv A, E ’iao<; 
eaxi xA ex xAv B, F. dXXd 6 ex xAv B, F eaxiv 6 A' xal 
6 ex xAv A, E dpa laoc eaxi xA A. 6 A dpa xov E xoXXa- 
xXaaidaac; xov A xexoirjxev 6 A dpa xov A (jexpeT xaxd xov 
E- Aaxe piexpeT 6 A xov A. dXXd xal ou piexpel' oxep dxoxov. 
oOx dpa Suvdxov eaxi xoT<; A, B, F xexapxov dvdXoyov xpo- 
aeupelv dpiDiiov, oxav 6 A xov A ^r) (iexpfj. dXXd 6f] oi A, B, 
F pirjxe £^f)<; eaxwaav dvdXoyov (ir]xe ol dxpoi xpAxoi xpoc; 
aXkrikoDc,. xal 6 B xov F KoXXaxXaaidaai; xov A xoieixw. 
opioiwc 6f] Beixlliiaexai, 6xi ei piev (lexpeT 6 A xov A, 6u- 
vaxov eaxiv auxoTi; dvdXoyov xpoaeupelv, ei 5 e ou (lexpeT, 
dBuvaxov oxep e8ei Bel^ai- 


as A is to B, (so) C (is) to D, and as B (is) to C, (so) D 
(is) to E, thus, via equality, as A (is) to C, (so) C (is) to E 
[Prop. 7.14]. And A and C (are) prime (to one another). 
And (numbers) prime (to one another are) also the least 
(numbers having the same ratio as them) [Prop. 7.21]. 
And the least (numbers) measure those numbers having 
the same ratio as them (the same number of times), the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, A measures C, (as) the 
leading (measuring) the leading. And it also measures 
itself. Thus, A measures A and C, which are prime to 
one another. The very thing is impossible. Thus, it is not 
possible to find a fourth (number) proportional to A, B, 

C. 

And so let A, B, C again be continuously propor¬ 
tional, and let A and C not be prime to one another. I 
say that it is possible to find a fourth (number) propor¬ 
tional to them. For let B make D (by) multipl 3 dng C. 
Thus, A either measures or does not measure D. Let it, 
first of all, measure (D) according to E. Thus, A has 
made D (by) multiplying E. But, in fact, B has also made 
D (by) multipl 3 dng C. Thus, the (number created) from 
(multiplying) A, E is equal to the (number created) from 
(multiplying) B, C. Thus, proportionally, as A [is] to B, 
(so) C (is) to E [Prop. 7.19]. Thus, a fourth (number) 
proportional to A, B, C has been found, (namely) E. 

And so let A not measure D. I say that it is impossible 
to find a fourth number proportional to A, B, C. For, if 
possible, let it have been found, (and let it be) E. Thus, 
the (number created) from (multiplying) A, E is equal to 
the (number created) from (multiplying) B, C. But, the 
(number created) from (multiplying) B, C is D. And thus 
the (number created) from (multiplying) A, E is equal to 

D. Thus, A has made E (by) multipl 3 dng E. Thus, A 
measures D according to E. Hence, A measures D. But, 
it also does not measure {D). The very thing (is) absurd. 
Thus, it is not possible to find a fourth number propor¬ 
tional to A, B, C when A does not measure D. And so 
(let) A, B, C (be) neither continuously proportional, nor 
(let) the outermost of them (be) prime to one another. 
And let B make D (by) multiplying C. So, similarly, it 
can be show that if A measures D then it is possible to 
find a fourth (number) proportional to {A, B, C), and 
impossible if (A) does not measure (£>). (Which is) the 
very thing it was required to show. 


t The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C are continuously proportional, with A and C prime 
to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth 
proportional number provided that A measures B times C. Of the four cases considered by Euclid, the proof given in the second case is incorrect, 
since it only demonstrates that if A : S :: C : D then a number E cannot be found such that B : C :: D : E. The proofs given in the other three 
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cases are correct. 


X. 

01 TtpwToi d(piiL)(iol TtXeiouc; elal TtavToc; toO kpotstJevtoc 
iiXr]T[)ou(; TtptOTWv d(pn[)(i63v. 

A'-1 H'-1 

B I-1 

r I- 1 

E A 2 

I-1—I 

TilaTwaav oi Ttpoxs'devTSc itpoxoi dpi.'dptol oi A, B, F- 
Xeyco, 6x1 xwv A, B, F TtXeioui; elal Ttpwxoi dpiiiljiol. 

ElXr^cp'dw ydp 6 uito xwv A, B, F eXa^iaxoc; piexpoupievoc; 
xal eaxco AE, xal xpooxelaiilw xG AE piovdc; rj AZ. 6 5 r) EZ 
fjxoi Ttpwxoc; eaxiv t] ou. eaxw xpoxepov itpwxoc;- euprjpievoi 
dpoc elal itpwxoi dpiDpiol ol A, B, F, EZ xXelouc; xc 5 v A, B, 
F. 

AXXd 6f) p-T) eaxco 6 EZ TtpGxoc;' utio xpwxou dpa xivog 
dpi^poO pexpelxai. pexpelaDco uxo xpcoxou xoO H- Xeyw, 
6x1 6 H o 06 evl xwv A, B, F eaxiv 6 a 0 x 6 <;. el ydp 6uvax6v, 
eaxw. ol 8e A, B, F xov AE pexpouaiv xal 6 H dpa xov 
AE pexprjaei. pexpel 6e xal xov EZ- xal Xoixf]v xf]v AZ 
povd8a pexpi^aei 6 H dpi-dpoi; Av oxep dxoxov. oux dpa 6 
H evl xAv A, B, F eaxiv 6 auxoc- xal Oxoxeixai xpOxo<;. 
eOprjpevoi dpa elal xpAxoi dpiiDpol xXeiouc xoO xpoxeiDevxoc 
xXrj-doui; xAv A, B, F ol A, B, F, H- 6xep e6ei Sel^ai. 


xa'. 

’Edv dpxioi dpi-dpol oxoaoioOv auvxe-dAaiv, 6 6Xo<; 
dpxioc; eaxiv. 

A B r A E 

I-1-1-1-1 

Suyxela-dwaav ydp dpxioi dpi-dpol oxoaoioOv ol AB, 
BF, FA, AE- Xeyw, 6xi okoQ 6 AE dpxioc; eaxiv. 

’Exel ydp exaaxo(; xAv AB, BF, FA, AE dpxioc; eaxiv, 
exei pepoc; f]piau- Aaxe xal oXoc; 6 AE exei pepoc; -J^piau. 
dpxioc; 5 c dpi-dpoc; eaxiv 6 6lxa 5 iaipo 0 pcvoc;- dpxioc; dpa 
eaxiv 6 AE- 6xcp e6ci 5 cT^ai. 


Proposition 20 

The (set of all) prime numbers is more numerous than 
any assigned multitude of prime numbers. 

A'-1 G'-1 

Bi- 1 

Cl- 1 

E D F 

I- 1 - 1 

Let A, B, C be the assigned prime numbers. I say that 
the (set of all) primes numbers is more numerous than A, 
B, C. 

For let the least number measured by A, B, C have 
been taken, and let it be DE [Prop. 7.36]. And let the 
unit DF have been added to DE. So EF is either prime, 
or not. Let it, first of all, be prime. Thus, the (set of) 
prime numbers A, B, C, EF, (which is) more numerous 
than A, B, C, has been found. 

And so let EF not be prime. Thus, it is measured by 
some prime number [Prop. 7.31]. Let it be measured by 
the prime (number) G. I say that G is not the same as 
any of A, B, G. For, if possible, let it be (the same). And 
A, B, G (all) measure DE. Thus, G will also measure 
DE. And it also measures EF. (So) G will also mea¬ 
sure the remainder, unit DF, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not 
the same as one of A, B, C. And it was assumed (to be) 
prime. Thus, the (set of) prime numbers A, B, C, G, 
(which is) more numerous than the assigned multitude 
(of prime numbers). A, B, G, has been found. (Which is) 
the very thing it was required to show. 

Proposition 21 

If any multitude whatsoever of even numbers is added 
together then the whole is even. 

A B C D E 

I-1-1-1-1 

For let any multitude whatsoever of even numbers, 
AB, BG, CD, DE, lie together. I say that the whole, 
AE, is even. 

For since everyone of AB, BG, GD, DE is even, it 
has a half part [Def. 7.6]. And hence the whole AE has 
a half part. And an even number is one (which can be) 
divided in half [Def. 7.6]. Thus, AE is even. (Which is) 
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x(3'. 

’Eav Tispiaaol dpi'd(Joi OKoaoioOv auvxs'doaiv, to 8s 
iiXf)TL>o<; auTWv dpxiov fj, 6 okoz dpTioc; saxai.. 

A B r A E 

I- 1 - 1 - 1 - 1 

SuyxEia'dwaav ydp Kspiaaoi dpiiDpiol 6aoi.8r)7i;oTo0v 
dpTLoi TO nXfi'doc; oi AB, BE, FA, AE- Xsyw, oti okoz 
b AE dpTLOi; eotiv. 

’Ekei ydp exoLOToz tov AB, BF, FA, AE TspiTToc eotiv, 
dcpaipE'dsLarjc ^JiovdBoc dcp’ ExdoTou exaoTOZ tAv XoikAv 
dpTLOi; EOTar wote xal 6 auyxsipiEvoc; s^ auTWv dpTio<; 
EOTai.. EOTi. Be xal to TiXfiDoc tAv piovdBwv dpTiov. xal 
okoz dpa 6 AE dpTioc; eotiv oKsp eBei. BsT^ai- 

xy'- 

’Edv Tispiaaol dpiDiJol oxoaoioOv aovTsDAoiv, to Be 
xXfjiLloc; auTAv nEpiaaov fj, xal 6 okoz nepiaabz eotou.. 

ABE E A 

I-1—I-1—I 

SuyxEia'dwaav ydp oxoaoiouv xEpioaol dpi.'dpiol, Av to 
xXfjTLloc; TCEpiaaov saTCo, ol AB, BF, FA- Xsya), oti xal okoz 
b AA Kspiaaoc; eotiv. 

Acpripi^a-dw dxo toO FA ^ovdc; f] AE- Xoi.7i6<; dpa 6 FE 
dpTLoc; EOTIV. EOTi. Be xal 6 FA dpTioc xal okoz dpa 6 AE 
dpTLoc; EOTIV. xai eoti (iovd<; f) AE. xEpioooc dpa eotIv 6 
AA- oKEp eBei. BsT^ai. 

x6'. 

’Edv dxo dpTiou dpi-dpoO dpTiot; dcpaipE-df), 6 Xoixot; 
dpTLOc; EOTai. 

A r B 

I- 1 - 1 

Ako ydp dpTLou toO AB dpTioc dcprjpi^o'dw 6 BF- Xsyw, 
OTI 6 koiKOZ b FA dpTLoc; eotiv. 

’EkeI ydp 6 AB dpTioc eotiv, sysi pispoc; -r)p,iou. Bid Td 
auTd 8f) xal 6 BF sysi p.£poc; -rjjiiou- Aote xal Xoixoc; [6 FA 
syei [iEpog -rjjiiou] dpTioc; [dpa] eotIv 6 AF- onsp eBei Bsl^ai. 


the very thing it was required to show. 

Proposition 22 

If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is even, then the 
whole will be even. 

A B C D E 

I-1-1-1-1 

For let any even multitude whatsoever of odd num¬ 
bers, AB, BC, CD, DE, lie together. I say that the 
whole, AE, is even. 

For since everyone of AB, BC, CD, DE is odd then, a 
unit being subtracted from each, everyone of the remain¬ 
ders will be (made) even [Def. 7.7]. And hence the sum 
of them will be even [Prop. 9.21]. And the multitude 
of the units is even. Thus, the whole AE is also even 
[Prop. 9.21]. (Which is) the very thing it was required to 
show. 

Proposition 23 

If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is odd, then the 
whole will also be odd. 

ABC ED 

I-1-1-1—I 

For let any multitude whatsoever of odd numbers, 
AB, BC, CD, lie together, and let the multitude of them 
be odd. I say that the whole, AD, is also odd. 

For let the unit DE have been subtracted from CD. 
The remainder CE is thus even [Def. 7.7]. And CA 
is also even [Prop. 9.22]. Thus, the whole AE is also 
even [Prop. 9.21]. And DE is a unit. Thus, AD is odd 
[Def. 7.7]. (Which is) the very thing it was required to 
show. 

Proposition 24 

If an even (number) is subtracted from an(other) even 
number then the remainder will be even. 

A C B 

I-1-1 

For let the even (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is even. 

For since AB is even, it has a half part [Def. 7.6]. So, 
for the same (reasons), BC also has a half part. And 
hence the remainder [CA has a half part]. [Thus,] AC is 
even. (Which is) the very thing it was required to show. 
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V.Z . 

’Eav duo dpTiou dpi'd[jLoD Kepiaaoc; dcpaLpsiDfj, 6 Xoikoc; 
nepiaaoc sarai. 

A r A B 

I-1-1-1 

’Ako ydp dpxiou toO AB nepioadz d(pnpr]a'dw 6 BE- 
Xeyw, oTi 6 Xoikoc; 6 FA xepLooot; eoTiv. 

AcpripriaiDw ydp duo tou BF piovdi; f) FA' 6 AB dpa 
dpTLoc; soTiv. eoTi 6e xal 6 AB dpTioc;' xal Xoikoc dpa 6 
AA dpTLOc; eaxiv. xa[ eaxi (iovd<; fj FA- 6 FA dpa nspioaoz 
eoTLv onep e8ei BeT^ai. 

Xf'. 

’Edv duo Kepiaaou dpi.'dpiou Kepiaaoc; dcpai.ps'dfj, 6 Xoixoc; 
dpxLoc; eaxai. 

A r A B 

I-1-1-1 

Ako ydp TiepiaaoO xou AB Kepiaaoi; d(pr)pr]a'dw 6 BE- 
Xeyw, 6x1 6 Xoixoc; 6 FA dpxi6<; eaxiv. 

’Exei ydp 6 AB nepiaaoc; eaxiv, dcp^pi^aiJo (iovd<; fj BA- 
XoiKoc; dpa 6 AA dpxioc; eaxiv. 6id xd auxd 6f] xai 6 FA 
dpxioc eaxiv waxe xai Xoixoi; 6 FA dpxiog eaxiv onep c 5 ei 
5 el^ai. 

xC'. 

’Edv dxo xepiaaou dpnJpiou dpxioc; dcpaipe'dfj, 6 Xoixoc; 
xepiaaoc; eaxai. 

A A r B 

I-1-1-1 

Ako ydp xepiaaoO xou AB dpxioc; d(pr)pr]a'dw 6 BE- 
Xeyo, 6x1 6 Xoixoi; 6 FA xepiaaoc; eaxiv. 

AcpripriaiDw [ydp] piovdc; f) AA' 6 AB dpa dpxioc; eaxiv. 
eaxi 5 e xal 6 BF dpxioc;- xal Xoixoc; dpa 6 FA dpxioc; eaxiv. 
xepiaaoc; dpa 6 FA- oxep e6ei BeT^ai. 


XT)'. 

’Edv xepiaaoc; dpnDpioc; dpxiov xoXXaxXaaidaac; xoifj 
xiva, 6 yev6(ievoc; dpxioc; eaxai. 


Proposition 25 

If an odd (number) is subtracted from an even num¬ 
ber then the remainder will be odd. 

A CD B 

I-1-1-1 

For let the odd (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is odd. 

For let the unit CD have been subtracted from BC. 
DB is thus even [Def. 7.7]. And AB is also even. And 
thus the remainder AD is even [Prop. 9.24]. And CD is 
a unit. Thus, CA is odd [Def. 7.7]. (Which is) the very 
thing it was required to show. 

Proposition 26 

If an odd (number) is subtracted from an odd number 
then the remainder will be even. 

A C D B 

I-1-1-1 

For let the odd (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is even. 

For since AB is odd, let the unit BD have been 
subtracted (from it). Thus, the remainder AD is even 
[Def. 7.7]. So, for the same (reasons), CD is also 
even. And hence the remainder CA is even [Prop. 9.24]. 
(Which is) the very thing it was required to show. 

Proposition 27 

If an even (number) is subtracted from an odd num¬ 
ber then the remainder will be odd. 

AD C B 

I-1-1-1 

For let the even (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is odd. 

[For] let the unit AD have been subtracted (from AB). 
DB is thus even [Def 7.7]. And BC is also even. Thus, 
the remainder CD is also even [Prop. 9.24]. CA (is) thus 
odd [Def 7.7]. (Which is) the very thing it was required 
to show. 

Proposition 28 

If an odd number makes some (number by) multiply¬ 
ing an even (number) then the created (number) will be 
even. 
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A'-1 

B I-1 

r I-1 

Ilspiaaoc yap dpi'd(j 6 c; 6 A dpxiov tov B KoXXa- 
nXaaidaac; tov F tioieitw Xeyco, oxi 6 F dpxioi; eaxiv. 

’Enel ydp 6 A xov B TCoXXaxXctaidaat; xov F TCexoirjxev, 
6 F dpa auyxeixai ex xooouxwv latov xw B, boon elalv ev 
xw A [iovdBec;. xai eaxiv 6 B dpxioc;- 6 F dpa auyxeixai 
z\ dpxiwv. edv 6 e dpxioi dpnSjioi oxoaoiouv auvxe'dwaiv, 6 
oXog dpxioc; eaxiv. dpxioc; dpa eaxiv 6 F- oxep e 6 ei 5el^ai. 

xtE)'. 

’Edv Tiepiaaoc; dpiiDpioi; xepiaaov dpiiJ^Jidv xoXXaxXaaidi;- 
ag Koif) xiva, 6 yev 6 (jevo<; xepiaaoc; eaxai. 

Ai-1 

B I-1 

r I-1 

nepiaaoc ydp dpi'dpioi; 6 A xepiaaov xov B xoXXa- 
xXaaidaac; xov F xoieixw Xeyw, 6 xi 6 F xepiaaoc; eaxiv. 

’Exei ydp 6 A xov B xoXXaxXaaidaai; xov F xexoirjxev, 
6 F dpa auyxeixai ex xoaouxwv ’(aov xw B, oaai eiaiv ev xO 
A ^ovd5e<;. xai eaxiv exdxepoc; xwv A, B xepiaaoc;- 6 F dpa 
auyxeixai ex xepiaawv dpiiJpiwv, Sv x 6 xXfj'doi; xepiaaov 
eaxiv. waxe 6 F Tiepiaaoi; eaxiv oxep e 6 ei 6 eT^ai. 

X'. 

’Edv xepiaaoc; dpiD^^oi; dpxiov dpiDiiov (iexpfj, xal xov 
f]^iauv auxou ^exprjaei. 

A'-1 

B I-1 

r I-1 

nepiaaoc ydp dpi'd(ji 6 c; 6 A dpxiov xov B p,expeixa)' Xeyw, 
6 x 1 xal xov T](jiiauv auxou piexpr]aei. 

’Exel ydp 6 A xov B (lexpeT, t^expeixw auxov xaxd xov 
F- Xeyw, 6 xi 6 F oux eaxi xepiaaoi;. ei ydp Buvaxov, eaxw. 
xal exel 6 A xov B (lexpeT xaxd xov F, 6 A dpa xov F 
xoXXaxXaaidaai; xov B xeKoirjxev. 6 B dpa auyxeixai ex 
xepiaawv dpi'd[ji 6 iv, Sv x 6 TiXfiiLloi; xepiaaov eaxiv. 6 B dpa 


Ai-1 

Bi-1 

Cl- 1 

For let the odd number A make C (by) multiplying 
the even (number) B. 1 say that C is even. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And B is 
even. Thus, C is composed out of even (numbers). And 
if any multitude whatsoever of even numbers is added 
together then the whole is even [Prop. 9.21]. Thus, C is 
even. (Which is) the very thing it was required to show. 

Proposition 29 

If an odd number makes some (number by) multiply¬ 
ing an odd (number) then the created (number) will be 
odd. 

A'-1 

Bi- 1 

C'- 1 

For let the odd number A make C (by) multiplying 
the odd (number) B. 1 say that C is odd. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And each 
of A, B is odd. Thus, C is composed out of odd (num¬ 
bers), (and) the multitude of them is odd. Hence C is odd 
[Prop. 9.23]. (Which is) the very thing it was required to 
show. 

Proposition 30 

If an odd number measures an even number then it 
will also measure (one) half of it. 

Ai- 1 

Bi- 1 

Cl-1 

For let the odd number A measure the even (number) 

B. I say that (A) will also measure (one) half of (B). 

For since A measures B, let it measure it according to 

C. I say that C is not odd. For, if possible, let it be (odd). 
And since A measures B according to C, A has thus made 
B (by) multiplying C. Thus, B is composed out of odd 
numbers, (and) the multitude of them is odd. B is thus 
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nspioaoc eoTiv onep oltokov OnoxeiTai yap apxioc;. oux 
apa 6 r KepiaaoQ eaxiv apxioc apa saxiv 6 F. waxe 6 A 
xov B psxpel dpxiaxic. 8id 8i^ xoOxo xal xov T](Jiauv auxoO 
psxpr]a£i' oxep eBei Sei^ai. 

Xa'. 

’Edv Tispiaaoc dpi'dpoc xpoc xiva dpiiSijLov Tipoxoc fj, xal 
xpoc xov BiTiXaaiova auxoO xpwxoc eaxai. 

Ai-1 

B I-1 

r I-1 

A I-1 

Ilspiaaoc ydp dpi'd[jL6c; 6 A xpoc xiva dpiiiliiov xov B 
Tipwxoc; eaxco, xoO 5e B 8i7iXaaiwv eaxto 6 F' Xeyco, 6xi 6 A 
[xal] xpoc xov F xpwxoc eaxiv. 

El ydp [iT] elaiv [ol A, F] xpwxoi, p,£xpr]a£i xic auxouc 
dpi^jioc- p-expelxco, xal eaxw 6 A. xal eaxiv 6 A xepiaaoc' 
xepiaaoc dpa xal 6 A. xal exel 6 A nepiaaoc Av xov F 
[iexpeT, xal eaxiv 6 F dpxioc, xal xov T](jLiauv dpa xoO F 
[iexpr^aei [6 A], xou 5e F fjpiiau eaxiv 6 B- 6 A dpa xov 
B pexpeT. pexpeT Be xal xov A. 6 A dpa xouc A, B pexpeT 
xpAxouc ovxac npoQ dXXrjXouc OTiep eaxiv dSuvaxov. oOx 
dpa 6 A xpoc xov F xpAxoc oux eaxiv. oi A, F dpa xpwxoi 
xpoc dXXrjXouc elaiv oxep eSei BeT^ai. 


xp'. 

Ttov cxTio 5ua5o<; 5iTiXaaLaCo^£vtL)v dpi'O^cov sxaaxoc; 
dpTLdxL<; dpTtoc; saxt povov. 

A'-1 

B I-1 

r I-1 

A I-1 

Ako ydp 56a5o<; xfjc; A SeBixXaaidaiLlcoaav 6 aoi 6 r]- 
xoxouv dpn[)[iol oi B, F, A- Xeyw, oxi ol B, F, A dpxidxic 
dpxiol elai (iovov. 

"Oxi p.£v ouv exaaxoc [xAv B, F, A] dpxidxic dpxioc 
eaxiv, (pavepov duo ydp BudSoc; eaxl BiuXaaiaaiElelc;. Xeyw, 
6 x 1 xal piovov. exxelaiDa) ydp piovdc. exel ouv dxo piovaBoc 
oxoaoiouv dpiDpiol e^fjc dvdXoyov elaiv, 6 Be piexd xrjv 
[iovdBa 6 A xpAxoc eaxiv, 6 pieyiaxoc xAv A, B, F, A 6 


odd [Prop. 9.23]. The very thing (is) absurd. For (B) 
was assumed (to be) even. Thus, C is not odd. Thus, C 
is even. Hence, A measures B an even number of times. 
So, on account of this, (A) will also measure (one) half 
of (B). (Which is) the very thing it was required to show. 

Proposition 31 

If an odd number is prime to some number then it will 
also be prime to its double. 

Ai-1 

Bi- 1 

Cl- 1 

Di-1 

For let the odd number A be prime to some number 

B. And let C be double B. I say that A is [also] prime to 

C. 

For if [A and C] are not prime (to one another) then 
some number will measure them. Let it measure (them), 
and let it be D. And A is odd. Thus, D (is) also odd. 
And since D, which is odd, measures C, and C is even, 
[D] will thus also measure half of C [Prop. 9.30]. And B 
is half of C. Thus, D measures B. And it also measures 
A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. 
Thus, A is not unprime to C. Thus, A and C are prime to 
one another. (Which is) the very thing it was required to 
show. 

Proposition 32 

Each of the numbers (which is continually) doubled, 
(starting) from a dyad, is an even-times-even (number) 
only. 

Ai- 1 

Bi-1 

Cl- 1 

Di- 1 

For let any multitude of numbers whatsoever, B, C, 

D. have been (continually) doubled, (starting) from the 
dyad A. I say that B, C, D are even-times-even (num¬ 
bers) only. 

In fact, (it is) clear that each [of B, C, D] is an 
even-times-even (number). For it is doubled from a dyad 
[Def. 7.8]. I also say that (they are even-times-even num¬ 
bers) only. For let a unit be laid down. Therefore, since 
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A On:’ oOBsvoi; aXXou ^STpr]'dr)aeTai naps? tAv A, B, F. xa[ 
eaxiv sxaaToc; xAv A, B, F apTioc;- 6 A apa dpxidxic; dpxioc; 
eaxi. ^ovov. 6(jLoiwc; 8i^ Bei^o^jisv, oxi. [xal] exdxepoc xAv B, 
F dpxidxic; dpxioc; eaxi p.6vov onep e6ei Sei^ai. 


Xy'. 

'Eav dpi'O^oi; tov y^ptauv s^ji Tieptaaov, dpTiaxtc; tis- 
ptaaoc; eaxt povov. 

A' ' 

’Api'd(i 6 (; ydp 6 A xov T](jiiauv eyexco nepiaaov Xsyw, 6 xi 
6 A dpxidxic; nepiaaoc; eaxi [iovov. 

"Oxi p,ev oijv dpxidxic; nepioaoc; eaxiv, cpavepov 6 ydp 
fjjiiauc; auxou nepiaaoc; Av (lexpeT aOxov dpxidxic;, Xeyw 6r], 
6 x 1 xal (IOVOV. ei ydp eaxai 6 A xai dpxidxic; dpxioc, (le- 
xpr)iL)r]aexai Ono dpxiou xaxd dpxiov dpiiDtiov Aaxe xai 6 
fi(iiauc; auxou (iexpr)iL)r]aexai uno dpxiou dpiDpiou nepiaaoc; 
Av onep eaxiv dxonov. 6 A dpa dpxidxic; nepiaaoc; eaxi 
(IOVOV onep e 8 ei 8 e'i^ai. 


X8'. 

’Edv dpn[)(i6c; (irjxe xAv dno 6ud8oc; 8in:Xaaia(^o(iev6iv fj, 
(irjxe xov fi(iiauv eyr) nepiaaov, dpxidxic; xe dpxioc; eaxi xal 
dpxidxic; nepiaaoc;. 

A I I 

’Api'd(i6i; ydp 6 A (irjxe xAv dno 6ud8oc; 8in:Xaaia^o(icv«v 
eaxw (irjxe xov T](iiauv eyexoi nepiaaov Xeyw, oxi 6 A 
dpxidxic; xe eaxiv dpxioc; xal dpxidxic; nepiaaoc;. 

"0x1 (lev ouv 6 A dpxidxic; eaxiv dpxioc;, cpavepov xov 
ydp fi(iiauv oux eyei nepiaaov. Xeyo 8r), oxi xal dpxidxic; ne- 
piaaoc; eaxiv. edv ydp xov A xe(iva)(iev Siya xal xov fi(iiauv 
auxou 8[xa xal xouxo del n;oiA(iev, xaxavxr)ao(iev e’lc; xiva 
dpi'd(i6v nepiaaov, oi; (iexpr)aei xov A xaxd dpxiov dpi'd(i6v. 
ei ydp ou, xaxavxr)ao(iev eic; 6ud8a, xal eaxai 6 A xAv dno 
8ud6oc; 8in:Xaaiaf^o(ieva)v onep oux Onoxeixai. Aaxe 6 A 
dpxidxic; nepiaaov eaxiv. eSeix'dr] 8e xal dpxidxic; dpxioc;. 6 
A dpa dpxidxic; xe dpxioc; eaxi xal dpxidxic nepiaaoc;- onep 
e8ei 8eT^ai. 


any multitude of numbers whatsoever are continuously 
proportional, starting from a unit, and the (number) A af¬ 
ter the unit is prime, the greatest of A, B, C, D, (namely) 
D, will not be measured by any other (numbers) except 
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus, 
D is an even-time-even (number) only [Def. 7.8]. So, 
similarly, we can show that each of B, C is [also] an even- 
time-even (number) only. (Which is) the very thing it was 
required to show 

Proposition 33 

If a number has an odd half then it is an even-time- 
odd (number) only. 

A'-1 

For let the number A have an odd half I say that A is 
an even-times-odd (number) only. 

In fact, (it is) clear that (A) is an even-times-odd 
(number). For its half, being odd, measures it an even 
number of times [Def 7.9]. So I also say that (it is 
an even-times-odd number) only. For if A is also an 
even-times-even (number) then it will be measured by an 
even (number) according to an even number [Def 7.8]. 
Hence, its half will also be measured by an even number, 
(despite) being odd. The very thing is absurd. Thus, A 
is an even-times-odd (number) only. (Which is) the very 
thing it was required to show. 

Proposition 34 

If a number is neither (one) of the (numbers) doubled 
from a dyad, nor has an odd half, then it is (both) an 
even-times-even and an even-times-odd (number). 

A'-1 

For let the number A neither be (one) of the (num¬ 
bers) doubled from a dyad, nor let it have an odd half 
I say that A is (both) an even-times-even and an even- 
times-odd (number). 

In fact, (it is) clear that A is an even-times-even (num¬ 
ber) [Def 7.8]. For it does not have an odd half So I 
say that it is also an even-times-odd (number). For if we 
cut A in half, and (then cut) its half in half, and we do 
this continually, then we will arrive at some odd num¬ 
ber which will measure A according to an even number. 
For if not, we will arrive at a dyad, and A will be (one) 
of the (numbers) doubled from a dyad. The very oppo¬ 
site thing (was) assumed. Hence, A is an even-times-odd 
(number) [Def 7.9]. And it was also shown (to be) an 
even-times-even (number). Thus, A is (both) an even- 
times-even and an even-times-odd (number). (Which is) 
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Xe'. 

’Eotv Saiv oaoiBrjiioToOv dpi'd[jLoi e^rjc dvdXoyov, dcpai.- 
peiL>wai 5e d^o xe xou Beuxepou xal xoO eaxdxou Taoi t& 
xpcoTtp, eaxcti (be; f) xou 5euxepou uxepoxi^ npoe; xov xpwxov, 
ouxcoc; f] xou eaxdxou uxepoxi^ xpoc; xouc; upo eauxou 
xdvxag. 

Ai-1 

B Hr 

I-1-1 

A'-1 

E A K @ Z 

I—I—I—I-1 

Tilaxcoaav oTioaoiSrjTioxouv dpiij^ol e^fje dvdXoyov oi A, 
BF, A, EZ d(px 6 (jevoi. d^o eXaxiaxou xou A, xai d{pr)pr]a'd(u 
duo xou BF xal xou EZ x(b A laoe; exdxepoc; xwv BF[, Z0' 
Xeyco, 6 x 1 . eaxlv &>q 6 HF npoQ xov A, ouxtoe; 6 E0 xpoc; 
xoue; A, BF, A. 

KeiaDto ydp xc5 (iev BF laoi; 6 ZK, xc3 5e A laoc; 6 ZA. 
xal enel 6 ZK xeb BFIaoe; eaxlv, Sv 6 Z0 xA BFIiaoc; eaxlv, 
XoiKOi; dpa 6 0K XoltiA xA HF eaxiv laoc;. xal exel eaxiv Ac; 

6 EZ xpoc; xov A, ouxcoc; 6 A Tipoc; xov BF xal 6 BF xpoc; 
xov A, laoc; 6 e 6 piev A xA ZA, 6 6 e BF xA ZK, 6 8 e A xA 
Z0, eaxiv dpa Ac; 6 EZ xpo; xov ZA, ouxco; 6 AZ xpo; xov 
ZK xal 6 ZK xpo; xov Z0. 6 ieX 6 vxi, A; 6 EA xpo; xov AZ, 
ouxco; 6 AK xpo; xov ZK xal 6 K0 xpo; xov Z0. eaxiv dpa 
xal A; eX; xAv f)You(jevcov xpo; eva xAv e 7 i:o(jevcov, ouxco; 
dxavxe; oi f]Youpievoi xpo; dxavxa; xou; e 7 i:o(jevou;' eaxiv 
dpa A; 6 K0 xpo; xov Z0, ouxco; oi EA, AK, K0 xpo; 
xou; AZ, ZK, 0Z. lao; 8 e 6 (uev K0 xA FH, 6 6 e Z0 xA 
A, oi 6 e AZ, ZK, 0Z xol; A, BF, A' eaxiv dpa A; 6 FH 
xpo; xov A, ouxco; 6 E0 xpo; xou; A, BF, A. eaxiv dpa 
A; f) xou 6 euxepou uxepoxf] xpo; xov xpAxov, ouxco; fj xou 
eaxdxou uxepox^ xpo; xou; xpo eauxou xdvxa;- oxep e 8 ei 
8 el^ai. 

t This proposition allows us to sum a geometric series of the form a, 
{ar — a)/a = (ar" — a)/S„. Hence, Sn = a (r" — l)/(r- — 1). 

Xy. 

’Edv dxo [iovdSo; oxoaoiouv dpiUp-ol e^l]; exxeDAaiv ev 
xfi SixXaalovi dvaXcyla, ecu; ou 6 auptxa; auvxeDel; xpAxo; 
Ysvrjxai, xal 6 aup,xa; exl xov eaxaxov xoXXaxXaaiaa'del; 


the very thing it was required to show. 

Proposition 351 

If there is any multitude whatsoever of continually 
proportional numbers, and (numbers) equal to the first 
are subtracted from (both) the second and the last, then 
as the excess of the second (number is) to the first, so the 
excess of the last will be to (the sum of) all those (num¬ 
bers) before it. 

Ai- 1 

B G C 

I-1—I 

Di- 1 

E L K H F 

I-1-1-1-1 

Let A, BC, D, EF be any multitude whatsoever of 
continuously proportional numbers, beginning from the 
least A. And let BG and FH, each equal to A, have been 
subtracted from BC and EF (respectively). I say that as 
GC is to A, so EH is to A, BC, D. 

For let FK be made equal to BC, and FL to D. And 
since FK is equal to BC, of which FH is equal to BG, 
the remainder HK is thus equal to the remainder GC. 
And since as EF is to D, so D (is) to BC, and BC to 
A [Prop. 7.13], and F> (is) equal to FL, and BC to FK, 
and A to FH, thus as FF is to FL, so LF (is) to FK, and 
FK to FH. By separation, as EL (is) to LF, so LK (is) 
to FK, and KH to FH [Props. 7.11, 7.13]. And thus as 
one of the leading (numbers) is to one of the following, 
so (the sum of) all of the leading (numbers is) to (the 
sum of) all of the following [Prop. 7.12]. Thus, as KH 
is to FH, so EL, LK, KH (are) to LF, FK, HF. And 
KH (is) equal to CG, and FH to A, and LF, FK, HF 
to D, BC, A. Thus, as CG is to A, so EH (is) to D, 
BC, A. Thus, as the excess of the second (number) is to 
the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it 
was required to show. 

ar, ar^, ar^, - ■ ■ ar”'~^. According to Euclid, the sum Sn satisfies 

Proposition 36i 

If any multitude whatsoever of numbers is set out con¬ 
tinuously in a double proportion, (starting) from a unit, 
until the whole sum added together becomes prime, and 
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noifj TLva, 6 Yev 6 (i£vo<; teXeloc; saxai. 

’Ako yap ^ovd 8 o<; Exxsia'dwaocv oaoiSrjxoToOv dpiiSijL- 
ol £v xfi SixXaaiovi dvaXcyia, ecoc; o 5 6 aujixac; auvTEiSElc; 
xpwTOC YEvrjxai., oi A, B, F, A, xai x« au(jLxavxi laoc; saxw 
6 E, xal 6 E xov A xoXXaxXaaidaai; xov ZH xoleixw. Xeyw, 
6 x 1 6 ZH xeXeloc; saxiv. 

B I—I 

r I- 1 

Ai-1 


El—I 

Q N K 

Ai-1 

Ml-1 

Z H H 

I-^-1 

Oi-1 

ni-1 

"Oaol Y^p eiCTiv ol A, B, F, A xc5 xXr^'dei, xoaoOxoi dxo 
xoD E slXricp'dwaav ev xfj BixXaafovi. dvaXoYia oi E, 0K, A, 
M- 6i’ laou dpa soxiv A<; 6 A npoQ xov A, ouxwc; 6 E xpoc; 
xov M. 6 dpa ex xwv E, A !ao<; saxl xo ex xAv A, M. xai 
EaxLv 6 EX xAv E, A 6 ZH- xal 6 ex xAv A, M dpa saxiv 6 
ZH. 6 A dpa xov M xoXXaxXaaidaac xov ZH xExoirjXEv 6 
M dpa xov ZH ^ExpsI xaxd xdi; ev xA A ^ovd8a<;. xai saxi 
8ud<; 6 A- 8i.xXdaio<; dpa saxiv 6 ZH xou M. sial Be xal oi M, 
A, 0K, E E^T]? 8i.xXdaioi. dXXr]Xwv oi E, 0K, A, M, ZH dpa 
£^f)<; dvdXoyov siaiv ev xfj BixXaaiovi dvaXoyia. dcpripi^a-da) 
8f) dxo xou SsuxEpou xou 0K xal xou saxdxou xou ZH xA 
xpAxw xA E laoc sxdxspoc xAv 0N, ZS- saxiv dpa Ac f) 
xou Ssuxspou dpi-dijLou uxspoxf] xpoc xov xpAxov, ouxwc f) 
xou saxdxou UKspoxf) xpoc xouc xpo Eauxou xdvxac. saxiv 
dpa Ac 6 NK xpoc xov E, ouxwc 6 SH xpoc xouc M, A, 
K0, E. xai saxiv 6 NK laoc xA E- xal 6 5H dpa laoc saxl 
xolc M, A, 0K, E. saxi Be xal 6 Z5 xA E laoc, 6 Be E 
xolc A, B, F, A xal xfj ^JiovdBi. oXoc dpa 6 ZH laoc saxi 
xolc x£ E, 0K, A, M xal xolc A, B, F, A xal xfj ^JiovdBi- 
xal ^Expslxai ux’ auxAv. XEyw, 6xi xal 6 ZH ux’ ouBsvoc 
dXXou ^JiExprj'dfjaExai xaps^ xAv A, B, F, A, E, 0K, A, M 
xal xfjc tJiovdBoc. si ydp Buvaxov, ^Expsixw xic xov ZH 6 
O, xal 6 O t^rjBEvl xAv A, B, F, A, E, 0K, A, M saxw 6 
auxoc- xal oadxic 6 O xov ZH (JExpsl, xoaauxai (lovaBsc 


the sum multiplied into the last (number) makes some 
(number), then the (number so) created will be perfect. 

For let any multitude of numbers, A, B, C, D, be set 
out (continuouly) in a double proportion, until the whole 
sum added together is made prime. And let E be equal to 
the sum. And let E make EG (by) multiplying D. I say 
that EG is a perfect (number). 

B'-1 

C'-1 

D'-1 


El- 1 

H N K 

I-^-1 

L I-1 

Ml-1 

F O _G 

P I-1 

- 

For as many as is the multitude of A, B, G, D, let so 
many (numbers), E, HK, L, M, have been taken in a 
double proportion, (starting) from E. Thus, via equal¬ 
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the 
(number created) from (multipl 3 dng) E, D is equal to the 
(number created) from (multiplying) A, M. And EG is 
the (number created) from (multiplying) E, D. Thus, 
EG is also the (number created) from (multipl 3 dng) A, 
M [Prop. 7.19]. Thus, A has made EG (by) multiplying 
M. Thus, M measures EG according to the units in A. 
And A is a dyad. Thus, EG is double M. And M, L, 
ElK, E are also continuously double one another. Thus, 
E, HK, L, M, EG are continuously proportional in a 
double proportion. So let HN and EG, each equal to the 
first (number) E, have been subtracted from the second 
(number) HK and the last EG (respectively). Thus, as 
the excess of the second number is to the first, so the ex¬ 
cess of the last (is) to (the sum of) all those (numbers) 
before it [Prop. 9.35]. Thus, as NK is to E, so OG (is) 
to M, L, KH, E. And NK is equal to E. And thus OG 
is equal to M, L, HK, E. And FO is also equal to E, 
and E to A, B, G, D, and a unit. Thus, the whole of EG 
is equal to E, HK, L, M, and A, B, G, D, and a unit. 
And it is measured by them. I also say that EG will be 
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eaTCoaav ev tw II' 6 11 apa xov O KoXXaTiXaaiaaai; tov ZH 
nenoirixev. dXXa [ifjv xocl 6 E tov A xoXXaTiXaaiaaac; tov 
ZH TCenoirjxev eaxiv apa A<; 6 E Tipoc; xov H, 6 O Tipoc; xov 
A. xal enel duo piovdSoc; e^fjc; dvdXoyov elaiv ol A, B, E, 
A, 6 A dpa utc’ ou8ev6<; dXXou dpnSjioO piexprjiSr^aexai Tiape^ 
xAv A, B, r. xai UTioxsixai 6 O ou8svi xAv A, B, E 6 aOxoi;' 
oOx dpa pisxpr]a£i. 6 O xov A. dXX’ Ac; 6 O upoc; xov A, 6 
E Tipoc; xov n- ou6e 6 E dpa xov H piSTpel. xa[ eaxiv 6 E 
upAxoc;- Tide; 6s TipAxoc; dpi'd(jL6c; Tipoc; dTiavxa, 6v (if] (isxpsT, 
TipAxoc; [saxiv]. oi E, H dpa TipAxoi Tipoc; dXXrjXouc; siaiv. oi 
8s TipAxoi xai sXd)(i.axoi., oi 6 e sXd)(i.axoi. (isxpoDai. xouc; xov 
aOxov Xoyov sxovxac; iadxic; o xs fjyoOpisvoc; xov f]You(isvov 
xai 6 STiopisvoc; xov ETi6(isvov xai saxiv Ac; 6 E Tipoc; xov H, 
6 O Tipoc; xov A. iadxii; dpa 6 E xov O (isxpsT xal 6 H xov 
A. 6 6e A Oti’ o08ev6c; dXXou (isxpsTxai naps^ xAv A, B, E- 
6 n dpa Evi xAv A, B, E saxiv 6 aOxoi;. saxw xA B 6 abxoc,. 
xai oaoi sialv oi B, E, A xA TiXfiDsi xoaoOxoi EiXrjcp'dwaav 
aTio xoO E oi E, 0K, A. xai siaiv oi E, 0K, A xoTc; B, E, A 
Ev xA auxA Xoyw 8i’ laou dpa saxiv Ac; 6 B Tipoc; xov A, 6 
E Tipoi; xov A. 6 dpa sx xAv B, A laoi; saxi xA sx xAv A, 
E- dXX’ 6 EX xAv A, E laoi; saxi xA sx xAv H, O- xal 6 sx 
xAv n, O dpa laoc; sail xA sx xAv B, A. saxiv dpa Ac; 6 H 
Tipoc; xov B, 6 A Tipoi; xov O. xai saxiv 6 H xA B 6 aOxoc;- 
xai 6 A dpa xw O saxiv 6 aOxoi;' OTisp d60vaxov 6 ydp O 
UTioxEixai (ir]8Evi xAv EXXEi(iEva)v 6 aOxoc;- oOx dpa xov ZH 
(iExpf]aEi Tie; dpnJpioc; naps? xAv A, B, E, A, E, 0K, A, M 
xai xfji; (iovd6o(;. xal E8Eixri 6 ZH xoTc A, B, E, A, E, 0K, 
A, M xal xf) (iovd6i laoc;. xsXsioc; 8 e dpi'd(i6c; saxiv 6 xolc; 
sauxoO (ispsaiv laoc; Av xsXsioc; dpa saxiv 6 ZH- oTisp e6ei 
8ET^ai. 


measured by no other (numbers) except A, B, C, D, E, 
HK, L, M, and a unit. For, if possible, let some (num¬ 
ber) P measure EG, and let P not be the same as any 
of A, B, C, D, E, HK, L, M. And as many times as P 
measures EG, so many units let there be in Q. Thus, Q 
has made EG (by) multipl 3 dng P. But, in fact, E has also 
made EG (by) multiplying D. Thus, as E is to Q, so P 
(is) to D [Prop. 7.19]. And since A, B, C, D are con¬ 
tinually proportional, (starting) from a unit, D will thus 
not be measured by any other numbers except A, B, G 
[Prop. 9.13]. And P was assumed not (to be) the same 
as any of A, B, G. Thus, P does not measure D. But, 
as P (is) to D, so E (is) to Q. Thus, E does not mea¬ 
sure Q either [Def 7.20]. And A is a prime (number). 
And every prime number [is] prime to every (number) 
which it does not measure [Prop. 7.29]. Thus, E and Q 
are prime to one another. And (numbers) prime (to one 
another are) also the least (of those numbers having the 
same ratio as them) [Prop. 7.21], and the least (num¬ 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. 
And as E is to Q, (so) P (is) to D. Thus, E measures P 
the same number of times as Q (measures) D. And D 
is not measured by any other (numbers) except A, B, C. 
Thus, Q is the same as one of A, B, G. Let it be the same 
as B. And as many as is the multitude of B, G, D, let so 
many (of the set out numbers) have been taken, (start¬ 
ing) from E, (namely) E, HK, L. And E, HK, L are in 
the same ratio as B, C, D. Thus, via equality, as B (is) 
to D, (so) E (is) to L [Prop. 7.14]. Thus, the (number 
created) from (multiplying) B, L is equal to the (num¬ 
ber created) from multiplying D, E [Prop. 7.19]. But, 
the (number created) from (multiplying) D, E is equal 
to the (number created) from (multiplying) Q, P. Thus, 
the (number created) from (multipl 3 dng) Q, P is equal 
to the (number created) from (multipl 3 dng) B, L. Thus, 
as Q is to B, (so) L (is) to P [Prop. 7.19]. And Q is the 
same as B. Thus, L is also the same as P. The very thing 
(is) impossible. For P was assumed not (to be) the same 
as any of the (numbers) set out. Thus, EG cannot be 
measured by any number except A, B, C, D, E, HK, L, 
M, and a unit. And EG was shown (to be) equal to (the 
sum of) A, B, G, D, E, HK, L, M, and a unit. And a 
perfect number is one which is equal to (the sum of) its 
own parts [Def 7.22]. Thus, EG is a perfect (number). 
(Which is) the very thing it was required to show. 


t This proposition demonstrates that perfect numbers take the form 2" ^ (2" — 1) provided that 2" — 1 is a prime number. The ancient Greeks 
knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, and 7, respectively. 
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Incommensurable Magnitude^ 


tThe theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout 
this book, k, k', etc. stand for distinct ratios of positive integers. 
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''Opoi. Definitions 

oc'. Su^pexpct peye'dr) XeysTai xa xw auxw pisxpw pis- 1. Those magnitudes measured by the same measure 
xpoupieva, daupipiexpa 5e, 5v pLrjSEv evSeyexai xoivov pisxpov are said (to be) commensurable, but (those) of which no 
YCVEadai. (magnitude) admits to be a common measure (are said 

P'. EMeImi duvdjiEi aujipiExpoi slaiv, oxav xd dm’ auxwv to be) incommensurable.! 
xExpdywva xw auxw (iExpfjxai, daupipiExpoi M, oxav 2. (Two) straight-lines are commensurable in square^ 

xoTc dx’ aOxSiv xExpaywvoK; piqdEv EvSEyrixai x^piov xoivov when the squares on them are measured by the same 
piExpov YEvcadai. area, but (are) incommensurable (in square) when no 

y'. Touxwv uxoxEipiEvwv dEixvuxai, 6xi xr) KpoxEilEiar] area admits to be a common measure of the squares on 
EudEia UTidpxouaiv EudElai TiXTidEi dxEipoi aupipLExpoi xe xal them.§ 

daupipiExpoi at (isv (iqxEi qovov, ai Ss xal duvdpiEi. xaXEiadw 3. These things being assumed, it is proved that there 
oijv f) piEv TipoxEdElaa EudEla prjxrj, xal al xauxr) auppExpoi exist an infinite multitude of straight-lines commensu- 
e’ixe pqxEi xal duvdpiEi e’ixe 6uvdpEi povov pqxai, al ds xauxr) table and incommensurable with an assigned straight- 
dauppExpoi dXoYoi xaXEiadwaav. line—those (incommensurable) in length only, and those 

6'. Kal x6 pEv dKo xfj<; xpoxEdEiarjc EudEiai; xExpdYW- also (commensurable or incommensurable) in square.^ 
vov prjxov, xal xd xouxw auppExpa pqxd, xd Be xouxw Therefore, let the assigned straight-line be called ratio- 
dauppExpa dXoya xaXEiadw, xal al BuvdpEvai aOxd dXoyoi, nal. And (let) the (straight-lines) commensurable with it, 

El psv xExpdYOva e’it), auxal al xXEupai, Ei Be sxEpd xiva either in length and square, or in square only, (also be 
EuduYpappa, al Xaa auxoTc xExpdywva dvaYpdcpouaai. called) rational. But let the (straight-lines) incommensu¬ 

rable with it be called irrational.* 

4. And let the square on the assigned straight-line be 
called rational. And (let areas) commensurable with it 
(also be called) rational. But (let areas) incommensu¬ 
rable with it (be called) irrational, and (let) their square- 
roots* (also be called) irrational—the sides themselves, if 
the (areas) are squares, and the (straight-lines) describ¬ 
ing squares equal to them, if the (areas) are some other 
rectilinear (figure).! 

t In other words, two magnitudes a and /3 are commensurable if o : /3 :: 1 : fc, and incommensurable otherwise, 
t Literally, “in power”. 

§ In other words, two straight-lines of length a and /9 are commensurable in square if a : /9 :: 1 : and incommensurable in square otherwise. 

Likewise, the straight-lines are commensurable in length if q : :: 1 : fc, and incommensurable in length otherwise. 

^ To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable 
in both length and square, with an assigned straight-line. 

* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or depending on whether 
the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational. 

* The square-root of an area is the length of the side of an equal area square. 

II The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares 
whose sides are of rational length have rational areas, and vice versa. 

a. Proposition 1! 

Auo peyeDcov dvlawv sxxEipEvcov, sdv dito xou pEi^ovoq If, from the greater of two unequal magnitudes 
dcpaipEdf) pEt^ov T) x6 T)piau xal xou xaxaXEiTtopEvou pEt^ov (which are) laid out, (a part) greater than half is sub- 
q x6 qpiau, xal xouxo del Yiyvrjxai, XEicpifqaExai xi pEYedoq, tracted, and (if from) the remainder (a part) greater than 
6 Eoxai cXaaaov xou ExxEipcvou eXoLaaovoz pEYedouq. half (is subtracted), and (if) this happens continually, 
’'Eaxco Buo pEyedr] dviaa xd AB, T, Sv pcT^ov x6 AB- then some magnitude will (eventually) be left which will 
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Xeyco, oTi, eav anb xoO AB dcpaipe'dfj (lelCov f] to T](jLiau 
xal ToO xaxaXeiKopisvou (jeT^ov r] to fipii.au, xai touto dsl 
YiYvr]Tai, XEi(p'df]a£Ta[ ti ptEYeffoi;, 6 saxai sXaaaov tou F 
ptEYeffouc;. 


AK @ B 

I—I-1-1 

ri-1 

I-1-1-1 

A Z H E 

To r Y«P TCoXXaTiXaaiaJ^opiEvov saxai tote tou AB 
ptsT^ov. KETioXXaxXaai.da'dw, xal egtw to AE tou pisv F 
noXXanXdaiov, tou Be AB piEl^ov, xal Biripniafla) to AE eIc; 
Ta tA F laa toc AZ, ZF[, HE, xal d(pripf]a'd(J dTio pisv tou 
AB piEl^ov f] TO fipiiou TO B0, dTio Be tou A0 piEl^ov f] to 
fjpiiau TO 0K, xal touto dEl YiY'^ecrdto, ewc; dv ai ev tA AB 
BiaipsaEic; laonXTiDETc; YevcovTai Talc; ev tA AE BiaipsaEaiv. 

TilaTwaav ouv al AK, K0, 0B BiaipsaEii; laonXri'dElc; 
ouoai Talc AZ, ZH, HE- xal ekeI pLEl^ov sail to AE tou 
AB, xal dcp/ipriTai. duo pisv tou AE sXaaaov tou fipiioEWc; to 
EH, duo Be tou AB pisl^ov f] to f]pii.au to B0, Xoltiov dpa 
TO HA XoiTCOu TOU 0A piElJ^ov EOTiv. xal etceI piEl^ov eoti to 
HA TOU 0A, xal d(piripr)Tai tou pisv HA f]piiau to HZ, tou 
Be 0A piEl^ov f] TO fjpiiau to 0K, Xomov dpa to AZ Xomou 
TOU AK piEl^ov EOTiv. laov Be to AZ tA F- xal to F dpa 
TOU AK piEl^ov EOTiv. sXaaaov dpa to AK tou F. 

KaTaXsiTiETai. dpa duo tou AB piSYsflouc to AK piEYelloc; 
sXaaaov 6v tou EXXEipiEvou sXdaaovoc; piEYeflouc; tou F- 
onsp eBei Bsl^ai. — opioicoc; Be SEixflriaETai., xdv fipiiar) fj xd 
dcpaipoupiEva. 


be less than the lesser laid out magnitude. 

Let AB and C be two unequal magnitudes, of which 
(let) AB (be) the greater. 1 say that if (a part) greater 
than half is subtracted from AB, and (if a part) greater 
than half (is subtracted) from the remainder, and (if) this 
happens continually, then some magnitude will (eventu¬ 
ally) be left which will be less than the magnitude C. 

A K H B 


C'-1 

I-1-1-1 

D F G E 

For C, when multiplied (by some number), will some¬ 
times be greater than AB [Def. 5.4]. Let it have been 
(so) multiplied. And let DE be (both) a multiple of C, 
and greater than AB. And let DE have been divided into 
the (divisions) DE, EG, GE, equal to C. And let BH, 
(which is) greater than half, have been subtracted from 
AB. And (let) ElK, (which is) greater than half, (have 
been subtracted) from AH. And let this happen continu¬ 
ally, until the divisions in AB become equal in number to 
the divisions in DE. 

Therefore, let the divisions (in AB) be AK, KH, HB, 
being equal in number to DE, EG, GE. And since DE is 
greater than AB, and EG, (which is) less than half, has 
been subtracted from DE, and BH, (which is) greater 
than half, from AB, the remainder GD is thus greater 
than the remainder HA. And since GD is greater than 
HA, and the half GE has been subtracted from GD, and 
HK, (which is) greater than half, from HA, the remain¬ 
der DE is thus greater than the remainder AK. And DE 
(is) equal to G. G is thus also greater than AK. Thus, 
AK (is) less than G. 

Thus, the magnitude AK, which is less than the lesser 
laid out magnitude G, is left over from the magnitude 
AB. (Which is) the very thing it was required to show. — 
(The theorem) can similarly be proved even if the (parts) 
subtracted are halves. 


t This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus. 


P- 

’Eav Buo pEYcdAv [EXXEipEvtov] cxvlacov dvducpaipoupEvou 
del TOU EXdaaovoc; dtro tou pcl^ovoc; to xaTaXctTiopEvov 
pqBETtoTE xaxapETpfj to xpo Eauxou, dauppExpa caxai xd 
pEYS-hr]. 

Auo Y“P pcY^'dAv ovtcov dviawv xAv AB, FA xal 
sXdaaovoc tou AB dvOuepatpoupEvou dsl tou sXdaaovoc 
duo TOU psl^ovoc to nEpiXEiiiopEvov prjBEitoTE xaxapE- 


Proposition 2 

If the remainder of two unequal magnitudes (which 
are) [laid out] never measures the (magnitude) before it, 
(when) the lesser (magnitude is) continually subtracted 
in turn from the greater, then the (original) magnitudes 
will be incommensurable. 

For, AB and GD being two unequal magnitudes, and 
AB (being) the lesser, let the remainder never measure 
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xpELTW TO Tipo eauTOU' Xeyw, oti. dau(jpi£Tpd eaxi. xd AB, 
FA pieyeTlr). 

AH B 

I-^^- 1 

E'-1 

I-^^- 1 

r z A 

Ei ydp eaxi a6pt(i£xpa, (i£xpr)a£i xi auxd piEyEiSot;. pi£- 
xpELxw, £1 6uvax6v, xal £axw x6 E' xai x6 (jev AB x6 ZA 
xaxapiExpoOv Xeltiexco EauxoO EXaaaov x6 FZ, x6 Be FZ x 6 
BH xocxa(i£xpouv Xeikexo EauxoO sXaaaov x6 AF[, xal xoOxo 
d£l yivEaDw, ewc; ou XEicpTlf) xi pisyEDoc;, 6 saxiv sXaaaov xou 
E. yEyovExco, xal XeXeicp^co x 6 AH sXaaaov xou E. etieI ouv 
TO E x6 AB piExpEl, dXXd x6 AB x6 AZ jiExpET, xal x6 E dpa 
TO ZA piExprjaEi. [iExpEl Be xal oXov x6 FA- xal Xoixov dpa 
TO FZ [iExpr^aEi. dXXd x6 FZ x6 BH [iExpEl- xal x6 E dpa 
TO BH piExpEl. [iExpEl Be xal oXov x6 AB- xal Xomov dpa x6 
AH piExp-TjaEi, x6 piEl^ov x6 sXaaaov- oxEp saxiv dBuvaxov. 
oux dpa xd AB, FA pisyE-dr) piExpr^asi xi piEysDoc;- daupipiExpa 
dpa saxl xd AB, FA (isyETlr). 

’Edv dpa Buo (isyEHcOv dviatov, xal xd s^fjc;. 


t The fact that this will eventually occur is guaranteed by Prop. 10.1. 

y'- 

Auo piEyE-dcuv aujupiExpcov Bo-Devtcuv x6 [isyiaxov auxwv 
xoivov piExpov EupsTv. 

AZ B 

I—I—I—I—I 

I—I—I-1-1 

r E A 

H'-1 

TCaxw xd Bo-dEvxa Buo (isys'dr) aupi(j£xpa xd AB, FA, 
Sv sXaaaov x6 AB- BsT 8i^ xAv AB, FA x6 (isyiaxov xoivov 
(lExpov EUpslv. 

To AB ydp (isys-do^ f]xoi (lExpsI x6 FA ou. si pisv 
ouv (lExpsl, (lExpsl Be xal sauxo, x6 AB dpa xAv AB, FA 
XOIVOV (lExpov saxiv- xal (pavspov, oxi xal (isyiaxov. (isT^ov 
ydp xou AB (isys-douc; x6 AB ou (lExp-rjasi. 

Miq (lExpEixw Bf] x6 AB x6 FA. xal dv'du(paipou(i£vou 
dsl xou sXdaaovoc; dxo xou (isi^ovoc, x6 7i£piX£i7t6(i£vov 
(i£xpr]a£i TtoxE x6 itpo sauxou Bid x6 [if] sTvai dau(i(i£xpa xd 
AB, FA- xal x6 (iev AB x6 EA xaxa(i£xpouv Xeikexo sauxou 


the (magnitude) before it, (when) the lesser (magnitude 
is) continually subtracted in turn from the greater. I say 
that the magnitudes AB and CD are incommensurable. 

AG B 

I-1-1-1 

E'-1 

I-1-1-1 

C F D 

For if they are commensurable then some magnitude 
will measure them (both). If possible, let it (so) measure 
(them), and let it be E. And let AB leave CF less than 
itself (in) measuring FD, and let CF leave AG less than 
itself (in) measuring BG, and let this happen continually, 
until some magnitude which is less than E is left. Let 
(this) have occurred,! and let AG, (which is) less than 
E, have been left. Therefore, since E measures AB, but 
AB measures DF, E will thus also measure FD. And it 
also measures the whole (of) CD. Thus, it will also mea¬ 
sure the remainder CF. But, CF measures BG. Thus, E 
also measures BG. And it also measures the whole (of) 
AB. Thus, it will also measure the remainder AG, the 
greater (measuring) the lesser. The very thing is impos¬ 
sible. Thus, some magnitude cannot measure (both) the 
magnitudes AB and CD. Thus, the magnitudes AB and 
CD are incommensurable [Def 10.1]. 

Thus, if... of two unequal magnitudes, and so on_ 

Proposition 3 

To find the greatest common measure of two given 
commensurable magnitudes. 

A F B 

I—I-1-1-1 

I—I—I-1-1 

C E D 

Gi-1 

Let AB and CD be the two given magnitudes, of 
which (let) AB (be) the lesser. So, it is required to find 
the greatest common measure of AB and CD. 

For the magnitude AB either measures, or (does) not 
(measure), CD. Therefore, if it measures {CD), and 
(since) it also measures itself, AB is thus a common mea¬ 
sure of AB and CD. And (it is) clear that (it is) also (the) 
greatest. For a (magnitude) greater than magnitude AB 
cannot measure AB. 

So let AB not measure CD. And continually subtract¬ 
ing in turn the lesser (magnitude) from the greater, the 
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eXaaaov to EF, to 6e EF to ZB xaTa^STpoOv Xeiketo 
eauToO eXaaaov to AZ, to 6e AZ to FE ^STpeiTW. 

’Ekei ouv to AZ TO FE ^STpEl, dXXa to FE to ZB (JETpEl, 
xal TO AZ dpa to ZB ^ETpr]aEi.. (lETpEl Be xal sauTO' xal 
oXov dpct TO AB (JETprjaEi to AZ. dXXd to AB to AE (JETpEl' 
xai TO AZ dpa to EA (iETpr^aEi. (iETpEl Be xal to FE- xai 
oXov dpa TO FA (JETpEl- to AZ dpa twv AB, FA xoivov 
^lETpov eotIv. Xeyw Brj, oti. xal (ieyiotov. ei y“P ecJTai. 
Ti tJiEYS'doc; ^eT^ov tou AZ, 6 piETpr]a£i. Ta AB, FA. eotw to 
H. exeI ouv to H to AB ^STpEl, dXXd to AB to EA (JETpEl, 
xal TO H dpa to EA (JETpr)aEi. Be xal oXov to FA- 

xal XoLxov dpa to FE JETprjaEi to H. dXXd to FE to ZB 
^XETpEl- xal TO H dpa to ZB (JETpi^aEi. ^JiS'cpel^ Be xal oXov 
TO AB, xal XoLxov to AZ (JETpi^aEi, to ^JIeT^ov to sXaaaov- 
oxEp eotIv dBuvaTov. oux dpa (jeT^ov ti (i£Y£'0o<; tou AZ 
Ta AB, FA JETprjaEi- to AZ dpa twv AB, FA to (ieyiotov 

XOIVOV ^ETpOV EOTIV. 

Auo dpa (UEYE-OCiv au^(i£Tpwv Bo-dsvTWv tov AB, FA 
TO t^EYLCTTOv xoivov (lETpov r]upr)Tai.- oxEp eBei BEl^ai. 


n6pia[Jia. 

’Ex Bf) TouTou cpavEpov, oti, sdv (ueye-Ooc Buo pEYS-dr) 
[iETpfj, xal TO [iSYioTov auTWv xoivov (iSTpov p,£Tpr]a£i. 

6 '. 

Tpiwv (ieye'Owv au(i^£Tp(£)v Bo^evtwv to (ieyiotov 
auTWv XOIVOV (JETpov EupElv. 

A'-1 

B'-1 

Ti-1 

I -1 I— I I-1 

A E Z 

’FlaTW Ta Bo-dsvTa Tpia ^JiEYS-dr) aup^STpa Ta A, B, F- 
BeI Bf) Twv A, B, F TO jiSYioTov xoivov psTpov EupElv. 

EiXfitp-dto Ydp Buo twv A, B to (ueyiotov xoivov psTpov, 
xal EOTCO TO A- TO Bf) A TO F f)TOl [iETpEl f) OU [[iETpEl]. 
[iETpElTW xpOTEpoV. EXeI OUV TO A TO F pETpEl, pETpEl Be 


remaining (magnitude) will (at) some time measure the 
(magnitude) before it, on account of AB and CD not be¬ 
ing incommensurable [Prop. 10.2]. And let AB leave EC 
less than itself (in) measuring ED, and let EC leave AE 
less than itself (in) measuring EB, and let AE measure 
CE. 

Therefore, since AE measures CE, but CE measures 
FB, AE will thus also measure EB. And it also mea¬ 
sures itself. Thus, AE will also measure the whole (of) 
AB. But, AB measures DE. Thus, AE will also mea¬ 
sure ED. And it also measures CE. Thus, it also mea¬ 
sures the whole of CD. Thus, AE is a common measure 
of AB and CD. So I say that (it is) also (the) greatest 
(common measure). For, if not, there will be some mag¬ 
nitude, greater than AE, which will measure (both) AB 
and CD. Let it be C. Therefore, since G measures AB, 
but AB measures ED, G will thus also measure ED. And 
it also measures the whole of CD. Thus, G will also mea¬ 
sure the remainder CE. But CE measures FB. Thus, G 
will also measure FB. And it also measures the whole 
(of) AB. And (so) it will measure the remainder AE, 
the greater (measuring) the lesser. The very thing is im¬ 
possible. Thus, some magnitude greater than AE cannot 
measure (both) AB and CD. Thus, AE is the greatest 
common measure of AB and CD. 

Thus, the greatest common measure of two given 
commensurable magnitudes, AB and CD, has been 
found. (Which is) the very thing it was required to show. 

Corollary 

So (it is) clear, from this, that if a magnitude measures 
two magnitudes then it will also measure their greatest 
common measure. 

Proposition 4 

To find the greatest common measure of three given 
commensurable magnitudes. 

AI-1 

B'-1 

C'-1 

I-1 I—I I—I 

D E F 

Let A, B, C be the three given commensurable mag¬ 
nitudes. So it is required to find the greatest common 
measure of A, B, C. 

For let the greatest common measure of the two (mag¬ 
nitudes) A and B have been taken [Prop. 10.3], and let it 
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xal xa A, B, to A apa xa A, B, F ^sxpel' x6 A apa xGv A, 
B, r xoLvov ^sxpov saxiv. xai cpavepov, oxi. xai ^Jisyiaxov 
yap xoO A ^sysilou^ xa A, B ou ^JiSTpel. 

Mi^ (JExpsLxw 6i^ x6 A x6 F. Xeyw Kpwxov, oxi. au^^expa 
eaxi. xa F, A. etisI yap auii^JiExpd saxi xd A, B, F, ^£xpr]a£i. 
XI aOxd (lEyEiSot;, 6 6r]Xa5i^ xai xd A, B ^£xpr]a£i' waxE 
xa'i x6 xAv A, B ^syiaxov xoivov (lExpov x6 A (j£xpr)a£i. 
tiExpEl Be xal x6 F- waxE x6 EiprjtXEvov (lEyEiSot; tx£xpr]a£i xd 
F, A' au^^Expa dpa saxl xd F, A. EiXyicpilw ouv auxAv x6 
^Eyiaxov XOIVOV ^sxpov, xal saxw x6 E. etieI ouv x6 E x6 
A (lExpsI, dXXd x6 A xd A, B ^ExpEl, xal x6 E dpa xd A, B 
tJi£xpr]a£i. Be xal x6 F. x6 E dpa xd A, B, F (JExpEl- 

x6 E dpa xAv A, B, F xoivov saxi (Jsxpov. Xsyw Br], oxi xal 
^XEyiaxov. ei ydp Buvaxov, saxw xi xou E (ieT^ov ^syEiloc; 
x6 Z, xal (JExpsixo xd A, B, F. xal etieI x6 Z xd A, B, F 
tXExpET, xal xd A, B dpa (i£xpr)a£i xal x6 xAv A, B (isyiaxov 
XOIVOV (lExpov ^£xpr]a£i. x6 Be xAv A, B (jsyiaxov xoivov 
^JiExpov £0x1 x6 A- x6 Z dpa x6 A ^ExpEl. (lExpsI Be xal x6 
F' x6 Z dpa xd F, A (lExpsI' xal x6 xAv F, A dpa (jsyioxov 
XOIVOV (JExpov (j£xpr)a£i x6 Z. soxi Be x6 E- x6 Z dpa x6 E 
tJi£xpr]a£i, x6 ^jieT^ov x6 eXaaaov onEp soxlv dBuvaxov. oux 
dpa ^eI^ov XI xou E ^Eys-douc [^syEiflot;] xd A, B, F ^Expsl- 
x6 E dpa xAv A, B, F x6 ^Jisyioxov xoivov jsxpov soxiv, sdv 
txiQ (uexpf) x6 A x6 F, sdv Be (iexpfj, auxo x6 A. 

TpiAv dpa ^syE^Av au(j^£xp«v Boilsvxwv x6 (isyioxov 
XOIVOV jsxpov rjuprjxai [ousp eBei BsT^ai]. 


n6pia[Jia. 

’Ex Bf] xouxou cpavEpov, oxi, sdv (isysiloc xpia (isysilr) 
[isxpfj, xal x6 [isyioxov auxAv xoivov (isxpov p,£xpr]a£i. 

'Opoitoi; Bi^ xal etiI kXeiovcov x6 (Jsyiaxov xoivov jsxpov 
XrjcpilriaExai, xal x6 Tiopio^xa 'n:po)(«pr]a£i. onsp eBei Bsl^ai. 


be D. So D either measures, or [does] not [measure], C. 
Let it, first of all, measure (C). Therefore, since D mea¬ 
sures C, and it also measures A and B, D thus measures 

A, B, C. Thus, I? is a common measure of A, B, C. And 
(it is) clear that (it is) also (the) greatest (common mea¬ 
sure). For no magnitude larger than D measures (both) 
A and B. 

So let D not measure C. 1 say, first, that C and D are 
commensurable. For if A, B, C are commensurable then 
some magnitude will measure them which will clearly 
also measure A and B. Hence, it will also measure B, the 
greatest common measure of A and B [Prop. 10.3 corn]. 
And it also measures C. Hence, the aforementioned mag¬ 
nitude will measure (both) C and D. Thus, C and D are 
commensurable [Def. 10.1]. Therefore, let their greatest 
common measure have been taken [Prop. 10.3], and let 
it be E. Therefore, since E measures D, but D measures 
(both) A and B, E will thus also measure A and B. And 
it also measures C. Thus, E measures A, B, C. Thus, E 
is a common measure of A, B, C. So I say that (it is) also 
(the) greatest (common measure). For, if possible, let E 
be some magnitude greater than E, and let it measure A, 

B, C. And since E measures A, B, C, it will thus also 
measure A and B, and will (thus) measure the greatest 
common measure of A and B [Prop. 10.3 corn]. And D 
is the greatest common measure of A and B. Thus, E 
measures D. And it also measures C. Thus, E measures 
(both) C and D. Thus, E will also measure the greatest 
common measure of C and D [Prop. 10.3 corn]. And it is 
E. Thus, E will measure E, the greater (measuring) the 
lesser. The very thing is impossible. Thus, some [magni¬ 
tude] greater than the magnitude E cannot measure A, 
B, C. Thus, if D does not measure C then E is the great¬ 
est common measure of A, B, C. And if it does measure 
(C) then D itself (is the greatest common measure). 

Thus, the greatest common measure of three given 
commensurable magnitudes has been found. [(Which is) 
the very thing it was required to show.] 

Corollary 

So (it is) clear, from this, that if a magnitude measures 
three magnitudes then it will also measure their greatest 
common measure. 

So, similarly, the greatest common measure of more 
(magnitudes) can also be taken, and the (above) corol¬ 
lary will go forward. (Which is) the very thing it was 
required to show. 
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s'. 

Ta aOtx(i£Tpa pisye'dr) npoQ aXXrjXa Xoyov £X^'’i 
dpiilpioc upoc; dpi'd[jL6v. 

A B r 



TilaTa) aupi(j£Tpa pieys'dr) xd A, B- Xeyw, oti to A Tipoc; 
TO B Xoyov exEi, ov dpiilpiot; Tipoc dpi'd(i6v. 

’Enel ydp aujipieTpd eaxi xd A, B, piexpriaei xi auxd 
[ieyel> 0 (;. piexpeixw, xal eaxto x6 F. xocl oadxic x6 F x6 
A piexpel, ToaavTciL (lovdSec eoxwaav ev xw A, 6adxi.c 5e 
TO F TO B (iexpei, xoaauxai [iovd5ec; eaxtoaocv ev xw E. 

’Eiiei ouv TO F TO A piexpeT xaxd xdc ev xw A piovdBac, 
piexpel 6e xai f) (lovdc xov A xaxd xdc ev auxo (lovdSac, 
ladxic dpa f) piovdc xov A (jexpeT dpiiSiiov xal x6 F pieyeiloc; 
x6 A- eaxLv dpa (be x6 F Tipoc x6 A, ouxwc piovdc upoc 
xov A- dvaTiaXiv dpa, (be x6 A Tipoc x6 F, ouxcoc 6 A xpoc 
xf]v piovd6a. TidXiv eTiei x6 F x6 B piexpel xaxd xdc ev xA 
E piovd8ac, piexpel Be xal f) (lovdc xov E xaxd xdc ev auxA 
ptovdBac, ladxic dpa f) (lovdc xov E piexpeT xal x6 F x6 B- 
eaxLv dpa Ac x6 F Tipoc x6 B, ouxioc piovdc Tipoc xov E. 
eBelx'dr) Be xal Ac x6 A xpoc x6 F, 6 A xpoc xf]v (lovdBa' 
Bi.’ laou dpa eaxlv Ac x6 A xpoc x6 B, ouxcoc 6 A dpiilpioc 
xpoc xov E. 

Td dpa au(ipi£xpa (leyeiSr) xd A, B xpoc dXXr]Xa Xoyov 
exei, ov dpiiSijLoc 6 A xpoc dpnSiiov xov E- oxep eBei. BeT?®- 


t There is a slight logical gap here, since Def. 7.20 applies to four numb 

f'. 

’Edv Buo (jeyeDr) xpoc dXXrjXa Xoyov exT), ov dpuljidc 
xpoc dpi-diiov, aOpt(jexpa eaxai. xd pteyeilr]. 



Auo ydp pieyeDr) xd A, B xpoc dXXrjXa Xoyov exexto, ov 
dpiilljioc 6 A xpoc dpiDptov xov E- Xey(o, oxi. aOpt(jexpd eaxi 
xd A, B pieyeDr). 

"Oaai ydp eiaiv ev xA A ptovdBec, elc xoaauxa laa 


Proposition 5 

Commensurable magnitudes have to one another the 
ratio which (some) number (has) to (some) number. 


A B C 



D E 


Let A and B be commensurable magnitudes. I say 
that A has to B the ratio which (some) number (has) to 
(some) number. 

For if A and B are commensurable (magnitudes) then 
some magnitude will measure them. Let it (so) measure 
(them), and let it he C. And as many times as C measures 

A, so many units let there be in D. And as many times as 
C measures B, so many units let there be in E. 

Therefore, since C measures A according to the units 
in D, and a unit also measures D according to the units 
in it, a unit thus measures the number D as many times 
as the magnitude C (measures) A. Thus, as C is to A, 
so a unit (is) to D [Def. 7.20].t Thus, inversely, as A (is) 
to C, so D (is) to a unit [Prop. 5.7 corn]. Again, since 
C measures B according to the units in E, and a unit 
also measures E according to the units in it, a unit thus 
measures E the same number of times that C (measures) 

B. Thus, as C is to B, so a unit (is) to E [Def 7.20]. And 
it was also shown that as A (is) to C, so D (is) to a unit. 
Thus, via equality, as A is to B, so the number D (is) to 
the (number) E [Prop. 5.22]. 

Thus, the commensurable magnitudes A and B have 
to one another the ratio which the number D (has) to the 
number E. (Which is) the very thing it was required to 
show. 

s, rather than two number and two magnitudes. 

Proposition 6 

If two magnitudes have to one another the ratio which 
(some) number (has) to (some) number then the magni¬ 
tudes will be commensurable. 



For let the two magnitudes A and B have to one an¬ 
other the ratio which the number D (has) to the number 
E. I say that the magnitudes A and B are commensu¬ 
rable. 
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6i.r)pr]aTL)co to A, xa'i sv'i auxwv laov eaxw to F- dam 8e 
elaiv ev tw E jiovdBec;, ex ToaouTCov [ieyeilwv latov tG F 
auyxeiailco to Z. 

’Exel ouv, oacu elaiv ev tG A [iovdSec;, TooauTtx elai xocl 
cv TW A pieYE'dr) laa tw F, 6 dpa piepoc; eoTiv rj piovdc; tou 

A, TO auTO piepoc; cotI xal to F tou A' cotiv dpa (he; to F 
xpog TO A, ouTCoc; rj piovdc; xpoc tov A. [ieTpel 8c fj (iovdc; 
Tov A dpn[)(i6v (iCTpcl dpa xal to F to A. xal excl eaTiv 
(be; TO F xpoc; to A, ouTtog fj povdc; xpoc; tov A [dpiDpiov], 
dvdxaXiv dpa (bg to A xpoe; to F, ouTtog 6 A dpiDpoc; xpog 
TTjv [iovdSa. xdXiv excl, oacu elaiv ev tcS E [iovd8ec;, ToaauTd 
clai xal ev tw Z laa tw F, caTiv dpa (bg to F xpoc; to Z, 
ouTCoc; f) piovdc; xpoc tov E [dpiDpov], cBcIxUt) 8e xal (bg 
TO A xpoc; TO F, ouTtog 6 A xpoc; Trjv (iovd5a' 6i’ laou dpa 
cotIv (be; TO A xpoe; to Z, outojc; 6 A xpoi; tov E. dXX’ (be 6 
A xpoe TOV E, ouT(oe eaTi to A xpoe to B- xal (be dpa to A 
xpoe TO B, ouT(ue xal xpoe TO Z. TO A dpa xpoe cxdTcpov 
tAv B, Z tov auTov exsi. Xoyov laov dpa cotI to B tA Z. 
[iCTpcl 8c TO F TO Z- piCTpcl dpa xal to B. dXXd ptrjv xal to 
A' TO F dpa Ta A, B [iCTpcl. aupijiCTpov dpa eaFi to A tA 

B. 

’Edv dpa 8uo [icyeDr] xpoe dXXrjXa, xal Ta c^fje- 


n6pia[Jia. 

’Ex Sr) TouTou epavepov, otl, edv Aai 5uo dpiDijLol, Ae 
ol A, E, xal cODc'ia, Ae T) A, SuvaTov eaTi xoifjaai Ae 6 
A dpiDpioe xpoe TOV E dpiDpov, ouTo^e Tr)v cODcTav xpoe 
cOUcTav. edv 5c xal tAv A, Z ptcar) dvdXoyov XTicpDf), Ae f) 
B, eaTai Ae f) A xpoe Tr)v Z, ouTo^e to dxo Tfje A xpoe to 
dxO Tfje B, TOUTCaTlV Ae f) XpATT) Xpoe Tf]V Tp[Tr]V, OUT(£)e 
TO dxo Tfje KpATrie xpoe to dxo Tfje 5cuTcpae to opoiov xal 
opioloje dvaypaepoptevov. dXX’ Ae f] A xpoe Tf]v Z, ouT(ue 
cotIv 6 A dpiDiioe xpoe t6v E dpiDpiov ycyovcv dpa xal 
Ae 6 A dpiDpoe xpoe tov E dpiDpiov, ouT(oe to dx6 Tfje A 
cuDclae xpoe to dxd Tfje B euDclae' oxcp c5ci 8cT^ai.. 


C'. 

Td daupijiCTpa jicyeDr) xpoe dXXr)Xa Xoyov oux exs'-, ov 
dpnlpioe xpoe dpiDijLov. 

’FlaTaj daupipcTpa ptcycilr] Td A, B- Xeyto, oti to A xpoe 
TO B Xoyov oux dpiDiioe xpoe dpiilpiov. 


For, as many units as there are in D, let A have been 
divided into so many equal (divisions). And let C be 
equal to one of them. And as many units as there are 
in E, let F be the sum of so many magnitudes equal to 

C. 

Therefore, since as many units as there are in D, so 
many magnitudes equal to C are also in A, therefore 
whichever part a unit is of D, C is also the same part of 
A. Thus, as C is to A, so a unit (is) to D [Def. 7.20]. And 
a unit measures the number D. Thus, C also measures 
A. And since as C is to A, so a unit (is) to the [number] 

D, thus, inversely, as A (is) to C, so the number D (is) 
to a unit [Prop. 5.7 corn]. Again, since as many units as 
there are in E, so many (magnitudes) equal to C are also 
in F, thus as C is to F, so a unit (is) to the [number] E 
[Def. 7.20]. And it was also shown that as A (is) to C, 
so D (is) to a unit. Thus, via equality, as A is to F, so D 
(is) to E [Prop. 5.22]. But, as D (is) to E, so A is to B. 
And thus as A (is) to B, so (it) also is to F [Prop. 5.11]. 
Thus, A has the same ratio to each of B and F. Thus, B is 
equal to F [Prop. 5.9]. And C measures F. Thus, it also 
measures B. But, in fact, (it) also (measures) A. Thus, 
C measures (both) A and B. Thus, A is commensurable 
with B [Def 10.1]. 

Thus, if two magnitudes ... to one another, and so on 


Corollary 

So it is clear, from this, that if there are two numbers, 
like D and E, and a straight-line, like A, then it is possible 
to contrive that as the number D (is) to the number E, 
so the straight-line (is) to (another) straight-line (i.e., F). 
And if the mean proportion, (say) B, is taken of A and 
F, then as A is to F, so the (square) on A (will be) to the 
(square) on B. That is to say, as the first (is) to the third, 
so the (figure) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corn]. But, 
as A (is) to F, so the number D is to the number E. Thus, 
it has also been contrived that as the number D (is) to 
the number E, so the (figure) on the straight-line A (is) 
to the (similar figure) on the straight-line B. (Which is) 
the very thing it was required to show. 

Proposition 7 

Incommensurable magnitudes do not have to one an¬ 
other the ratio which (some) number (has) to (some) 
number. 

Let A and B be incommensurable magnitudes. I say 
that A does not have to B the ratio which (some) number 
(has) to (some) number. 
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A'-1 

Bi- 1 

Ei Y«p ^ ii:po<; x6 B Xoyov, 6v d(pn[)(i6c; npog 

dtpiilpiov, au(ipiSTpov eaxai. to A t& B. oOx eoxi 6e' oux apex 
x6 A Tipoc; x6 B Xoyov dpiilpioe; npbz dpi'd(jL6v. 

Td dpa daupi(j£xpa pisysilr] Tipoc; dXXrjXa Xoyov oOx ex^^j 
xal xd E^^jc;. 

1^'- 

’Edv 6uo (jeye'dr) xpoc; dXXrjXa Xoyov [if] exT), ov cxpiilpioc; 
Tipoc; dpi'd(i6v, da6pi(iExpa eaxai. xd [iEysilri. 

A'-1 

B'-1 

Auo ydp pieys'dr) xd A, B Tipoc; dXXrjXa Xoyov [icq e)(exw, 
6v dpi'dp.oc; Tipoc; dpiiljiov Xeyw, oxi. da6pi(JExpd saxi xd A, 
B pieys'dr). 

El ydp eaxai aupijiexpa, x6 A iipoc; x6 B Xoyov e^ei, 6v 
dpiiljioc; Tipoc; dpi'dpiov. oux exei Be. daupijiExpa dpa eaxl xd 
A, B pieyeilr]. 

’Edv dpa 5uo piEysilr] Tipoc; dXXrjXa, xal xd s^fje;. 


Td dTio xwv pirjxEi aupipiExpwv euiSEifiv xexpdywva 
Tipoc; dXXr]Xa Xoyov sx^i; ov xExpdywvoc; dpi'd(jL6c; xpoc; 
xexpdywvov dpiilpiov xal xd xexpdywva xd Tip6(; dXXr]Xa 
Xoyov exovxa, ov xExpdycovoc; dpiiljioc; iipoc; xExpdywvov 
dpiilpiov, xal xdc; TiXEupdc; e^Ei (jr]XEi aujipiexpouc;. xd 
Be dTio xwv (iir]XEi daujipiexptov euDEiov xExpdycova Tipoc; 
dXXrjXa Xoyov oux £X£i, oviiEp xExpdywvoc; dpiilpioc; Tipoc; 
xexpdywvov dpiilpiov xal xd xExpdywva xd Tipoc; dXXrjXa 
Xoyov piT) exovxa, ov xExpdywvoc; dpiDpioc; Tipoc; xExpdywvov 
dpiilpiov, ouBe xdc; TiXeupdc; e^Ei pLr]XEi aupipiexpouc;. 


A'- 1 B'- 1 

Fi-1 A'-1 

’Taxwaav ydp al A, B (ir]XEi au(ipi£xpoi' Xeyw, 6xi x6 
dTio xfjc; A xexpdywvov Tipoc; x6 dTio xfje; B xExpdywvov 
Xoyov Exei, ov xexpdywvoc; dpiDpioc; Tipoc; xExpdycovov 
dpiDpiov. 


A'-1 

B'-1 

For if A has to B the ratio which (some) number (has) 
to (some) number then A will be commensurable with B 
[Prop. 10.6]. But it is not. Thus, A does not have to B 
the ratio which (some) number (has) to (some) number. 

Thus, incommensurable numbers do not have to one 
another, and so on .... 

Proposition 8 

If two magnitudes do not have to one another the ra¬ 
tio which (some) number (has) to (some) number then 
the magnitudes will be incommensurable. 

Al-1 

Bi-1 

For let the two magnitudes A and B not have to one 
another the ratio which (some) number (has) to (some) 
number. I say that the magnitudes A and B are incom¬ 
mensurable. 

For if they are commensurable, A will have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. But it does not have (such a ratio). Thus, 
the magnitudes A and B are incommensurable. 

Thus, if two magnitudes ... to one another, and so on 

Proposition 9 

Squares on straight-lines (which are) commensurable 
in length have to one another the ratio which (some) 
square number (has) to (some) square number. And 
squares having to one another the ratio which (some) 
square number (has) to (some) square number will also 
have sides (which are) commensurable in length. But 
squares on straight-lines (which are) incommensurable 
in length do not have to one another the ratio which 
(some) square number (has) to (some) square number. 
And squares not having to one another the ratio which 
(some) square number (has) to (some) square number 
will not have sides (which are) commensurable in length 
either. 

A'-1 B I-1 

C I-1 Di-1 

For let A and B be (straight-lines which are) commen¬ 
surable in length. I say that the square on A has to the 
square on B the ratio which (some) square number (has) 
to (some) square number. 
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’Ekei yap aupi(j£Tp6<; saxiv fj A xf) B pirjxEi., f] A apa Tipoc; 
xf]v B Xoyov £X£i; ov dpi'd(jL6c; npoQ dpi'd(jL6v. e^exm, 6v 6 
r Tipoc; xov A. £7i£i ouv Eoxiv Ac; f) A Tipoc; xc^v B, ouxwc; 6 
r Tipoc; xov A, dXXd xou (jev xfjc; A Tipoc; xrjv B Xoyou 5i- 
TiXaaiwv Eaxlv 6 xou dTio xfjc; A xExpayAvou iipoc; x6 duo xi^c; 
B xExpdycovov xd ydp opioioc axi^liocxcx £v 5iTiXaa[ovi Xoyto 
£axl xAv opioXoycov TiXEupAv xou Se xou F [dpi'dp.ou] Tipoc; 
xov A [dpi'dp.ov] Xoyou 5iTiXaa[tov Eaxlv 6 xou diio xou F 
xExpcxyAvou Tipoc; xov dTio xou A xExpdywvov 6uo ydp xe- 
xpayAvtov dpiDpiAv eIc; pisaoc; dvdXoyov saxiv dpiiljioc;, xai 
6 xExpdywvoc; Tipoc; xov xsxpdytovov [dpiDpiov] SiTiXaaiova 
Xoyov EX^i, fjiiEp f) TiXsupd xpoc; xrjv TiXsupdv saxiv dpa 
xal Ac; x6 dTio xfjc; A xsxpdywvov Tipoc; x6 duo xfjc; B 
XExpdycovov, ouxcoc; 6 duo xou F xsxpdycovoc; [dpiDpioc;] Tipoc; 
xov duo xou A [dpiiljiou] xsxpdycovov [dpiDpiov]. 

AXXd Sf) saxco Ac; x6 duo xfjc; A xsxpdycovov Tipoc; x6 
duo xfjc; B, ouxcoc; 6 duo xou F xsxpdycovoc; Tipoc; xov duo 
xou A [xsxpdycovov]' Xsyco, oxi aupipiExpoc; saxiv f) A xfj B 

plf]XEl. 

’EtieI ydp saxiv Ac; x6 duo xfjc; A xsxpdycovov iipoc; x6 
dTio xfjc; B [xsxpdycovov], ouxcoc; 6 duo xou F xsxpdycovoc; 
Tipoc; xov dTio xou A [xsxpdycovov], dXX’ 6 pisv xou duo xfjc; 
A xsxpayAvou Tipoc; x6 duo xfjc; B [xsxpdycovov] Xoyoc; 6i- 
TiXaaicov saxi xou xfjc; A Tipoc; xf]v B Xoyou, 6 Be xou duo 
xou F [dpiilpiou] xsxpayAvou [dpiilpiou] upoc; xov diio xou A 
[dpi'd(jiou] xsxpdycovov [dpnSiiov] Xoyoc; BiTiXaaicov saxi xou 
xou F [dpiilpiou] Tipoc; xov A [dpnSiiov] Xoyou, saxiv dpa 
xai Ac; f) A Tipoc; xf)v B, ouxcoc; 6 F [dpiilpioc;] upoc; xov A 
[dpnSiiov]. IT) A dpa upoi; xf)v B Xoyov sxsi’, ov dpi'd(i6i; 6 F 
Tipoc; dpiilpiov xov A' au(jpi£xpoc; dpa Eaxlv f) A xfj B (jf]X£i. 

AXXd 6f] daupipiExpoc; saxco f) A xfj B pif]xsr Xsyco, 6xi 
x6 duo xfjc; A xsxpdycovov Tipoc; x6 duo xfjc; B [xsxpdycovov] 
Xoyov oux sxeij ov xsxpdycovoc; dpiDpioc; Tipoc; xsxpdycovov 
dpiilpiov. 

Ei ydp sxei x6 diio xfjc; A xsxpdycovov Tipoc; x6 duo 
xfjc; B [xsxpdycovov] Xoyov, ov xsxpdycovoc; dpnSiioc; Tipoc; 
xsxpdycovov dpiilpiov, au(ipi£xpoc; saxai f) A xfj B. oux saxi 
Bs' oux dpa x6 duo xfjc; A xsxpdycovov Tipoi; x6 duo xfjc; 
B [xsxpdycovov] Xoyov sxsi’, ov xsxpdycovoc; dpiilpioc; xpoc; 
xsxpdycovov dpiilpiov. 

ndXiv 8f) x6 dxo xfjc; A xsxpdycovov xpoc; x6 dxo xfjc; 
B [xsxpdycovov] Xoyov pif) sxsxco, ov xsxpdycovoc; dpiilpioc; 
xpoc; xsxpdycovov dpnOiiov Xsyco, 6xi daupi(i£xp6c; saxiv f) A 
xfj B ptfjxsi. 

El ydp saxi aupi(j£xpoc; fj A xrj B, s^si x6 dxo xfjc A 
xpoc; x6 dxo xfjc; B Xoyov, ov xsxpdycovoc; dpiiiliioc; xpoc; 
xsxpdycovov dpiilpiov. oux sxei Bs' oux dpa au(ipi£xp6(; saxiv 
f] A xfj B pif]X£i. 

Td dpa dxo xAv pifjxsi au(ipi£xpcov, xal xd s^fjc;. 


For since A is commensurable in length with B, A 
thus has to B the ratio which (some) number (has) to 
(some) number [Prop. 10.5]. Let it have (that) which 
C (has) to D. Therefore, since as A is to B, so C (is) 
to D. But the (ratio) of the square on A to the square 
on B is the square of the ratio of A to B. For similar 
figures are in the squared ratio of (their) corresponding 
sides [Prop. 6.20 corn]. And the (ratio) of the square 
on C to the square on D is the square of the ratio of 
the [number] C to the [number] D. For there exits one 
number in mean proportion to two square numbers, and 
(one) square (number) has to the (other) square [num¬ 
ber] a squared ratio with respect to (that) the side (of the 
former has) to the side (of the latter) [Prop. 8.11]. And, 
thus, as the square on A is to the square on B, so the 
square [number] on the (number) C (is) to the square 
[number] on the [number] BJ 

And so let the square on A be to the (square) on B as 
the square (number) on C (is) to the [square] (number) 
on D. I say that A is commensurable in length with B. 

For since as the square on A is to the [square] on B, so 
the square (number) on C (is) to the [square] (number) 
on D. But, the ratio of the square on A to the (square) 
on B is the square of the (ratio) of A to B [Prop. 6.20 
corn]. And the (ratio) of the square [number] on the 
[number] C to the square [number] on the [number] D is 
the square of the ratio of the [number] C to the [number] 
D [Prop. 8.11]. Thus, as A is to B, so the [number] C 
also (is) to the [number] D. A, thus, has to B the ratio 
which the number C has to the number D. Thus, A is 
commensurable in length with B [Prop. 10.6].l 

And so let A be incommensurable in length with B. I 
say that the square on A does not have to the [square] on 
B the ratio which (some) square number (has) to (some) 
square number. 

For if the square on A has to the [square] on B the ra¬ 
tio which (some) square number (has) to (some) square 
number then A will be commensurable (in length) with 
B. But it is not. Thus, the square on A does not have 
to the [square] on the B the ratio which (some) square 
number (has) to (some) square number. 

So, again, let the square on A not have to the [square] 
on B the ratio which (some) square number (has) to 
(some) square number. I say that A is incommensurable 
in length with B. 

For if A is commensurable (in length) with B then 
the (square) on A will have to the (square) on B the ra¬ 
tio which (some) square number (has) to (some) square 
number. But it does not have (such a ratio). Thus, A is 
not commensurable in length with B. 

Thus, (squares) on (straight-lines which are) com- 
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mensurable in length, and so on .... 


n6pia[Jia. 

Kofi cpavepov ex twv bebeiyiievcov eaxai, oti al (ir]xei 
a6(ipi8Tpoi xavTOc xai Suvapei, ai 6e Suvapei ou kocvtwc; xal 
pnrjxei. 


Corollary 

And it will be clear, from (what) has been demon¬ 
strated, that (straight-lines) commensurable in length 
(are) always also (commensurable) in square, but (straight 
lines commensurable) in square (are) not always also 
(commensurable) in length. 


t There is an unstated assumption here that if a : l3 :: 'f : S then : /3^ :: 7 ^ : <5^. 
t There is an unstated assumption here that if :: 7 ^ : <5^ then a : /9 7 : <5. 


/ 

I . 

Tfj itpoTedetan eudeia TtpooeupeTv 660 eOdetai; dauqqeT- 
pou<;, Tr)v qev qqxei qovov, xqv Be xai Buvdqet. 

Al-1 

El-1 

Al-1 

Bi-1 

El-1 

TlaTW f) Ttpoxedelaa eOdelot f] A- Bet Bq xfj A TtpooeupeTv 
Buo euOeiocc; douqqexpouc;, xrjv qev qqxei qovov, xf]v Be xal 
Buvdqet. 

’Exxelodtooav ydp Buo aptiHqol oi B, F itpoc; dXXrjXouc 
Xoyov (ir) cyouxec;, 6v xexpdywvoc; dpi'dqoi; 7tp6<; xexpdywvov 
dptUqov, xouxeoxi. (if) oqoioi. ettiTteBoi., xal yeyovexco dx; 6 
B Tipbc; xov r, ouxwc; x6 dito xfji; A xexpdyovov itpoi; x6 
dito xfjc; A xexpdycovov e^ddoiiev ydp' auqqexpov dpa 
x6 dito xfjc; A xw dito xfjc; A. xal eitel 6 B itpoc; xov F 
Xoyov oOx Exei, 6v xexpdywvoc; dpiOqbc; itpoc; xexpdytovov 
dpiOqov, ouB’ dpa x6 dito xfjc; A itpoc; x6 dito xfjc; A Xoyov 
eyei, 6v xexpdytovoc; dpi'dqoc; itpoc; xexpdywvov dptiHqov 
douqqexpoc; dpa eoxlv fj A xfj A qfjxet. elXqcp'dw xwv A, A 
qeor] dvdXoyov fj E- eoxtv dpa Ac; fj A itpoc; xf)v A, ouxcoc; 
x6 dito xfjc; A xexpdywvov itpoc; x6 dito xfjc; E. dauqqexpoc; 
Be eoxiv f) A xrj A qfjxec dauqqexpov dpa eoxl xal x6 dito 
xfjc; A xexpdytovov xA dito xfjc; E xexpayAvcp- dauq(iexpoc; 
dpa eoxlv f) A xfj E Buvdqei. 

Tf) dpa itpoxeOeioT) euOeia xfj A itpooeuprjvxai Buo 
eMelai douqqexpoi ai A, E, qf]xei qev qovov f) A, Buvdqei 
Be xal qif]xei BrjXaBf) f) E [oitep eBei BeT^ai]. 


Proposition IQt 

To find two straight-lines incommensurable with a 
given straight-line, the one (incommensurable) in length 
only, the other also (incommensurable) in square. 

Al-1 

El-1 

Di-1 

Bi-1 

Cl-1 

Let A be the given straight-line. So it is required to 
find two straight-lines incommensurable with A, the one 
(incommensurable) in length only, the other also (incom¬ 
mensurable) in square. 

For let two numbers, B and C, not having to one 
another the ratio which (some) square number (has) to 
(some) square number—that is to say, not (being) simi¬ 
lar plane (numbers)—have been taken. And let it be con¬ 
trived that as B (is) to C, so the square on A (is) to the 
square on D. For we learned (how to do this) [Prop. 10.6 
corn]. Thus, the (square) on A (is) commensurable with 
the (square) on D [Prop. 10.6]. And since B does not 
have to C the ratio which (some) square number (has) to 
(some) square number, the (square) on A thus does not 
have to the (square) on D the ratio which (some) square 
number (has) to (some) square number either. Thus, A 
is incommensurable in length with D [Prop. 10.9]. Let 
the (straight-line) E (which is) in mean proportion to A 
and D have been taken [Prop. 6.13]. Thus, as A is to D, 
so the square on A (is) to the (square) on E [Def 5.9]. 
And A is incommensurable in length with D. Thus, the 
square on A is also incommensurble with the square on 
E [Prop. 10.11]. Thus, A is incommensurable in square 
with E. 
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Thus, two straight-lines, D and E, (which are) in¬ 
commensurable with the given straight-line A, have been 
found, the one, D, (incommensurable) in length only, the 
other, E, (incommensurable) in square, and, clearly, also 
in length. [(Which is) the very thing it was required to 
show] 

t This whole proposition is regarded by Heiberg as an interpolation into the original text. 


la'. 

’Eav Tcaaapa (lEYEdr) dvdXoyov fj, to 8e iipcoTov to 
5suTspo au(ip.eTpov fj, xal to TpiTov to TETocpTO au(iqsTpov 
eaTctc xdv to itpoTov to SeuTEpo dauqjiETpov fj, xal to 
T ptTov TO TETotpTO daupi(iETpov EOTai. 


Ai- 

- 1 

ri- 



TiaToaav Tsaaapa pLEYEdr) dvdXoYov Td A, B, T, A, 
o<; TO A Tipoc TO B, ouTOc; to T Tipoc; to A, to A Be to 
B a6q(iETpov eoto' Xeyo, oti. xal to T to A au(iq£Tpov 
EOTai.. 

’EkeI y«P auq(i£Tp6v eoti. to A to B, to A dpa Tipoc; to 
B XoYov £X£i) dv dpidijLoc; itpoc; dpidiiov. xai soTtv o<; to A 
Tipoc; TO B, oUTOc; to E Ttpoc; to A- xal to F dpa Tipoc; to A 
XoYov exsi, 6v dptdqoc; Ttpoc; dptdqov au(iq£Tpov dpa eotI 
TO r TO A. 

AXXd 5r) TO A TO B dauqpiETpov eoto' Xeyo, oti xal to 
r TO A daujipiETpov EOTai. etieI y^^P dauqjiETpov eoti to A 
TO B, TO A dpa Ttpoc; to B Xojov oux ex^i, ov dpidiroc; Ttpoc; 
dptdqov. xal eotiv oc; to A Ttpoc; to B, outoc; to F Ttpoc; to 
A- ouSe to F dpa Ttpoc; to A Xoyov sx^q ov dpiOjioc; Ttpoc; 
dpiOjiov daujipiETpov dpa eotI to F to A. 

’Edv dpa Tsaaapa qEYEDr), xal Td s^fjc;. 


iP'. 

Td TO auTO piEYsdEi a6q(i£Tpa xal dXXrjXotc; eotI 
a6(iq£Tpa. 

'ExaTEpov Y“P "cov A, B to F eoto auq(i£Tpov. Xeyo, 
OTI xal TO A TO B EOTi. auq(i£Tpov. 

’EitEl Y“P aujipiETpov EOTi TO A to F, to A dpa Ttpoc; 
TO F Xoyov EX^q ov dpidpioc; Ttpoc; dpiOjiov. exeto, ov 6 A 
Ttpoc; Tov E. TtdXiv, etieI au(iq£Tp6v eoti to F to B, to F dpa 
Ttpoc; TO B Xoyov ex^i, ov dpii[)(i6c; Ttpoc; dpidpiov. exeto, ov 
6 Z Ttpoc TOV H. xal Xoyov BoDevtov oTtoaovoOv toO te, 
ov exei 6 A Ttpoc; tov E, xal 6 Z Ttpoc; tov H EiXrjcpdoaav 
dptdqol E^rjc; sv toTc; BodElai. Xoyoic; ol 0, K, A- oote Elvat 


Proposition 11 

If four magnitudes are proportional, and the first is 
commensurable with the second, then the third will also 
be commensurable with the fourth. And if the first is in¬ 
commensurable with the second, then the third will also 
be incommensurable with the fourth. 


Ai- 

- 1 B^ 

Cl- 

^ D^ 


Let A, B, C, D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. And let A 
be commensurable with B. 1 say that C will also be com¬ 
mensurable with D. 

For since A is commensurable with B, A thus has to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus, 
C also has to D the ratio which (some) number (has) 
to (some) number. Thus, C is commensurable with D 
[Prop. 10.6]. 

And so let A be incommensurable with B. 1 say that 
C will also be incommensurable with D. For since A 
is incommensurable with B, A thus does not have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C 
does not have to D the ratio which (some) number (has) 
to (some) number either. Thus, C is incommensurable 
with D [Prop. 10.8]. 

Thus, if four magnitudes, and so on .... 

Proposition 12 

(Magnitudes) commensurable with the same magni¬ 
tude are also commensurable with one another. 

For let A and B each be commensurable with C. I say 
that A is also commensurable with B. 

For since A is commensurable with C, A thus has 
to C the ratio which (some) number (has) to (some) 
number [Prop. 10.5]. Let it have (the ratio) which D 
(has) to E. Again, since C is commensurable with B, 
C thus has to B the ratio which (some) number (has) 
to (some) number [Prop. 10.5]. Let it have (the ratio) 
which E (has) to G. And for any multitude whatsoever 
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(be; ^ev Tov A npoQ xov E, out(oc; tov 0 Tipoc; tov K, (be; 5 e 
Tov Z Tipoi; TOV H, ouT(£)<; tov K Tipoi; tov A. 


A'-1 T< -1 B'-1 

Ai-1 @1—I 

El-1 Ki-1 

Zi-1 AI-1 

H'-1 

’Ekei ouv eaxiv (be; to A Tipoe; to E, out( 0 i; 6 A Tipoe; 
TOV E, exXX’ (be; 6 A Tipoe; xov E, out(D<; 6 0 iipoe; xov K, 
eaxiv oipa xal A<; to A upoe; to F, ouxioe; 6 0 Tipoe; xov K. 
TidXiv, eTiei eaxiv (be; to F Tipoe; to B, ouxioe; 6 Z Tipoe; xov 
F[, exXX’ (be; 6 Z Tipoe; xov F[, [ouxioe;] 6 K Tipoe; xov A, xal 
Ae; dpa TO F Tipoe; to B, ouxioe; 6 K xpoe; xov A. eaxi 6 e xal 
Ae; TO A Tipoe; TO F, ouT(oe; 6 0 Tipoe; xov K- 5 i’ laou dpa 
eaxiv Ae; to A Tipoe; to B, ouxioe; 6 0 Tipoe; xov A. to A dpa 
Tipoe; TO B Xoyov exsi, 6 v dpiA^ioe; 6 0 Tipoe; dpiApiov xov A- 
au(jpieTpov dpa eaxl to A xA B. 

Td dpa xA auxA ^eyeAei au^xiiexpa xal dXXr]Xoie; eaxl 
au(jpieTpa' oTiep e 8 ei BeT^ai- 

ly'. 

’Edv fj 6 uo pieyeAr] au^^iexpa, to 6 e exepov auxAv 
[ieysAei xivl daupjiexpov fj, xal to Xoitiov tA auxA dau(ipieTp- 
ov eaxai. 

Ai-1 

ri-1 

Bi-1 

TSaxio 60 o pieyeAr) au^^expa xd A, B, to 5 e exepov 
auxAv TO A dXXtp xivl xA F daupiiexpov eaxio' oxi 

xal TO Xoitiov to B tA F daup-jiexpov eaxiv. 

El ydp eaxi au^iiexpov to B tA F, dXXd xal to A xA 
B au(j^eTp 6 v eaxiv, xal to A dpa xA F au^piexpov eaxiv. 
dXXd xal daupi(jeTpov oTiep dBuvaxov. oOx dpa au(j^eTp 6 v 
eaxi TO B xA F- dau(ipieTpov dpa. 

’Edv dpa fj 6 uo ^eye'dr) au^i^texpa, xal xd e^fje;. 


Af)[Jl[Jia. 

Auo BoAeiaAv euAeiAv dviaiDv eupeTv, xivi (leT^ov 
Buvaxai f] (iei^iDv xfje; eXdaaovoe;. 


of given ratios—(namely,) those which D has to E, and 
F to G —let the numbers H, K, L (which are) contin¬ 
uously (proportional) in the(se) given ratios have been 
taken [Prop. 8.4]. Hence, as D is to E, so El (is) to K, 
and as F (is) to G, so K (is) to L. 

A'-1 C'-1 B'-1 

Di-1 Hi-1 

E I- 1 Ki- 1 

F I-1 L I-1 

Gi-1 

Therefore, since as A is to G, so D (is) to E, but as 
D (is) to E, so H (is) to K, thus also as A is to G, so El 
(is) to K [Prop. 5.11]. Again, since as G is to B, so F 
(is) to G, but as F (is) to G, [so] K (is) to L, thus also 
as G (is) to B, so K (is) to L [Prop. 5.11]. And also as A 
is to C, so H (is) to K. Thus, via equality, as A is to B, 
so H (is) to L [Prop. 5.22]. Thus, A has to B the ratio 
which the number iF (has) to the number L. Thus, A is 
commensurable with B [Prop. 10.6]. 

Thus, (magnitudes) commensurable with the same 
magnitude are also commensurable with one another. 
(Which is) the very thing it was required to show. 

Proposition 13 

If two magnitudes are commensurable, and one of 
them is incommensurable with some magnitude, then 
the remaining (magnitude) will also be incommensurable 
with it. 

Ai-1 

C'-1 

Bi-1 

Let A and B be two commensurable magnitudes, and 
let one of them. A, be incommensurable with some other 
(magnitude), C. I say that the remaining (magnitude), 
B, is also incommensurable with C. 

For if B is commensurable with C, but A is also com¬ 
mensurable with B, A is thus also commensurable with 
G [Prop. 10.12]. But, (it is) also incommensurable (with 
G). The very thing (is) impossible. Thus, B is not com¬ 
mensurable with C. Thus, (it is) incommensurable. 

Thus, if two magnitudes are commensurable, and so 
on .... 

Lemma 

For two given unequal straight-lines, to find by (the 
square on) which (straight-line) the square on the greater 
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TilaTwaav ai BoiSsTaai. 5 uo aviaoi sOilelai. ai AB, F, 5 v 
eaxw rj AB- Set 8i^ eOpelv, xivi ^let^ov Suvaxoti rj AB 

xfji; r. 

rsYpotcp-dw era xfji; AB fj^ixuxXiov x6 AAB, xal sIq auxo 
evrippoa-dw xfj F far) fj AA, xal eKe^eux-dw fj AB. cpavepov 
Srj, 6x1 op-dri eaxiv fj Oko AAB ywvia, xal 6xi f] AB xfjc 
A A, xouxeaxi xfjc F, peT^ov BOvaxai xfj AB. 

'O^ioicoc; 8e xal 5 uo 5 of)eiaAv eu-deiAv fj Suva^ievr) auxac 
eupiaxexai ouxcoc;. 

’'Eaxwaav at Bo-delaai. 60 o euilcTai at AA, AB, xal 6eov 
eaxw eupelv xf)v 6uva(ievr)v auxdc;. xeiaDwaav ydp, Aaxe 
op-dfjv yoviav Ticpicxsw xf)v Otio AA, AB, xal eTie^euxiSw 
f) AB- cpavepov TiaXiv, 6xi f] xd<; AA, AB 6uva(jevr) eaxlv -f) 
AB- oTiep e6ei BeT^ac. 


(straight-line is) larger than (the square on) the lesser. ^ 

c 


A 

Let AB and C be the two given unequal straight-lines, 
and let AB be the greater of them. So it is required to 
find by (the square on) which (straight-line) the square 
on AB (is) greater than (the square on) C. 

Let the semi-circle ADB have been described on AB. 
And let AD, equal to C, have been inserted into it 
[Prop. 4.1]. And let DB have been joined. So (it is) clear 
that the angle ADB is a right-angle [Prop. 3.31], and 
that the square on AB (is) greater than (the square on) 
AD —that is to say, (the square on) C —by (the square 
on) DB [Prop. 1.47]. 

And, similarly, the square-root of (the sum of the 
squares on) two given straight-lines is also found likeso. 

Let AD and DB be the two given straight-lines. And 
let it be necessary to find the square-root of (the sum 
of the squares on) them. For let them have been laid 
down such as to encompass a right-angle—(namely), that 
(angle encompassed) by AD and DB. And let AB have 
been joined. (It is) again clear that AB is the square-root 
of (the sum of the squares on) AD and DB [Prop. 1.47]. 
(Which is) the very thing it was required to show. 



t That is, if a and p are the lengths of two given straight-lines, with a being greater than (3, to find a straight-line of length 7 such that 
-I- 7 ^. Similarly, we can also find 7 such that + j3^. 


16'. 

’Eav xEaaapsc eudelai dvcxXoyov Saiv, Suvrjxai 6e if) 
xpoxr) xfjc; Seuxepac; pel^ov xA dtito auppsxpou eauxfj 
[pqxei], xal f) xpixr) x-fjc xsxcxpxrjc; pel^ov 6uvfjaexai xA dito 
auppsxpou eauxfj [pfjxet]. xal edv f) TtpAxr) xfji; Seuxepac; 
peT^ov 6uvr)xat xA dito dauppexpou eauxfj [pfjxet], xal f) 
xpixr) x-fjc xexdpxqc peT^ov 6uvfjaexai xA dito dauppexpou 
eauxfj [pf)xei]. 

Tiaxwaav xeaaapec eudelai dvdXoyov ai A, B, F, A, 
Ac f) A Ttpoc xf)v B, ouxoc f) F izpbc, xf)v A, xal f) A pev 
xfjc B pel^ov Suvaadco xA oltzo xfjc E, f) 8e F xfjc A pel^ov 
Suvaadw xA duo xfjc Z- Xeyco, 6x1., eixe auppexpoc eaxiv 
f) A xfj E, auppexpoc eaxt xal f) F xfj Z, eixe dauppexpoc 
eaxtv f) A xfj E, dauppexpoc eaxi. xal 6 F xfj Z. 


Proposition 14 

If four straight-lines are proportional, and the square 
on the first is greater than (the square on) the sec¬ 
ond by the (square) on (some straight-line) commen¬ 
surable [in length] with the first, then the square on 
the third will also be greater than (the square on) the 
fourth by the (square) on (some straight-line) commen¬ 
surable [in length] with the third. And if the square on 
the first is greater than (the square on) the second by 
the (square) on (some straight-line) incommensurable 
[in length] with the first, then the square on the third 
will also be greater than (the square on) the fourth by 
the (square) on (some straight-line) incommensurable 
[in length] with the third. 

Let A, B, C, D be four proportional straight-lines, 
(such that) as A (is) to B, so C (is) to D. And let the 
square on A be greater than (the square on) B by the 
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A B E r A Z 

’Ekei yap eotiv wc; fj A npoQ xfjv B, outo<; f) F upoc; xfjv 

A, Eaxiv apa xal A<; x 6 duo xfjc; A upoc; x 6 duo xfjc; B, ouxcoc; 
x 6 duo xfjc; F upoc; x 6 dKO xfjc; A. dXXd xG (jev duo xfji; A 
laa earl xd duo xGv E, B, xG Se duo xfjc; F laa saxl xd duo 
xGv A, Z. Eoxiv dpa Gc; xd dTio xGv E, B Tipoc; x 6 dTio xfjc; 

B, ouxwc; xd dxo xGv A, Z Tipoc; x6 and xfjc; A- 6ieX6vxi apa 
saxlv Gc; x6 duo xfjc; E Tipoc; x6 duo xfjc; B, ouxoc; x6 duo 
xfjc; Z Tipoc; x6 dTio xfjc; A- saxiv dpcx xcxl Gc; f) E Tipoc; xfjv 
B, ouxwc; f) Z Tipoc; xf)v A' dvdiiaXiv dpoc saxlv Gc; f) B Tipoi; 
xf]v E, ouxwc; f) A Tipoc; xf)v Z. saxi Be xal Gc; fj A upoc; xf]v 
B, ouxoc; f) F Tipoc; xf]v A- 6i’ laou apa saxlv Gc fj A Tipoc; 
xf)v E, ouxoc; f) F Tipoc; xf)v Z. slxE ouv au(jpExp6c; saxiv f) A 
xfj E, au(jpExp6c; saxi xal fj F xrj Z, sixs daup(JExp6c; saxiv 
f] A xfj E, dau^psxpoc; saxi xal f) F xfj Z. 

’Edv dpa, xal xd s^fjc;. 


is'. 

’Edv Suo psyEilr) aup^sxpa auvxs'dfj, xal x 6 oXov 
Exaxsptp auxGv a 6 p(JExpov saxar xdv x 6 oXov svl auxGv 
au^psxpov fj, xal xd s^ dp^fjc psyEilr] aup^sxpa saxai. 

SuyxEia'do ydp 60o psyEilr) au^psxpa xd AB, BF- Xsyw, 
6 x 1 xal oXov x 6 AF sxaxspw xGv AB, BF saxi aup(JExpov. 


(square) on E, and let the square on C be greater than 
(the square on) D by the (square) on F. I say that A 
is either commensurable (in length) with E, and C is 
also commensurable with F, or A is incommensurable 
(in length) with E, and C is also incommensurable with 
F. 



A B E C D F 

For since as A is to B, so C (is) to D, thus as the 
(square) on A is to the (square) on B, so the (square) on 
C (is) to the (square) on D [Prop. 6.22]. But the (sum 
of the squares) on E and B is equal to the (square) on 
A, and the (sum of the squares) on D and E is equal 
to the (square) on C. Thus, as the (sum of the squares) 
on E and B is to the (square) on B, so the (sum of the 
squares) on D and F (is) to the (square) on D. Thus, 
via separation, as the (square) on E is to the (square) 
on B, so the (square) on F (is) to the (square) on D 
[Prop. 5.17]. Thus, also, as E is to B, so F (is) to D 
[Prop. 6.22]. Thus, inversely, as B is to E, so D (is) 
to F [Prop. 5.7 corn]. But, as A is to B, so C also (is) 
to D. Thus, via equality, as A is to E, so C (is) to F 
[Prop. 5.22]. Therefore, A is either commensurable (in 
length) with E, and C is also commensurable with E, or 
A is incommensurable (in length) with E, and C is also 
incommensurable with F [Prop. 10.11]. 

Thus, if, and so on .... 

Proposition 15 

If two commensurable magnitudes are added together 
then the whole will also be commensurable with each of 
them. And if the whole is commensurable with one of 
them then the original magnitudes will also be commen¬ 
surable (with one another). 

For let the two commensurable magnitudes AB and 
BC be laid down together. I say that the whole AC is 
also commensurable with each of AB and BC. 
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A B r 

I-1-1 

A'-1 

’Ekei yap aOpijiETpd saxi xd AB, BE, (iExpr^aEi xi auxd 
piEysiloc;. ptexpEixw, xai saxw x6 A. ekei ouv x6 A xd AB, 
BE piExpEl, xai oXov x6 AE piExpr]aEi.. (JExpEl Be xai xd AB, 
BE. x6 A dpa xd AB, BE, AE (JExpEl' aupi(iExpov dpa saxi 
x6 AE Exaxspcp xAv AB, BE. 

AXXd 6f] x6 AE saxw aupi(JExpov xA AB- Xsyw Bi^, 6xi 
xai xd AB, BE au(jpi£xpd saxiv. 

’Ekei ydp au(ipiExpd saxi xd AE, AB, ptExpr]aEi xi auxd 
pisyE-doc;. ptsxpEixw, xai saxw x6 A. exeI ouv x6 A xd EA, 
AB (JExpEl, xai Xoixov dpa x6 BE (lExpi^oEi. piExpEl Be xai 
x6 AB- x6 A dpa xd AB, BE (lExprjaEr au(jpiExpa dpa saxi 
xd AB, BE. 

’Edv dpa Buo piEys-dr], xai xd E^^j?. 


If'. 

’Edv Buo piEyE-dr] daupipiExpa auvxE-dfj, xai x6 oXov 
ExaxEptp auxAv daupi(JExpov saxai- xdv x6 oXov svl auxAv 
daupijiExpov f), xai xd dpxric; (lEys'd-r) daupi(JExpa saxai. 

A B r 

I-1-1 

A'-1 

SuyxEia-dw ydp Buo jisyEilri daupijiExpa xd AB, BE- 
Xsyw, 6x1 xai oXov x6 AE Exaxspo xAv AB, BE dau(jpi£xp6v 
saxiv. 

El ydp [i/] saxiv daupi(j£xpa xd EA, AB, pi£xpr]a£i xi 
[auxd] (isyE-doc. piExpEixw, si Buvaxov, xai saxw x6 A. exeI 
ouv x6 A xd EA, AB ptExpsI, xai Xoixov dpa x6 BE (JExprjasi. 
piExpsI Be xai x6 AB- x6 A dpa xd AB, BE (lExpsI. aupipiExpa 
dpa saxi xd AB, BE- uxexeivxo Be xai daupi(j£xpa- oxsp 
saxiv dBuvaxov. oux dpa xd EA, AB pi£xpr]a£i xi (isyE-dot;- 
dau(jpi£xpa dpa saxi xd EA, AB. opioioc B-)^ Bsi^opisv, 6xi xai 
xd AE, EB dau(jpi£xpd saxiv. x6 AE dpa sxaxspw xAv AB, 
BE daupi(i£xp6v saxiv. 

’AXXd B-)^ x6 AE svl xAv AB, BE dau(ipi£xpov saxw. 
saxw Bf] xpoxspov xA AB- Xsyw, 6xi xai xd AB, BE 
dau(jpi£xpd saxiv. si ydp saxai aupi(j£xpa, (i£xp-»]aEi xi auxd 
piEys-doc;. pisxpEixw, xai saxw x6 A. ekeI ouv x6 A xd AB, 
BE piExpsT, xai oXov dpa x6 AE (j£xp-j]a£i. piExpsT Be xai x6 
AB- x6 A dpa xd EA, AB piExpsT. au(jpi£xpa dpa saxi xd 


A B C 

I-1-1 

D'-1 

For since AB and BC are commensurable, some mag¬ 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) AB 
and BC, it will also measure the whole AC. And it also 
measures AB and BC. Thus, D measures AB, BC, and 
AC. Thus, AC is commensurable with each of AB and 
BC [Def 10.1]. 

And so let AC be commensurable with AB. I say that 
AB and BC are also commensurable. 

For since AC and AB are commensurable, some mag¬ 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) CA 
and AB, it will thus also measure the remainder BC. 
And it also measures AB. Thus, D will measure (both) 
AB and BC. Thus, AB and BC are commensurable 
[Def. 10.1]. 

Thus, if two magnitudes, and so on .... 

Proposition 16 

If two incommensurable magnitudes are added to¬ 
gether then the whole will also be incommensurable with 
each of them. And if the whole is incommensurable with 
one of them then the original magnitudes will also be in¬ 
commensurable (with one another). 

A B C 

I-1-1 

D'-1 

For let the two incommensurable magnitudes AB and 
BC he laid down together. I say that that the whole AC 
is also incommensurable with each of AB and BC. 

For if CA and AB are not incommensurable then 
some magnitude will measure [them]. If possible, let it 
(so) measure (them), and let it be D. Therefore, since 
D measures (both) CA and AB, it will thus also mea¬ 
sure the remainder BC. And it also measures AB. Thus, 
D measures (both) AB and BC. Thus, AB and BC are 
commensurable [Def. 10.1]. But they were also assumed 
(to be) incommensurable. The very thing is impossible. 
Thus, some magnitude cannot measure (both) CA and 
AB. Thus, CA and AB are incommensurable [Def 10.1]. 
So, similarly, we can show that AC and CB are also 
incommensurable. Thus, AC is incommensurable with 
each of AB and BC. 

And so let AC be incommensurable with one of AB 
and BC. So let it, first of all, be incommensurable with 
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FA, AB- UTCSxeiTo 8s xai dau(i^STpa' onep saxlv dSuvaxov. 
oux dpa xd AB, BF p,eTpr]aei xi p.SYe'doc;- daup.[iExpa dpa 
eaxl xd AB, BF. 

’Edv dpa 8uo ^syeiSri, xal xd e^fjc;. 


’Edv xapd xiva eu'dslav xapapXrj'dfj xapaXXrjXoYpaiJt^ov 
eXXemov Ei 8 ei xsxpaYWvw, x6 TiapapXrj'dsv laov saxl xw bnb 
xwv EX xfjt; xapaPoXr^c; Yevojisvcov xp.ri(idxwv xfjc; sMsiac;. 

A 


A r B 

Ilapd Y“P EU'dsIav xf)v AB TCapa(3EpXr]a'd(J xapaX- 
Xr)X 6 Ypap.(iov x 6 A A eXXeIxov eiSei xsxpaYtovw xw AB' 
Xeyw, 6 x 1 laov saxl x 6 AA xG 0x6 xwv AF, FB. 

Ka[ saxiv aOxo’dsv cpavEpov exeI y“P xsxpdYWvov Eaxi 
x 6 AB, icT) saxlv if) AF xfj FB, xai saxi x 6 AA x 6 0x6 xwv 
AF, FA, xouxsaxi x 6 0x6 xwv AF, FB. 

’Edv dpa xapd xiva EUTlslav, xal xd s^fjc;. 


t Note that this lemma only applies to rectangular parallelograms. 

iC'. 

’Edv Sai 80o sO'^Elai dviaoi, xw 86 xsxpdxw ^spsi 
xoD dx6 x'rji; sXdaaovot; Xaov xapd xi^v jisi^ova xapapXrjiDfj 
eXXeTxov e’18ei xExpaYtovtp xal sic au[ip,Expa aOxrjv 8iaipfi 
[i'rjXEi, f) p,E[^cov x'rjc; sXdaaovoc; jisll^ov 8uv'r]aExai xw dx6 
au^i^Exou Eauxf) [^i)XEi]. xal sdv f) ^xeI^cov xfji; sXdaaovoc 
^eI^ov 80vr)xai xm dx6 au^^isxpou Eauxfj [tirjXEi], xw 86 
xExpdpxm xou dx6 xfjc; 6Xdaaovo<; ’laov xapd xr)v jisl^ova 
xapapXrj'df) eXXeIxov e’18ei xExpaYWvm, sic aO[ip,Expa aOxrjv 
8iaipE'l ^r]XEi. 

’Taxtoaav 80o EUTlslai dviaoi al A, BF, 5v [isl^tov r) 


AB. I say that AB and BC are also incommensurable. 
For if they are commensurable then some magnitude will 
measure them. Let it (so) measure (them), and let it be 
D. Therefore, since D measures (both) AB and BC, it 
will thus also measure the whole AC. And it also mea¬ 
sures AB. Thus, D measures (both) CA and AB. Thus, 
CA and AB are commensurable [Def 10.1]. But they 
were also assumed (to be) incommensurable. The very 
thing is impossible. Thus, some magnitude cannot mea¬ 
sure (both) AB and BC. Thus, AB and BC are incom¬ 
mensurable [Def. 10.1]. 

Thus, if two... magnitudes, and so on_ 

Lemma 

If a parallelogram,! falling short by a square figure, is 
applied to some straight-line then the applied (parallelo¬ 
gram) is equal (in area) to the (rectangle contained) by 
the pieces of the straight-line created via the application 
(of the parallelogram). 

D 


A C B 

For let the parallelogram AD, falling short by the 
square figure DB, have been applied to the straight-line 
AB. I say that AD is equal to the (rectangle contained) 
by AC and CB. 

And it is immediately obvious. For since DB is a 
square, DC is equal to CB. And AD is the (rectangle 
contained) by AC and CD —that is to say, by AC and 
CB. 

Thus, if... to some straight-line, and so on_ 


Proposition 17^ 

If there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commen¬ 
surable in length, then the square on the greater will be 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable [in length] with 
the greater. And if the square on the greater is larger 
than (the square on) the lesser by the (square) on 
(some straight-line) commensurable [in length] with the 
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BF, TW 8 s TSTpdpxw [ispei toO duo eXdaaovoc; xfjc; A, 
xouxsaxi. xw dKO xfjc; f]tJii.asLac; xfjc; A, laov napd xf]v BF 
iiapa[3epXf]aTL)co eXXemov ei5ei xsxpaywvw, xai saxw x 6 Ono 
xwv BA, AF, au^xiiExpoc; Be eoxw f] BA xfj AF ^fjxEi.' Xsyw, 
6 x 1 f) BF xfjc; A [isl^ov Buvcxxai xG dxo aup,[iExpou sauxfj. 




I—I-1-1—I 

B Z E AT 

TEX(if]a'dw ydp f) BF 5ixa xaxd x6 E arj^xsTov, xai xsiailw 
xfj AE larj f] EZ. Xomf) dpa fj AF larj saxl xfj BZ. xai exeI 
Euffsla f) BF x£xp.rixai eIc; [isv laa xaxd x6 E, sic; Be dviaa 
xaxd x6 A, x6 dpa uxo BA, AF xspEixojiEvov opDoytoviov 
[isxd xoO dxo xfjc; EA xsxpaytovou laov saxl xw dxo xfjc; 
EF xExpaywvw- xai xd xExpaxXdaia' x6 dpa xsxpdxic; 0x6 
xAv BA, AF (lExd xoO xsxpaxXaalou xoO dxo xfjc; AE laov 
saxl xA xExpdxic; dxo xfjc; EF xsxpayAvw. dXXd xA (isv 
xExpaxXaalo) xou 0x6 xAv BA, AF laov saxl x6 dx6 xfjc; 
A xExpdywvov, xA Be xsxpaxXaalw xoO dx6 xfjc; AE laov 
saxl x6 dx6 xfjc; AZ xsxpdywvov BixXaalwv ydp saxiv f] AZ 
xfjc; AE. xA Be xsxpaxXaaiw xou dx6 xfjc; EF laov saxl x6 
dx6 xfjc; BF xsxpdywvov BixXaalov ydp saxi. xdXiv f] BF 
xfjc; FE. xd dpa dx6 xAv A, AZ xsxpdywva laa saxl xA dx6 
xfjc; BF xExpdywvw- Aaxs x6 dx6 xfjc; BF xou dx6 xfjc; A 
^xeI^ov saxi. xA dx6 xfjc; AZ- -f) BF dpa xfjc; A ^sl^ov BOvaxai 
xfj AZ. Beixxeov, 6x1 xai au^x^Expoc; saxiv f] BF xfj AZ. 
etieI ydp aO^^Expoi; saxiv f] BA xfj AF ^f]X£i, aO^^sxpoi; 
dpa saxl xai f] BF xfj FA ^f]X£i. dXXd f) FA xdi(; FA, BZ 
saxi aO^^Expoi; txfIXEi- lar] ydp saxiv f) FA xfj BZ. xai f) BF 
dpa au^(j£xp6c; saxi xalc; BZ, FA (if]X£r Aaxs xai Xoixfj xfj 
ZA au^x^iExpoc; saxiv f) BF ^fjxEi- f) BF dpa xfjc; A ^sl^ov 
BOvaxai xA dxd au(j^£xpou sauxfj. 

AXXd Bf] f] BF xfjc; A ^sl^ov BuvdaDw xA olko au(j^£xpou 
sauxfj, xA Be xsxpdxpw xou dxd xfjc; A laov xapd xfjv BF 
7iapap£pXf]a'dw eXXeIkov eIBei xsxpayAvw, xai saxw x6 bnb 
xAv BA, AF. Beixxeov, 6xi au^^sxpoc; saxiv f] BA xfj AF 
txfjxEi. 

TAv ydp aOxAv xaxaaxEuaa-dsvxwv 6(ioiW(; Bei^o^ev, 
6x1 f] BF xfjc; A ^sl^ov BOvaxai xA dxO xfjc; ZA. BOvaxai Be -f) 


greater, and a (rectangle) equal to the fourth (part) of the 
(square) on the lesser, falling short hy a square figure, is 
applied to the greater, then it divides it into (parts which 
are) commensurable in length. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth part of the (square) on the lesser, A —that is, 
(equal) to the (square) on half of A —falling short by a 
square figure, have been applied to BC. And let it be 
the (rectangle contained) by BD and DC [see previous 
lemma]. And let BD he commensurable in length with 
DC. I say that that the square on BC is greater than 
the (square on) A by (the square on some straight-line) 
commensurable (in length) with (BC). 

Ai-^-1 


I-1-1-1-1 

B F E DC 

For let BC have been cut in half at the point E [Prop. 
1.10]. And let EF be made equal to DE [Prop. 1.3]. 
Thus, the remainder DC is equal to BF. And since the 
straight-line BC has been cut into equal (pieces) at E, 
and into unequal (pieces) at D, the rectangle contained 
by BD and DC, plus the square on ED, is thus equal to 
the square on EC [Prop. 2.5]. (The same) also (for) the 
quadruples. Thus, four times the (rectangle contained) 
by BD and DC, plus the quadruple of the (square) on 
DE, is equal to four times the square on EC. But, the 
square on A is equal to the quadruple of the (rectangle 
contained) by BD and DC, and the square on DE is 
equal to the quadruple of the (square) on DE. For DE 
is double DE. And the square on BC is equal to the 
quadruple of the (square) on EC. For, again, BC is dou¬ 
ble CE. Thus, the (sum of the) squares on A and DE is 
equal to the square on BC. Hence, the (square) on BC 
is greater than the (square) on A by the (square) on DE. 
Thus, BC is greater in square than A by DE. It must 
also be shown that BC is commensurable (in length) 
with DE. For since BD is commensurable in length 
with DC, BC is thus also commensurable in length with 
CD [Prop. 10.15]. But, CD is commensurable in length 
with CD plus BF. For CD is equal to BF [Prop. 10.6]. 
Thus, BC is also commensurable in length with BF plus 
CD [Prop. 10.12]. Hence, BC is also commensurable 
in length with the remainder ED [Prop. 10.15]. Thus, 
the square on BC is greater than (the square on) A by 
the (square) on (some straight-line) commensurable (in 
length) with (BC). 
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BF Tf)<; A ^ei^ov tw duo au(i^STpou eauTfj. au(i^STpoi; dpa 
eaxlv f) BF xfj ZA ^r]X£r Aoxe xai Xoixfj auvatxcpoxspw xfj 
BZ, AF au^x^LExpoc saxiv fj BF ^r]X£i. dXXd auvatxcpoxEpoi; 
f) BZ, AF au^^Expoi; eoxl xfj AF [^irixEL]. Aax£ xai f) BF 
xfj FA au^^Expoc £ 0 X 1 ^f]X£r xai BleXovxl dpa f) BA xfj AF 

EOXL OU^^lEXpOi; t^fjxEL. 

’Edv dpa fioi 60o EUilElai. dviooi., xai xd E^fjc;. 


And so let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) 
commensurable (in length) with (BC). And let a (rect¬ 
angle) equal to the fourth (part) of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. It 
must be shown that BZ? is commensurable in length with 
DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square on) A 
by the (square) on FD. Z^d the square on BC is greater 
than the (square on) A by the (square) on (some straight- 
line) commensurable (in length) with (BC). Thus, BC 
is commensurable in length with FD. Hence, BC is 
also commensurable in length with the remaining sum 
of BF and DC [Prop. 10.15]. But, the sum of BF and 
DC is commensurable [in length] with DC [Prop. 10.6]. 
Hence, BC is also commensurable in length with CD 
[Prop. 10.12]. Thus, via separation, BD is also commen¬ 
surable in length with DC [Prop. 10.15]. 

Thus, if there are two unequal straight-lines, and so 
on .... 


t This proposition states that if a a; — = /3^/4 (where a = BC, x = DC, and /3 = A) then a and _ ^2 commensurabie when a — x 

are x are commensurabie, and vice versa. 


iri'. 

’Edv Sai 8uo EudElai dviaoi, xA Be xExdpxw qEpEi 
xoD dito xfjc; eX(xaaovo<z ’(aov itapd xfjv pEi^ova itapapXrjDfj 
EXXElTtov e’iBei xExpayAvcp, xai e’k; dauqpExpa auxfjv Biaipfj 
[pqxEi], f) pEi^cov xfjc; EXdaaovoc; pEl^ov BuvqaExai xA dito 
dauqpExpou Eauxfj. xai Edv f) pH^wv xfjc sXdaaovoc; pEl^ov 
Suvrjxai xA dito dauppsxpou sauxfj, xA Be xExpdpxm xoO dito 
xfjc; sXdaaovoc; ’(aov itapd xf)v psii^ova itapapXrj'dfj sXXElitov 
e’iBei xExpayAvtp, sic; dauppsxpa auxfjv Biaipsl [pqxEi]. 

’'Eaxmaav Buo suiSETai dviaoi al A, BF, Av psi^mv f) BF, 
xA Be xExdpxcp [pcpci] xoO dito xfjc; sXdaaovoc; xfjc; A ’(aov 
Itapd xf)v BF itapa(3EpXf]a'd6r sXXsIitov £’(B£i xsxpayAvo, xai 
saxto x6 uito xAv BAF, dauppsxpoc; Be saxw fj BA xfj 
AF pqxEi- Xejcd, oxi fj BF xfjc A psT^ov Buvaxai xA dito 
dauppExpou sauxfj. 


Proposition 18i 

If there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) incom¬ 
mensurable [in length], then the square on the greater 
will be larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater. And if the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater, and a (rectangle) equal to the 
fourth (part) of the (square) on the lesser, falling short by 
a square figure, is applied to the greater, then it divides it 
into (parts which are) incommensurable [in length]. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. Z^d let a (rectangle) equal to 
the fourth [part] of the (square) on the lesser. A, falling 
short by a square figure, have been applied to BC. Z^d 
let it be the (rectangle contained) by BDC. And let BD 
be incommensurable in length with DC. I say that that 
the square on i?C is greater than the (square on) A by 
the (square) on (some straight-line) incommensurable 
(in length) with (BC). 
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A'-1 

I-1-1-1-1 

B Z EAT 

Twv yap auTWv xaTocaxeuaaDevTtov xw xpoxepov opioiwc 
5 sl^o(J£v, 6x 1. f) BF xfjc; A (iel^ov Suvaxcti xSS duo xfjc; ZA. 
5 eixx£ov [ouv], 6xi daupipiexpoc; eaxiv rj BF xfj AZ pir^xei. 
exel ydp daujipiexpoc; eaxiv rj BA xfj AF [ir]xei, daujipiexpoc; 
dpoi eaxl xal fj BF x^ FA pir^xei. dXXd fj AF aupipiexpoi; eaxi 
auvajicpoxepaic; xdic; BZ, AF- xal rj BF dpa daujipiexpoc; 
eaxi auvajiqjoxepaic; xali; BZ, AF. &axe xal Xoinfj xfj ZA 
daupipiexpoc; eaxiv f) BF pirjxei. xal f) BF xrj<; A piel^ov 
5 uvaxai xw duo xfjc; ZA- fj BF dpa xfjc; A (jel^ov 5 uvaxai xA 
duo daup,(iexpou eauxfj. 

Auvaa-dw Bf) xdXiv f] BF xfjc; A pieT^ov xA dxo daupipiexp- 
ou eauxfj, xA 6e xexdpxco xoO duo xfjc; A laov xapd xfjv BF 
■n:apaPepXf]a'dw eXXelxov ei6ei xexpayAvo), xal eaxw x6 Oko 
xAv BA, AF. Beixxeov, 6xi daupipiexpoc; eaxiv f] BA xfj AF 
pLfjxei. 

TAv ydp auxAv xaxaaxeuaailevxwv 6(jioia)c; Bei^opiev, 
6x1 f) BF xfj? A pieT^ov 6uvaxai xA dxo xfjc; ZA. dXXd 
f) BF xfjc; A (jel^ov Buvaxai xA dxo daupi(jexpou eauxfj. 
daupipiexpoi; dpa eaxiv f] BF xfj ZA pifjxei- Aaxe xal Xoixfj 
auvapicpoxepw xfj BZ, AF dau(jpiexp6c; eaxiv -f) BF. dXXd au- 
vapicpoxepoi; f) BZ, AF xfj AF aupipiexpoi; eaxi pif]xei- xal f) 
BF dpa xfj AF dau(ip.exp6c; eaxi [i-fixei- Aaxe xal 5 ieX 6 vxi f) 
BA xfj AF daupipiexpoc; eaxi pif]xei. 

’Edv dpa Aai 6uo euflelai, xal xd e^fjc;. 


Ai-1 

I-1-1-1-1 

B F E DC 

For, similarly, by the same construction as before, we 
can show that the square on BC is greater than the 
(square on) A by the (square) on FD. [Therefore] it 
must be shown that BC is incommensurable in length 
with DF. For since BD is incommensurable in length 
with DC, BC is thus also incommensurable in length 
with CD [Prop. 10.16]. But, BC is commensurable (in 
length) with the sum of BF and DC [Prop. 10.6]. And, 
thus, BC is incommensurable (in length) with the sum of 
BF and DC [Prop. 10.13]. Hence, BC is also incommen¬ 
surable in length with the remainder FD [Prop. 10.16]. 
And the square on BC is greater than the (square on) 
A by the (square) on FD. Thus, the square on BC is 
greater than the (square on) A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 

So, again, let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) in¬ 
commensurable (in length) with (BC). And let a (rect¬ 
angle) equal to the fourth [part] of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. 
It must be shown that BD is incommensurable in length 
with DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square) on 
A by the (square) on FD. But, the square on BC is 
greater than the (square) on A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 
Thus, BC is incommensurable in length with FD. Hence, 
BC is also incommensurable (in length) with the re¬ 
maining sum of BF and DC [Prop. 10.16]. But, the 
sum of BF and DC is commensurable in length with 
DC [Prop. 10.6]. Thus, BC is also incommensurable 
in length with DC [Prop. 10.13]. Hence, via separa¬ 
tion, BD is also incommensurable in length with DC 
[Prop. 10.16]. 

Thus, if there are two ... straight-lines, and so on_ 


t This proposition states that if ox — = fA/A (where o = BC, x = DC, and /3 = A) then a and ~ sre incommensurable when 

Q — X are x are incommensurable, and vice versa. 


tO'. Proposition 19 

To UTto prjxAv pqxei auppexptov eu-heiAv xepiexopevov The rectangle contained by rational straight-lines 
op-doyAviov prjxov eaxiv. (which are) commensurable in length is rational. 

'Txo ydp prjxAv pqxei auppexpwv euileiAv xAv AB, BF For let the rectangle AC have been enclosed by the 
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op'doYOviov XT- XEya, oti. prjxov eaxi to 


r 


A'- 

’AvayeypacpTlw yap (xtio Tfjc; AB Texpaywvov to AA- 
prjTov apa sgtI to AA. xal exei au(ipiSTp6c; eoTiv f) AB Tfj 
BF pir^xei, larj 6e eoTiv fj AB tt) BA, aupipiSTpoc; apa sotIv 
f) BA TT) BF pn]xei. xai eoTiv (be; rj BA xpog ttjv BF, outcoi; 
TO AA xpoe; TO AF. aujipieTpov apa sotI to AA tG AF. 
prjTov 5e to AA- prjTov apa eotI xal to AF. 

To apa uxo prjTcbv pLr]X£i oupipieTpcov, xal Ta £^fj<;. 

/ 

X . 

’Eav prjTov xapa prjTrjv xapapXrjiElfi, xXaToe; xoiel prjTrjv 
xal aupijiSTpov Tfj, xap’ rjv xapaxeiTai, (ir]xei. 

Ai-1 


B-A 


r'-' 

'PrjTov yap to AF xapa pr)Tr)v Tr)v AB xapapspArja-dco 
xXaToc; xoiouv ttjv BF- Xeyco, oti prjTr] eotiv fj BF xal 
aupiptSTpoe; TT) BA pir^xei. 

AvayeypaqjTilco yap dxo Tfjc; AB TSTpdytovov to AA- 
p-rjTov dpa eotI to AA. pirjTov 5 e xal to AF- aujipieTpov dpa 


rational straight-lines AB and BC (which are) commen¬ 
surable in length. I say that AC is rational. 

I- 


C 


A'- 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is com¬ 
mensurable in length with BC, and AB is equal to BD, 
BD is thus commensurable in length with BC. And as 
BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA 
is commensurable with AC [Prop. 10.11]. And DA (is) 
rational. Thus, AC is also rational [Def. 10.4]. Thus, 
the ... by rational straight-lines ... commensurable, and 
so on .... 

Proposition 20 

If a rational (area) is applied to a rational (straight- 
line) then it produces as breadth a (straight-line which is) 
rational, and commensurable in length with the (straight- 
line) to which it is applied. 

Di-1 


-^A 


C'-' 

For let the rational (area) AC have been applied to the 
rational (straight-line) AB, producing the (straight-line) 
BC as breadth. I say that BC is rational, and commen¬ 
surable in length with BA. 

For let the square AD have been described on AB. 
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eaxl TO AA xw AF. xai eaxiv to AA Tipoc; to AF, outcoc; 
f] AB Kpoc TiQv BF. oupipiexpoc; apct eaxl xal fj AB xfj BF- 
laT) 6e f) AB xfi BA- aupipiexpoc; apa xal rj AB Tfj BF. prjTr) 
5e eaxiv fj AB- pr)Ti^ apa eaxl xal f) BF xal aujipiexpoi; xf) 
AB pLr]X£i. 

’Eav apa prjxov xapa prjxi^v xapapXrj-dfj, xal xa 


xa'. 

To imo pr]xov 6uva(j£i piovov aupipiexpwv eu'dei.Sv Tie- 
pLEXoi^svov op-doYCOvLov aXoyov eoxiv, xal Buvaptsvr) auxo 
aXoyoc; eaxiv, xaXeia-dw Be [iear). 

Ai-1 


B-A 


r'-' 

'Txo yap prjxwv Buvdpiei (jovov aupt(J£xpwv eOileiwv xAv 
AB, BF op-doyAviov Kepiexecj-dw x6 AF- Xeyw, 6xi dXoyov 
eaxi TO AF, xal 6uva(j£vr) auxo dXoyoc; eaxiv, xaXeia-dw 
5e ptear). 

Avayeypdcp-do ydp duo xfji; AB xexpdywvov x6 AA- 
pr)x6v dpa eaxl x6 AA. xal exel daupipiexpoi; eaxiv fj AB 
xfj BF pi-fjxei- Buvdpiei ydp piovov UKOxeivxai aupipiexpor lar] 
Be f) AB xfj BA, daupiptexpoi; dpa eaxl xal f) AB xfj BF 
pif]xei. xai eaxiv Ac f) AB Tipoc ifiv BF, ouxoc x6 AA 
Tipoc x6 AF- daupiptexpov dpa [eaxl] x6 AA xA AF. prjxov 
Be TO A A- dXoyov dpa eaxl x6 AF- Aaxe xal -f) Buvapievr] x6 
AF [xouxeaxiv f] laov auxA xexpdywvov Buvapievr)] dXoyoc 
eaxiv, xaXeia-dw Be (lear)- oTiep eBei BeT?®- 


t Thus, a medial straight-line has a length expressible as 


AD is thus rational [Def. 10.4]. And AC (is) also ratio¬ 
nal. DA is thus commensurable with AC. And as DA 
is to AC, so DB (is) to BC [Prop. 6.1]. Thus, DB is 
also commensurable (in length) with BC [Prop. 10.11]. 
And DB (is) equal to BA. Thus, AB (is) also commen¬ 
surable (in length) with BC. And AB is rational. Thus, 
BC is also rational, and commensurable in length with 
AB [Def. 10.3]. 

Thus, if a rational (area) is applied to a rational 
(straight-line), and so on_ 

Proposition 21 

The rectangle contained by rational straight-lines 
(which are) commensurable in square only is irrational, 
and its square-root is irrational—let it be called medial.! 

Di-1 




C'-' 

For let the rectangle AC be contained by the rational 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is irrational, and its square- 
root is irrational—let it be called medial. 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is incom¬ 
mensurable in length with BC. For they were assumed 
to be commensurable in square only. And AB (is) equal 
to BD. DB is thus also incommensurable in length with 
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1]. 
Thus, DA [is] incommensurable with AC [Prop. 10.11]. 
And DA (is) rational. Thus, AC is irrational [Def. 10.4]. 
Hence, its square-root [that is to say, the square-root of 
the square equal to it] is also irrational [Def. 10.4]—let 
it be called medial. (Which is) the very thing it was re¬ 
quired to show. 
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’Eav Sai. 5uo suTlelai., eaxiv (be; f) Kpcbxr) xpoc; xf]v 
6suxepav, ouxwe; x6 dno xfjc; 7i;pcbxr]c; npoQ x6 bnb xwv 5uo 
eMeiOv. 

Z E H 


A 

Tilaxcoaav 6uo eO'dsTai at ZE, EH. Xsyw, 6xi eaxiv (b<; f) 
ZE npoQ xi^v EH, ouxo<; x6 ooto xf)<; ZE npog x6 uno xwv 
ZE, EH. 

’AvayeypacpTlco ydp duo xfjc ZE xexpdycovov x6 AZ, xal 
auljLTieKXrjpAa'dco x6 HA. exel ouv eaxiv Ac; fj ZE npoQ xf]v 
EH, ouxcoc x6 ZA npoQ x6 AH, xod eaxi x6 piev ZA x6 omb 
xfji; ZE, x6 5e AH x6 uko xAv AE, EH, xouxeaxi x6 bnb 
xAv ZE, EH, eaxiv dpa A(; fj ZE xpoc; xf]v EH, ouxcoc x6 
dxo xfjc; ZE Tipoc; x6 Otio xAv ZE, EH. opioioc; 6e xai Ac; x6 
bnb xAv HE, EZ Tipoc x6 oenb xfjc; EZ, xouxeaxiv Ac; x6 HA 
Tipoc; x6 ZA, ouxioc; f] HE Tipoc; xf]v EZ- oTiep e6ei BeT^ai. 


x(3'. 

To diio (jearjc; Tiapd pr)xf)v TiapapaXX6(ievov TiXdxoc; Tioiel 
pr)xf)v xal daujipiexpov xfj, nap’ fjv Tiapdxeixai, pifjxei. 


B 



A r A E Z 


Tlaxw piear) piev fj A, prjxf) 8e f) EB, xal xA diio xfjc 
A laov Tiapd xf)v BT TiapaPepXf]a'd 63 x^^piov op-doyAviov x6 
BA TiXdxoc TioioOv xf]v FA- Xeyw, 6xi pr]xf] eaxiv f] FA xal 
daupipicxpoc xfj FB pifjxci. 

’Enel ydp piear] eaxiv f] A, 5uvaxai x^piov Tiepiex6(ievov 
Otio pr]xAv 5uvdpiei (lovov aupi(jexpwv. Suvaa-dw x6 HZ. 


Lemma 

If there are two straight-lines then as the first is to the 
second, so the (square) on the first (is) to the (rectangle 
contained) by the two straight-lines. 

F E G 


D 

Let FE and EG be two straight-lines. I say that as 
EE is to EG, so the (square) on FE (is) to the (rectangle 
contained) by EE and EG. 

For let the square DE have been described on FE. 
And let GD have been completed. Therefore, since as 
FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is 
the (square) on FE, and DG the (rectangle contained) 
by DE and EG —that is to say, the (rectangle contained) 
by EE and EG —thus as EE is to EG, so the (square) 
on EE (is) to the (rectangle contained) by FE and EG. 
And also, similarly, as the (rectangle contained) by GE 
and EE is to the (square on) EF —that is to say, as GD 
(is) to FD —so GE (is) to EF. (Which is) the very thing 
it was required to show. 

Proposition 22 

The square on a medial (straight-line), being ap¬ 
plied to a rational (straight-line), produces as breadth a 
(straight-line which is) rational, and incommensurable in 
length with the (straight-line) to which it is applied. 


B 



Let A be a medial (straight-line), and CB a rational 
(straight-line), and let the rectangular area BD, equal to 
the (square) on A, have been applied to BG, producing 
GD as breadth. I say that GD is rational, and incommen¬ 
surable in length with CB. 

For since A is medial, the square on it is equal to a 
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Suvaxai 5e xal to BA' laov apct eaxl to BA tw HZ. eoti. 8s 
auTW xai iaoYWviov twv 8s lawv ts xal laoywviwv TiapaX- 
XrjXoYpapijiwv dvTinsTCOvDaaiv al TiXsupal ai nspl laq Ioolq 
Ywviac dvdXoYov dpa soTiv A<; f) BF upoi; ttjv EH, outwc 
f) EZ Tpog TTjv FA. eotiv dpa xal (be; to duo Tfje; BF npoc; 
TO dxo Tfje; EH, outcoc; to dxo Tfjc; EZ npoQ to dTO T'rjc FA. 
au(ipiSTpov 8s SOTI to diio Tfjc; FB tA dno Tfjc; EH' prjTf) Ydp 
EOTiv ExaTspa auTAv au(jptETpov dpa eotI xal to dxo Tfjc 
EZ tA dxo Tfjc; FA. prjTov 8 e eoti. to dxo Tfjc EZ- prjTov 
dpa eotI xal to duo Tfjc FA- pr]Tf] dpa eotIv f) FA. xal etieI 
daupipiETpoc saTLv f] EZ Tfj EH pLf]XEr SuvdpiEi y“P piovov 
Eial aupi(j£Tpoi.' Ac 8£ ■f) EZ Tipoc Tf]v EH, outcoc to dxo 
Tfjc EZ Tipoc TO UKo tAv ZE, eh, daOpi(j£Tpov dpa [eotI] 
TO dxo Tfjc EZ tA Otio tAv ZE, EH. dXXd tA pisv dTio Tfjc 
EZ au(ipi£Tp6v EOTi. TO dxo Tfjc FA' pr]Tal y«P 8uvd(j£r 
tA Se Oko tAv ZE, EH aupi(j£Tp6v eoti to uko tAv AF, 
FB' laa y^P "cA diio Tfjc A- dau(jpt£Tpov dpa eotI xal 
TO dTio Tfjc FA tA Oko tAv AF, FB. Ac 8£ to dno Tfjc FA 
Tipoc TO Olio tAv AF, FB, outcoc eotIv ■f) AF Tipoc I'nv FB- 
dau(jpt£Tpoc dpa eotIv ■f) AF Tfj FB (if]X£i. pr]Tf] dpa eotIv ■f) 
FA xal daupipiETpoc Tfj FB pLf]X£r OTisp £8£( SsT^ai¬ 


t Literally, “rational”. 

xy'- 

'H Tfj piEar) aupipiETpoc ptEar) eotIv. 

TilaTCO pLEor) f] A, xal Tfj A aupiptSTpoc eotw fj B- Xeyw, 
OTi xal ■f) B ptEor) eotIv. 

’ExxeIotIco y“P piTci^ LA, xal tA ptsv dtio Tfjc A 
loov Tiapd Tf]v FA TiapapEpXfjo'dco xcoplov op'doYWvi.ov to 
FE TiXdToc TioioOv Tf]v EA' pr]Tf] dpa eotIv f] EA xal 
doupipiETpoc Tif) FA pifjxEi.. tA 8£ duo Tfjc B loov Tiapd 
Tf]v FA Tiapap£pXf]0'do op'doYWvi.ov to FZ TiXdToc 

TIOtoOv Tf]V AZ. ETIEI OUV OUpipiSTpOC EOTiV f] A Tfj B, 
oupipiETpov EOTt xal TO duo Tfjc A tA duo Tfjc B. dXXd 
tA pLEv duo Tfjc A loov eotI to EF, tA 8£ duo Tfjc B 
loov eotI to FZ' oupipLETpov dpa eotI to EF tA FZ. xal 
EOTIV Ac TO EF Tipoc TO FZ, OUTCOC EA Tipoc Tf]V AZ' 


(rectangular) area contained by rational (straight-lines 
which are) commensurable in square only [Prop. 10.21]. 
Let the square on (H) be equal to GF. And the square on 
(A) is also equal to BD. Thus, BD is equal to GF. And 
(BD) is also equiangular with (GF). And for equal and 
equiangular parallelograms, the sides about the equal an¬ 
gles are reciprocally proportional [Prop. 6.14]. Thus, pro¬ 
portionally, as BG is to EG, so EF (is) to CH. And, also, 
as the (square) on BG is to the (square) on EG, so the 
(square) on EE (is) to the (square) on CD [Prop. 6.22]. 
And the (square) on CB is commensurable with the 
(square) on EG. For they are each rational. Thus, the 
(square) on EE is also commensurable with the (square) 
on CD [Prop. 10.11]. And the (square) on EE is ratio¬ 
nal. Thus, the (square) on CD is also rational [Def. 10.4]. 
Thus, CD is rational. And since EF is incommensurable 
in length with EG. For they are commensurable in square 
only. And as EE (is) to EG, so the (square) on EF (is) 
to the (rectangle contained) by FE and EG [see previ¬ 
ous lemma]. The (square) on EE [is] thus incommen¬ 
surable with the (rectangle contained) by EE and EG 
[Prop. 10.11]. But, the (square) on CD is commensu¬ 
rable with the (square) on EE. For they are rational in 
square. And the (rectangle contained) by DC and CB 
is commensurable with the (rectangle contained) by FE 
and EG. For they are (both) equal to the (square) on A. 
Thus, the (square) on CH is also incommensurable with 
the (rectangle contained) by DC and CB [Prop. 10.13]. 
And as the (square) on CD (is) to the (rectangle con¬ 
tained) by DC and CB, so DC is to CB [see previous 
lemma]. Thus, DC is incommensurable in length with 
CB [Prop. 10.11]. Thus, CD is rational, and incommen¬ 
surable in length with CB. (Which is) the very thing it 
was required to show. 


Proposition 23 

A (straight-line) commensurable with a medial (straight- 
line) is medial. 

Let A be a medial (straight-line), and let B be com¬ 
mensurable with A. I say that B is also a medial (staight- 
line). 

Let the rational (straight-line) Cl? be set out, and let 
the rectangular area CE, equal to the (square) on A, 
have been applied to CD, producing ED as width. ED 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And let the rectangular area CF, equal 
to the (square) on B, have been applied to CD, produc¬ 
ing DF as width. Therefore, since A is commensurable 
with B, the (square) on A is also commensurable with 
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au^t^STpo(; apa saxiv f) EA Tfj AZ ^rjxsL. priTiQ 6s eaxiv 
f) EA xal dau^i^Expoc; xfj AE ^r^xsi- prjxf] dpa saxi xai f) 
AZ xal dau^i^Expog xfj AE ^r^xsi- al EA, AZ dpa prjxai 
Eiai 6uvd[iEi p.6vov aupjisxpoi. fj Be x6 0x 6 prjxwv Buvdjisi 
[iovov au[ip,£xp(jv 6uvap,£vr) p,£ar) saxlv. f) dpa x6 0x6 xwv 
EA, AZ 5uva(i£vr) (isarj saxiv xal Buvaxai x6 0x6 xwv EA, 
AZ T) B- ^isar) dpa saxiv rj B. 


A'-1 

r 



E A Z 

n6pia[jia. 

’Ex 6f] xoOxou cpavspov, 6xi x6 xw ^sao) a0pi(j£xp- 

ov (isaov saxiv. 

t A medial area is equal to the square on some medial straight-line. He: 


the (square) on B. But, EC is equal to the (square) on A, 
and CF is equal to the (square) on B. Thus, EC is com¬ 
mensurable with CF. And as EC is to CF, so ED (is) to 
DF [Prop. 6.1]. Thus, ED is commensurable in length 
with DF [Prop. 10.11]. And ED is rational, and incom¬ 
mensurable in length with CD. DF is thus also ratio¬ 
nal [Def. 10.3], and incommensurable in length with DC 
[Prop. 10.13]. Thus, CD and DF are rational, and com¬ 
mensurable in square only. And the square-root of a (rect¬ 
angle contained) by rational (straight-lines which are) 
commensurable in square only is medial [Prop. 10.21]. 
Thus, the square-root of the (rectangle contained) by CD 
and DF is medial. And the square on B is equal to the 
(rectangle contained) by CD and DF. Thus, is a me¬ 
dial (straight-line). 


A'-1 B ^ 

C 



Corollary 

And (it is) clear, from this, that an (area) commensu¬ 
rable with a medial areal is medial. 

e, a medial area is expressible as DC, 


x6'. 

T6 ux6 pcamv pqxEi auppcxpcov eutIeiwv xEpiExopcvov 
opTloyAviov pcaov saxiv. 

'Tx6 Y«p peacov pfjxsi auppsxpwv suDsiCiv xcSv AB, BE 
xspisxea'dto op'doYCUvi.ov x6 AE- Xeyo, 6xi x6 AE psaov 
saxiv. 

’AvaYEYP^Tll^ T“P AB xsxpaYWvov x6 AA- 

psaov dpa saxl x6 AA. xal sxsl auppsxpoc; saxiv fj AB xfj 
BE pqxsi, ’lar) Bs f] AB xfj BA, auppsxpoi; dpa saxl xal f) 
AB xfj BE pf]X£i- Aaxs xal x6 AA xA AE auppsxpov saxiv. 
psaov Be x6 AA- psaov dpa xal x6 AE- oxsp sBsi Bsl^ai- 


Proposition 24 

A rectangle contained by medial straight-lines (which 
are) commensurable in length is medial. 

For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
length. I say that AC is medial. 

For let the square AD have been described on AB. 
AD is thus medial [see previous footnote]. And since 
AB is commensurable in length with BC, and AB (is) 
equal to BD, DB is thus also commensurable in length 
with BC. Hence, DA is also commensurable with AC 
[Props. 6.1, 10.11]. And DA (is) medial. Thus, AC (is) 
also medial [Prop. 10.23 corn]. (Which is) the very thing 
it was required to show. 
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r 


A-B 

- 

xs'. 

To UTCo [ieawv SuvA^iei t^ovov au^iiexpwv eO'dsi.wv ne- 
op'doywvi.ov f]Toi. prjxov f] (Jeaov eaxiv. 



'Ttio yap (jeawv 5uvdpiei. (iovov aujipiexptov eu'deiwv xwv 
AB, BF op'doywvi.ov Tiepi.exE'^'^^ XF- Xsyw, oxi. x6 AF 
fjxoi pr)x6v f] (Jeaov eaxiv. 

AvayeypacpTloj ydp dKO xwv AB, BF xexpdywva xd AA, 
BE- (leaov dpa eaxlv exdxepov xwv AA, BE. xal exxeia-dw 
prjxf) T) ZFI, xal xw piev AA laov xapd xf)v ZR xapa- 
[3e[3Xr]aTL)a) opDoycoviov xapaXXrjXoypaiipiov x6 FI0 xXdxoc; 
xoiouv xrjv Z0, xw 6e AF laov xapd xf)v 0M 7T:apa(3epXr]a'dw 
opDoycoviov xapaXXr)X6ypa(i(iov x6 MK xXdxot; xoioOv xrjv 
0K, xal exi. xo BE laov 6(JoiW(; xapd xf]v KN xapa- 
Pe^Xi^a-dw x6 NA KXdxoc; xoioOv xi^v KA- ex’ eO-deiat; dpa 
eialv at Z0, 0K, KA. exel ouv ptcaov eaxlv exdxepov xAv 
AA, BE, xai eaxiv ’(aov x6 (lev AA xA H0, x6 5e BE xA 
NA, (Jeaov dpa xal exdxepov xAv H0, NA. xal xapd prjxi^v 
xf)v ZH xapdxeixai.- prjxf] dpa eaxlv exaxcpa xAv Z0, KA xal 
dau(j(Jcxpoi; xfj ZFE (jr]xei. xal exel au(j(jexp6v eaxi x6 AA 
xA BE, au(j(jexpov dpa eaxl xal x6 H0 xA NA. xai eaxiv 
x6 F[0 xp6<; x6 NA, ouxox; fj Z0 xpoc; xrjv KA- au(j(jexpoi; 
dpa eaxlv fj Z0 xfj KA (jf]xei. at Z0, KA dpa prjxai eiai 
(j-fjxci. au(j(jexpoi.- prjxov dpa eaxl x6 0x6 xAv Z0, KA. xal 


c 




I- 

Proposition 25 

The rectangle contained by medial straight-lines 
(which are) commensurable in square only is either ra¬ 
tional or medial. 



For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is either rational or medial. 

For let the squares AD and BE have been described 
on (the straight-lines) AB and BC (respectively). AD 
and BE are thus each medial. And let the rational 
(straight-line) EG be laid out. And let the rectangular 
parallelogram GiF, equal to AD, have been applied to 
EG, producing FEl as breadth. And let the rectangular 
parallelogram MK, equal to AC, have been applied to 
HM, producing HK as breadth. And, finally, let NL, 
equal to BE, have similarly been applied to KN, pro¬ 
ducing KL as breadth. Thus, FH, HK, and KL are in 
a straight-line. Therefore, since AD and BE are each 
medial, and AD is equal to GH, and BE to NL, GH 
and NL (are) thus each also medial. And they are ap¬ 
plied to the rational (straight-line) EG. FH and KL are 
thus each rational, and incommensurable in length with 
EG [Prop. 10.22]. And since AD is commensurable with 
BE, GH is thus also commensurable with NL. And as 
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enel larj eaxlv fj ^ev AB xfj BA, fj 8s SB xfj BF, saxiv apa 
Ac f) AB Kpoc xi^v BF, ouxwc fj AB Tipoc xi^v BS. dXX’ Ac 
txEv f) AB Tipoc xi^v BF, ouxoc x6 AA xpoc x6 AF- Ac 8s fj 
AB Tipoc xi^v BS, ouxwc x6 AF Tipoc x6 FS' saxiv dpa Ac 
x6 AA Tipoc x6 AF, ouxwc x6 AF Tipoc x6 FS. laov 8s saxi 
x6 (JEv AA xA H0, x6 8e AF xA MK, x6 8e FS xA NA- 
saxiv dpa Ac x6 H0 Tipoc x6 MK, ouxwc x6 MK Tipoc x6 
NA- saxiv dpa xal Ac Z0 Tipoc xi^v 0K, ouxwc 0K Tipoc 
xf]v KA- x6 dpa Otio xAv Z0, KA laov saxl xA diio xfjc 0K. 
pr)x6v 8e x6 Otio xAv Z0, KA- prjxov dpa saxl xai x6 and 
xfjc 0K- prjx-f) dpa saxiv -f) 0K. xai si (jev aO^(JExp6c saxi 
xfj ZH ^f]XEi, prjxov saxi x6 0N- si 8e daO^^sxpoc saxi xfj 
ZH ^fjxEi, ai K0, 0M prjxai siai 8uvdtJiEi ^ovov aO^^sxpoi- 
^Jisaov dpa x6 0N. x6 0N dpa -rjxoi p-r)x6v -rj ^saov saxiv. 
laov 8s x6 0N xA AF- x6 AF dpa fjxoi p-r)x6v -rj ^saov saxiv. 

To dpa Otio (jsawv Suvd^si ^ovov au^(JExpwv, xai xd 
E^fjC. 


Xf'. 

Msaov ^saou oOx OnspExsi pTjxA. 


A 

A 


Z 

r 

B K 


E 


H 


@ 


Ei ydp 8uvax6v, (isaov x6 AB (isaou xoO AF OTiEpsxexto 
prjxA xA AB, xai sxxsia'dw prjxf) fj EZ, xai xA AB laov Tiapd 
xf]v EZ TiapapspX'fja'dw TiapaXXr]X6Ypa(j^ov op-doyAviov x6 
Z0 TiXdxoc TioioOv xf]v E0, xA 6 e AF laov dcprip-rja-dto x6 
ZH- XoiTiov dpa x6 BA XoitiA xA K0 saxiv laov. pr]x6v 8 e 
saxi x6 AB- p-r)x6v dpa saxl xal x6 K0. etiei ouv ^saov saxiv 
Exdxspov xAv AB, AF, xai saxi x6 ^sv AB xA Z0 laov, x6 
8 e AF xA ZH, ^saov dpa xai sxdxspov xAv Z0, ZH. xal 
Tiapd pr]xf]v xf)v EZ xapdxsixar prjxf) dpa saxiv sxaxspa xAv 
0E, EH xal dau^jxExpoc xfj EZ jifixsi. xal etieI prjxov saxi 


Gff is to NL, so FH (is) to KL [Prop. 6.1]. Thus, FFl is 
commensurable in length with KL [Prop. 10.11]. Thus, 
FH and KL are rational (straight-lines which are) com¬ 
mensurable in length. Thus, the (rectangle contained) by 
FH and KL is rational [Prop. 10.19]. And since DB is 
equal to BA, and OB to BC, thus as DB is to BC, so 
AB (is) to BO. But, as DB (is) to BC, so DA (is) to 

AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to 

CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to 

CO. And AD is equal to GH, and AC to MK, and CO 

to NL. Thus, as GH is to MK, so MK (is) to NL. Thus, 
also, as FH is to HK, so HK (is) to KL [Props. 6.1, 
5.11]. Thus, the (rectangle contained) by FH and KL 
is equal to the (square) on HK [Prop. 6.17]. And the 
(rectangle contained) hy FH and KL (is) rational. Thus, 
the (square) on HK is also rational. Thus, HK is ratio¬ 
nal. And if it is commensurable in length with FG then 
HN is rational [Prop. 10.19]. And if it is incommensu¬ 
rable in length with FG then KH and HM are rational 
(straight-lines which are) commensurable in square only: 
thus, HN is medial [Prop. 10.21]. Thus, HN is either ra¬ 
tional or medial. And HN (is) equal to AC. Thus, AC is 
either rational or medial. 

Thus, the ... by medial straight-lines (which are) com¬ 
mensurable in square only, and so on .... 


Proposition 26 


A medial (area) does not exceed a medial (area) by a 
rational (area).l 


A 

D 


C 

B 


F 


K 


E 

G 

H 


For, if possible, let the medial (area) AB exceed the 
medial (area) AC by the rational (area) DB. And let 
the rational (straight-line) EF be laid down. And let the 
rectangular parallelogram FH, equal to AB, have been 
applied to to EF, producing EH as breadth. And let FG, 
equal to AC, have been cut off (from FH). Thus, the 
remainder BD is equal to the remainder KH. And DB 
is rational. Thus, KH is also rational. Therefore, since 
AB and AC are each medial, and AB is equal to FH, 
and AC to FG, FH and FG are thus each also medial. 
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TO AB xa[ eaxiv laov xw K0, prjxov apa eaxl xal x6 K0. 
xai xapa pr)xf]v xi^v EZ xapaxeixar prjxf] apa saxiv fj H0 
xai aup^expoc xfj EZ ^r]xei. dXXd xal f) EH prjxri eaxi xal 
dau^psxpoi; xfj EZ prjxsL- daOp^expoc dpa eaxiv f] EH xfj 
H0 pfjxei.. xal eaxiv A<; f) EH npoQ xf)v H0, ouxwc x6 dxo 
xfjc; EH npoQ x6 utio xwv EH, H0- daup(jexpov dpa eaxl x6 
dxo xfjc; EH xw Ono xAv EH, H0. dXXd xw pev dxo xfjc; EH 
au(jpexpd eaxi xd dxo xwv EH, H0 xexpdyova' prjxd yap 
dpcpoxepa' xw 8e Oko xwv EH, H0 au(jpexp6v eaxi x6 SI? 
bnb xAv EH, H0- BixXdaiov ydp eaxiv aOxoO' dau(jpexpa 
dpa eaxl xd dTio xAv EH, H0 xo Bli; Oko xAv EH, H0' xal 
auvapcpoxepa dpa xd xe duo xwv EH, H0 xal x6 Sic; Oko 
xAv EH, H0, oxep eaxl x6 dxo xfjc; E0, dau(jpexp6v eaxi 
xoTc; dTio xwv EH, H0. pr]xd 8e xd dxo xSv EH, H0' dXoyov 
dpa x6 duo xfjc; E0. dXoyoc; dpa eaxiv f] E0. dXXd xal prjpf)' 
oTiep eaxiv d8uvaxov. 

Mcaov dpa (leaou ou)( UKepcxsi p'Hxw- oxep e8ei BeT?®- 


t In other words, \/fc — 7^ k". 

xC'. 

Meaac; eupelv Suvdjiei [iovov aupiiexpouc; prjxov xe- 
piexouaac;. 

A B r A 



’ExxelaDwaav 8uo prjxal 6uvd(jei (iovov au(i(icxpoi ai A, 
B, xal eiXficpiSw xwv A, B (learj dvdXoyov f] E, xal yeyovexw 
Ac; f] A Ttpoc; xf]v B, ouxwc; f) F Ttpoc; xfjv A. 


And they are applied to the rational (straight-line) EF. 
Thus, HE and EG are each rational, and incommensu¬ 
rable in length with EF [Prop. 10.22]. And since DB 
is rational, and is equal to KH, KH is thus also ratio¬ 
nal. And {KH) is applied to the rational (straight-line) 
EF. GH is thus rational, and commensurable in length 
with EF [Prop. 10.20]. But, EG is also rational, and in¬ 
commensurable in length with EF. Thus, EG is incom¬ 
mensurable in length with GH [Prop. 10.13]. And as 
EG is to GH, so the (square) on EG (is) to the (rectan¬ 
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus, 
the (square) on EG is incommensurable with the (rect¬ 
angle contained) by EG and GH [Prop. 10.11]. But, the 
(sum of the) squares on EG and GH is commensurable 
with the (square) on EG. For {EG and GH are) both 
rational. And twice the (rectangle contained) by EG and 
GH is commensurable with the (rectangle contained) by 
EG and GH [Prop. 10.6]. For (the former) is double 
the latter. Thus, the (sum of the squares) on EG and 
GH is incommensurable with twice the (rectangle con¬ 
tained) by EG and GH [Prop. 10.13]. And thus the sum 
of the (squares) on EG and GH plus twice the (rectan¬ 
gle contained) by EG and GH, that is the (square) on 
EH [Prop. 2.4], is incommensurable with the (sum of 
the squares) on EG and GH [Prop. 10.16]. And the (sum 
of the squares) on EG and GH (is) rational. Thus, the 
(square) on EH is irrational [Def. 10.4]. Thus, EH is 
irrational [Def. 10.4]. But, (it is) also rational. The very 
thing is impossible. 

Thus, a medial (area) does not exceed a medial (area) 
by a rational (area). (Which is) the very thing it was 
required to show. 


Proposition 27 

To find (two) medial (straight-lines), containing a ra¬ 
tional (area), (which are) commensurable in square only. 

A B C D 



Let the two rational (straight-lines) A and B, (which 
are) commensurable in square only, be laid down. And let 
G —the mean proportional (straight-line) to A and B — 
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Kai enel ai A, B prjToci elai Suvapiei [iovov aujipiexpoi, 
TO apa UTO Twv A, B, Touxeaxi x6 duo xfjc; F, [ieaov eaxiv. 
pisar] dpa rj F. xctl tnei eoxiv (be; f) A npoQ xi^v B, [ouxcoc;] f) F 
Tipoc; xi^v A, ai 6e A, B Buvdpisi. (iovov [eial] au(i(i£xpoi., xal 
ai F, A dpa 6uvd(i£i. (iovov sial au(i(i£xpoi. xai eaxi. (lear) f) 
F- (lear) dpa xai f] A. ai F, A dpa (isaai sial 5uvd(i£i. (iovov 
au(i(isxpoi. Xsyco, 6xi xal prjxov xspisxouaiv. exsl ydp eaxiv 
Ac 'H A npoQ xr)v B, ouxoc f) F npoQ xr)v A, evaXXd^ dpa 
eaxiv Ac f] A xpoc xf]v F, f] B xpoc xr)v A. dXX’ Ac A 
Tipoc if]v F, f) F Tipoc xf]v B- xal Ac dpa f) F iipoc xf)v B, 
ouxoc 'H B Tipoc xr)v A- x6 dpa utio xAv F, A laov eaxl xA 
duo xfjc B. pr)x6v de x6 duo xfjc B- pr]x6v dpa [eaxl] xal x6 
UTIO xAv F, A. 

Euprjvxai. dpa (leaai. 8uvd(i£i. (iovov au(i(i£xpoi pr]x6v 
Tiepiexouaar oxep e6ei BeT^ai.. 


have been taken [Prop. 6.13]. And let it be contrived 
that as A (is) to B, so C (is) to D [Prop. 6.12]. 

And since the rational (straight-lines) A and B 
are commensurable in square only, the (rectangle con¬ 
tained) by A and B —that is to say, the (square) on C 
[Prop. 6.17]—is thus medial [Prop 10.21]. Thus, C is 
medial [Prop. 10.21]. And since as A is to B, [so] C (is) 
to D, and A and B [are] commensurable in square only, 
C and D are thus also commensurable in square only 
[Prop. 10.11]. And C is medial. Thus, D is also medial 
[Prop. 10.23]. Thus, C and D are medial (straight-lines 
which are) commensurable in square only. I say that they 
also contain a rational (area). For since as A is to B, so 
C (is) to D, thus, alternately, as A is to C, so B (is) to 
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B. 
And thus as C (is) to B, so B (is) to D [Prop. 5.11]. 
Thus, the (rectangle contained) by C and D is equal to 
the (square) on B [Prop. 6.17]. And the (square) on B 
(is) rational. Thus, the (rectangle contained) by C and 
D [is] also rational. 

Thus, (two) medial (straight-lines, C and D), con¬ 
taining a rational (area), (which are) commensurable in 
square only, have been found.! (which is) the very thing 
it was required to show. 


t C and D have lengths k}-A and times that of A, respectively, where the length of B is times that of A. 


XT]'. 

Meaac eupelv Suvapei povov auppexpouc peaov Tiet- 
ptexouaac- 

A'-1 A'-1 

B'-1 E'-1 

El-1 

’ExxelaDcoaav [xpeTc] pqxal 6 uvapei povov auppexpot al 
A, B, F, xal elXficpHto xAv A, B pear) dvaXoyov fj A, xal 
Yeyovexw Ac fj B Tipoc ifiv F, f) A iipoc xf)v E. 

’Enel ai A, B prjxai eiat 6 uvdpei povov auppexpoi, x 6 dpa 
UTIO xAv A, B, xouxeaxi x 6 duo xfjc A, peaov eaxiv. pear) 
dpa f) A. xal enel ai B, F Suvdpei. povov eial auppexpoi, xai 
eaxtv Ac f) B Tipoc vqv F, f) A Tipoc xf)v E, xal ai A, E dpa 
Buvdpet povov eial auppexpot. pear) 8 e f) A- pear) dpa xal f) 
E- ai A, E dpa peaat eial Buvdpei. povov auppexpot. Xeyco 
5fj, 6 x 1 xal peaov Tiepieyouaiv. etiel ydp eaxtv Ac f) B Tipoc 
xf)v F, f) A Tipoc Tf)v E, evaXXd^ dpa Ac f) B Tipoc tqv A, f) 
F Tipoc vqv E. Ac 6 e f) B Tipoc vqv A, f) A Tipoc vqv A- xal 
Ac dpa f) A Tipoc xf)v A, f) F xpoc xf)v E' x 6 dpa utio xAv 
A, F laov eaxl xA utio xAv A, E. peaov Be x 6 0x6 xAv A, 
F' peaov dpa xal x 6 0x6 xAv A, E. 

’Eupr)vxai. dpa peaat Buvdpei povov auppexpoi. peaov 


Proposition 28 

To find (two) medial (straight-lines), containing a me¬ 
dial (area), (which are) commensurable in square only. 

A'-1 D'-1 

B I-1 E I-1 

C'-1 

Let the [three] rational (straight-lines) A, B, and C, 
(which are) commensurable in square only, be laid down. 
And let, D, the mean proportional (straight-line) to A 
and B, have been taken [Prop. 6.13]. And let it be con¬ 
trived that as B (is) to C, (so) D (is) to E [Prop. 6.12]. 

Since the rational (straight-lines) A and B are com¬ 
mensurable in square only, the (rectangle contained) by 
A and B —that is to say, the (square) on D [Prop. 6.17]— 
is medial [Prop. 10.21]. Thus, D (is) medial [Prop. 10.21]. 
And since B and C are commensurable in square only, 
and as B is to C, (so) D (is) to E, D and E are thus com¬ 
mensurable in square only [Prop. 10.11]. And D (is) me¬ 
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and 
E are medial (straight-lines which are) commensurable 
in square only. So, I say that they also enclose a medial 
(area). For since as B is to C, (so) D (is) to E, thus. 
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nspisxouaar oTisp eSei 5el^ai. alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16]. 

And as B (is) to D, (so) D (is) to A. And thus as D (is) to 
A, (so) C (is) to E. Thus, the (rectangle contained) by A 
and C is equal to the (rectangle contained) by D and E 
[Prop. 6.16]. And the (rectangle contained) by A and C 
is medial [Prop. 10.21]. Thus, the (rectangle contained) 
by D and E (is) also medial. 

Thus, (two) medial (straight-lines, D and E), con¬ 
taining a medial (area), (which are) commensurable in 
square only, have been found. (Which is) the very thing 
it was required to show. 

t D and E have lengths EA and times that of A, respectively, where the lengths of B and C are EA and k'^A times that of A, 

respectively. 


Ar][i[ia a. 

Eupciv 6uo Texpctytovoui; dpiDpouc;, wots xai tov 
auyxeipsvov auTWv elvat TSTpayorvov. 

I-1-1-1 

A A r B 

’Exxsta'dwaav 8uo dptdpol oi AB, BE, soTwaav 6e qroi. 
dpTioi r] xepiTToi. xocl exel, edv xe dito dpxiou dpxioc; dcpai- 
peDfi, edv xe duo itepiaaoD Ttepiaaoc, 6 Xoixoc; dpxtoc; eaxtv, 
6 XoiTtoc; dpa 6 AE dpxioc eaxiv. xexpfja'dto 6 AE Siya xaxd 
x6 A. eaxtoaav 8e xal ol AB, BE fjxoi opoioi eitiiteSoi r] 
xexpdytovoi, oT xal aOxol opoioi elaiv eitiiteBoc 6 dpoi ex 
xwv AB, BE pexd xoO duo [xoO] EA xexpaywvou laoc eaxl 
xw dxo xoO BA xexpaytovtp. xai eaxi xexpdywvoc 6 ex xwv 
AB, BE, cxeiSfiTtep eBeixUr), oxi, edv 60o opoioi eitiTteSoi 
xoXXomXaaidaotvxec dXXqXouc itoicSai xiva, 6 yevopevoc 
xexpdycovoc eaxiv. euprjvxai dpct 5uo xexpdywvoi dpiDpoi 
6 xe ex xwv AB, BE xal 6 dxo xou EA, oT auvxehevxec 
xoiouai xov dito xou BA xexpdytovov. 

Kal cpavepov, 6xi euprjvxai xdXiv 8uo xexpdytovoi 6 xe 
duo xou BA xal 6 duo xou EA, waxe xrjv uxepoxfiv auxwv 
xov UTto AB, BE elvai xexpdywvov, oxav oi AB, BE opoioi 
SSaiv eiiiiie8oi. oxav 8c pr) Saiv opoioi ciiiiie8oi, cuprjvxai 
8uo xcxpdytovoi 6 xe dtio xou BA xal 6 duo xou AE, Sv 
f) uxepoxf] 6 UTto xwv AB, BE oux caxi xcxpdywvoc oitep 
c8ci 8el^ai. 


Lemma I 

To find two square numbers such that the sum of them 
is also square. 

I-1-1-1 

A D C B 

Let the two numbers AB and BC be laid down. And 
let them be either (both) even or (both) odd. And since, if 
an even (number) is subtracted from an even (number), 
or if an odd (number is subtracted) from an odd (num¬ 
ber), then the remainder is even [Props. 9.24, 9.26], the 
remainder AC is thus even. Let AC have been cut in 
half at D. And let AB and BC also be either similar 
plane (numbers), or square (numbers)—which are them¬ 
selves also similar plane (numbers). Thus, the (num¬ 
ber created) from (multiplying) AB and BC, plus the 
square on CD, is equal to the square on BD [Prop. 2.6]. 
And the (number created) from (multiplying) AB and 
BC is square—inasmuch as it was shown that if two 
similar plane (numbers) make some (number) by mul¬ 
tiplying one another then the (number so) created is 
square [Prop. 9.1]. Thus, two square numbers have 
been found—(namely) the (number created) from (mul- 
tipl 3 dng) AB and BC, and the (square) on CD —which, 
(when) added (together), make the square on BD. 

And (it is) clear that two square (numbers) have again 
been found—(namely) the (square) on BD, and the 
(square) on CD —such that their difference—(namely) 
the (rectangle) contained by AB and BC —is square 
whenever AB and BC are similar plane (numbers). But, 
when they are not similar plane numbers, two square 
(numbers) have been found—(namely) the (square) 
on BD, and the (square) on DC —between which the 
difference—(namely) the (rectangle) contained by AB 
and BC —is not square. (Which is) the very thing it was 
required to show. 
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Ar][i[ia (3'. 

EOpelv 5uo Texpctytovoui; dpnljiouc;, &ots tov auTWv 
auyxeipisvov [if] sTvai xexpdYWvov. 

AH A Z r B 

I—^—I-1—I—I-1-1 

@ E 

Tilaxa) Y“P 6 ex xwv AB, BF, wc ecpapiev, xexpdYWvoc, 
xal dpxiog 6 FA, xal xexp,r]aTL)a) 6 FA 5ixa xw A. cpavepov 
8 rj, 6 x 1 6 ex xAv AB, BF xexpdYWvoc piexd xoD duo [xoO] 
FA xexpayAvou XaoQ eaxl xA dxo [xoO] BA xexpayAvw. 
dcprjprja'dw t^ovdc f) AE- 6 dpot ex xAv AB, BF [iexd xou 
duo [xou] FE eXdaatov eaxl xou dxo [xou] BA xexpo{Y^''^ou. 
Xeyw ouv, oxi. 6 ex xAv AB, BF xexpdywvoc (lexd xou dxo 
[xou] FE oux eaxcti xexpdywvoc;. 

El ydp caxai xexpdycovot;, fjxoi loot; eaxl xA duo [xou] 
BE f] eXdaawv xou dxo [xou] BE, ouxexi 5e xal piel^wv, Xmol 
pir) x(ir]'df) f] piovdc;. eaxw, ei 8 uvax 6 v, xpoxepov 6 ex xAv 
AB, BF (jexd xou dxo FE laoc; xA duo BE, xal eaxw xfjc 
AE ^ovd 8 o<; BixXaalov 6 FEA. exel ouv oXoi; 6 AF oXou 
xou FA eaxi BixXaalwv, Sv 6 AH xou AE eaxi 8 i. 7 iXaaiwv, 
xal XoiKoc; dpa 6 HF Xoixou xou EF eaxi BixXaaiwv 6 [)(a 
dpa xex^rjxai 6 HF xA E. 6 dpa ex xAv HB, BF (lexd xou 
dxo FE laoc; eaxl xA dxo BE xexpayAvw. dXXd xal 6 ex 
xAv AB, BF (lexd xou dxo FE laoc; uxoxeixai xA dxo [xou] 
BE xexpayAvw' 6 dpa ex xAv HB, BF piexd xou dxo FE 
laoc; eaxl xA ex xAv AB, BF (iexd xou dxo FE. xal xoivou 
dcpaipeiSevxoc; xou dxo FE auvdyexai 6 AB laoc; xA HB- 
OTiep dxoKov. oux dpa 6 ex xAv AB, BF (xexd xou dxo [xou] 
FE iao<; eaxl xA dvio BE. Xeyw 6 r], 6 xi ou 8 e eXdaawv xou 
dxo BE. el ydp 6 uvax 6 v, eaxw xA duo BZ ’laoc, xal xou 
AZ BixXaalwv 6 0A. xal auvax-drjaexai TidXiv BixXaalwv 6 
0F xou FZ- Aaxe xal xov F0 hi/a xex(i'l]a'dai xaxd x 6 Z, 
xal 6 id xouxo xov ex xAv 0B, BF (lexd xou duo ZF laov 
ylvea-dai xA duo BZ. uxoxeixai 8 e xal 6 ex xAv AB, BF 
(iexd xou dxo FE laoc xA dxo BZ. Aaxe xal 6 ex xAv 0B, 
BF (iexd xou dxo FZ laoi; eaxai xA ex xAv AB, BF (iexd 
xou dxo FE- o-xep dxoxov. oux dpa 6 ex xAv AB, BF (iexd 
xou dxo FE laoc; eaxl [xA] eXdaaovi xou dxo BE. eSelx-dr] 
8 e, 6 x 1 ou 8 e [auxA] xA dxo BE. oux dpa 6 ex xAv AB, BF 
(iexd xou dxo FE xexpdywvoc; eaxiv. 67 i;ep e 6 ei BeT^ai- 


Lemma II 

To find two square numbers such that the sum of them 
is not square. 

AG D F C B 

I- ^^^^^^-1 

H E 

For let the (number created) from (multipl 3 dng) AB 
and BC, as we said, be square. And (let) CA (be) even. 
And let CA have been cut in half at D. So it is clear 
that the square (number created) from (multiplying) AB 
and BC, plus the square on CD, is equal to the square 
on BD [see previous lemma]. Let the unit DE have 
been subtracted (from BD). Thus, the (number created) 
from (multiplying) AB and BC, plus the (square) on 
CE, is less than the square on BD. I say, therefore, that 
the square (number created) from (multiplying) AB and 
BC, plus the (square) on CE, is not square. 

For if it is square, it is either equal to the (square) 
on BE, or less than the (square) on BE, but cannot any 
more be greater (than the square on HA), lest the unit be 
divided. First of all, if possible, let the (number created) 
from (multiplying) AB and BC, plus the (square) on CE, 
be equal to the (square) on BE. And let CA be double 
the unit DE. Therefore, since the whole of AC is double 
the whole of CD, of which AC is double DE, the remain¬ 
der CC is thus double the remainder EC. Thus, GC has 
been cut in half at E. Thus, the (number created) from 
(multiplying) GB and BC, plus the (square) on CE, is 
equal to the square on HA [Prop. 2.6]. But, the (num¬ 
ber created) from (multiplying) AH and BC, plus the 
(square) on CE, was also assumed (to be) equal to the 
square on BE. Thus, the (number created) from (multi¬ 
plying) GB and BC, plus the (square) on CE, is equal 
to the (number created) from (multipl 3 dng) AH and BC, 
plus the (square) on CE. And subtracting the (square) on 
CE from both, AH is inferred (to be) equal to GB. The 
very thing is absurd. Thus, the (number created) from 
(multiplying) AH and BC, plus the (square) on CE, is 
not equal to the (square) on BE. So I say that (it is) not 
less than the (square) on BE either. For, if possible, let it 
be equal to the (square) on HA. And (let) HA (be) dou¬ 
ble DF. And it can again be inferred that HC (is) double 
CE. Hence, CH has also been cut in half at A. And, on 
account of this, the (number created) from (multiplying) 
HB and BC, plus the (square) on EC, becomes equal to 
the (square) on HA [Prop. 2.6]. And the (number cre¬ 
ated) from (multiplying) AH and BC, plus the (square) 
on CE, was also assumed (to be) equal to the (square) 
on HA. Hence, the (number created) from (multiplying) 
HB and BC, plus the (square) on CE, will also be equal 
to the (number created) from (multipl 3 dng) AH and BC, 
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xil'. 

Eupelv 6uo pr)Ta<; Suvdpiei. jiovov au(ipiSTpouc;, waxs Tf]v 
[iSL^ova Tfjc tXaaaovoz pisT^ov Buvaa'dai tw duo aup.[ieTpou 
eauxfi 



A B 


I-1-1 

r E A 

’ExxsLailw ydp xic prjxi^ fj AB xai 6uo xsxpdywvoi 
dpiil^ol oi FA, AE, oaxe xiQv Oxspox^v aOxov xov FE 
elvai. xexpdywvov, xal xfjc; AB f)pii.xOxXiov x6 

AZB, xal xsKoirjo'dw b AF xpoi; xov FE, ouxw<; x6 dxo 
xfjc; BA xexpdYWvov xpoc; x6 dxo xfjc; AZ xexpdYWvov, xal 
exs^eOx'Ow fj ZB. 

’Exel [ouv] eaxiv Ac; x6 duo xfjc; BA xpoc; x6 dxo xfji; AZ, 
ouxoc; 6 AF xpoc; xov FE, x6 dxo xfjc; BA dpa xpoc; x6 dxo 
xfjc; AZ Xoyov ex^^) dpiiSiioc; 6 AF xpoc; dpiD^ov xov FE- 
au(i^sxpov dpa soxl x6 dxo xfjc; BA xA dxo xfjc; AZ. pr]x6v 
5e x6 dxo xfjc; AB- pr]x6v dpa xal x6 dxo xfjc; AZ- prjxf) dpa 
xal -f) AZ. xal exel 6 AF xpoc; xov FE Xoyov oOx ex^^; 
xexpdywvoc; dpi-diioc; xpoc; xexpdywvov dpi-diiov, ou6s x6 dxo 
xfjc; BA dpa xpoc; x6 duo xfjc; AZ Xoyov ex^^) xsxpaYWvoc; 
dpi-d^xoc; xpoc; xsxpaYWvov dpi-diiov- dau(ipisxpoc; dpa eaxiv -f) 
AB xfj AZ ^f]xer al BA, AZ dpa prjxal eiai duvd^ei ^ovov 
au(ipi8xpoi. xal exei [eaxiv] Ac; 6 AF xpoc; xov FE, ouxwc; 
x6 dxo xfjc; BA xpoc; x6 dxo xfjc; AZ, dvaaxpei|>avxi dpa Ac; 
6 FA xpoc; xov AE, ouxwc; x6 d-xo xfjc; AB xpoc; x6 dxo 
xfjc; BZ. 6 5e FA xpoc; xov AE Xoyov exEi, ov xexpdywvoc; 
dpi-dpioc; xpoc; xexpdywvov dpi-dpiov- xal x6 dxo xfjc; AB dpa 
xpoc; x6 dxo xfjc; BZ Xoyov sx^'-i xexpdywvoc; dpi-d^ioc; 
xpoc; xexpdyovov dpi-d^iov- au(j^cxpoc; dpa eaxiv f] AB xfj 
BZ ^fjxei. xai eaxi x6 dxo xfjc; AB laov xoTc; dxo xAv AZ, 
ZB- -f) AB dpa xfj? AZ (jeT^ov dOvaxai xfj BZ auii^Jisxpw 


plus the (square) on CE. The very thing is absurd. Thus, 
the (number created) from (multipl 3 dng) AB and BC, 
plus the (square) on CE, is not equal to less than the 
(square) on BE. And it was shown that (is it) not equal 
to the (square) on BE either. Thus, the (number created) 
from (multiplying) AB and BC, plus the square on CE, 
is not square. (Which is) the very thing it was required to 
show. 

Proposition 29 

To find two rational (straight-lines which are) com¬ 
mensurable in square only, such that the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line which is) commensurable 
in length with the greater. 



A B 


I-1-1 

C E D 

For let some rational (straight-line) AB be laid down, 
and two square numbers, CD and EE, such that the dif¬ 
ference between them, CE, is not square [Prop. 10.28 
lem. I]. And let the semi-circle AEB have been drawn on 
AB. And let it be contrived that as EC (is) to CE, so the 
square on BA (is) to the square on AE [Prop. 10.6 corn]. 
And let EB have been joined. 

[Therefore,] since as the (square) on BA is to the 
(square) on AE, so EC (is) to CE, the (square) on 
BA thus has to the (square) on AF the ratio which 
the number EC (has) to the number CE. Thus, the 
(square) on BA is commensurable with the (square) on 
AF [Prop. 10.6]. And the (square) on AB (is) rational 
[Def. 10.4]. Thus, the (square) on AF (is) also ratio¬ 
nal. Thus, AF (is) also rational. And since EC does 
not have to CE the ratio which (some) square num¬ 
ber (has) to (some) square number, the (square) on 
BA thus does not have to the (square) on AF the ra¬ 
tio which (some) square number has to (some) square 
number either. Thus, AB is incommensurable in length 
with AF [Prop. 10.9]. Thus, the rational (straight-lines) 
BA and AF are commensurable in square only. And 
since as EC [is] to CE, so the (square) on BA (is) to 
the (square) on AF, thus, via conversion, as CE (is) 
to EE, so the (square) on AB (is) to the (square) on 
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eauTfj. 

Eupr]VTai. apct 6uo prjTal 6uvd[iei [iovov au(j^eTpoi ai BA, 
AZ, waxs Tf]v (JEl^ova ti^v AB xfjc; eXdaaovoc; xf)<; AZ (jeT^ov 
B uvaa'dai xw oltzo xfjc BZ au^^sxpou sauxrj tJifjxEL- oxEp eBel 
BEl^ai. 


t BA and AF have lengths 1 and vT 

X'. 

EupElv 8uo prjxdc Suva^iEi. [iovov auii^JiExpouc, waxE xf]v 
[iEt^ova xfjc sXdaaovoc ^JisT^ov Suvaailai xw anb dau(i^£xpou 
sauxfj ^fjxEt. 



A B 


I-1-1 

r E A 

’ExxEtailw prjxf] f] AB xal 8uo xExpdywvoi dptilt^ol oi 
EE, EA, «axE xov auyxEi^Evov £$ aOxwv xov FA ^f) Elvai 
xExpdycovov, xal yEypacpflco £xl xfjc AB fj^ixuxXtov x6 AZB, 
xal xETtoifja'dco (be 6 AF itpoc xov FE, ouxcoc x6 dito xfjc 
BA xpoc x6 dxo xfjc AZ, xal exe^euxtEIw f) ZB. 

'Otioiwc 8f) Bei^o^iev xeb xpo xoOxou, oxi at BA, AZ 
pr)xa[ Eiai Bovd^xsi. t^ovov au(i^£xpoi. xal exeI saxiv Ac 6 
AF Ttpoc xov FE, oux(hc x6 dxo xfjc BA Ttpoc x6 dxo xfjc 
AZ, dvaaxp£(|;avxi dpa Ac 6 FA Ttpoc xov AE, ouxcoc x6 
dTto xfjc AB xpoc x6 aTto xfjc BZ. 6 Be FA Ttpoc xov AE 
Xoyov oOx ex^b ov xExpdycovoc dpiiltJ^o^ 'n:p6c xExpdycovov 
dpi.iltJio'^' obh' dpa x6 aTto xfjc AB Ttpoc x6 aTto xfjc BZ Xoyov 
EXei, ov xExpdycovoc dpnSiioc Ttpoc xExpdycovov dpLiD^J^o'^' 
dau^it^Expoc dpa saxlv f) AB xfj BZ ^f]X£i. xal Buvaxai f) 
AB xfjc AZ ^eT^ov xA aTto xfjc ZB dau^^sxpou sauxrj. 


BF [Props. 5.19 corn, 3.31, 1.47]. And CD has to DE 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on AB also has to the 
(square) on BF the ratio which (some) square number 
has to (some) square number. AB is thus commensu¬ 
rable in length with BF [Prop. 10.9]. And the (square) 
on AB is equal to the (sum of the squares) on AF and 
FB [Prop. 1.47]. Thus, the square on AB is greater than 
(the square on) AF by (the square on) BF, (which is) 
commensurable (in length) with (AB). 

Thus, two rational (straight-lines), BA and AF, com¬ 
mensurable in square only, have been found such that the 
square on the greater, AB, is larger than (the square on) 
the lesser, AF, by the (square) on BF, (which is) com¬ 
mensurable in length with iAB)J (Which is) the very 
thing it was required to show. 

CDE/CD. 

Proposition 30 

To find two rational (straight-lines which are) com¬ 
mensurable in square only, such that the square on the 
greater is larger than the (the square on) lesser by the 
(square) on (some straight-line which is) incommensu¬ 
rable in length with the greater. 



A B 


I-1-1 

C E D 

Let the rational (straight-line) AB be laid out, and the 
two square numbers, CE and ED, such that the sum of 
them, CD, is not square [Prop. 10.28 lem. II]. And let the 
semi-circle AFB have been drawn on AB. And let it be 
contrived that as DC (is) to CE, so the (square) on BA 
(is) to the (square) on AF [Prop. 10.6 corr]. And let FB 
have been joined. 

So, similarly to the (proposition) before this, we can 
show that BA and AF are rational (straight-lines which 
are) commensurable in square only. And since as DC is 
to CE, so the (square) on BA (is) to the (square) on AF, 
thus, via conversion, as CD (is) to DE, so the (square) on 
AB (is) to the (square) on BF [Props. 5.19 corn, 3.31, 
1.47]. And CD does not have to DE the ratio which 
(some) square number (has) to (some) square number. 


— k'^ times that of AB, respectively, where k = 
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At AB, AZ apa prjTaL slai Buvdpei povov au^psxpoi, xal Thus, the (square) on AB does not have to the (square) 
f) AB Tfjc; AZ qel^ov Suvaxai tG (xtco xfjc; ZB dauqqsxpou on BF the ratio which (some) square number has to 
eauTfj qrjxsL- oxsp sBei BsT^ai. (some) square number either. Thus, AB is incommensu¬ 

rable in length with BF [Prop. 10.9]. And the square on 
AB is greater than the (square on) AF by the (square) on 
FB [Prop. 1.47], (which is) incommensurable (in length) 
with (AB). 

Thus, AB and AF are rational (straight-lines which 
are) commensurable in square only, and the square on 
AB is greater than (the square on) AF by the (square) on 
FB, (which is) incommensurable (in length) with {AB)J 
(Which is) the very thing it was required to show. 

t AB and AF have lengths 1 and l/vT+T? times that of AB, respectively, where k = ADE/CE. 


Eupclv 5uo peaac; 5uvdpei povov auppExpouc pqxov 
itepisxouaoii;, waxE xf]v pEi^ova xfjc; sXdaaovoc; pEl^ov 
BuvaaDai xO oltzo auppsxpou sauxfj prjxEL. 



A B r A 


’ExxELailwaav 6uo prjxai SuvdpEi povov auppcxpoi ai A, 
B, waxE xf]v A pEi^ova ouaav xfjc; sXdaaovoc; xfjc; B pEl^ov 
BuvaaDai xSi anb auppsxpou sauxfj pf]XEi. xal xw uito xwv 
A, B laov Eoxco x6 dito xfjc; T. psaov Ss x6 utio xwv A, B' 
pcaov dpa xal x6 axo xfjc; T- psar] dpa xal f] T. xo Be olko 
xfjc; B laov saxw x6 unb xwv T, A- pqxov Be x 6 axo xfjc; B- 
pr)x6v dpa xal x6 0x6 xAv T, A. xal tnei saxiv Ac; f) A xpoc; 
xf)v B, ouxoc; x6 0x6 xAv A, B xp6c; x6 dx6 xfjc; B, dXXd xA 
pEv 0x6 xAv A, B laov saxl x6 dx6 xfjc; T, xA Be dx6 xfjc; 
B laov x6 0x6 xAv T, A, Ac; dpa f) A xp6c; xf)v B, ouxwc; 
x6 dx6 xfjc; T xp6c; x6 0x6 xAv T, A. Ac; Be x 6 dx6 xfjc; T 
xp6c; x6 0x6 xAv T, A, ouxwc; f) T xp6c; xf)v A- xal Ac; dpa 
f] A xp6(; xfjv B, ouxox; f) T xp6(; xfjv A. aOppcxpoi; Be f) A 
xfj B Buvdpsi povov auppsxpoc; dpa xal f] T xfj A BuvcxpcL 
povov. xal saxi. psar) f] T- pear] dpa xal f) A. xal exeI saxiv 
Ac; f) A xp6i; xf]v B, f] T xp6i; xfjv A, f] Be A xfj? B psl^ov 
BOvaxai xA dx6 auppsxpou sauxfj, xal f] T dpa xfjc; A psl^ov 
Buvaxai xA dx6 auppsxpou sauxfj. 

Eupqvxai dpa Buo psaai Buvdpsi povov auppsxpoi al T, 


Proposition 31 

To find two medial (straight-lines), commensurable in 
square only, (and) containing a rational (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com¬ 
mensurable in length with the greater. 



A B C D 


Let two rational (straight-lines), A and B, commensu¬ 
rable in square only, be laid out, such that the square on 
the greater A is larger than the (square on the) lesser B 
by the (square) on (some straight-line) commensurable 
in length with (A) [Prop. 10.29]. And let the (square) 
on C be equal to the (rectangle contained) by A and B. 
And the (rectangle contained by) A and B (is) medial 
[Prop. 10.21]. Thus, the (square) on C (is) also medial. 
Thus, C (is) also medial [Prop. 10.21]. And let the (rect¬ 
angle contained) by C and D be equal to the (square) 
on B. And the (square) on B (is) rational. Thus, the 
(rectangle contained) by C and D (is) also rational. And 
since as A is to B, so the (rectangle contained) by A and 
B (is) to the (square) on B [Prop. 10.21 lem.], but the 
(square) on C is equal to the (rectangle contained) by 
A and B, and the (rectangle contained) by C and D to 
the (square) on B, thus as A (is) to B, so the (square) 
on C (is) to the (rectangle contained) by C and D. And 
as the (square) on C (is) to the (rectangle contained) by 
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A prjTov nepiexouaai, xctl rj F Tfjc; A [iel^ov Suvaxai xw duo 
aupipisxpou sauxfj pLr]X£i. 

'0(ioia)c; 81^ 8£i.x'0'ilCT£'cai xa'i dxo daujipiexpou, oxav rj 
A xfjc; B (jeT^ov 5 uvr)xai. xo dxo dau(ipi£xpou Eauxfj. 


C and D, so C (is) to D [Prop. 10.21 lem.]. And thus 
as A (is) to B, so C (is) to D. And A is commensurable 
in square only with B. Thus, C (is) also commensurable 
in square only with D [Prop. 10.11]. And C is medial. 
Thus, D (is) also medial [Prop. 10.23]. And since as A is 
to B, (so) C (is) to D, and the square on A is greater than 
(the square on) B by the (square) on (some straight-line) 
commensurable (in length) with (A), the square on C is 
thus also greater than (the square on) D by the (square) 
on (some straight-line) commensurable (in length) with 
(C) [Prop. 10.14]. 

Thus, two medial (straight-lines), C and D, commen¬ 
surable in square only, (and) containing a rational (area), 
have been found. And the square on C is greater than 
(the square on) D by the (square) on (some straight-line) 
commensurable in length with (C).! 

So, similarly, (the proposition) can also be demon¬ 
strated for (some straight-line) incommensurable (in 
length with C), provided that the square on A is greater 
than (the square on B) by the (square) on (some 
straight-line) incommensurable (in length) with (A) 
[Prop. 10.30].t 


t C and D have lengths (1 — and (1 — times that of A, respectively, where k is defined in the footnote to Prop. 10.29. 

t C and D would have lengths 1/(1 + and 1/(1 -I- times that of A, respectively, where k is defined in the footnote to Prop. 10.30. 


X(3'. 

EOpslv 8uo pEoac; 8uvap£i povov auppexpouc; pcaov 
xEpiExouaac;, Aaxs xf]v psi^ova xfjc; sXciaaovoc; psl^ov 
SuvaaHai xG inb auppsxpou sauxfj. 

A'-1 A'-1 

B'-1 E'-1 

El-1 

’ExxElaflwaav xpslc; pqxal Buvdpsi. povov auppsxpoi. ai 
A, B, r, &axe xfjv A xfji; F psl^ov Buvaahai. xG anb 
auppExpou sauxfj, xal xG psv utio xGv A, B laov saxco x6 
dito xfjc; A. psaov dpa x6 duo xfjc; A- xal f) A dpa psarj 
saxlv. xG Be utio xGv B, F laov saxto x6 uxo xGv A, E. 
xal STtsi saxiv Gc; x6 0x6 xGv A, B xpoc; x6 0x6 xGv B, F, 
ouxoc; f) A xp6c; xf]v F, dXXd xG psv 0x6 xGv A, B laov 
saxl x6 dx6 xfjc; A, xG Be 0x6 xGv B, F laov x6 0x6 xGv 
A, E, saxiv dpa Gc; fj A xp6c; xf)v F, ouxcoc; x6 dx6 xfjc; A 
xp6c; x6 0x6 xGv A, E. Gc; Be x6 dx6 xfjc; A xp6c; x6 0x6 
xGv A, E, ouxwc; f) A xp6c; xf)v E- xal Gc; dpa f) A xp6c; xf]v 
F, ouxwi; f] A xp6(; xf]v E. auppsxpoc; Bs f] A xfj F Buvdpsi 
[povov]. auppsxpoc; dpa xal f) A xfj E Buvdpsi povov. psar) 


Proposition 32 

To find two medial (straight-lines), commensurable in 
square only, (and) containing a medial (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com¬ 
mensurable (in length) with the greater. 

AI-1 Di-1 

B I-1 E I-1 

Cl-1 

Let three rational (straight-lines). A, B and C, com¬ 
mensurable in square only, be laid out such that the 
square on A is greater than (the square on C) by the 
(square) on (some straight-line) commensurable (in 
length) with (A) [Prop. 10.29]. And let the (square) 
on D be equal to the (rectangle contained) by A and B. 
Thus, the (square) on D (is) medial. Thus, D is also me¬ 
dial [Prop. 10.21]. And let the (rectangle contained) by 
D and E be equal to the (rectangle contained) by B and 
C. And since as the (rectangle contained) by A and B 
is to the (rectangle contained) by B and C, so A (is) to 
C [Prop. 10.21 lem.], but the (square) on D is equal to 
the (rectangle contained) by A and B, and the (rectangle 
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5s f) A- (jsar) apa xal fj E. xai skei sotiv Ac; fj A Tipoi; Tf]v 
r, T) A xpoc; TTjv E, f) 6 e A Tfjc; E piel^ov Suvaxai xA duo 
aupipisxpou eauxf), xal fj A dpa xfji; E pisT^ov 6 uvr]asxaL xA 
dxo au(ipisxpou sauxfj. Xsyw 6 r], 6 xi xal (jsaov saxl x 6 0 x 6 
xAv A, E. SKsl ydp laov saxl x 6 0x6 xAv B, E xA Oko xAv 
A, E, (isaov 6e x6 Otio xAv B, E [ai ydp B, E prjxal siai. 
Buvdptsi. ptovov au(jpisxpoi], (Jsaov dpa xal x 6 Otio xAv A, E. 

Euprjvxai. dpa 60o (isaai. Buvdptsi. (lovov a 6 pt(iExpoi. at 
A, E (Jsaov xspisxouoai, Aaxs xf]v pisl^ova xfjc; sXdaaovoc; 
pisl^ov BuvaaDai xA dxo aupi(JExpou sauxfj. 

'0(ioiwc; 5f) naXiv Bi.sx'S'noexai xal xA duo daupi(JExpou, 
oxav f) A xfji; E ptsT^ov 6uvr)xai. xA dxo daupi(JExpou sauxrj. 


contained) by D and E to the (rectangle contained) by 
B and C, thus as A is to C, so the (square) on D (is) 
to the (rectangle contained) by D and E. And as the 
(square) on D (is) to the (rectangle contained) by D and 
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A 
(is) to C, so D (is) to E. And A (is) commensurable in 
square [only] with C. Thus, D (is) also commensurable 
in square only with E [Prop. 10.11]. And D (is) me¬ 
dial. Thus, E (is) also medial [Prop. 10.23]. And since 
as A is to C, (so) D (is) to E, and the square on A is 
greater than (the square on) C by the (square) on (some 
straight-line) commensurable (in length) with (A), the 
square on D will thus also be greater than (the square 
on) E by the (square) on (some straight-line) commen¬ 
surable (in length) with (D) [Prop. 10.14]. So, I also 
say that the (rectangle contained) by D and E is medial. 
For since the (rectangle contained) by B and C is equal 
to the (rectangle contained) by D and E, and the (rect¬ 
angle contained) by B and C (is) medial [for B and C 
are rational (straight-lines which are) commensurable in 
square only] [Prop. 10.21], the (rectangle contained) by 
D and E (is) thus also medial. 

Thus, two medial (straight-lines), D and E, commen¬ 
surable in square only, (and) containing a medial (area), 
have been found such that the square on the greater is 
larger than the (square on the) lesser by the (square) on 
(some straight-line) commensurable (in length) with the 
greater.!. 

So, similarly, (the proposition) can again also be 
demonstrated for (some straight-line) incommensurable 
(in length with the greater), provided that the square on 
A is greater than (the square on) C by the (square) on 
(some straight-line) incommensurable (in length) with 
(A) [Prop. 10.30].! 


t D and B have lengths and times that of A, respectively, where the length of B is times that of A, and k is defined in 

the footnote to Prop. 10.29. 

t D and B would have lengths k'^A and k’^A jyjx -|_ times that of A, respectively, where the length of B is k'^A times that of A, and k is 
defined in the footnote to Prop. 10.30. 


Af)[Jl[Jia. 

Tilaxw xpiywvov ophoyAvLov x 6 ABE bpilfiv syov xf]v 
A, xal fjxdw xailExoi; f) AA- Xsyw, oxi x 6 psv 0x6 xAv EBA 
laov saxl xA dxo xfjc; BA, x 6 5e 0x6 xAv BEA laov xA dx 6 
xfjc EA, xal x 6 0x6 xAv BA, AE laov xA dx 6 xfjc AA, xal 
Exi x 6 0x6 xAv BE, AA laov [saxl] xA 0x6 xAv BA, AE. 

Kal xpAxov, 6 x 1 x 6 0x6 xAv EBA laov [saxl] xA dx 6 
xfjc BA. 


Lemma 

Let ABC be a right-angled triangle having the (an¬ 
gle) A a right-angle. And let the perpendicular AD have 
been drawn. I say that the (rectangle contained) by CBD 
is equal to the (square) on BA, and the (rectangle con¬ 
tained) by BCD (is) equal to the (square) on CA, and 
the (rectangle contained) by BD and DC (is) equal to the 
(square) on AD, and, further, the (rectangle contained) 
by BC and AD [is] equal to the (rectangle contained) by 
BA and AC. 
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A 



’Ekei yap ev opiloycovicp Tpiycovo) anb Tfjc; op'dfjc ywviac; 
enl TTjv pAaiv xd'deToi; rjxxai fj AA, toc ABA, AAF apa 
xpiywva ojioia eaxi xw xe oXcp xw ABF xocl dXXrjXoic;. xocl 
exel 6 [ioi 6 v eaxi x 6 ABF xpiywvov xw ABA xpiyAvo), saxiv 
dpa A<; f) FB npbz xf]v BA, ouxwc; f) BA xpoc; xi^v BA- x 6 
dpoc uxo xwv FBA laov eaxl xw dxo xfjc; AB. 

Aid xd aOxd 5i^ xai x 6 uxo xov BFA laov eaxl xo dxo 
xfji; AF. 

Kai exei, edv ev op'doywviw xpiyAvw dxo xfjc; op-dfjc; 
ywviac; exl xf)v pdaiv xd-dexoc; dx-Of), 'H dx-OsTaa xAv xfjc; 
pdoewc; xpir)(idxwv (jear) dvdXoyov eaxiv, eaxiv dpa Ac; f) BA 
xpoc; xf]v AA, ouxwc; f) AA xpoc; xf)v AF- x 6 dpoi uxo xAv 
BA, AF laov eaxl xA dxo xfjc; AA. 

Aeyw, 6 x 1 xal x 6 0x6 xAv BF, AA laov eaxl xA 0x6 
xAv BA, AF. exel ydp, Ac; ecpoipiev, 6 [ioi 6 v eaxi x 6 ABF xA 
ABA, eaxiv dpa Ac; f) BF xpoc; xfjv FA, oujc^c, f] BA xpo? 
xf)v AA. x 6 dpa 0x6 xAv BF, AA laov eaxl xA 0x6 xAv 
BA, AF- oxep e5ei Bel^ai- 


Xy'. 

EOpeTv 5uo eO-deiac; Buvdpiei dau(ip.expouc; xoioOaac; x 6 
[iev auyxeipievov ex xAv dx’ aOxAv xexpayAvcov prjxov, x 6 
5’ Ox’ aOxAv pieaov. 

’Exxeia-dwaav 80o pr]xal Buvdpiei piovov a0(jpiexpoi at 
AB, BF, Aaxe xf]v piei^ova xf]v AB xfjc; eXdaaovoc; xfjc; BF 
piei^ov BOvaa-dai xA dx 6 daupipiexpou eauxfj, xal xexpifja'dw f) 
BF 6 i)(a xaxd x 6 A, xal xA dcp’ oxoxepac; xAv BA, AF ’laov 
xapd xf]v AB xapaPepXfia-dw xapaXXr)X 6 ypapi(iov eXXelxov 
e’( 6 ei xexpayAvo, xal eaxw x 6 0x6 xAv AEB, xal yeypacp-dw 
exl xfjc; AB rjpiixOxXiov x 6 AZB, xal fjx-dw xfj AB npbc, 


And, first of all, (let us prove) that the (rectangle con¬ 
tained) by CBD [is] equal to the (square) on BA. 

A 



For since AD has been drawn from the right-angle in 
a right-angled triangle, perpendicular to the base, ABD 
and ADC are thus triangles (which are) similar to the 
whole, ABC, and to one another [Prop. 6.8]. And since 
triangle ABC is similar to triangle ABD, thus as CB is 
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by CBD is equal to the (square) on AB 
[Prop. 6.17]. 

So, for the same (reasons), the (rectangle contained) 
by BCD is also equal to the (square) on AC. 

And since if a (straight-line) is drawn from the right- 
angle in a right-angled triangle, perpendicular to the 
base, the (straight-line so) drawn is the mean propor¬ 
tional to the pieces of the base [Prop. 6.8 corn], thus as 
BD is to DA, so AD (is) to DC. Thus, the (rectangle 
contained) by BD and DC is equal to the (square) on 
DA [Prop. 6.17]. 

I also say that the (rectangle contained) by BC and 
AD is equal to the (rectangle contained) by BA and AC. 
For since, as we said, ABC is similar to ABD, thus as BC 
is to CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by BC and AD is equal to the (rectangle 
contained) hy BA and AC [Prop. 6.16]. (Which is) the 
very thing it was required to show. 

Proposition 33 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial. 

Let the two rational (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
such that the square on the greater, AB, is larger than 
(the square on) the lesser, BC, by the (square) on (some 
straight-line which is) incommensurable (in length) with 
{AB) [Prop. 10.30]. And let BC have been cut in half at 
D. And let a parallelogram equal to the (square) on ei- 
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op'dai; f) EZ, xal ene^eux'dwactv al AZ, ZB. 



Kai ETisl [8uo] eO'dsTai aviaoi siaiv ai AB, BE, xal f) 
AB Tfjt; BE piel^ov Suvaxai tw duo daupijiSTpou eauxfj, 
TW 6 e TSTapTcp toO dxo xfjc; BE, TouxeaTi. tw dTio Tfjc 
r)pii.as[ai; auTfjc;, laov napd xfjv AB iiapa(3e[3Xr]Tai xapaX- 
XriX6Ypap.[iov eXXelnov elSei Tsxpaywvw xal noLel to uko 
Twv AEB, daupijiSTpot; dpa eaxlv rj AE xf] EB. xa[ eaxiv (be; 
f) AE xpog EB, ouxwc; x6 0x6 xwv BA, AE xpoc; x6 0x6 
xwv AB, BE, laov 8e x6 (iev 0x6 xwv BA, AE xw dx6 xfjc; 
AZ, x6 6e 0x6 xwv AB, BE xw dx6 xfjc BZ' da0(iptsxpov 
dpa eaxl x6 dx6 xfjc; AZ xo dx6 xfjc; ZB- al AZ, ZB dpa 
Buvdptei. sialv da0(ipisxpoi. xal exel -f) AB pr)xf) eaxiv, pr]x6v 
dpa eaxl xal x6 dx6 xfjc; AB- waxe xal x6 auyxelpievov ex 
xwv dx6 xSv AZ, ZB prjxov eaxiv. xal exel xdXiv x6 0x6 
xwv AE, EB laov eaxl xw dx6 xfjc; EZ, Oxoxeixai 8e x6 0x6 
xwv AE, EB xal xw dx6 xfjc; BA laov, larj dpa eaxiv f] ZE 
xfj BA- 6 ixXfj dpa f) BE xf]? ZE- Aaxe xal x6 0x6 xAv AB, 
BE aupijiexpov caxi xA 0x6 xAv AB, EZ. pieaov 8c x6 0x6 
xAv AB, BE- [ieaov dpa xal x6 0x6 xAv AB, EZ. laov 8c 
x6 0x6 xAv AB, EZ xA 0x6 xAv AZ, ZB- picaov dpa xal x6 
0x6 xAv AZ, ZB. eScix-dr) 8c xal pr)x6v x6 auYXCipievov ex 
xAv dx’ aOxAv TCxpayAvcov. 

Eupr]vxai dpa 80o cODeTai 6uvd(ici da0pi(icxpoi al AZ, ZB 
xoioOaai x6 picv auYXcl(icvov ex xAv dx’ aOxAv xcxpaYWvwv 
p-r)x6v, x6 6c Ox’ aOxAv (icaov- oxcp c8ci Scl^ai. 


ther of BD or DC, (and) falling short by a square figure, 
have been applied to AB [Prop. 6.28], and let it be the 
(rectangle contained) by AEB. And let the semi-circle 
AFB have been drawn on AB. And let EF have been 
drawn at right-angles to AB. And let AE and EB have 
been joined. 



And since AB and BC are [two] unequal straight¬ 
lines, and the square on AB is greater than (the square 
on) BC hy the (square) on (some straight-line which is) 
incommensurable (in length) with {AB). And a paral¬ 
lelogram, equal to one quarter of the (square) on BC — 
that is to say, (equal) to the (square) on half of it—(and) 
falling short by a square figure, has been applied to AB, 
and makes the (rectangle contained) by AEB. AE is thus 
incommensurable (in length) with EB [Prop. 10.18]. 
And as AE is to EB, so the (rectangle contained) by BA 
and AE (is) to the (rectangle contained) by AB and BE. 
And the (rectangle contained) by BA and AE (is) equal 
to the (square) on AE, and the (rectangle contained) by 
AB and BE to the (square) on BE [Prop. 10.32 lem.]. 
The (square) on AE is thus incommensurable with the 
(square) on EB [Prop. 10.11]. Thus, AF and FB are in¬ 
commensurable in square. And since AB is rational, the 
(square) on AB is also rational. Hence, the sum of the 
(squares) on AF and FB is also rational [Prop. 1.47]. 
And, again, since the (rectangle contained) by AE and 
EB is equal to the (square) on EF, and the (rectangle 
contained) by AE and EB was assumed (to be) equal to 
the (square) on BD, EE is thus equal to BD. Thus, BC 
is double EE. And hence the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con¬ 
tained) by AB and EF [Prop. 10.6]. And the (rectan¬ 
gle contained) hy AB and BC (is) medial [Prop. 10.21]. 
Thus, the (rectangle contained) by AB and EF (is) also 
medial [Prop. 10.23 corn]. And the (rectangle contained) 
by AB and EF (is) equal to the (rectangle contained) by 
AF and FB [Prop. 10.32 lem.]. Thus, the (rectangle con¬ 
tained) by AF and FB (is) also medial. And the sum of 
the squares on them was also shown (to be) rational. 

Thus, the two straight-lines, AF and FB, (which are) 
incommensurable in square, have been found, making 
the sum of the squares on them rational, and the (rectan¬ 
gle contained) by them medial. (Which is) the very thing 
it was required to show. 
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t AF and FB have lengths y[l + fc/(T+fc^)h^]/2 and y[l —fc/(T+fc^)h^]/2 times that of AB, respectively, where k is defined in the 
footnote to Prop. 10.30. 


X8'. 

EOpelv 5uo eufleiat; 8uvdp.ei dau(ip.eTpoU(; 7toi.o0aa<; to 
[i£v auyxeijievov ex twv dx’ auTWv TexpaYCOvcov ^eaov, to 
5’ U7t’ auTOv prjTov. 



’Exxela'dtoaav 5uo ^isctai 6uvd(jei (lovov a6ti(ieTpoi. at 
AB, BE prjTov xepiexouaai to utc’ auxtov, waxe xfjv AB 
xfjc; BE (leT^ov Suvaailoti xw duo daup.(iexpou eauxfj, xal 
YeYpdcpilco exl xfjc AB x6 AAB fj^txuxXiov, xal xexiif]a'dco 
f] BE 5[xa xaxd x6 E, xal 7tapaPepXf]a'dco xapd xf]v AB 
xw dxo xfjc; BE laov xapaXXriX6Ypap.[iov eXXelitov ei6ei xe- 
xpaYtovtp TO UTto xwv AZB' daup-jiexpoc dpa [eaxlv] f) AZ 
xf) ZB ^iif]xei. xal yjxfla) dxo xou Z xfj AB xpoc opDdc fj ZA, 
xal exe^euxllwaav al A A, AB. 

’Eitel dau[ip,exp6c; eaxiv fj AZ xrj ZB, daup,[iexpov dpa 
eaxl xal x6 0x6 xcSv BA, AZ xw 0x6 xwv AB, BZ. laov 5e 
x6 [lev 0x6 xwv BA, AZ x£i dx6 xfjc; AA, x6 6e 0x6 xwv 
AB, BZ xcp dx6 xfjc AB' da0p.[iexpov dpa eaxl xal x6 dx6 
xfjc A A xw dx6 xfjc AB. xal exel ^isoov eaxl x6 dx6 xfjc 
AB, (ieaov dpa xal x6 auYxei(ievov ex xcov dx6 xwv AA, 
AB. xal exel 6ixXfj eaxiv f) BE xfjc AZ, 8ixXdaiov dpa xal 
x6 0x6 xAv AB, BE xoD 0x6 xAv AB, ZA. pr]x6v 6e x6 0x6 
xAv AB, BE' pr)x6v dpa xal x6 0x6 xAv AB, ZA. x6 6e 0x6 
xAv AB, ZA laov xA 0x6 xAv AA, AB' Aaxe xal x6 0x6 
xAv AA, AB pr)x6v eaxiv. 

Eupr]vxai dpa 60o eOilelai 6uvd(jei daO^^expoi ai AA, 
AB xoioOaai x6 [(lev] auYxeitievov ex xAv dx’ aOxAv xe- 
xpaYAvwv ^caov, x6 8’ Ox’ aOxAv prjxov oxep e8ei 8e'i5ai. 


Proposition 34 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational. 



Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
having the (rectangle contained) by them rational, (and) 
such that the square on AB is greater than (the square 
on) BC hy the (square) on (some straight-line) incom¬ 
mensurable (in length) with {AB) [Prop. 10.31]. And 
let the semi-circle ADB have been drawn on AB. And 
let BC have been cut in half at E. And let a (rectangu¬ 
lar) parallelogram equal to the (square) on BE, (and) 
falling short by a square figure, have been applied to 
AB, (and let it be) the (rectangle contained by) AFB 
[Prop. 6.28]. Thus, AE [is] incommensurable in length 
with EB [Prop. 10.18]. And let ED have been drawn 
from F at right-angles to AB. And let AD and DB have 
been joined. 

Since AF is incommensurable (in length) with FB, 
the (rectangle contained) by BA and AF is thus also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11]. And the (rectangle contained) by 
BA and AF (is) equal to the (square) on AD, and the 
(rectangle contained) by AB and BE to the (square) on 
DB [Prop. 10.32 lem.]. Thus, the (square) on AD is also 
incommensurable with the (square) on DB. And since 
the (square) on AB is medial, the sum of the (squares) 
on AD and DB (is) thus also medial [Props. 3.31, 1.47]. 
And since BC is double DF [see previous proposition], 
the (rectangle contained) by AB and BC (is) thus also 
double the (rectangle contained) by AB and ED. And 
the (rectangle contained) by AB and BC (is) rational. 
Thus, the (rectangle contained) by AB and ED (is) also 
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con¬ 
tained) by AB and ED (is) equal to the (rectangle con¬ 
tained) by AD and DB [Prop. 10.32 lem.]. And hence 
the (rectangle contained) by AD and DB is rational. 

Thus, two straight-lines, AD and DB, (which are) in¬ 
commensurable in square, have been found, making the 
sum of the squares on them medial, and the (rectangle 
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contained) by them rational.^ (Which is) the very thing it 
was required to show. 

t AD and DB have lengths ^ [(1 + fc2)i/2 ^ k]/[2{l + fc^)] and ^[(1 + fc2)i/2 _ k]/\2 (1 + fc^)] times that of AB, respectively, where k is 
defined in the footnote to Prop. 10.29. 


Xs'. 

EOpetv 5uo eMeioft; Buvaqei dauirpexpouc; 7toi.o0aa<; to 
T£ auyxeiqEvov ex xcov dit’ auxwv xexpaYWvwv qeaov xal 
x6 Ok’ aOxCSv (leaov xal exi daujrqexpov xw auYxetqevc) ex 
xCiv dx’ aOxwv xexpaY(Ov(P. 



’Exxelabwaav 5uo qeaai 5uvd(iei (lovov aOq(iexpoi. al 
AB, BE ^eaov Kepieyoucai, waxe xr)v AB xfjc BE ^el^ov 
Suvaabai xo dxo dau(ip.£xpou eauxfj, xal y£YP«T'®“ 

AB fjqtxOxXiov x6 AAB, xal xd Xoixa YSYovexw xoTc; exavco 
oqoltx;. 

Kal exel dau^qexpo^ eaxiv f) AZ xfj ZB ^r]X£i, dauq^exp- 
6 q eaxi xal rj AA xf) AB buvdqei. xal exel qeaov eaxl x6 
dxo xfjc; AB, qeaov dpa xal x6 auyxeiqevov ex xwv dxo 
xwv AA, AB. xal exel x6 uko xwv AZ, ZB ’laov eaxl xw dtp’ 
exaxepac; xwv BE, AZ, ’(ar) dpa eaxiv f) BE xfj AZ- OiKXfj 
dpa T) BE xfjt; ZA- waxe xal x6 uko xwv AB, BE bixXdaiov 
eaxi xoO uko xAv AB, ZA. qeaov 5e x6 uko xAv AB, BE- 
qeaov dpa xal x6 uko xAv AB, ZA. xai eaxiv ’(aov xA uko 
xAv AA, AB- qeaov dpa xal x6 uko xAv AA, AB. xal exel 
daupiqexpoi; eaxiv fj AB xfj BE qfjxei, aupipiexpot; be f) EB 
xfj BE, dauqpLexpoc dpa xal f] AB xfj BE pLf]xer Aaxe xal x6 
dKO xfji; AB xA uko xAv AB, BE dau(ipiexp6v eaxiv. dXXd 
xA qev dxo xfjc; AB ’(aa eaxl xd dxo xAv AA, AB, xA Be 
UKO xAv AB, BE ’laov eaxl x6 uko xAv AB, ZA, xouxeaxi 
x6 UKO xAv AA, AB- daupipiexpov dpa eaxl x6 auyxeiirevov 
ex xAv dKO xAv A A, AB xA uko xAv A A, AB. 

Eupr]vxai dpa 5uo euiDelai al AA, AB 6uvd(iei dau(iq£xpoi 
Koiouaai x6 xe auyxelqevov ex xAv dx’ auxAv (leaov xal 
x6 Ok’ auxAv (reaov xal exi daupi(iexpov xA auyxeiqevo) ex 
xAv dx’ aOxAv xexpayAvwv- oxep e5ei Bel^ai- 


Proposition 35 

To find two straight-lines (which are) incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them medial, 
and, moreover, incommensurable with the sum of the 
squares on them. 



Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
containing a medial (area), such that the square on AB 
is greater than (the square on) BC hy the (square) on 
(some straight-line) incommensurable (in length) with 
iAB) [Prop. 10.32]. And let the semi-circle ADB have 
been drawn on AB. And let the remainder (of the figure) 
be generated similarly to the above (proposition). 

And since AF is incommensurable in length with FB 
[Prop. 10.18], AD is also incommensurable in square 
with DB [Prop. 10.11]. And since the (square) on AB 
is medial, the sum of the (squares) on AD and DB (is) 
thus also medial [Props. 3.31, 1.47]. And since the (rect¬ 
angle contained) by AF and FB is equal to the (square) 
on each of BE and DF, BE is thus equal to DF. Thus, 
BC (is) double FD. And hence the (rectangle contained) 
by AB and BC is double the (rectangle) contained by 
AB and FD. And the (rectangle contained) by AB and 
BC (is) medial. Thus, the (rectangle contained) by AB 
and FD (is) also medial. And it is equal to the (rectan¬ 
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus, 
the (rectangle contained) by AD and DB (is) also me¬ 
dial. And since AB is incommensurable in length with 
BC, and CB (is) commensurable (in length) with BE, 
AB (is) thus also incommensurable in length with BE 
[Prop. 10.13]. And hence the (square) on AB is also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11]. But the (sum of the squares) on 
AD and DB is equal to the (square) on AB [Prop. 1.47]. 
And the (rectangle contained) by AB and ED —that is to 
say, the (rectangle contained) by AD and DB —is equal 
to the (rectangle contained) by AB and BE. Thus, the 
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sum of the (squares) on AD and DB is incommensurable 
with the (rectangle contained) by AD and DB. 

Thus, two straight-lines, AD and DB, (which are) in¬ 
commensurable in square, have been found, making the 
sum of the (squares) on them medial, and the (rectangle 
contained) by them medial, and, moreover, incommensu¬ 
rable with the sum of the squares on themd (Which is) 
the very thing it was required to show. 


t AD and DB have lengths -I- fc/(l + k^yA]/2 and — fc/(l + times that of AB, respectively, where k and k' are 

defined in the footnote to Prop. 10.32. 


Xf'. 

’Eav 6 uo prjTal 6 uvd(iei qovov au(iqsTpoi auvTsdfiaiv, f) 
oXr) aXojoQ eartv, xaXsladco 6 e ex 660 ovoqdTWv. 

I-1-1 

A B r 

SuYxeiadoaav ydp 5uo pr]Tai Buvdqei. qovov au(iqeTpoi 
ai AB, BT- Xeyco, oti. oXr) f] AT dXoyoc eaxiv. 

’Ettei ydp daupiqeTpoi; eaxiv fj AB xfj BT qrjxcc Buvdqet 
ydp qovov eiai au(iq 8 Tpoi- dx; 5e f) AB npoQ Tf]v BT, outcoc 
TO UTto Twv ABF Ttpoc TO dito Trjc BF, dau(iqcTpov dpa eoTi 
TO UTto Ttov AB, BF TW (XTto Tfji; BF. dXXd tO qev Otto tOv 
AB, BF au(iqeTp 6 v eoTi to 61<; Otto twv AB, BF, tcS 6 e atto 
Tfji; BF auqpLSTpd eoTt Td atto tcov AB, BF' at ydp AB, BF 
pr)Ta[ elat 6 uvdqei. (iovov au(iqeTpoi' dau(iqeTpov dpa eoTl to 
5li; UTto Twv AB, BF toTc dito tov AB, BF. xai auvdevTi. to 
8 I 1 ; UTto Twv AB, BF (iCTd tOv dito twv AB, BF, TOUTeoTi. 
TO (XTto T'rjc AF, dau(rqeTp 6 v eoTi tw auyxci(icvw ex tSSv 
dito Twv AB, BF- prjTov 6 e to auyxelqevov ex tOv olko 
Tov AB, BF- dXoyov dpa [eoTl] to (XTto Tfjc; AF- &aTS xai f) 
AF dXoyoc; eoTtv, xaXeladto 6 e ex 860 6 vo(rdT(ov oTtep e 8 ei. 
8 eT^at. 


Proposition 36 

If two rational (straight-lines which are) commensu¬ 
rable in square only are added together then the whole 
(straight-line) is irrational—let it be called a binomial 
(straight-line). 1 

I-1-1 

A B C 

For let the two rational (straight-lines), AB and BC, 
(which are) commensurable in square only, be laid down 
together. I say that the whole (straight-line), AC, is irra¬ 
tional. For since AB is incommensurable in length with 
BC —for they are commensurable in square only—and as 
AB (is) to BC, so the (rectangle contained) by ABC (is) 
to the (square) on BC, the (rectangle contained) by AB 
and BC is thus incommensurable with the (square) on 
BC [Prop. 10.11]. But, twice the (rectangle contained) 
by AB and BC is commensurable with the (rectangle 
contained) by AB and BC [Prop. 10.6]. And (the sum 
of) the (squares) on AB and BC is commensurable with 
the (square) on BC—for the rational (straight-lines) AB 
and BC are commensurable in square only [Prop. 10.15]. 
Thus, twice the (rectangle contained) by AB and BC is 
incommensurable with (the sum of) the (squares) on AB 
and BC [Prop. 10.13]. And, via composition, twice the 
(rectangle contained) by AB and BC, plus (the sum of) 
the (squares) on AB and BC—that is to say, the (square) 
on AC [Prop. 2.4]—is incommensurable with the sum of 
the (squares) on AB and BC [Prop. 10.16]. And the sum 
of the (squares) on AB and BC (is) rational. Thus, the 
(square) on AC [is] irrational [Def 10.4]. Hence, AC 
is also irrational [Def 10.4]—let it be called a binomial 
(straight-line). 1 (Which is) the very thing it was required 
to show. 


t Literally, “from two names”. 

t Thus, a binomial straight-line has a length expressible as 1 + k^C [or, more generally, p (1 -I- where p is rational—the same proviso 

applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — k^A 


321 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


(see Prop. 10.73), are the positive roots of the quartic x'^ — 2{1 + k) + {1 — k)^ = 0. 


XC. 

’Eav 5uo ^eaai. 6uva^ei ^ovov au^^expoi auvTEiltPai 
prjTov Ttepiexooaai, f) okx] aXoyoc; eaxiv, KaXstailw 6e sx 
5uo ^lectcov TtpcoTT). 

I-1-1 

A B r 

Suyxeia'dtPaav yap 5uo pisaai 8uva(i£i [iovov au(j^£Tpoi 
ai AB, BE prjxov Tteptexo'-*'^*'’' Xeyo, oti. oXt) f] AF oiXoyoc; 
eaTtv. 

’Ekei yap dau^^Expoi; saxiv fj AB Tfj BF ^r]XEi, xal xd 
(XTto Twv AB, BF dpa daupi(JETpd sail to Sic 0x6 tov AB, 
BF' xai auvdsvTi. xd dxo xov AB, BF (lExd xou 6i<; 0x6 xov 
AB, BF, oxEp saxi x6 dx6 xfji; AF, daO(ipiExp6v saxi. xo 0x6 
xov AB, BF. pr]x6v Be x6 0x6 xov AB, BF' OxoxEivxai. ydp 
ai AB, BF pr]x6v xEpisxouaar dXoyov dpa x6 dx6 x'fjq AF- 
dXoyoc; dpa 1 ^ AF, xaXEio'do Be ex BOo ^eoov xpoxr)' oxEp 
eBel BEl^at. 


Proposition 37 

If two medial (straight-lines), commensurable in 
square only, which contain a rational (area), are added 
together then the whole (straight-line) is irrational—let 
it be called a first bimedial (straight-line).l 

I-1-1 

A B C 

For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a ratio¬ 
nal (area), be laid down together. I say that the whole 
(straight-line), AC, is irrational. 

For since AB is incommensurable in length with BC, 
(the sum of) the (squares) on AB and BC is thus also in¬ 
commensurable with twice the (rectangle contained) by 
AB and BC [see previous proposition]. And, via com¬ 
position, (the sum of) the (squares) on AB and BC, 
plus twice the (rectangle contained) by AB and BC — 
that is, the (square) on AC [Prop. 2.4]—is incommen¬ 
surable with the (rectangle contained) by AB and BC 
[Prop. 10.16]. And the (rectangle contained) by AB and 
BC (is) rational—for AB and BC were assumed to en¬ 
close a rational (area). Thus, the (square) on AC (is) 
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be 
called a first bimedial (straight-line).l (Which is) the very 
thing it was required to show. 


t Literally, “first from two medials”. 

t Thus, a first bimedial straight-line has a length expressible as k}-A y fc 3/4 gj.gj. gjmedial and the corresponding first apotome of a medial, 
whose length is expressible as _ ^ 3/4 (-ggg pj-Qp 10 . 74 ), are the positive roots of the quartic x'^ — 2 \/~k (1 + k) x^ + k{l — k)^ = 0 . 


Xi^'. 

’Eav Buo pcaat BuvdpEi povov auppExpoi auvxEdcPai 
pcaov xEpiExouaai, rj oXr) aXoyoc; Eoxiv, xaXEiadto Be ex 
Buo psatov BuExspa. 


A 


B 


r 


Proposition 38 

If two medial (straight-lines), commensurable in square 
only, which contain a medial (area), are added together 
then the whole (straight-line) is irrational—let it be 
called a second bimedial (straight-line). 

A B C 




E Z 

SuyxEiadcPaav yap Buo pcaai BuvdpEi povov auppExpoi 
ai AB, BF pcaov xEpiExouaac Xcyco, oxt aXoyoq Eaxtv f) 


E F 

For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a medial 
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AT. 

’ExxsLailw yap prjTi^ f) AE, xal xw axo xfjt; AE laov xapa 
Tf]v AE KapaPspXrjo'dw to AZ KXdxoc; koioOv tiqv AH. xal 
exel TO duo Tfjc; AE laov eaxl xolc; xe duo xwv AB, BE xal xw 
5l(; uxo xwv AB, BE, xapape^Xr^aDo) 6i^ xolc dxo xwv AB, 
BE xapd xf)v AE laov x6 E0' Xoixov dpa x6 0Z laov eaxl 
xw Sic; uxo xwv AB, BE. xal exel (iear) eaxlv exaxepa xwv 
AB, BE, pieaa dpa eaxl xal xd dxo xwv AB, BE. [ieaov 5e 
uxoxeixai xal x6 Slg uxo xwv AB, BE. xal eaxi xolc; piev dxo 
xwv AB, BE laov x6 E0, xw 6e Sic; uxo xwv AB, BE laov 
x6 Z0- [ieaov dpa exdxepov xwv E0, 0Z. xal xapd prjxcqv 
xf]v AE xapaxeixar pr]xf] dpa eaxlv exaxepa xwv A0, 0H 
xal dau[i[iexpoc; xfj AE [ir^xei. exel ouv dau[i[iexp6c; eaxiv rj 
AB xfi BE [ir^xei, xal eaxiv (Sc; fj AB xpoc; xrjv BE, ouxtoc; x6 
dxo xfjc; AB xpoc; x6 0x6 xcSv AB, BE, dau[i[iexpov dpa eaxl 
x6 dxo xfjc; AB xw 0x6 xwv AB, BE. dXXd xc3 [lev dx6 xfjc; 
AB a0[i[iexp6v caxi x6 auyxe[[ievov ex xwv dx6 xAv AB, 
BE xexpayAvoiv, xA 8e 0x6 xAv AB, BE a0[i[iexp6v eaxi x6 
Sic; 0x6 xAv AB, BE. da0[i[iexpov dpa eaxl x6 auyxe[[ievov 
ex xAv dx6 xAv AB, BE xA Sic; 0x6 xAv AB, BE. dXXd 
xoTc; [lev dx6 xAv AB, BE laov eaxl x6 E0, xA 5e Sic; 0x6 
xAv AB, BE laov eaxl x6 0Z. da6[i[iexpov dpa eaxl x6 E0 
xA 0Z- Aaxe xal fj A0 xfj 0H eaxiv dau[i[iexpoc; [if]xei. ai 
A0, 0H dpa prjxai eiai Suvd[iei [lovov au[i[iexpoi. Aaxe f) 
AH dXoyoc; eaxiv. prjxf) Sc fj AE- x6 5e 0x6 dXoyou xal 
prjxfjc; xepiex6[icvov opDoyAviov dXoyov eaxiv dXoyov dpa 
eaxl x6 AZ x<^plov, xal f) 5uva[ievri [a0x6] dXoyoc; eaxiv. 
SOvaxai 5e x6 AZ f) AE- dXoyoc; dpa eaxlv f) AE, xaXcia-dto 
5e ex Suo [leawv Scuxcpa. oxep eSci Sel^ai. 


(area), be laid down together [Prop. 10.28]. I say that 
AC is irrational. 

For let the rational (straight-line) DE be laid down, 
and let (the rectangle) DF, equal to the (square) on 
AC, have been applied to DE, making DC as breadth 
[Prop. 1.44]. And since the (square) on AC is equal to 
(the sum of) the (squares) on AB and BC, plus twice 
the (rectangle contained) by AB and BC [Prop. 2.4], so 
let (the rectangle) EH, equal to (the sum of) the squares 
on AB and BC, have been applied to DE. The remain¬ 
der HE is thus equal to twice the (rectangle contained) 
by AB and BC. And since AB and BC are each me¬ 
dial, (the sum of) the squares on AB and BC is thus also 
medial.1 And twice the (rectangle contained) by AB and 
BC was also assumed (to be) medial. And EH is equal 
to (the sum of) the squares on AB and BC, and EH (is) 
equal to twice the (rectangle contained) by AB and BC. 
Thus, EH and HE (are) each medial. And they were ap¬ 
plied to the rational (straight-line) DE. Thus, DH and 
HC are each rational, and incommensurable in length 
with DE [Prop. 10.22]. Therefore, since AB is incom¬ 
mensurable in length with BC, and as AB is to BC, so 
the (square) on AB (is) to the (rectangle contained) by 
AB and BC [Prop. 10.21 lem.], the (square) on AB is 
thus incommensurable with the (rectangle contained) by 
AB and BC [Prop. 10.11]. But, the sum of the squares 
on AB and HC is commensurable with the (square) on 
AB [Prop. 10.15], and twice the (rectangle contained) by 
AB and HC is commensurable with the (rectangle con¬ 
tained) by AH and HC [Prop. 10.6]. Thus, the sum of the 
(squares) on AB and HC is incommensurable with twice 
the (rectangle contained) by AB and HC [Prop. 10.13]. 
But, EH is equal to (the sum of) the squares on AB and 
HC, and HE is equal to twice the (rectangle) contained 
by AB and HC. Thus, EH is incommensurable with 
HE. Hence, DH is also incommensurable in length with 
HC [Props. 6.1, 10.11]. Thus, DH and HC are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Hence, DC is irrational [Prop. 10.36]. And DE (is) 
rational. And the rectangle contained by irrational and 
rational (straight-lines) is irrational [Prop. 10.20]. The 
area DE is thus irrational, and (so) the square-root [of 
it] is irrational [Def. 10.4]. And AC is the square-root 
of DE. AC is thus irrational—let it be called a second 
bimedial (straight-line).^ (Which is) the very thing it was 
required to show. 


t Literally, “second from two medials”. 

t Since, by hypothesis, the squares on AB and BC are commensurable—see Props. 10.15, 10.23. 

§ Thus, a second bimedial straight-line has a length expressible as DA The second bimedial and the corresponding second apotome 

of a medial, whose length is expressible as DA _ k'“^A jDD (see Prop. 10.75), are the positive roots of the quartic — 2 [{k + k')/V~k] + 
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[(k - k')'^/k] = 0. 


X'Q'. 

’Eav 8uo euilsTai 6i)va(j£i da6tx(i£Tpoi. auvT£'dwai. noioOc;- 
ai TO p.£v auYX£[p,£vov ex twv dm’ aOxwv xExpaytdvtov prjxov, 
x6 5’ uk’ auxwv (JEaov, rj okx] EuiSEla dXoyoc; eoxiv, xaXEio'dw 
Se piEi^cov. 

I-1-1 

A B r 

SuyxEia'doaav ydp 6uo EUilETai 6uvd(i£i d(au(i[i£xpoi at 
AB, BE KoioOaai xd xpoxEipiEva' XEyw, 6xi dXoyoc; Eaxiv f) 
AT. 

’Ekei ydp x6 uxo xwv AB, BE pisaov saxiv, xai x6 5l(; 
[dpa] 0x6 xwv AB, BE (jsaov saxiv. x6 Be auyxsipiEvov ex 
xov dxo xSiv AB, BE pr]x6v dau(ipi£xpov dpa saxl x6 51c; 
0x6 xwv AB, BE xw auyx£i(i£vw ex xwv dx6 xSiv AB, BE- 
waxE xal xd dx6 xwv AB, BE (JExd xoO Sic; 0x6 xwv AB, BE, 
oxEp saxl x6 anb xfjc; AE, daujipiExpov saxi. xw auyxEijiEvcp 
EX xov dx6 xGv AB, BE [pr)x6v Be x 6 auy(i£i(j£vov ex xwv 
dx6 xwv AB, BE]- dXoyov dpa saxl x6 dx6 x-rji; AE. &axe 
xai f] AE dXoyoc; saxiv, xaXsia-dw Be pisi^wv. oxsp eBei 
BsT^ai. 


Proposition 39 

If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them rational, 
and the (rectangle contained) by them medial, are added 
together then the whole straight-line is irrational—let it 
be called a major (straight-line). 

I-1-1 

A B C 

For let the two straight-lines, AB and BC, incommen¬ 
surable in square, and fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.33]. I say that 
AC is irrational. 

For since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is [thus] also medial [Props. 10.6, 10.23 corn]. And the 
sum of the (squares) on AB and BC (is) rational. Thus, 
twice the (rectangle contained) by AB and BC \s incom¬ 
mensurable with the sum of the (squares) on AB and 
BC [Def 10.4]. Hence, (the sum of) the squares on AB 
and BC, plus twice the (rectangle contained) by AB and 
BC —that is, the (square) on AC [Prop. 2.4]—is also in¬ 
commensurable with the sum of the (squares) on AB and 
BC [Prop. 10.16] [and the sum of the (squares) on AB 
and BC (is) rational]. Thus, the (square) on AC is irra¬ 
tional. Hence, AC is also irrational [Def. 10.4]—let it be 
called a major (straight-line). 1 (Which is) the very thing 
it was required to show. 


t Thus, a major straight-line has a length expressible as ^[1 -I- A:/(l + fc2)i/2]/2 -I- ^[1 — fc/(l -I- k?)^Ay2. The major and the corresponding 

minor, whose length is expressible as ^[1 + k/{l + fc2)i/2]/2 — ^[1 — fc/(l + k?YAy2 (see Prop. 10.76), are the positive roots of the quartic 
— 2 + kP' 1(1 + k?) = 0 . 


[i'. 

’Eav Buo EU-dcTai BuvdpEi douppExpoi auvrE-dwai xoioDc;- 
ai x6 pEv auyxEipEvov ex xwv dx’ auxwv xExpaywvwv psaov, 
x6 B’ Ox’ auxwv p-rjxov, -r) okr\ EU-dEla dXoyoc; saxiv, xaXsia-dw 
Be pr)x6v xal psaov BuvapEvr). 

I-1-1 

A B r 

SuyxEia-dwaav ydp BOo EuDElai Buvdpsi dauppcxpoi al 
AB, BE xoioOaai xd xpoxEipcva- Xsyw, 6xi dXoyoc; saxiv -() 
AE. 

’Exei ydp x6 auyxEipEvov ex xSiv dx6 xwv AB, BE 
psaov saxiv, x6 Be Bic; 0x6 xmv AB, BE p-rjxov, daOppExpov 
dpa saxl x6 auyxEipsvov ex xwv dx6 xSiv AB, BE xqi Blq 


Proposition 40 

If two straight-lines (which are) incommensurable 
in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them ratio¬ 
nal, are added together then the whole straight-line is 
irrational—let it be called the square-root of a rational 
plus a medial (area). 

I-1-1 

A B C 

For let the two straight-lines, AB and BC, incommen¬ 
surable in square, (and) fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.34]. I say that 
AC is irrational. 

For since the sum of the (squares) on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
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uno Twv AB, BF- waxe xal to 6016 Tfjc; AF dau^jiexpov eaxi 
xw 5l<; UTCO xwv AB, BF. prjxov 6 e x 6 61c; uxo xwv AB, BF- 
dXoyov dpa x 6 dxo xfjc; AF. ctkoyoz dpa f) AF, xaXsia-dw 8 s 
pr)x 6 v xai psaov 6 uva(JEvr). oxsp s6ei BsT^ai.. 


BC (is) rational, the sum of the (squares) on AB and 
BC is thus incommensurable with twice the (rectangle 
contained) by AB and BC. Hence, the (square) on AC 
is also incommensurable with twice the (rectangle con¬ 
tained) by AB and BC [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. The 
(square) on AC (is) thus irrational. Thus, AC (is) irra¬ 
tional [Def. 10.4]—let it be called the square-root of a 
rational plus a medial (area).l (Which is) the very thing 
it was required to show. 


t Thus, the square-root of a rational plus a medial (area) has a length expressible as y [(1 + + fc]/[2 (1 -I- k'^)\+y [(1 -I- — fc]/[2 (1 + 

This and the corresponding irrational with a minus sign, whose length is expressible as ^ [(1 + k'^^C + fc]/[2 (1 + — ^[(1 -I- — k\/[2 (1 + fc^)] 

(see Prop. 10.77), are the positive roots of the quartic x'^ — (2/\/T+~A?) + k'^!{! + = 0. 


[ia'. 

’Edv 6uo EudElai 6uvdpEi dauppExpoi. auvrE-dwai. xotoDc;- 
ai x6 xE auyxEipEvov ex xcSv dx’ auxwv xExpaycovcqv psaov 
xal x6 ux’ auxwv psaov xal sxi dauppExpov xw auyxEipEvw 
EX xcSv dx’ auxwv xExpaycovov, rj okr\ EuilEla dXoyoc; saxiv, 
xaXEiadm Be 8uo psaa BuvapEvr). 



AB, BF xoiouaai xd xpoxEipEva- XEyw, oxi f) AF dXoyoc; 
Eaxtv. 

’ExxEia-dw pr]xf] fj AE, xal xapapE^Xy^a-dw xapd xrjv AE 
xolq psv dxo xwv AB, BF laov x6 AZ, xw 8e 81c; uxo xwv 
AB, BF laov x6 H0- oXov dpa x6 A0 laov saxl xm dxo 
xfjc; AF xExpaymvm. xal exeI psaov saxl x6 auyxEipEvov 
EX xwv dxo xmv AB, BF, xai saxiv laov xm AZ, psaov dpa 
saxl xal x6 AZ. xal xapd prjxrjv xf)v AE xapdxEixac prjxr) 
dpa saxiv fj AH xal dauppsxpoc; xfj AE pqxEi. 8id xd auxd 
8f) xal f) HK prjxr] saxi xal dauppsxpoc; xfj HZ, xouxsaxi xrj 
AE, pf]XEi. xal exeI dauppsxpd saxi xd dxo xwv AB, BF 
xw Blc; 0x6 xwv AB, BF, dauppsxpov saxi x6 AZ xm H0- 


Proposition 41 

If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them me¬ 
dial, and the (rectangle contained) by them medial, and, 
moreover, incommensurable with the sum of the squares 
on them, are added together then the whole straight-line 
is irrational—let it be called the square-root of (the sum 
of) two medial (areas). 



For let the two straight-lines, AB and BC, incommen¬ 
surable in square, (and) fulfilling the prescribed (condi¬ 
tions), be laid down together [Prop. 10.35]. I say that 
AC is irrational. 

Let the rational (straight-line) DE be laid out, and let 
(the rectangle) DF, equal to (the sum of) the (squares) 
on AB and BC, and (the rectangle) GH, equal to twice 
the (rectangle contained) by AB and BC, have been ap¬ 
plied to DE. Thus, the whole of DEL is equal to the 
square on AC [Prop. 2.4]. And since the sum of the 
(squares) on AB and BC is medial, and is equal to DF, 
DF is thus also medial. And it is applied to the rational 
(straight-line) DE. Thus, DC is rational, and incommen- 
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waxe xcxl f) AH xf) HK dauji^expoc; eaxiv. xal elai prjxai' at 
AH, HK dpa prjxai eiai Buvdpisi. piovov aupipiexpoi.' dXoyo^ 
dpoc eaxiv f) AK f) xaXoupievr) ex 5uo 6vop.dxwv. pr]xf] 6e fj 
AE- dXoyov dpa eaxi x6 A0 xal fj 6uva(jevr) auxo dXoyoc; 
eaxLv. duvaxai. 6e x6 0A f) AF- dXoyo<; dpa eaxiv fj AF, 
xaXeiaDw 6e 8uo ptcaa Suvaptevr). oxep e6ei BeT^ai. 


surable in length with DE [Prop. 10.22]. So, for the same 
(reasons), GK is also rational, and incommensurable in 
length with GF —that is to say, DE. And since (the sum 
of) the (squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BG, 
DF is incommensurable with GH. Hence, DG is also in¬ 
commensurable (in length) with GK [Props. 6.1, 10.11]. 
And they are rational. Thus, DG and GK are rational 
(straight-lines which are) commensurable in square only. 
Thus, DK is irrational, and that (straight-line which is) 
called binomial [Prop. 10.36]. And DE (is) rational. 
Thus, DE[ is irrational, and its square-root is irrational 
[Def. 10.4]. And AG (is) the square-root of HD. Thus, 
AC is irrational—let it be called the square-root of (the 
sum of) two medial (areas).1 (Which is) the very thing it 
was required to show. 


t Thus, the square-root of (the sum of) two medial (areas) has a length expressible as + A:/(l -I- + ^[1 — A:/(l -I- fc2)i/2]/2J 

This and the corresponding irrational with a minus sign, whose length is expressible as k’^A + k/{l + k?AAy2 — ^[1 — k/{l + 

(see Prop. 10.78), are the positive roots of the quartic — 2 k'^A + k' k?/{I + = 0. 


"0x1. Be al elpqpcvai. dXoyoi povaywc; BtaipoDvxai ciq xdq 
eudeiaq, 5v auyxcivxai. Ttotouawv xd Tipoxelpeva elBr), 
Sel^opcv f]6r] Ttpoexhcpevoi Xrjppdxiov xotoOxov 

A A E r B 

I-1—I-1-1 

’Exxeladco eOhcla f) AB xal xexpqadco f) oXr) eii; dviaa 
xah’ exdxepov xAv F, A, UTtoxciahw Be pei^wv fj AF xfjq 
AB' Xeyco, 6xi xd atto xAv AF, FB pei^ovd eaxi xAv dno 
xAv AA, AB. 

Texpqado ydp f] AB Biya xaxd x6 E. xal cxel pei^tov 
eaxiv f) AF xfjq AB, xotvf] dcprjpqahco f) AF- XotTtr) dpa fj AA 
XoiTtfji; xfjq FB pel^wv eaxiv. larj Be f] AE xfj EB- eXdxxtov 
dpa f) AE x'tjq EF' xd F, A dpa arjpela oOx laov aTtcyouai 
xfjc; Biyoxoplaq. xal exel x6 0x6 xAv AF, FB pexd xoO dxo 
xfjc; EF laov eaxi xA dxo xfjc; EB, dXXd pf]v xal x6 0x6 xAv 

AA, AB pexd xoO dx6 AE laov eaxi xA dx6 xfjc; EB, x6 
dpa 0x6 xAv AF, FB pexd xoO dx6 xfjq EF laov eaxi xA 
0x6 xAv AA, AB pexd xoO dx6 xfjc; AE' Sv x6 dx6 xfjc; 
AE eXaaaov eaxi xou dx6 xfjq EF- xal Xoix6v dpa x6 0x6 
xAv AF, FB eXaaaov eaxi xou 0x6 xAv AA, AB. Aaxe xal 
x6 Blq 0x6 xAv AF, FB eXaaaov eaxi xou Blc; 0x6 xAv AA, 

AB. xal Xoix6v dpa x6 auyxelpevov ex xAv dx6 xAv AF, 
FB peT^ov eaxi xou auyxeipevou ex xAv dx6 xAv AA, AB. 
oxep eBei Bel^ai- 


Lemma 

We will now demonstrate that the aforementioned 
irrational (straight-lines) are uniquely divided into the 
straight-lines of which they are the sum, and which pro¬ 
duce the prescribed types, (after) setting forth the follow¬ 
ing lemma. 

A DEC B 

I - 1 - 1 - 1 - 1 

Let the straight-line AB be laid out, and let the whole 
(straight-line) have been cut into unequal parts at each 
of the (points) C and D. And let AC be assumed (to be) 
greater than DB. I say that (the sum of) the (squares) on 
AC and CB is greater than (the sum of) the (squares) on 
AD and DB. 

For let AB have been cut in half at E. And since AC is 
greater than DB, let DC have been subtracted from both. 
Thus, the remainder AD is greater than the remainder 
CB. And AE (is) equal to EB. Thus, DE (is) less than 
EC. Thus, points C and D are not equally far from the 
point of bisection. And since the (rectangle contained) 
by AC and CB, plus the (square) on EC, is equal to the 
(square) on EB [Prop. 2.5], but, moreover, the (rectan¬ 
gle contained) by AD and DB, plus the (square) on DE, 
is also equal to the (square) on EB [Prop. 2.5], the (rect¬ 
angle contained) by AC and CB, plus the (square) on 
EC, is thus equal to the (rectangle contained) by AD and 
DB, plus the (square) on DE. And, of these, the (square) 
on DE is less than the (square) on EC. And, thus, the 
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remaining (rectangle contained) by AC and CB is less 
than the (rectangle contained) by AD and DB. And, 
hence, twice the (rectangle contained) by AC and CB 
is less than twice the (rectangle contained) by AD and 
DB. And thus the remaining sum of the (squares) on AC 
and CB is greater than the sum of the (squares) on AD 
and DB.^ (Which is) the very thing it was required to 
show. 


t Since, AC^ + +2 ACC'S = + DB'^ + 2ADDB = AB^. 


'H ex 5uo ovo^dtTcov xaxa ev ^ovov arj^elov SiatpelToti 
sic, Ta ovopaxa. 

A A r B 

I-1-1-1 

TlaTW ex 6uo ovoqdTWv f) AB 6ir)pr)(icvr) elc; xd ovoqaxa 
xaxd x6 r- at AF, FB dpa pr)xa[ eiai. buvdqei qovov 
auqqexpoi. Xeyw, 6xi f] AB xax’ aXko aqiielov oO biaipelxai 
ei<; 60o pqxdc; Buvdqei. (lovov auqqexpouc;. 

Ei ydp buvaxov, birjprja'dw xai xaxd x6 A, oaxc xal xd<; 
AA, AB pqxdi; civai. buvdqei qovov auq(iexpou<;. cpavepov 
Brj, oxL f) AF xfj AB oux eaxiv fj auxrj. ei y«P buvaxov, 
eaxw. eaxai 8r) xai f] AA xi] FB f) auxi)- xai eaxai cdc, fj AF 
Tipoi; xf)v FB, ouxox; f] BA xpoi; xf]v AA, xal eaxai f) AB 
xaxd x6 aOxo xfj xaxd x6 F 6iai.peaei BiaLpeifelaa xal xaxd 
x6 A- oxep oOx 07i6xei.xai. oux dpa f] AF xfj AB eaxiv f) 
aOxq. Sid 6f] xouxo xal xd F, A ar)(ieTa oux (aov dxexouoi 
xfjc; Bixoxoqiac;. S dpa Biacpepei xd dxo xwv AF, FB xAv 
dxo xAv AA, AB, xouxo) Siacpepei xal x6 6l<; unb xAv AA, 
AB xou 6l<; 0x6 xAv AF, FB 6id x6 xal xd dxo xAv AF, 
FB (lexd xou SI? 0x6 xAv AF, FB xal xd dx6 xAv AA, AB 
qexd xou Blc; 0x6 xAv AA, AB laa elvai xA dx6 xfjc AB. 
dXXd xd dx6 xAv AF, FB xAv dx6 xAv AA, AB Biacpepei 
pr)xA- pqxd ydp dqcpoxepa' xal x6 81c; dpa 0x6 xAv AA, AB 
xou 81c; 0x6 xAv AF, FB Siacpcpei pqxA qeaa ovxa' oxep 
dxoxov qeaov ydp (leaou ouy Oxepexei prjxA. 

OOy dpa f) ex 60o ovoqdxov xax’ dXXo xal dXXo aqqeTov 
8i.aipeTxai.- xai)’ ev dpa qovov oxep eSei 8eT^ai.. 


Proposition 42 

A binomial (straight-line) can be divided into its (compo¬ 
nent) terms at one point only.l 

A D C B 

I-1-1-1 

Let AB be a binomial (straight-line) which has been 
divided into its (component) terms at C. AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. I say that AB cannot be 
divided at another point into two rational (straight-lines 
which are) commensurable in square only. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also rational (straight-lines which 
are) commensurable in square only. So, (it is) clear that 
AC is not the same as DB. For, if possible, let it be (the 
same). So, AD will also be the same as CB. And as 
AC will be to CB, so BD (will be) to DA. And AB will 
(thus) also be divided at D in the same (manner) as the 
division at C. The very opposite was assumed. Thus, AC 
is not the same as DB. So, on account of this, points 
C and D are not equally far from the point of bisection. 
Thus, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount)—on account of both 
(the sum of) the (squares) on AC and CB, plus twice the 
(rectangle contained) by AC and CB, and (the sum of) 
the (squares) on AD and DB, plus twice the (rectangle 
contained) by AD and DB, being equal to the (square) 
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC 
and CB differs from (the sum of) the (squares) on AD 
and DB by a rational (area). For (they are) both rational 
(areas). Thus, twice the (rectangle contained) by AD 
and DB also differs from twice the (rectangle contained) 
by AC and CB by a rational (area, despite both) being 
medial (areas) [Prop. 10.21]. The very thing is absurd. 
For a medial (area) cannot exceed a medial (area) by a 
rational (area) [Prop. 10.26]. 
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Thus, a binomial (straight-line) cannot be divided 
(into its component terms) at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 

t In other words, k + = k" has only one solution: i.e., k" = k and k'" = k'. Likewise, -I- has only 

one solution: i.e., k" = k and k'" = k' (or, equivalently, k" = k' and k'" = k). 


V-'i'- 

'H ex 5uo peatov itptoxri xaD’ cv povov arjpelov BiOdpelTai.. 

A A r B 

I-1-1-1 

TlaTW ex 8uo peacov TtpcoTr) f) AB Birjpripevr] xaxa to T, 
&OXZ xac, AT, TB peaaq elvai Buvdpei. povov auppexpouq 
prjxdv 7tepi.exo0aa<;- Xeyw, 6xi f) AB xax’ dXXo arjpelov oO 
Biaipelxai.. 

Ei ydp 5uvax6v Binpy^aiDco xai xaxd x6 A, Aaxe xal xdq 
AA, AB pcaac; elvai. 6uvdpei povov auppexpouc; prjxov xe- 
pi.exouaa<;. exei ouv, S Biacpepei. x6 51c; 0x6 xAv AA, AB 
xoD 5li; 0x6 xAv AT, TB, xoOxw Biacpepei. xd dx6 xAv AT, 
TB xAv dx6 xAv AA, AB, prjxA 5e Biacpepei x6 Sic; 0x6 
xAv AA, AB xoO 51c; 0x6 xAv AT, TB' prjxd ydp cxpcpoxepoc 
pr)xA dpa Biacpepei. xal xd dx6 xAv AT, TB xAv dx6 xAv 
AA, AB pcaa ovxa' oxep dxoxov. 

OOx dpa f) ex 50o peacov xpAxr) xax’ dXXo xal dXXo 
arjpeTov Biaipelxai. elc; xd ovopaxa- xad’ ev dpa povov oxep 
e5ei 5eT^at. 


Proposition 43 

A first bimedial (straight-line) can be divided (into its 
component terms) at one point only! 

A D C B 

I-1-1-1 

Let AB be a first bimedial (straight-line) which has 
been divided at C, such that AC and CB are medial 
(straight-lines), commensurable in square only, (and) 
containing a rational (area) [Prop. 10.37]. I say that AB 
cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, 
such that AD and DB are also medial (straight-lines), 
commensurable in square only, (and) containing a ratio¬ 
nal (area). Since, therefore, by whatever (amount) twice 
the (rectangle contained) by AD and DB differs from 
twice the (rectangle contained) by AC and CB, (the sum 
of) the (squares) on AC and CB differs from (the sum 
of) the (squares) on AD and DB by this (same amount) 
[Prop. 10.41 lem.]. And twice the (rectangle contained) 
by AD and DB differs from twice the (rectangle con¬ 
tained) by AC and CB by a rational (area). For (they 
are) both rational (areas). (The sum of) the (squares) on 
AC and CB thus differs from (the sum of) the (squares) 
on AD and DB by a rational (area, despite both) being 
medial (areas). The very thing is absurd [Prop. 10.26]. 

Thus, a first bimedial (straight-line) cannot be divided 
into its (component) terms at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, DA y fc3/4 _ /j/i/4 ^ fc'3/4 solution: i.e., k' = k. 


[ih'. 

'H ex 5uo pcawv 5eux8pa xad’ ev povov arjpelov 
htaipelxai.. 

Tlaxw ex 6uo peawv 5euxepa f) AB 5tr)pr]pcvr) xaxa x6 
r, Aaxe xac; AT, TB peaac; elvai 5uv(xpei povov auppexpouc; 
peaov xepieyouaa;' cpavepdv 5f], oxi x6 T oux caxi xaxca 
xfjc; hiyoxopiac;, 6xi oux eial prjxei auppexpoi. Xeyco, 6xi f) 
AB xax’ aXXo arjpelov ou 5iaipelxai. 


Proposition 44 

A second bimedial (straight-line) can be divided (into 
its component terms) at one point only.l 

Let AB be a second bimedial (straight-line) which 
has been divided at C, so that AC and BC are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area) [Prop. 10.38]. So, (it is) clear 
that C is not (located) at the point of bisection, since (AC 
and BC) are not commensurable in length. I say that AB 
cannot be (so) divided at another point. 
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A A r B 

I-^^-1 

E M © N 


Z AH K 

Ei yap Suvaxov, Birjprja'dw xal xaxa to A, Aaxe Tf]v 
AT Tfj AB ^f] elvai xfjv auTrjv, dXXa ^Jist^ova xaiS’ UKOiSsaiv 
Ti^v AF' BfjXov 6r|, oti xai xd duo tAv AA, AB, A<; exdvw 
e5ei^ap,£v, eXdaaova tAv dxo tAv AF, FB' xal xdc; AA, AB 
[ieaac; elvai 5uvd[iei p,6vov au[ip,£xpoui; [ieaov xepiexouaac;. 
xal exxeiaila) prjxf) rj EZ, xal xA tiev dxo xfji; AB laov xapd 
xi^v EZ xapaXXr)X6Ypa[ip,ov opTloyAviov xapape^Xr^aila) x6 

EK, xolc; 5e dxo xAv AF, FB laov dcpripriaDto x6 EF[' Xomov 
dpa x6 0K laov eaxl xA 5l(; 0x6 xAv AF, FB. xdXiv 8i^ xoli; 
dxo xAv AA, AB, axep eXdaaova eBeixUT) xAv dxo xAv 
AF, FB, laov dcprjprja'dw x6 EA' xal Xoixov dpa x6 MK 
laov xA 81c; 0x6 xAv AA, AB. xal exel (ieaa eaxl xd dx6 
xAv AF, FB, [ieaov dpa [xal] x6 EFI. xal xapd prjxcqv xrjv 
EZ xapdxeixar prjxr) dpa eaxlv fj E0 xal da0[i[iexpo(; xfj EZ 
[ir]xei. 8id xd aOxd 8i^ xal fj 0N prjxr] eaxi xal dau[i[iexpoi; 
xfj EZ [ir]xei. xal exel ai AF, FB [leaai elal 8uvd[iei [lovov 
a0[i[iexpoi, dau[i[iexpoi; dpa eaxlv fj AF xfj FB [ir]xei. Ac; 8e 
f) AF xp6c; xcqv FB, ouxcoc; x6 dx6 xfjc; AF xp6c; x6 0x6 xAv 
AF, FB' dau[i[iexpov dpa eaxl x6 dx6 xfjc; AF xA 0x6 xAv 
AF, FB. dXXd xA [lev dx6 xfjc; AF a0[i[iexpd eaxi xd dx6 xAv 
AF, FB- 8uvd[iei ydp elai a0[i[iexpoi al AF, FB. xA 86 0x6 
xAv AF, FB au[i[iexp6v eaxi x6 81c; 0x6 xAv AF, FB. xal xd 
dx6 xAv AF, FB dpa dau[i[iexpd eaxi xA 81c; 0x6 xAv AF, 

FB. dXXd xolc; [iev dx6 xAv AF, FB laov eaxl x6 EFI, xA 8e 
Sic; 0x6 xAv AF, FB laov x6 0K' da0[i[iexpov dpa eaxl x6 
EFI xA 0K' Aaxe xal fj E0 xfj 0N da0[i[iexp6c; eaxi [ifjxei. 
xai eiai prjxai- ai E0, 0N dpa prjxai eiai 6uvd[iei [lovov 
a0[i[iexpoi. edv 8e 80o prjxai 8uvd[iei [lovov au[i[iexpoi auv- 
xeDAaiv, f] oXrj dXoyoc; eaxiv fj xaXoujxevrj ex 60o 6vo[idx6rv 
fj EN dpa ex 80o ovojidxtov eaxl 8ir]prj[ievrj xaxd x6 0. xaxd 
xd aOxd 6fj Seix'dfjaovxai xal al EM, MN prjxai 8uvd[iei 
[lovov a0[i[iexpoi' xal eaxai fj EN ex 8uo 6vo[idx6rv xax’ 
dXXo xal dXXo 8ir]prj[ievrj x6 xe 0 xal x6 M, xal oOx eaxiv 
fj E0 xfj MN fj aOxfj, 6xi xd dx6 xAv AF, FB [lei^ovd eaxi 
xAv dxd xAv AA, AB. dXXd xd dii6 xAv AA, AB [lei^ovd 
eaxi xou 81c; 0x6 AA, AB' xoXXA dpa xal xd dx6 xAv AF, 
FB, xouxeaxi x6 EH, [lel^ov eaxi xou 61c; 0x6 xAv AA, AB, 
xouxeaxi xou MK- Aaxe xal fj E0 xfjc; MN [lei^wv eaxlv. fj 
dpa E0 xfj MN oux eaxiv fj auxfj' oxep eSei 8el^ai. 


A D C B 

I-1-1-1 


E 

M 

H 

N 




F 

L 

j 

G 

K 


For, if possible, let it also have been (so) divided at 
D, so that AC is not the same as DB, but AC (is), 
by hypothesis, greater. So, (it is) clear that (the sum 
of) the (squares) on AD and DB is also less than (the 
sum of) the (squares) on AC and CB, as we showed 
above [Prop. 10.41 lem.]. And AD and DB are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area). And let the rational (straight- 
line) EF he laid down. And let the rectangular paral¬ 
lelogram EK, equal to the (square) on AB, have been 
applied to EF. And let EC, equal to (the sum of) the 
(squares) on AC and CB, have been cut off (from EK). 
Thus, the remainder, HK, is equal to twice the (rectan¬ 
gle contained) by AC and CB [Prop. 2.4]. So, again, 
let EL, equal to (the sum of) the (squares) on AD and 
DB —which was shown (to be) less than (the sum of) the 
(squares) on AC and CB —have been cut off (from EK). 
And, thus, the remainder, MK, (is) equal to twice the 
(rectangle contained) by AD and DB. And since (the 
sum of) the (squares) on AC and CB is medial, EG 
(is) thus [also] medial. And it is applied to the ratio¬ 
nal (straight-line) EF. Thus, EH is rational, and incom¬ 
mensurable in length with EF [Prop. 10.22]. So, for the 
same (reasons), HN is also rational, and incommensu¬ 
rable in length with EF. And since AC and CB are me¬ 
dial (straight-lines which are) commensurable in square 
only, AC is thus incommensurable in length with CB. 
And as AC (is) to CB, so the (square) on AC (is) to the 
(rectangle contained) by AC and CB [Prop. 10.21 lem.]. 
Thus, the (square) on AC is incommensurable with the 
(rectangle contained) by AC and CB [Prop. 10.11]. But, 
(the sum of) the (squares) on AC and CB is commensu¬ 
rable with the (square) on AC. For, AC and CB are com¬ 
mensurable in square [Prop. 10.15]. And twice the (rect¬ 
angle contained) by AC and CB is commensurable with 
the (rectangle contained) by AC and CB [Prop. 10.6]. 
And thus (the sum of) the squares on AC and CB is in¬ 
commensurable with twice the (rectangle contained) by 
AC and CB [Prop. 10.13]. But, EC is equal to (the sum 
of) the (squares) on AC and CB, and HK equal to twice 
the (rectangle contained) by AC and CB. Thus, EC is 
incommensurable with HK. Hence, EH is also incom- 
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t In other words, has only 

[is'. 

'H ^ei^wv xaxa to auxo ^ovov arj^ieiov 6iai.psTxo(i. 

A A r B 

I-1-1-1 

Tilaxw fj AB Btrjpripievri xaxa x6 F, waxe xac AF, 

FB 6uva[iei daupijiexpouc; elvai 7toi.o6aa<; x6 pisv auyxeiiievov 
ex xwv OOTO xwv AF, FB xexpayovwv prjxov, x6 8’ uko 
xSv AF, FB pieaov Xeyw, 6xi f) AB xax’ dXXo arjiieTov 
oO BiaipeTxai. 

El ydp Suvaxov, 8ir)pir]aTL>a) xal xaxd x6 A, Aaxe xal 
xdc; AA, AB Suvdjiei daujipiexpouc; elvai xoiouaac x6 (lev 
auyxeijievov ex xAv dxo xAv AA, AB prjxov, x6 5’ Ox’ 
auxAv (ieaov. xal cxei, A 8ia(pepei xd dxo xAv AF, FB xAv 
dxo xAv AA, AB, xouxcp Siatpcpei xal x6 81c; 0x6 xAv AA, 
AB xou 81c; 0x6 xAv AF, FB, dXXd xd dx6 xAv AF, FB 
xAv dx6 xAv AA, AB Oxepcxei pTjxA' prjxd ydp djiqjoxepa' 
xal x6 81c; 0x6 xAv AA, AB dpa xou 81c; 0x6 xAv AF, FB 
Oxepexei pTjxA jieaa ovxa' oxep caxlv d8uvaxov. oOx dpa rj 
[iei^wv xax’ dXXo xal dXXo arijielov 8iaipelxai- xaxd x6 a0x6 
dpa [iovov 8iaipelxai- oxep e8ei 8el^ai. 


mensurable in length with HN [Props. 6.1, 10.11]. And 
(they are) rational (straight-lines). Thus, EH and HN 
are rational (straight-lines which are) commensurable in 
square only. And if two rational (straight-lines which 
are) commensurable in square only are added together 
then the whole (straight-line) is that irrational called bi¬ 
nomial [Prop. 10.36]. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H. So, according to the same (reasoning), EM and 
MN can be shown (to be) rational (straight-lines which 
are) commensurable in square only. And EN will (thus) 
be a binomial (straight-line) which has been divided (into 
its component terms) at the different (points) H and M 
(which is absurd [Prop. 10.42]). And EH is not the same 
as MN, since (the sum of) the (squares) on AC and CB 
is greater than (the sum of) the (squares) on AD and 
DB. But, (the sum of) the (squares) on AD and DB is 
greater than twice the (rectangle contained) by AD and 
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares) 
on AC and CB —that is to say, EC —is also much greater 
than twice the (rectangle contained) by AD and DB — 
that is to say, MK. Hence, EH is also greater than MN 
[Prop. 6.1]. Thus, EH is not the same as MN. (Which 
is) the very thing it was required to show. 

one solution: i.e., k" = k and k'" = k'. 

Proposition 45 

A major (straight-line) can only be divided (into its 
component terms) at the same point.! 

A D C B 

I-1-1-1 

Let AB be a major (straight-line) which has been di¬ 
vided at C, so that AC and CB are incommensurable in 
square, making the sum of the squares on AC and CB 
rational, and the (rectangle contained) by AC and CD 
medial [Prop. 10.39]. I say that AB cannot be (so) di¬ 
vided at another point. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB ratio¬ 
nal, and the (rectangle contained) by them medial. And 
since, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount). But, (the sum of) 
the (squares) on AC and CB exceeds (the sum of) the 
(squares) on AD and DB by a rational (area). For (they 
are) both rational (areas). Thus, twice the (rectangle 
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contained) by AD and DB also exceeds twice the (rect¬ 
angle contained) by AC and CB by a rational (area), 
(despite both) being medial (areas). The very thing is 
impossible [Prop. 10.26]. Thus, a major (straight-line) 
cannot be divided (into its component terms) at differ¬ 
ent points. Thus, it can only be (so) divided at the same 
(point). (Which is) the very thing it was required to show. 


t In other words, ^[1 -I- k/(l + k?YAy2 + ^[1 — k/{l + fc2)i/2]/2 = ^[1-1- fc'/(l + k''^YD\/2 + ^[1 — k'/{I + A:'2)i/2]/2 has only one 
solution: i.e., k' = k. 


[iT'. 

'H prjTov xai psaov buvapevr) xaO’ §v povov aqpElov 
biaipelTai.. 

A A r B 

I-1-1-1 

TlaTW prjTov xai pcaov buvapEvr) f) AB birjprjpEvr) xaxa 
TO r, WOTS Ta<; AT, TB buvapci dauppsTpouc; eivai xoiouaac; 
TO pev auYXslpsvov sx twv dxo twv AT, TB psaov, to 8s 
8l<; uxo Twv AT, TB prjTov Xeyw, oti fj AB xax’ dXXo 
arjpslov ou BiaipslTai.. 

Ei ydp Buvaxov, Birjpqo'dw xai xaxd to A, wots xai 
Tac, AA, AB 8uvdpsi. dauppsTpouc slvai xoioOaa:; to psv 
auyxslpsvov sx twv dxo tAv AA, AB psaov, to 5e 81c; 
0x6 tAv AA, AB prjTov. sxsl ouv, A 8i.a(pEpEi. to Sic; 0x6 
tAv at, TB TOO 81c; 0x6 tAv AA, AB, toutw Siacpspsi xai 
Td dx6 tAv AA, AB tAv dx6 tAv AT, TB, t6 6e SI? 0x6 
tAv at, TB TOO 8li; 0x6 tAv AA, AB OxspEyei piTcA, xai 
Td dx6 tAv AA, AB dpa tAv dx6 tAv AT, TB OTspsysi 
pr)TA psaa ovTa' oxsp saxlv dSOvaxov. oOx dpa f) pr]T6v 
xai psaov SuvapEvr) xax’ dXXo xai dXXo a^psTov SiaipslTai.. 
xaxd Ev dpa arjpsTov SiaipslTai.- oxsp e8ei. SsT^ai- 


Proposition 46 

The square-root of a rational plus a medial (area) can be 
divided (into its component terms) at one point only.l 

A D C B 

I-1-1-1 

Let AB be the square-root of a rational plus a medial 
(area) which has been divided at C, so that AC and CB 
are incommensurable in square, making the sum of the 
(squares) on AC and CB medial, and twice the (rectan¬ 
gle contained) by AC and CB rational [Prop. 10.40]. I 
say that AB cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, so 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB medial, 
and twice the (rectangle contained) by AD and DB ra¬ 
tional. Therefore, since by whatever (amount) twice the 
(rectangle contained) by AC and CB differs from twice 
the (rectangle contained) by AD and DB, (the sum of) 
the (squares) on AD and DB also differs from (the sum 
of) the (squares) on AC and CB by this (same amount). 
And twice the (rectangle contained) by AC and CB ex¬ 
ceeds twice the (rectangle contained) by AD and DB by 
a rational (area). (The sum of) the (squares) on AD and 
DB thus also exceeds (the sum of) the (squares) on AC 
and CB by a rational (area), (despite both) being medial 
(areas). The very thing is impossible [Prop. 10.26]. Thus, 
the square-root of a rational plus a medial (area) cannot 
be divided (into its component terms) at different points. 
Thus, it can be (so) divided at one point (only). (Which 
is) the very thing it was required to show. 


t In other words, ^[(1 + fc 2 )i /2 + fc ]/[2 (l + fe 2 )] + ^[(1 + fc 2 )i /2 _ fc ]/[2 (i + fc 2 )] = ^[(l + fc' 2 )i /2 + ^iy^2 (1 + fe'2)] 
+ \/[(l + — k']/[2 (1 + has only one solution: i.e., k' = k. 




'H 6uo psaa buvapsvr) xaD’ sv povov arjpsTov biaipslTai.. 


Proposition 47 

The square-root of (the sum of) two medial (areas) 
can be divided (into its component terms) at one point 
only! 
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A 


A r 

—I-h- 


B 




D C 

—I-h- 


B 


M 

0 

N 


z 

E 

A 

M 

H 

H 

K 

N 


L 

G 

K 


TilaTW [8uo ^eaa Buva^evr)] f] AB 6ir)pr)^ievr) xaxa to 
r, &oTe Totc; Ar, FB 8uvapiei daujipiexpouc; elvai noiouaat; 
x6 xe auyxeijiEvov ex xwv duo xwv AF, FB [ieaov xal x6 
uxo xwv AF, FB pieaov xal exi daujipiexpov xw auyxeijievw 
ex xwv dx’ auxwv. Xeyw, 6xi f) AB xax’ dXXo ariptelov oO 
Siaipelxai xoiouaa xd xpoxeipieva. 

El ydp Suvaxov, Birjpr^aDo) xaxd x6 A, waxe xdXiv Sr)- 
Xovoxi xrjv AF xf) AB [if] elvai xrjv auxr]v, dXXd (iel^ova 
xal)’ OxoDeaiv xrjv AF, xal exxelaDto prjxr) fj EZ, xal xapa- 
Pe[3Xr]aDco xapd xrjv EZ xolt; (iev dxo xwv AF, FB Xoov x6 
EF[, xw 8e 5l(; 0x6 xwv AF, FB ’laov x6 0K' oXov dpa x6 
EK ’laov eaxl xw dxo xfjc; AB xexpaycovw. xdXiv 8r) xapa- 
Pe[3Xir]aDa) xapd xrjv EZ xolc; dxo xwv AA, AB ’laov x6 EA' 
Xoixov dpa x6 5l<; 0x6 xwv AA, AB Xoixw xw MK ’laov 
eaxlv. xal exel pieaov Oxoxeixai x6 auyxelpievov ex xwv dx6 
xwv AF, FB, [ieaov dpa eaxl xal x6 EF[. xal xapd prjxrjv xrjv 
EZ xapdxeixar prjxr) dpa eaxlv fj 0E xal da0[i[iexpo(; xfj EZ 
[ir^xei. 8id xd aOxd 8r) xal fj 0N prjxrj eaxi xal dau[i[iexpoi; 
xfi EZ [irjxei. xal exel da0[i[iexp6v eaxi x6 auyxe[[ievov 
ex xwv dx6 xwv AF, FB xw 8l(; 0x6 xwv AF, FB, xal x6 
EF[ dpa xw HN da0[i[iexp6v eaxiv waxe xal fj E0 xfj 0N 
da0[i[iexp6(; eaxiv. xal e’lai prjxal- al E0, 0N dpa prjxal elai 
8uvd[iei [iovov a0[i[iexpoi' rj EN dpa ex 80o ovojidxwv eaxl 
8ir]pri[ievri xaxd x6 0. 6[io[6x; 8f] 8e[5o[iev, 6xi xal xaxd x6 
M 8ir)pr]xai. xal oOx eaxiv fj E0 xfj MN fj aOxrj- fj dpa ex 80o 
6vo[idxa)v xax’ dXXo xal dXXo ar][ie'iov 8ir]prixai- oxep eaxlv 
dxoxov. oOx dpa fj 80o [leaa 8uva[ievri xax’ dXXo xal dXXo 
arjjieTov 8iaipelxai- xaD’ ev dpa [iovov [ari[ieIov] 8iaipelxai. 


Let AB be [the square-root of (the sum of) two me¬ 
dial (areas)] which has been divided at C, such that AC 
and CB are incommensurable in square, making the sum 
of the (squares) on AC and CB medial, and the (rect¬ 
angle contained) by AC and CB medial, and, moreover, 
incommensurable with the sum of the (squares) on (AC 
and CB) [Prop. 10.41]. I say that AB cannot be divided 
at another point fulfilling the prescribed (conditions). 

For, if possible, let it have been divided at D, such that 
AC is again manifestly not the same as DB, but AC (is), 
by hypothesis, greater. And let the rational (straight-line) 
EF be laid down. And let EG, equal to (the sum of) the 
(squares) on AC and CB, and HK, equal to twice the 
(rectangle contained) by AC and CB, have been applied 
to EF. Thus, the whole of EK is equal to the square on 
AB [Prop. 2.4]. So, again, let EL, equal to (the sum of) 
the (squares) on AD and DB, have been applied to EF. 
Thus, the remainder—twice the (rectangle contained) by 
AD and DB —is equal to the remainder, MK. And since 
the sum of the (squares) on AC and CB was assumed 
(to be) medial, EG is also medial. And it is applied to 
the rational (straight-line) EF. HE is thus rational, and 
incommensurable in length with EF [Prop. 10.22]. So, 
for the same (reasons), HN is also rational, and incom¬ 
mensurable in length with EF. And since the sum of 
the (squares) on AC and CB is incommensurable with 
twice the (rectangle contained) by AC and CB, EG is 
thus also incommensurable with GN. Hence, EH is also 
incommensurable with HN [Props. 6.1, 10.11]. And 
they are (both) rational (straight-lines). Thus, EH and 
HN are rational (straight-lines which are) commensu¬ 
rable in square only. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H [Prop. 10.36]. So, similarly, we can show that it has 
also been (so) divided at M. And EH is not the same as 
MN. Thus, a binomial (straight-line) has been divided 
(into its component terms) at different points. The very 
thing is absurd [Prop. 10.42]. Thus, the square-root of 
(the sum of) two medial (areas) cannot be divided (into 
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its component terms) at different points. Thus, it can be 
(so) divided at one [point] only. 

t In other words, + fc/(i + fc2)i/2]/2 + - A:/(l + fc2)i/2]/2 = + k"/{l + fc''2)i/2]/2 

+fc"'i/4^[l — fc"/(l + fc"2)i/2]/2 has only one solution: Le., k" = k and k"' = k'. 


''Opol BsUTSpOl. 

e'. 'T7toxsi.psvr]c; priTf)<; xal Tfjc; ex 6uo ovopaxwv 
Btnprjpevrjc; ci<; xa ovopaxa, f)<; x6 peT^ov ovopa xoO 
eXdaaovoc pel^ov Buvaxai xw dito auppcxpou eauxfj pr]xci, 
cdv pcv x6 peT^ov ovopa auppexpov fj pf]xci xfj cxxcipcvr) 
prjxfj, xaXeiaDw [f] oXr]] ex 60o ovopdxwv Ttpwxr). 

9 '. ’Edv 5e x6 eXdaaov ovopa auppexpov fj prjxei. xfj 
cxxeipevT) prjxf), xaXeia'dw ex 5uo ovopdxwv Beuxepa. 

C- ’Edv 6e prjSexepov xwv ovopdxwv auppexpov fj prjxet 
xfj exxeipevT) prjxfi, xaXeiaOw ex 6uo ovopdxcov xpixr). 

T)'. IldXiv 6r) edv x6 pel^ov ovopa [xou cXdaaovoc] pef^ov 
duvrjxai xw duo dauppexpou eauxfj prjxei., edv pev x6 pel^ov 
ovopa auppexpov ^ prjxei xfj exxeipevrj prjxfj, xaXeiaOco ex 
5uo ovopdxtov xexdpxT). 

O'. ’Edv 8e x6 eXaaaov, itepitxr). 

i'. ’Edv 5e prjBcxepov, cxxr). 


R'- 

Eupelv xr)v ex 6uo ovopdxwv Ttpwxrjv. 

’ExxeiaOwaav 6uo dpiOpoi oi AE, FB, oaxe xov 
auyxeipevov e^ auxwv xov AB 7tp6<; pev xov BF Xoyov 
eyeiv, 6v xexpdyovoc; dpiOpoc Ttpoc; xexpdywvov dpiOpov, 
Tipoc; 6e xov FA Xoyov pr) exeiv, 6v xexpdycovoi; dpiOpoc 
Ttpoc; xexpdywvov dpiOpov, xal exxeiaOw xic; prjxr) f) A, xal 
xfj A auppexpoc; eaxw prjxei fj EZ. prjxr) dpa eaxl xal f) 
EZ. xal yeyovexw Ac; 6 BA dpiOpoi; Ttpoc; xov AF, ouxoc; 
x6 drto xfjc; EZ Ttpoc; x6 drto xfji; ZH. 6 8c AB Ttpoc; xov 
AF Xoyov cxei, ov dpiOpoc; Ttpoc; dpiOpov xal x6 aTto xfjc; 
EZ dpa Ttpoc; x6 dito xfjc; ZH Xoyov cxei, ov dpiOpoc; Ttpoc; 
dpiOpov Aaxe auppexpov eaxi x6 dito xfjc; EZ xA dtto xfjc; 


Definitions II 

5. Given a rational (straight-line), and a binomial 
(straight-line) which has been divided into its (compo¬ 
nent) terms, of which the square on the greater term is 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let [the whole] (straight-line) be called a first bino¬ 
mial (straight-line). 

6. And if the lesser term is commensurable in length 
with the rational (straight-line previously) laid out then 
let (the whole straight-line) be called a second binomial 
(straight-line). 

7. And if neither of the terms is commensurable in 
length with the rational (straight-line previously) laid out 
then let (the whole straight-line) be called a third bino¬ 
mial (straight-line). 

8. So, again, if the square on the greater term is 
larger than (the square on) [the lesser] by the (square) 
on (some straight-line) incommensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let (the whole straight-line) be called a fourth bino¬ 
mial (straight-line). 

9. And if the lesser (term is commensurable), a fifth 
(binomial straight-line). 

10. And if neither (term is commensurable), a sixth 
(binomial straight-line). 

Proposition 48 

To find a first binomial (straight-line). 

Let two numbers AC and CB be laid down such that 
their sum AB has to BC the ratio which (some) square 
number (has) to (some) square number, and does not 
have to CA the ratio which (some) square number (has) 
to (some) square number [Prop. 10.28 lem. I]. And let 
some rational (straight-line) D be laid down. And let EF 
be commensurable in length with D. EF is thus also ra¬ 
tional [Def. 10.3]. And let it have been contrived that as 
the number BA (is) to AC, so the (square) on EF (is) 
to the (square) on EG [Prop. 10.6 corn]. And AB has to 
AC the ratio which (some) number (has) to (some) num- 
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ZH. xal eaxi prjTf) fj EZ- prjxr) apa xctl rj ZH. xal enel 6 
BA npoc; tov AF Xoyov oux xexpotYWvoc; dpiiljioc; 

xpog xexpdycovov dpnljiov, ou8e x6 duo xfjt; EZ dpa Tipoc; 
x6 duo xfjc; ZH Xoyov xexpdywvoc; dpnljioc; xpog 

xexpdycovov dpiiljiov daupijiexpoc; dpa eaxlv rj EZ xfj ZH 
[ir]xei. al EZ, ZH dpa prjxai elai Suvdjiei [iovov aujipiexpor 
ex 5uo dpa ovoiidxwv eaxiv f) EH. Xeyw, oxi. xal xpwxr]. 


A I- 1 @1 - 1 

E Z H 

I-1-1 

A r B 

I-1-1 

’EKei ydp caxiv (be; 6 BA dpiDpioe; Kpoe; xov AF, ouxo<; x6 
dxo xf)<; EZ npoQ x6 dxo xfjc; ZH, (lei^wv 6e 6 BA xoO AF, 
pieT^ov dpa xal x6 and xfjc; EZ xou dvio xfjc; ZH. eaxw ouv xSi 
d-KO xfjc; EZ Xaa xd duo xGv ZH, 0. xal eKei eaxiv (be; 6 BA 
Tipoc; xov AF, ouxioc; x6 duo xfj? EZ Tipoc; x6 duo xfjc; ZH, 
dvaaxpecjravxi dpa caxiv &>q 6 AB npoc; xov BF, ouxwc; x6 
dTio xfjc; EZ Tipoc; x6 dno xfjc; 0. 6 6c AB Tipoc; xov BF Xoyov 
cxei, 6v xexpdywvoc; dpiDpioc; Tipoc; xcxpdyovov dpiilpiov. xal 
x6 dno xfjc; EZ dpa npoc; x6 dno xfjc; 0 Xoyov cxei, 6v 
xcxpdywvoc; dpiiSijLoc; npoc; xexpdywvov dpiDpiov. au(iptcxpoc; 
dpa caxiv f] EZ xfj 0 pifjxci- f) EZ dpa xfj? ZH ptcT^ov 6uvaxai 
xo dno au[ipicxpou eauxfj. xai ciai prjxal at EZ, ZH, xal 
aupipicxpoc; f) EZ xfj A pLf]XCi. 

’H EH dpa ex 6uo ovopidxcov caxl npibxry oncp c6ci. 
BcT^ai. 


her. Thus, the (square) on EF also has to the (square) 
on EG the ratio which (some) number (has) to (some) 
number. Hence, the (square) on EF is commensurable 
with the (square) on EG [Prop. 10.6]. And EF is ra¬ 
tional. Thus, EG (is) also rational. And since BA does 
not have to AG the ratio which (some) square number 
(has) to (some) square number, thus the (square) on EF 
does not have to the (square) on EG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with EG 
[Prop 10.9]. EF and EG are thus rational (straight-lines 
which are) commensurable in square only. Thus, EG is 
a binomial (straight-line) [Prop. 10.36]. 1 say that (it is) 
also a first (binomial straight-line). 

Di-1 Hi-1 

E EG 

I-1-1 

A C B 

I-1-1 

For since as the number HA is to AG, so the (square) 
on EF (is) to the (square) on EG, and BA (is) greater 
than AG, the (square) on EF (is) thus also greater than 
the (square) on EG [Prop. 5.14]. Therefore, let (the sum 
of) the (squares) on EG and El be equal to the (square) 
on EF. And since as BA is to AG, so the (square) 
on EF (is) to the (square) on EG, thus, via conver¬ 
sion, as AB is to BG, so the (square) on EF (is) to the 
(square) on H [Prop. 5.19 corn]. And AB has to BG 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EF also has to 
the (square) on El the ratio which (some) square number 
(has) to (some) square number. Thus, EF is commensu¬ 
rable in length with H [Prop. 10.9]. Thus, the square on 
EF is greater than (the square on) EG by the (square) 
on (some straight-line) commensurable (in length) with 
{EF). And EF and EG are rational (straight-lines). And 
EF (is) commensurable in length with D. 

Thus, EG is a first binomial (straight-line) [Def. 10.5].1 
(Which is) the very thing it was required to show. 


Of the rational straight-line has unit length then the length of a first binomial straight-line is A: -I- fcVl — k''^. This, and the first apotome, whose 
length is k — k Vl — [Prop. 10.85], are the roots of — 2 k x + k' ^ = 0. 


[if}'. 


EOpclv xf)v ex 6uo ovopdxwv 6cuxcpav. 


Proposition 49 

To find a second binomial (straight-line). 
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01-1 A'-1 

E Z H 

I-1-1 

A r B 

I-1-1 

’ExxsLailwacxv 60o dpi'd(ioi oi AF, FB, oaxe xov 
auyxeijievov aOxwv xov AB 7ip6<; p.ev xov BF Xoyov 
exsiy, ov xexpdywvot; dpnljioc; xpog xexpdycovov dpiiljiov, 
xpog 6e xov AF Xoyov p,r) ex^y, ov xexpdywvoc; dpiiljioc; 
xpot; xexpdycovov dpiiljiov, xal exxeiaila) prjxr) rj A, xal xfj A 
au^i^expoc; eaxw rj EZ ^r^xer prjxf) dpa eaxlv rj EZ. yeyovexw 
5f) xal (be; 6 FA dpiDp-oe; xpoc; xov AB, ouxwe; x6 duo xfjc; EZ 
xpoe; x6 duo xfjc; ZH- au[ip,£xpov dpa eaxl x6 duo xfjc; EZ x(b 
duo xfjc; ZH. prjxf] dpa saxi xal f) ZH. xal exsl 6 FA dpLiltJioc; 
xpoc; xov AB Xoyov oux ex^h ov xexpdytovoc; dpifljioc; xpoc; 
xexpdytovov dpiUpiov, ouSe x6 duo xfjc; EZ xpoc; x6 duo xfjc; 
ZH Xoyov ex^h ov xexpdycovoc; dpn[)(i6c; xpoc; xexpdycovov 
dpnljiov. dau[ip,£xpoc; dpa eaxlv f) EZ xfj ZH ^fjxsc at EZ, 
ZH dpa prjxai siai. Buvdpiei ^ovov au^(j£xpoi.' ex 6uo dpa 
6vo(idxcov eaxlv f) EH. 6eixxeov 6f], 6xi xal Beuxepa. 

’Exel ydp dvdxaXlv eaxiv Ac; 6 BA dpiDiioc; xpoc; xov AF, 
ouxcdc; x6 dxo xfjc; HZ xpoc; x6 dxo xfjc; ZE, (jei^cov Be 6 BA 
xou AF, (jel^ov dpa [xal] x6 duo xfjc; HZ xoD dxo xfjc; ZE. 
eaxto x(b duo xfjc; HZ laa xd duo xAv EZ, ©• dvaaxpecjiavxi 
dpa eaxlv Ac; 6 AB xpoc; xov BF, ouxcoc; x6 dxo xfjc; ZH 
xpoc; x6 duo xfjc; 0. dXX’ 6 AB xpoc; xov BF Xoyov ex^h ov 
xexpdytovoc; dpiUp-oc; xpoc; xexpdytovov dpifljiov xal x6 duo 
xfjc; ZH dpa xpoc; x6 duo xfjc; 0 Xoyov ex^h ov xexpdycovoc; 
dpnljioc; xpoc; xexpdytovov dpiDp-ov. aup,[iexpoc; dpa eaxlv f) 
ZH xfj 0 ^f]xei- Aaxe f) ZH xfjc; ZE ^el^ov Suvaxai xA dxo 
aup,[iexpou eauxfj. xal elai prjxal ai ZH, ZE Bovd^xei. ^ovov 
a6p,[iexpoi, xal x6 EZ eXaaaov ovo^xa xfj £xxeip,£vr) pr]xfj 
au^i^expov eaxi xfj A ^f]xei. 

'H EH dpa ex 6uo ovo^iaxcov eaxl Beuxepa- oxep eBei. 
BeT^ai. 


Hi -1 Di-1 

E F G 

I-1-1 

AC B 

I-1-1 

Let the two numbers AC and CB he laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number [Prop. 10.28 lem. I]. And 
let the rational (straight-line) D be laid down. And let 
EF be commensurable in length with D. EF is thus a 
rational (straight-line). So, let it also have been contrived 
that as the number CA (is) to AB, so the (square) on EF 
(is) to the (square) on EG [Prop. 10.6 corn]. Thus, the 
(square) on EF is commensurable with the (square) on 
EG [Prop. 10.6]. Thus, EG is also a rational (straight- 
line). And since the number CA does not have to AB 
the ratio which (some) square number (has) to (some) 
square number, the (square) on EF does not have to the 
(square) on EG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF is in¬ 
commensurable in length with EG [Prop. 10.9]. EF and 
EG are thus rational (straight-lines which are) commen¬ 
surable in square only. Thus, EG is a binomial (straight- 
line) [Prop. 10.36]. So, we must show that (it is) also a 
second (binomial straight-line). 

For since, inversely, as the number BA is to AC, so 
the (square) on GF (is) to the (square) on EE [Prop. 5.7 
corn], and BA (is) greater than AC, the (square) on 
GF (is) thus [also] greater than the (square) on EE 
[Prop. 5.14]. Let (the sum of) the (squares) on EF and 
iJ be equal to the (square) on GF. Thus, via conver¬ 
sion, as AB is to BC, so the (square) on EG (is) to the 
(square) on H [Prop. 5.19 corn]. But, AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EG also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, EG is commensu¬ 
rable in length with El [Prop. 10.9]. Hence, the square on 
EG is greater than (the square on) EE by the (square) on 
(some straight-line) commensurable in length with (EG). 
And EG and EE are rational (straight-lines which are) 
commensurable in square only. And the lesser term EF 
is commensurable in length with the rational (straight- 
line) D (previously) laid down. 

Thus, EG is a second binomial (straight-line) [Def. 
10.6].1 (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a second binomial straight-line is fe/Vl — fc'^-l- k. This, and the second apotome, 
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whose length is kJsJX — k''^ — k [Prop. 10.86], are the roots of — (2 fc/Vl — k''^) x + k'^ [fc'^/(l — = 0. 


v'. 

EupeTv Ti^v ex 6uo 6vo[iaTWv Tp[Tr]v. 

A r B 

I-^-1 

El-1 Ki—I A'-1 

Z H 0 

I-1-1 

’Exxetailtoaotv 60o dpi'd^ioi oi AE, FB, waxe xov 
auyxeijievov e^ aOxcov xov AB Ttpoc; pev xov BF Xoyov 
exeiv, 6v xexpdycovoc; dpnljioc; xpoc; xexpdywvov dpiiiljiov, 
xpog 6e xov AF Xoyov p,r) exeiv, 6v xexpdywvoc; dpnljioc; 
xpoc; xexpdywvov dpn[)(i6v. exxeiailto 5e xic xocl dXXoc; (if) 
xexpdytovoc; dpif)(i6(; 6 A, xal xpot; exdxepov xwv BA, AF 
Xoyov (if) exexto, 6v xexpdycovoc; dpif)(i6c; Ttpoc; xexpdycovov 
dpif)(i6v xal exxeia'dto xic; prjxf) euflefoc f) E, xal yeyovexw 
(be; 6 A Ttpoc; xov AB, ouxtoc; x6 dito xfje; E Ttpoc; x6 dTto 
xfji; ZH' au(i(iexpov dpa eaxl x6 dito xfjc; E xw dito xfje; ZF[. 
xai eaxi. pr)xf) f) E- pr)xf) dpa eaxl xal f) ZH. xal eTtel 6 A 
Ttpoc; xov AB Xoyov oOx sx^i’i xexpdycovoc; dpi.'d(i6(; Ttpoc; 
xexpdycovov dpi.'d(i6v, ou8e x6 dTto xfje; E Ttpoc; x6 dTto xfje; 
ZH Xoyov sxst, ov xexpdyovoc; dpi.'d(i6c; Ttpoc; xexpdycovov 
dpi.'d(i6v dau(i(iexpoc; dpa eaxlv f) E xfj ZH (ifjxei.. yeyovexw 
8f) TtdXiv Ac; f) BA dpi'd(i6i; Ttpoc; xov AF, ouxcoi; x6 dTto xfje; 
ZH Ttpoc; x6 dTto xfje; H0- au(i(iexpov dpa eaxl x6 dTto xfje; 
ZH xA dTto xfje; H0. pr)xf) 6e f) ZH- pr)xf) dpa xal f) H0. xal 
eitel 6 BA Ttpo; xov AF Xoyov oOx ex^^; xexpdyoivo; 
dpi.'d(i6; Ttpo; xexpdycovov dpi.'d(i6v, o06e x6 dTto xfj; ZH 
Ttpo; x6 dTto xfj; 0H Xoyov ex^i-) xexpdycnvo; dpi.'d(i6; 
Ttpo; xexpdycpvov dpi-diiov dau(i(iexpo; dpa eaxlv f) ZH 
xfj H0 (ifjxet. al ZH, H0 dpa pr)xai elat 6uvd(iei (iovov 
au(i(iexpor f) Z0 dpa ex 6uo 6vo(idxc£)v eaxlv. Xeycn 6fj, 6xi 
xal xplxr). 

’ETtel ydp eaxtv A; 6 A Ttpo; xov AB, ouxco; x6 dTto xfj; 
E Ttpo; x6 dTto xfj; ZH, A; 8e 6 BA Ttpo; xov AF, ouxw; 
x6 dito xfj; ZH Ttpo; x6 dito xfj; H0, 8i.’ laou dpa eaxlv A; 
6 A Ttpo; xov AF, ouxen; x6 dTto xfj; E Ttpo; x6 dTto xfj; 
H0. 6 5e A Ttpo; xov AF Xoyov oux sx^i-i xexpdyoivo; 
dpi.'d(i6; Ttpo; xexpdycnvov dpi.'d(i6v o06e x6 dTto xfj; E dpa 
Ttpo; x6 dTto xfj; H0 Xoyov ex^^j xexpdycnvo; dpi.'d(i6; 
Ttpo; xexpdycnvov dpi-diiov dau(i(iexpo; dpa eaxlv f) E xfj 
H0 (if)xei. xal eTtel eaxiv A; 6 BA Ttpo; xov AF, ouxen; 
x6 dito xfj; ZH Ttpo; x6 dito xfj; H0, (iel^ov dpa x6 dTto 
xfj; ZH xoD dito xfj; H0. eaxen ouv xA dTto xfj; ZH laa xd 
dito xAv H0, K- dvaaxpecjravxi. dpa [eaxlv] A; 6 AB Ttpo; 
xov BF, ouxen; x6 dTto xfj; ZH Ttpo; x6 dTto xfj; K. 6 8e 
AB Ttpo; xov BF Xoyov sx^i-i xexpdyoivo; dpi.'d(i6; Ttpo; 


Proposition 50 

To find a third binomial (straight-line). 

A C B 

I-1-1 

El- 1 K'- 1 D'- 1 

F G H 

I-1-1 

Let the two numbers AC and CB he laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number. And let some other non¬ 
square number D also be laid down, and let it not have 
to each of BA and AC the ratio which (some) square 
number (has) to (some) square number. And let some ra¬ 
tional straight-line E be laid down, and let it have been 
contrived that as D (is) to AB, so the (square) on E 
(is) to the (square) on EG [Prop. 10.6 corn]. Thus, the 
(square) on E is commensurable with the (square) on 
EG [Prop. 10.6]. And E is a rational (straight-line). 
Thus, EG is also a rational (straight-line). And since 
D does not have to AB the ratio which (some) square 
number has to (some) square number, the (square) on 
E does not have to the (square) on EG the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with EG 
[Prop. 10.9]. So, again, let it have been contrived that 
as the number BA (is) to AC, so the (square) on EG 
(is) to the (square) on GH [Prop. 10.6 corn]. Thus, the 
(square) on EG is commensurable with the (square) on 
GE[ [Prop. 10.6]. And EG (is) a rational (straight-line). 
Thus, GH (is) also a rational (straight-line). And since 
BA does not have to AC the ratio which (some) square 
number (has) to (some) square number, the (square) on 
EG does not have to the (square) on HG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EG is incommensurable in length with GH 
[Prop. 10.9]. EG and GH are thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
EH is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a third (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on EG, and as BA (is) to AC, so the 
(square) on EG (is) to the (square) on GH, thus, via 
equality, as D (is) to AC, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
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xexpdYWvov dpiilpiov xal x6 axo xf)<; ZH dpa npoq x6 anb 
xfjc; K Xoyov exei, 6v xexpdywvoc; dpi'dp.oc; xpoc xexpdywvov 
dpiilpiov aupLpisxpo(; dpa [eaxlv] fj ZH xfj K pLr]X£i. f] ZH dpa 
xfjc; H0 (lel^ov Buvaxai xw dxo au(ipi£xpou eauxfj. xa[ eiaiv 
ai ZH, H0 pr)xal 6uvd(j£i piovov au(ipi£xpoi, xai oOBsxspa 
auxov aupipisxpoi; eaxi xfj E pLf]X£i. 

'H Z0 dpa £x 60o 6vo(idxwv £axi xpixiy 07i;£p £6£i. 6£'i5ai- 


have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Thus, E is incommensurable in length with GH 
[Prop. 10.9]. And since as BA is to AC, so the (square) 
on EG (is) to the (square) on GH, the (square) on EG 
(is) thus greater than the (square) on GH [Prop. 5.14]. 
Therefore, let (the sum of) the (squares) on GH and 
K be equal to the (square) on EG. Thus, via conver¬ 
sion, as AB [is] to BC, so the (square) on EG (is) 
to the (square) on K [Prop. 5.19 corn]. And AB has 
to BC the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on EG also 
has to the (square) on K the ratio which (some) square 
number (has) to (some) square number. Thus, EG [is] 
commensurable in length with K [Prop. 10.9]. Thus, 
the square on EG is greater than (the square on) GH 
by the (square) on (some straight-line) commensurable 
(in length) with (EG). And EG and GH are rational 
(straight-lines which are) commensurable in square only, 
and neither of them is commensurable in length with E. 

Thus, EH is a third binomial (straight-line) [Def 
10.7].^ (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a third binomial straight-line is A (i + Vl — k''A- 
whose length is EG (i _ Vl — fc'^) [Prop. 10.87], are the roots of — 2 EG x + kk''^ = 0. 


This, and the third apotome, 


va 


Proposition 51 


EOpclv xf)v £x 6uo ovopdxwv x£xdpxr)v. 

E Z H 

I-^-1 


To find a fourth binomial (straightdine). 

E EG 

I-^-1 




@1 


D'-1 


I-^-1 

A r B 

’ExxciaHtoaav 6uo dpiOpoi oi AT, TB, waxc xov AB 
Ttpoc; xov BT Xoyov pf) cyeiv pqxc pfjv itpoc; xov AT, 
6v xcxpdywvoc; dpiOpoc; Ttpoc; x£xpdycovov dpiilpov. xal 
EXXCiaOw prixf) f] A, xal xfj A aOppExpoc; eoxw pqxEi f) EZ- 
pr)xf) dpa £0x1 xal f) EZ. xal y£yov£xw Ac; 6 BA dpiilpoc; 
Ttpoc; xov AT, ouxwc; x6 dito xfjc; EZ Ttpoc; x6 aTto xfjc; ZH- 
ouppExpov dpa £0x1 x6 dito xfjc; EZ xA dito xfjc; ZH- prjxf] dpa 
£0x1 xal -f) ZH. xal ETtEl 6 BA Ttpoc; xov AT Xoyov oux EX^q 
6v xExpdytovoc; dpi-dpoc; Ttpoc; xExpdywvov dpiOpov, ouBe x 6 
dito xfjc; EZ Ttpoc; x6 aTto xfjc; ZH Xoyov Eysq ov xExpdytovoc; 
dpt-dpoc; Ttpoc; xExpdycovov dpiOpov- douppExpoc; dpa Eoxlv f) 
EZ xfj ZH pqxEi. ai EZ, ZH dpa pr]xai eIoi. Buvdpci. povov 
ouppExpor Aoxe -f) EH ex 5uo ovopdxcov soxiv. XEyw 6f], 


I-1-1 

A C B 

Let the two numbers AC and CB be laid down 
such that AB does not have to BC, or to AC either, 
the ratio which (some) square number (has) to (some) 
square number [Prop. 10.28 lem. I]. And let the rational 
(straight-line) D be laid down. And let EE be com¬ 
mensurable in length with D. Thus, EE is also a ratio¬ 
nal (straight-line). And let it have been contrived that 
as the number BA (is) to AC, so the (square) on EE 
(is) to the (square) on EG [Prop. 10.6 corn]. Thus, the 
(square) on EE is commensurable with the (square) on 
EG [Prop. 10.6]. Thus, EG is also a rational (straight- 
line). And since BA does not have to AC the ratio which 
(some) square number (has) to (some) square number. 
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OTi xal TSTcipTr]. 

’Ekei ydp EOTiv uiQ 6 BA upoc; tov AF, outwc; to anb 
Tfjc; EZ Tipoc; to duo Tfji; ZH [(jei^wv Se 6 BA toO AF], 
pisT^ov dpa TO d-Ko Tfjc; EZ toO duo Tfjc; ZH. eoTCJ ouv tw 
duo Tfjc; EZ loa Tot dTio twv ZH, 0- dvaoTpscjiavTi dpa (be; 
6 AB dpiilpioc; xpoc; tov BF, outcoc; to dvio Tfji; EZ Tipoc; 
TO (XTio Tfjc; 0. 6 Be AB iipoc; tov BF Xoyov oux sx^ij ov 
TETpdywvoc; dpiilpioc; Tipoc; TETpdywvov dpiil^tov o05’ dpa to 
aTio Tfjc; EZ Tipoc; to duo Tfjc; 0 Xoyov £X£(, ov TETpdyoJvoc; 
dpiilpioc; Tipoc; TETpdyojvov dpi'd(jL6v. dau^(iETpoc; dpa eotiv 
f] EZ Tfj 0 ^f]XEr f] EZ dpa Tfji; HZ piEl^ov BOvaTai tO duo 
dau(jpi£Tpou sauTfj. xa[ eIolv ai EZ, ZH prjTal 6uvd(i£i ^ovov 
au^piETpoi, xai f) EZ Tfj A au^^STpo; eotl ^f]X£i. 

'H EH dpa EX 60o 6vo(jLdTcov eoti TETdpTiy OTiEp eBei. 
BEl^ai. 


the (square) on EF does not have to the (square) on EG 
the ratio which (some) square number (has) to (some) 
square number either. Thus, EF is incommensurable 
in length with EG [Prop. 10.9]. Thus, EF and EG 
are rational (straight-lines which are) commensurable 
in square only. Hence, EG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a fourth (binomial 
straight-line). 

For since as BA is to AG, so the (square) on EF (is) to 
the (square) on EG [and BA (is) greater than AC], the 
(square) on EF (is) thus greater than the (square) on EG 
[Prop. 5.14]. Therefore, let (the sum of) the squares on 
EG and El be equal to the (square) on EF. Thus, via con¬ 
version, as the number AB (is) to BC, so the (square) on 
EF (is) to the (square) on H [Prop. 5.19 corn]. And AB 
does not have to BC the ratio which (some) square num¬ 
ber (has) to (some) square number. Thus, the (square) on 
EF does not have to the (square) on El the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with H 
[Prop. 10.9]. Thus, the square on EF is greater than (the 
square on) GF by the (square) on (some straight-line) in¬ 
commensurable (in length) with (EF). And EF and EG 
are rational (straight-lines which are) commensurable in 
square only. And EF is commensurable in length with D. 

Thus, EG is a fourth binomial (straight-line) [Def 
10.8].1 (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fourth binomial straight-line is fc (1 -I- 1/Vl + k'). This, and the fourth apotome, 
whose length is fc (1 — l/vT+T?) [Prop. 10.88], are the roots of — 2 fc a; -I- fc^ k'/{t + fc') = 0. 


v(3'. 

EOpclv Tf)v EX Buo ovopdTWv TispTiTqv. 

E Z H 

I-1-1 

A'-1 01-1 

I-1-1 

A r B 

’ExxEtaTlmaav Buo dpidpoi oi AF, FB, wote tov AB 
Tipo; ExdTEpov auTcbv Xoyov pf) syeiv, ov TETpdywvo; 
dpiOpo; Tipo; TETpdywvov dpiOpov, xal EXXEiaOw prjTf] ti; 
EuilEla f) A, xal Tfj A auppETpo; eotw [pf]X£i] f) EZ- prjTf) 
dpa f) EZ. xal yEyovsTCo A; 6 FA Tipo; tov AB, outco; to 
aTio Tfj; EZ Tipo; to dTio Tfj; ZH. 6 Be FA Tipo; tov AB 
Xoyov oux EX^i, ov TETpdywvo; dpiOpo; Tipo; TETpdywvov 
dpiOpov ouBe to aTio Tfj; EZ dpa Tipo; to duo Tfj; ZH Xoyov 
EXei, ov TETpdywvo; dpiOpo; Tipo; TETpdywvov dpiOpov. al 


Proposition 52 

To find a fifth binomial straight-line. 

E F G 

I-1-1 

Di-1 Hi-1 

I-1-1 

AC B 

Let the two numbers AC and CB he laid down such 
that AB does not have to either of them the ratio which 
(some) square number (has) to (some) square number 
[Prop. 10.38 lem.]. And let some rational straight-line 
D be laid down. And let EF be commensurable [in 
length] with D. Thus, EF (is) a rational (straight- 
line). And let it have been contrived that as CA (is) to 
AB, so the (square) on EF (is) to the (square) on EG 
[Prop. 10.6 corn]. And CA does not have to AB the ra- 
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EZ, ZH apa pr)Ta[ eiai Buvdpsi. (jLovov au(ipsTpor ex 6uo 
dpa 6vo(idTWv eaxlv fj EH. Xsyw 6r], oti xal KSii-KTr). 

’Ekei ydp eoTiv (be; 6 FA Tipoc; tov AB, outo^q to anb 
Tfjc; EZ Tipoc TO (XTio Tfjc ZH, dvcxTiaXiv (be; 6 BA Tipoe; tov 
AF, OUTOTC TO duo Tfje; ZH Tipoe; to cxtio Tfjc ZE- (jeT^ov 
dpa TO dTio Tfjc HZ too dTio Tfjc ZE. eotco ouv tw cxtio 
T fjc HZ laoL TO. CXTIO T(bv EZ, 0- cxvaaTp£c|TavTi. dpa eotiv (be 
6 AB dpi'd(jL6c Tipoc tov BF, out(Oc to duo Tfjc HZ Tipoc 
TO CXTIO Tfjc 0. 6 Be AB iipoc tov BF Xoyov oOx sx^ij ov 
TETpayiovoc dpiilpoc Tipoc TETpayiovov dpiilpov ou6’ dpa to 
duo Tfjc ZH Tipoc TO dTio Tfjc 0 Xoyov EX^i) ov TETpdyojvoc 
dpiilpoc Tipoc TETpdyiDvov dpi'd(i6v. daup(i£Tpoc dpa eotiv 
f] ZH Tfj 0 ^f]X£r ooTE f] ZH Tfjc ZE piEl^ov BuvaTai tw 
duo daupi(i£Tpou sauTfj. xai Eioiv at HZ, ZE pr]Tai BuvdpEi. 
povov oup^ETpoi., xal TO EZ sXaTTOv ovo^a oup^ETpov eoti 
T fj EXXEl^EVT) pr]Tfj Tfj A ^f]XEl. 

'H EH dpa EX 6uo ovopaTiov eoti TiEpTiTry oxEp eBei. 
BEl^ai. 


tio which (some) square number (has) to (some) square 
number. Thus, the (square) on EF does not have to the 
(square) on EG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF and 
EG are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.9]. Thus, EG is a binomial 
(straight-line) [Prop. 10.36]. So, I say that (it is) also a 
fifth (binomial straight-line). 

For since as GA is to AB, so the (square) on EF 
(is) to the (square) on EG, inversely, as BA (is) to 
AC, so the (square) on EG (is) to the (square) on EE 
[Prop. 5.7 corn]. Thus, the (square) on GF (is) greater 
than the (square) on EE [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on EF and El be equal to 
the (square) on GF. Thus, via conversion, as the number 
AB is to BC, so the (square) on GF (is) to the (square) 
on H [Prop. 5.19 corn]. And AB does not have to HC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EG does not have 
to the (square) on H the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, EG is 
incommensurable in length with H [Prop. 10.9]. Hence, 
the square on EG is greater than (the square on) EE 
by the (square) on (some straight-line) incommensurable 
(in length) with (EG). And GF and EE are rational 
(straight-lines which are) commensurable in square only. 
And the lesser term EF is commensurable in length with 
the rational (straight-line previously) laid down, D. 

Thus, EG is a fifth binomial (straight-line). 1 (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (vT+~E-l-1). This, and the fifth apotome, whose 
length is k (Vl + k' — 1) [Prop. 10.89], are the roots oi — 2k Vi + k' x + k' = 0. 


n'- 

Eupclv Trjv EX Buo ovopdTWv exttjv. 

E'-1 K'-1 

Z H 

1 I-1- 

A r B 

I- 1 - 1 

’ExxEiahtoaav Buo dpiOpoi ol AF, FB, wote tov AB 
Tipoc ExdTEpov auTcbv Xoyov pf) Eysw, ov TETpdytovoc 
dpiOpoc Tipoc TETpdytovov dpidpov saTto Be xal STEpoc 
dpihpoc 6 A pf) TETpdycovoc wv prjBE Tipoc sxdTEpov 
Tcbv BA, AF Xoyov syerv, ov TETpdytovoc dptdpoc Tipoc 
TETpdytovov dpihpov xal EXXEiahto tic P'tlTf) EuDEla f) E, 
xal yEyovETto (be 6 A Tipoc tov AB, outwc to duo Tfjc E 
Tipoc TO duo Tfjc ZH- auppETpov dpa to dTio Tfjc E tc 3 dxo 


Proposition 53 


To find a sixth binomial (straight-line). 

E'-1 K'-1 




F 

h 


G 

-h- 


H 


A C B 

I-1-1 

Let the two numbers AG and GB he laid down such 
that AB does not have to each of them the ratio which 
(some) square number (has) to (some) square number. 
And let D also be another number, which is not square, 
and does not have to each of BA and AG the ratio which 
(some) square number (has) to (some) square number ei¬ 
ther [Prop. 10.28 lem. I]. And let some rational straight- 
line E be laid down. And let it have been contrived that 
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Tfjc ZH. xoti eoTi prjTi^ f] E- pr]Tf] apa xai f] ZH. xai exsl 
oOx sxsi. 6 A xpoc; xov AB Xoyov, 6v TSTpdywvoc; dpiilpioc 
Tipoc; TSTpdyovov dpi'djjiov, o 05 s to anb Tfjc E dpa xpoc; 
TO dxo xfjc; ZH Xoyov xsxpdywvoc; dpiilpoc xpoc; 

xexpdywvov dpiilpov daupi(j£Tpo<; dpa f) E xfj ZH (ir]xei. 
yeyovsTW 61^ xdXiv (be 6 BA Tipoe xov AT, ouxwe x6 anb 
xfje ZH xpoe TO anb xfje H0. au(jp£xpov dpa x6 dxo xfje ZH 
xA dxo xfje 0H. pr)x6v dpa x6 dxo xfje 0H- prjxi^ dpa f) 0H. 
xai exel 6 BA xpoe xov AE Xoyov oux sx£i, ov xsxpdywvoe 
dpiilpioe xpoe xsxpdywvov dpiilpov, o 06 e x6 dKO xfje ZH 
xpoe TO dxo xfje H0 Xoyov ex^^; xexpdycovoe dpiilpioe 
xpoe xexpdycovov dpi'd(i6v dau(jpi£xpoe dpa eaxlv f) ZH 
xfj H0 pirjxsi. ai ZH, H0 dpa prjxai siai Buvd^ei piovov 
au(ip£xpor ex 660 dpa 6vopidx(ov eaxlv f] Z0. Beixxeov 6f], 
6x1 xai exxr). 

’Exel ydp eaxiv Ae 6 A xpoe xov AB, ouxcoe x 6 dxo 
xfje E xpoe x 6 dxo xrje ZH, eaxi 6 e xai Ae 6 BA xpoe 
xov AT, ouxcoe x 6 dxo xfje ZH xpoe x 6 dxo xfje H0, 61 ’ 
laou dpa eaxlv Ae 6 A xpoe xov AT, ouxcoe x 6 duo xfje E 
xpoe TO dxo xrje H0. 6 6 e A xpoe xov AF Xoyov oux 
exei, ov xexpdywvoe dpnSiioe xpoe xexpdycovov dpiilpov 

ou 6 e x 6 dxo xfje E dpa Kpoe x 6 dxo xfje H0 Xoyov 

exei, ov xexpdywvoe dpiDiioe xpoe xexpdycovov dpiilpov 

dau^piexpoe dpa eaxlv f) E xfj H0 ^f]X£i. eSeix'dr) 6 e xai 
xfj ZH dau^pexpoe' exaxepa dpa xAv ZH, H0 daup(j£xp 6 e 
eaxi xfj E (jLf]xei. xai exei eaxiv Ae 6 BA xpoe xov AF, 
ouxoe TO dxo xfje ZH xpoe x 6 dxo xfje H0, peT^ov dpa 
x 6 dxo xfje ZH xou dxo xfje H0. eaxco ouv xA dxo [xfje] 
ZH laa xd dxo xAv H0, K' dvaaxpeijjavxi dpa Ae 6 AB 
Tipoe BF, ouxoe TO dxo ZH xpoe x 6 dxo xrje K. 6 6 e AB 
xpoe xov BF Xoyov oux xexpdywvoe dpi-diJoe xpoe 

xexpdycovov dpiD^ov Aaxe ouSe x 6 dxo ZH xpoe x 6 dxo 
xfje K Xoyov xexpdywvoe dpnSiioe xpoe xexpdywvov 

dpiilpiov. daupi^expoe dpa eaxlv f] ZH xfj K ptfjxei- f) ZH dpa 
xfje H0 (jeT^ov 6 uvaxai xA dxo dau(jpi£xpou eauxfj. xai eiaiv 
al ZH, H0 pr)xal 6 uvd(j£i povov au(ip£xpoi, xai ou5exepa 
auxAv au^pexpoe eaxi pifjxei xfj exxeipievr) prjxr) xfj E. 

'H Z0 dpa ex 5uo 6 vo(jLdxwv eaxlv exxr)' oxep e 6 ei BeT^ai- 


as D (is) to AB, so the (square) on E (is) to the (square) 
on EG [Prop. 10.6 corn]. Thus, the (square) on E (is) 
commensurable with the (square) on EG [Prop. 10.6]. 
And E is rational. Thus, EG (is) also rational. And since 
D does not have to AB the ratio which (some) square 
number (has) to (some) square number, the (square) on 
E thus does not have to the (square) on EG the ra¬ 
tio which (some) square number (has) to (some) square 
number either. Thus, E (is) incommensurable in length 
with EG [Prop. 10.9]. So, again, let it have be contrived 
that as BA (is) to AG, so the (square) on EG (is) to 
the (square) on GH [Prop. 10.6 corn]. The (square) on 
EG (is) thus commensurable with the (square) on iTG 
[Prop. 10.6]. The (square) on HG (is) thus rational. 
Thus, ffG (is) rational. And since BA does not have 
to AG the ratio which (some) square number (has) to 
(some) square number, the (square) on EG does not have 
to the (square) on Gff the ratio which (some) square 
number (has) to (some) square number either. Thus, 
EG is incommensurable in length with Gff [Prop. 10.9]. 
Thus, EG and GEl are rational (straight-lines which are) 
commensurable in square only. Thus, EH is a binomial 
(straight-line) [Prop. 10.36]. So, we must show that (it 
is) also a sixth (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on EG, and also as BA is to AG, so 
the (square) on EG (is) to the (square) on GH, thus, 
via equality, as D is to AG, so the (square) on E (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
have to AG the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with GH 
[Prop. 10.9]. And (A) was also shown (to be) incom¬ 
mensurable (in length) with EG. Thus, EG and GH 
are each incommensurable in length with E. And since 
as BA is to AG, so the (square) on EG (is) to the 
(square) on GH, the (square) on EG (is) thus greater 
than the (square) on GH [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on GH and K be equal to 
the (square) on EG. Thus, via conversion, as AB (is) 
to BG, so the (square) on EG (is) to the (square) on K 
[Prop. 5.19 corn]. And AB does not have to BG the ra¬ 
tio which (some) square number (has) to (some) square 
number. Hence, the (square) on EG does not have to 
the (square) on K the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, EG is 
incommensurable in length with K [Prop. 10.9]. The 
square on EG is thus greater than (the square on) GH 
by the (square) on (some straight-line which is) incom- 
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mensurable (in length) with (FG). And FG and GH 
are rational (straight-lines which are) commensurable 
in square only, and neither of them is commensurable 
in length with the rational (straight-line) E (previously) 
laid down. 

Thus, FF[ is a sixth binomial (straight-line) [Def. 
10.10].! (Which is) the very thing it was required to 
show. 

t If the rational straight-line has unit length then the length of a sixth binomial straight-line is y/k + y/W. This, and the sixth apotome, whose 


length is y/k — y/W [Prop. 10.90], are the roots of — 2 y/kx -I- (fc — 

TlaTW 60 o TSTpaycova xa AB, BT xal xeiadtoaav waxe 
EK eudsiac; sTvai xqv AB xfj BE- ex’ eOdsiai; dpa saxi xctl -r) 
ZB xfj BH. xal aupKETtXrjpAa'dw x6 AT TtapaXXirjXoYpapiiov 
Xeyw, 6x1 xexpdytovov eaxi x6 AT, xal 6xi xmv AB, BT 
pcaov dvdXoyov eaxi x6 AH, xal exi xAv AE, EB psaov 
dvdXoyov soxi x6 AE. 


K Hr 



A Z @ 


’EkeI ydp lar) saxlv fj psv AB xfj BZ, fj Be BE xfj BH, 
okf] dpa f] AE okfi xfj ZH saxtv (or]. dXX’ f] psv AE sxaxspa 
xAv A 0 , KE saxiv (ar), f] bs ZH sxaxspa xAv AK, 0 E saxiv 
lor]- xal sxaxspa dpa xAv A 0 , KE sxaxspa xAv AK, 0 E 
saxtv lar). iaoxXsupov dpa saxl x6 AE TtapaXXrjXoypappov 
saxi. 6 e xal opdoyAviov xsxpdywvov dpa saxl x6 AE. 

Kal ekeI saxtv A<; -f) ZB 7tp6<; xf)v BH, ouxwc; f) AB Ttpoc; 
xf)v BE, dXX’ A<; (isv -f) ZB itpoc; xf)v BH, ouxwc; x6 AB itpoc; 
x6 AH, Ac 8 e fj AB Ttpoc xf)v BE, ouxwc x6 AH itpoc x6 
BE, xal Ac dpa x6 AB Ttpoc x6 AH, ouxtoc x6 AH Ttpoc x6 
BE. xAv AB, BE dpa psaov dvdXoyov saxi x6 AH. 

Asyw b-fj, 6x1 xal xAv AE, EB psoov dvdXoyov [saxt] x6 
AE. 

’Eitsl ydp saxiv Ac f) AA itpoc xf)v AK, ouxwc f) KH 
Ttpoc xf)v HE- lar) ydp [saxiv] sxaxspa sxaxspa- xal auvdsvxi 
Ac f) AK Ttpoc KA, ouxwc f) KE itpoc EH, dXX’ Ac [isv f) AK 
Ttpoc KA, ouxcoc x6 AE itpoc x6 EA, Ac 8e f) KE itpoc EH, 
ouxoc x6 AE Ttpoc EB, xal Ac dpa x6 AE itpoc AE, ouxcoc 
x6 AE Ttpoc x6 BE. xAv AE, EB dpa qsaov dvdXoyov saxi 
x6 AE- d TtpoEXSixo bsl^ai. 


k') = 0. 

Lemma 

Let AB and BG be two squares, and let them be laid 
down such that DB is straight-on to BE. FB is, thus, 
also straight-on to BG. And let the parallelogram AC 
have been completed. I say that AC is a square, and 
that DG is the mean proportional to AB and BG, and, 
moreover, DC is the mean proportional to AC and CB. 


K G C 



A F H 


For since DB is equal to BF, and BE to BG, the 
whole of DE is thus equal to the whole of EG. But DE 
is equal to each of AFl and KG, and FG is equal to each 
of AK and FIG [Prop. 1.34]. Thus, AFI and KG are also 
equal to AK and iJC, respectively. Thus, the parallel¬ 
ogram AC is equilateral. And (it is) also right-angled. 
Thus, AC is a square. 

And since as FB is to BG, so DB (is) to BE, but 
as EB (is) to BG, so AB (is) to DG, and as DB (is) to 
BE, so DG (is) to BG [Prop. 6.1], thus also as AB (is) 
to DG, so DG (is) to BG [Prop. 5.11]. Thus, DG is the 
mean proportional to AB and BG. 

So I also say that DC [is] the mean proportional to 
AC and CB. 

For since as AD is to DK, so KG (is) to GC. For [they 
are] respectively equal. And, via composition, as AK (is) 
to KD, so KG (is) to CG [Prop. 5.18]. But as AK (is) 
to KD, so AC (is) to CD, and as KG (is) to CG, so DC 
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC, 
so DC (is) to BG [Prop. 5.11]. Thus, DC is the mean 
proportional to AC and CB. Which (is the very thing) it 
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v8'. 

’Eav iiepie)(r)Tai uko prjTfji; xal xfjc; ex 5uo 

6vo(jLdTWv xpwxr]!;, f) x6 6uva(jevr) aXojoQ eaxiv 

f) xaXou^evT) ex 5uo ovo^dxov. 


A H E Z A P n 



Xwpiov ydp x 6 AP Kepiexsoilw uxo prjxfjc; xfjc AB xal 
xfjc; ex 60o 6 vo(jdxa)v xpAxrjc; xfjc; AA- Xeyw, 6 xi f) x 6 
Ar xt>^pfov 6 uva(ievr) dXoyoc; eaxiv f) xaXou(ievr) ex 6 uo 

6vO(jLCXX«V. 

’Exei ydp ex 6 uo ovopcxxwv eaxi TipAxr) f) AA, 8 i.r)pf]a'da) 
eic; xd 6 v 6 (jLaxa xaxd x 6 E, xal eaxw x 6 (leT^ov ovopa 
x 6 AE. cpavepov 6 fj, oxi ai AE, EA pr]xai eiai Buvdpei 
povov a 6 p(jexpoi., xal f] AE xfjc; EA peT^ov 66 vaxai. xw cxko 
au^pexpou eauxr), xal f) AE au^pexpoi; eaxi xfj exxei^evr) 
prjxfj xfj AB pfjxei. xex^fiaDw Bf) fj EA 6 ixa xaxd x 6 Z 
arjpelov. xal exel f] AE xfjc EA (leT^ov 8 uvaxai xw duo 
au(ipexpou eauxfj, edv dpa xO xexdpxo (lepei xoO dxo xfjc; 
eXdaaovoc;, xouxeaxi xw duo xfjc EZ, laov Tiapd xf)v pel^ova 
xf]v AE xapapXrj'dfj eXXelxov ei 6 ei xexpayAvo), eic aup(iexpa 
aOxf]v BiaipeT. 7 iapaPepXf]a'da) ouv Kapd xf]v AE xw dTio xfjc 
EZ laov x 6 UKo AH, HE' au^pexpoc dpa eaxiv f] AH xfj 
EH ^f]xei. xal 'rjx'dw'Jav dTio xwv H, E, Z oTioxepa xwv AB, 
FA KapdXXrjXoi. ai H0, EK, ZA- xal xw pcv A0 TiapaXXrj- 
Xoypd(jpw laov xexpdywvov auveaxdxw x 6 SN, xw 6 e HK 
laov x 6 NH, xal xelailw waxe eTi’ euiSelac elvai xfjv MN 
xfj NS- ex’ euilelac dpa eaxl xal f) PN xfj NO. xal aup- 
xexXrjpwa'do x 6 EH 7 i;apaXXr)X 6 ypap(iov xexpdywvov dpa 
eaxl x 6 EH. xal exel x 6 Otio xwv AH, HE laov eaxl xw dxo 
xfjc EZ, eaxiv dpa Ac f] AH xpoc EZ, ouxwc 'H ZE Tipoc 
EH' xal Ac dpa x 6 A0 xpoc EA, x 6 EA xpoc KH' xAv 
A0, HK dpa ^eaov dvdXoyov eaxi x 6 EA. dXXd x 6 pev A0 
laov eaxl xA EN, x 6 6 e HK laov xA NH' xAv EN, NH dpa 
peaov dvdXoyov eaxi x 6 EA. eaxi 8 e xAv auxAv xAv EN, 
NH (leaov dvdXoyov xal x 6 MP' laov dpa eaxl x 6 EA xA 
MP- Aaxe xal xA OS laov eaxiv. eaxi 6 e xal xd A0, HK 
xolc EN, NH laa' oXov dpa x 6 AF laov eaxiv oXw xA EH, 
xouxeaxi xA dxo xfjc MS xexpayAvw- x 6 AF dpa 8 uvaxai 'f) 
MS. Xcyw, 6 x 1 f] MS ex 8 uo ovo^dxov eaxiv. 

’Exel ydp au(jpexp 6 c eaxiv 'f) AH xfj HE, aup(jexp 6 c eaxi 
xal f] AE exaxepcx xAv AH, HE. UTioxeixai 6 e xal f) AE xfj 


■was prescribed to show. 

Proposition 54 

If an area is contained by a rational (straight-line) 
and a first binomial (straight-line) then the square-root 
of the area is the irrational (straight-line which is) called 
binomial. 1 



For let the area AC be contained by the rational 
(straight-line) AB and by the first binomial (straight- 
line) AD. I say that square-root of area AC is the ir¬ 
rational (straight-line which is) called binomial. 

For since AD is a first binomial (straight-line), let it 
have been divided into its (component) terms at E, and 
let AE be the greater term. So, (it is) clear that AE and 
ED are rational (straight-lines which are) commensu¬ 
rable in square only, and that the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with {AE), and 
that AE is commensurable (in length) with the rational 
(straight-line) AB (first) laid out [Def. 10.5]. So, let ED 
have been cut in half at point E. And since the square on 
AE is greater than (the square on) ED by the (square) 
on (some straight-line) commensurable (in length) with 
{AE), thus if a (rectangle) equal to the fourth part of the 
(square) on the lesser (term)—that is to say, the (square) 
on EE —falling short by a square figure, is applied to the 
greater (term) AE, then it divides it into (terms which 
are) commensurable (in length) [Prop 10.17]. Therefore, 
let the (rectangle contained) by AC and CE, equal to the 
(square) on EE, have been applied to AE. AC is thus 
commensurable in length with EC. And let CH, EK, 
and EL have been drawn from (points) C, E, and E (re¬ 
spectively), parallel to either of AB or CD. And let the 
square SN, equal to the parallelogram AH, have been 
constructed, and (the square) NQ, equal to (the parallel¬ 
ogram) GK [Prop. 2.14]. And let MN be laid down so 
as to be straight-on to NO. RN is thus also straight-on 
to NP. And let the parallelogram SQ have been com¬ 
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since 
the (rectangle contained) by AG and GE is equal to the 
(square) on EE, thus as AG is to EE, so EE (is) to EG 
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL (is) 
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AB au^(j£Tpo<;' xal at AH, HE apa xf) AB aupi(jeTpoL siaiv. 
xai eaxi. prjTi^ fj AB- prjTf] apa eaxi xal exaTspa xwv AH, HE- 
p-r)x6v apa eaxlv exdxepov xwv A0, HK, xa[ eaxi. au(jpi£xpov 
x6 A0 xw HK. dXXd x6 pisv A0 xO EN laov eaxiv, x6 8s 
HK xw NH- xal xd EN, NH dpa, xouxsaxi xd olko xwv MN, 
NS, p-r)xd saxi. xal aupi(j£xpa. xal sxsl dau(ipi£xp6c; saxiv -i^ 
AE xfj EA pirjxsL, dXX’ fj ptsv AE xfj AH saxi aupipiExpot;, 
f) 8s AE xfj EZ aupiptsxpoi;, dauptpLSxpoc dpa xal f) AH xfj 
EZ- Aaxs xal x6 A0 xo EA dau(jpi£xp6v saxiv. dXXd x6 (jsv 
A0 xA EN saxiv laov, x6 Ss EA xA MP- xal x6 EN dpa 
xA MP daupi(isxp6v saxiv. dXX’ A<; x6 EN xpoc; MP, f) ON 
Tipoi; xfjv NP- daupLpi£xpo(; dpa saxiv f) ON xfj NP. larj 8s f) 
pisv ON xfj MN, f) Ss NP xfj NS- daupipisxpoc dpa saxiv f) 
MN xfj NS. xai saxi x6 oltzo xfji; MN aupipisxpov xA oltzo xfjc 
NS, xal prjxov sxdxspov- at MN, NS dpa p-r)xa[ siai 8uvdpisi 
piovov au(jpi£xpoi. 

'H MS dpa EX 8uo ovopidxov saxi xal Suvaxai x6 AP- 
OXSp £8£1 SsT^oii. 


to KG [Prop. 6.1]. Thus, EL is the mean proportional to 
AH and GK. But, AH is equal to SN, and GK (is) equal 
to NQ. EL is thus the mean proportional to SN and NQ. 
And MR is also the mean proportional to the same— 
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus 
equal to MR. Hence, it is also equal to PO [Prop. 1.43]. 
And AH plus GK is equal to SN plus NQ. Thus, the 
whole of AG is equal to the whole of SQ —that is to say, 
to the square on MO. Thus, MO (is) the square-root of 
(area) AO. I say that MO is a binomial (straight-line). 

For since AG is commensurable (in length) with GE, 
AE is also commensurable (in length) with each of AG 
and GE [Prop. 10.15]. And AE was also assumed (to 
be) commensurable (in length) with AB. Thus, AG 
and GE are also commensurable (in length) with AB 
[Prop. 10.12]. And AB is rational. AG and GE are 
thus each also rational. Thus, AH and GK are each 
rational (areas), and AH is commensurable with GK 
[Prop. 10.19]. But, AH is equal to SN, and GK to NQ. 
SN and NQ —that is to say, the (squares) on MN and 
NO (respectively)—are thus also rational and commen¬ 
surable. And since AE is incommensurable in length 
with ED, but AE is commensurable (in length) with 
AG, and DE (is) commensurable (in length) with EE, 
AG (is) thus also incommensurable (in length) with EF 
[Prop. 10.13]. Hence, AH is also incommensurable with 
EL [Props. 6.1, 10.11]. But, AH is equal to SN, and 
EL to MR. Thus, SN is also incommensurable with 
MR. But, as SN (is) to MR, (so) PN (is) to NR 
[Prop. 6.1]. PN is thus incommensurable (in length) 
with NR [Prop. 10.11]. And PN (is) equal to MN, and 
NR to NO. Thus, MN is incommensurable (in length) 
with NO. And the (square) on MN is commensurable 
with the (square) on NO, and each (is) rational. MN 
and NO are thus rational (straight-lines which are) com¬ 
mensurable in square only. 

Thus, MO is (both) a binomial (straight-line) [Prop. 
10.36], and the square-root of AO. (Which is) the very 
thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight- 
line: i.e., a first binomial straight-line has a length k + k Vl — whose square-root can be written p (1 -I- Vk"), where p = y^k (1 -I- k')/2 and 
k" = (1 — fc')/(l + k'). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational. 

ve'. Proposition 55 

’Eav ytopiov itspisxrjxai 0x6 prjxfj:; xal xfjq sx 8uo If an area is contained by a rational (straight-line) and 
ovopdxtov 8£ux£pac;, fj x6 xtopiov 8uvapevri akoyoQ saxiv a second binomial (straight-line) then the square-root of 
f) xaXoupsvT) EX 8uo psaov xpAxr). the area is the irrational (straight-line which is) called 

first bimedial.l 
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A H E Z A P n 



nspisxsa'dto yap to ABPA uko prjTfji; Tfjt; AB 

xai Tfjc; ex 60o ovo^JiaTWv Buexepat; Tfjc AA- Xeyw, oti. f) to 
Ar x^^piov Suva^ievr] ex 8uo ^eowv xpAxT) eaxiv. 

’Exe'i yap ex 6uo ovo^xaTWv Beuxepa eoTiv f) AA, 
Binpi^ailw eic; xa ovo^Jiaxa xaxa to E, waxe to (jel^ov 
6 vo(ia elvai. to AE- ai AE, EA apa prjxai eiai Bovd^xei. 
^ovov au^^expoi., xal fj AE xfji; EA ^el^ov BOvaxai. xw dxo 
au(i^eTpou eauxfj, xai to eXaxxov ovo^ta f) EA au(Jt^eTp6v 
eaxL xfj AB ^r]xei. Tex^i^ailw f] EA 6ixa xaxd to Z, xal 
T& OLKO Tfjc EZ laov xapd xi^v AE xapaPepXriaDw eXXelxov 
ei6ei Texpaywvw to 0x6 twv AHE' a6^(ieTpo<; dpa f] AH 
xfj HE ^rjxeL. xal 6id xwv H, E, Z xapdXXrjXoi fix'dwaav 
xaTc AB, PA al H0, EK, ZA, xal xw A0 xapaXXrj- 
Xoypd(j^w laov xexpdyovov auveaxdxw to EN, tw 6 e HK 
laov xexpdywvov to NH, xal xeio'dw waxe ex’ euileiat; elvai. 
Tf]v MN xfj NS- ex’ eu-deiat; dpa [eaxl] xal f) PN xfj NO. xal 
au^xexXrjpwa-dw to EH Texpdywvov cpavepov 8i^ ex xoO 
xpo8e6eiyp,evou, oxi to MP p,eaov dvdXoyov eaxi xwv EN, 
NH, xal ’laov xG EA, xal oxi to AP x^plov SOvaxai. fj MS. 
8 eLXTeov 6r], oxi f] MS ex 8uo ^eawv eaxl xpoxT). 

’Exel dau^t-texpoi; eaxiv fj AE xfj EA ^r]xei, au^t-texpoi; 
8 e f] EA xfj AB, dau^^expoi; dpa f) AE xfj AB. xal exel 
au^^exp6(; eaxiv f) AH xfj EH, au^^expoi; eaxi xal f] AE 
exaxepqt xwv AH, HE. dXXd f] AE da0^(iexpo<; xfj AB (if]xer 
xal ai AH, HE dpa daO^xiiexpol eiai xfj AB. ai BA, AH, 
HE dpa prjxal eiai 8uvdtxei (lovov au(i^expor waxe ^Jieaov 
eaxiv exdxepov xwv A0, HK. waxe xal exdxepov xwv EN, 
NH ^eaov eaxiv. xal ai MN, NS dpa ^Jieaai eialv. xal 
exel au^^expo(; f) AH xfj HE ^fjxei, aOfi^expov eaxi xal 
TO A0 xw HK, xouxeaxi x6 EN xo NH, xouxeaxi x6 dxo 
xfji; MN xw dxo xrj<; NS [oaxe 8uvdfiei eiai aOfi^expoi ai 
MN, NS], xal exel dau^^expoi; eaxiv f) AE xfj EA ^f]xei, 
dXX’ f) ^ev AE aO^^expoc eaxi xfj AH, fj 8e EA xfj EZ 
au(i^expo(;, daOfi(jexpo<; dpa f) AH xfj EZ- oaxe xal x6 
A0 xw EA da0^(iexp6v eaxiv, xouxeaxi x6 EN xw MP, 
xouxeaxiv 6 ON xfj NP, xouxeaxiv f] MN xfj NS daO^x^iexpoi; 
eaxi ^fjxei. eSeix-drjaav 8e ai MN, NS xal ^eaai ouaai xal 
8 uvdtJiei aO^^expoi- ai MN, NS dpa ^eaai eiai Suvd^ei ^ovov 
au(j^expoi. Xeyw 8fj, oxi xal p-r)x6v xepiexouaiv. exel ydp f) 
AE Oxoxeixai exaxepa xwv AB, EZ aO^^expoc, au^^expoi; 
dpa xal f) EZ xfj EK. xal prixf) exaxepa aOxwv- prjxov dpa 
x6 EA, xouxeaxi x6 MP- x6 6e MP eaxi x6 0x6 xov MNS. 
edv 6e 60o (leaai 8uvd^ei ^ovov aOfi(jexpoi auvxe-dwai pr]x6v 



For let the area ABCD be contained by the rational 
(straight-line) AB and by the second binomial (straight- 
line) AD. 1 say that the square-root of area AC is a first 
bimedial (straight-line). 

For since AD is a second binomial (straight-line), let it 
have been divided into its (component) terms at E, such 
that AE is the greater term. Thus, AE and ED are ratio¬ 
nal (straight-lines which are) commensurable in square 
only, and the square on AE is greater than (the square 
on) ED by the (square) on (some straight-line) commen¬ 
surable (in length) with {AE), and the lesser term ED 
is commensurable in length with AB [Def. 10.6]. Let 
ED have been cut in half at F. And let the (rectan¬ 
gle contained) by AGE, equal to the (square) on EE, 
have been applied to AE, falling short by a square fig¬ 
ure. AG (is) thus commensurable in length with GE 
[Prop. 10.17]. And let GEl, EK, and EL have been 
drawn through (points) G, E, and F (respectively), par¬ 
allel to AB and CD. And let the square SN, equal to 
the parallelogram AH, have been constructed, and the 
square NQ, equal to GK. And let MN be laid down so 
as to be straight-on to NO. Thus, RN [is] also straight-on 
to NP. And let the square SQ have been completed. So, 
(it is) clear from what has been previously demonstrated 
[Prop. 10.53 lem.] that MR is the mean proportional to 
SN and NQ, and (is) equal to EL, and that MO is the 
square-root of the area AC. So, we must show that MO 
is a first bimedial (straight-line). 

Since AE is incommensurable in length with ED, 
and ED (is) commensurable (in length) with AB, 
AE (is) thus incommensurable (in length) with AB 
[Prop. 10.13]. And since AG is commensurable (in 
length) with EG, AE is also commensurable (in length) 
with each of AG and GE [Prop. 10.15]. But, AE is in¬ 
commensurable in length with AB. Thus, AG and GE 
are also (both) incommensurable (in length) with AB 
[Prop. 10.13]. Thus, BA, AG, and {BA, and) GE are 
(pairs of) rational (straight-lines which are) commensu¬ 
rable in square only. And, hence, each of AH and GK 
is a medial (area) [Prop. 10.21]. Hence, each of SN 
and NQ is also a medial (area). Thus, MN and NO 
are medial (straight-lines). And since AG (is) commen¬ 
surable in length with GE, AH is also commensurable 
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nspisxouaai, fj oXr] aXoyoc; eaxiv, xaXeTxai 6 e ex 6 uo [ieawv with GK —that is to say, SN with NQ —that is to say, 
TipwTr). the (square) on MN with the (square) on NO [hence, 

'H apa MS ex 6 uo peawv eaxl xpwxr]- oxep eBei Set^ai. MN and NO are commensurable in square] [Props. 6.1, 

10.11]. And since AE is incommensurable in length with 
ED, but AE is commensurable (in length) with AG, and 
ED commensurable (in length) with EE, AG (is) thus 
incommensurable (in length) with EE [Prop. 10.13]. 
Hence, AEl is also incommensurable with EL —that is 
to say, SN with MR —that is to say, PN with NR —that 
is to say, MN is incommensurable in length with NO 
[Props. 6.1, 10.11]. But MN and NO have also been 
shown to be medial (straight-lines) which are commensu¬ 
rable in square. Thus, MN and NO are medial (straight¬ 
lines which are) commensurable in square only. So, I say 
that they also contain a rational (area). For since DE was 
assumed (to be) commensurable (in length) with each of 
AB and EE, EE (is) thus also commensurable with EK 
[Prop. 10.12]. And they (are) each rational. Thus, EL — 
that is to say, MR —(is) rational [Prop. 10.19]. And MR 
is the (rectangle contained) by MNO. And if two medial 
(straight-lines), commensurable in square only, which 
contain a rational (area), are added together, then the 
whole is (that) irrational (straight-line which is) called 
first bimedial [Prop. 10.37]. 

Thus, MO is a first bimedial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial 
straight-line: i.e., a second binomial straight-line has a length fc/Vl — k''^ -I- k whose square-root can be written p{k"^A + k"^A), where 
p = ^ (A:/2) (1 + A:')/(l — fe') and k" = (1 — fc')/(I -I- k'). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational. 


W. 

’Eav ytopiov xepiexrjxcft uito prjxfjc; xal xfjc; ex 660 
ovopdxcov xpixr)<;, f) x 6 xcoptov Buvapevr] dXoyoc; eaxiv f) 
xaXoupevT) ex 6 O 0 peawv 6 euxepa. 


A H E Z A P n 



Xwpiov ydp x 6 ABTA TtepiexeaOto 0x6 prjxfic; xfjq AB 
xai xfjq ex 5uo ovopdxtov xp(xr)<; xfjc; AA Btrjpripevric; eic; xd 
ovopaxa xaxd x 6 E, Sv peT^ov eaxi x 6 AE- Xeyco, 6 x 1 . -f) 
x 6 AT x^ptov Buvapevr] dXoyoc; eaxiv f] xaXoupevr] ex 8 uo 
peacov 6 euxepa. 

Kaxeaxeudadw ydp xd aOxd xoTq xpoxepov. xal exel 


Proposition 56 

If an area is contained by a rational (straight-line) and 
a third binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
second bimedial. 1 



For let the area ABGD be contained by the rational 
(straight-line) AB and by the third binomial (straight- 
line) AD, which has been divided into its (component) 
terms at E, of which AE is the greater. I say that the 
square-root of area AC is the irrational (straight-line 
which is) called second bimedial. 
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ex 660 ovo^idxcov eaxl xpiTT) fj AA, al AE, EA dpoc prjTai 
elai Suvd^iei piovov au^pexpoi, xal f) AE xfji; EA ^el^ov 
Buvaxai xw dxo aup,[iexpou eauxrj, xal ou5exepa xwv AE, 
EA au^pexpoi; [eaxi] xfj AB prjxeL. 6 po[o<; 6 r) xoTi; xpode- 
BeiypevoK; 88 [^o(jev, 0 x 1 . f) MS eaxiv f) x 6 AE xopiov 6 u- 
va^evr), xal al MN, NS peaai eial Buvdpei povov aup^expoi- 
oaxe f] MS ex 6 uo ^eawv eaxlv. 6 eixxeov 6 r], oxi xal 
Beuxepa. 

[Kal] exel daup^expoc eaxiv f) AE xfj AB ^f]xei, 
xouxeaxL xfj EK, au^pexpoi; 8 e f) AE xfj EZ, daup^expoc 
dpa eaxiv f) EZ xfj EK pfjxei.. xal eiai. prjxar al ZE, EK dpa 
pr)xa[ elai. Buvdpei. (lovov aup(iexpoi.. (leaov dpa [eaxl] x 6 
EA, xouxeaxL x 6 MP- xal xepiexexai 0x6 xwv MNS- peaov 
dpa eaxl x 6 uxo xwv MNS. 

'H MS dpa ex 6 uo peawv eaxl 6 euxepa- oxep e 6 ei Bel^ai- 


For let the same construction be made as previously. 
And since AD is a third binomial (straight-line), AE and 
ED are thus rational (straight-lines which are) commen¬ 
surable in square only, and the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with {AE), and 
neither of AE and ED [is] commensurable in length with 
AB [Def. 10.7]. So, similarly to that which has been 
previously demonstrated, we can show that MO is the 
square-root of area AC, and MN and NO are medial 
(straight-lines which are) commensurable in square only. 
Hence, MO is bimedial. So, we must show that (it is) 
also second (bimedial). 

[And] since DE is incommensurable in length with 
AB —that is to say, with EK —and DE (is) commensu¬ 
rable (in length) with EE, EE is thus incommensurable 
in length with EK [Prop. 10.13]. And they are (both) 
rational (straight-lines). Thus, EE and EK are rational 
(straight-lines which are) commensurable in square only. 
EL —that is to say, MR —[is] thus medial [Prop. 10.21]. 
And it is contained by MAO. Thus, the (rectangle con¬ 
tained) by MNO is medial. 

Thus, MO is a second bimedial (straight-line) [Prop. 
10.38]. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial 
straight-line: i.e., a third binomial straight-line has a length DA (i + Vl — k'O whose square-root can be written p {DA + D'^AjDA'^^ where 
p = ^/(l -I- fc')/2 and fc" = k{l — fc')/(l + k'). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational. 


vC. 

’Edv xepieyrjxai 0x6 prjxfjc; xal xfjq ex 5uo 

ovopdxcov xexdpxrjc;, f) x 6 Suvapevr) dXoyoc; eaxiv 

f) xaXoupevT) pel^wv. 


A H E Z A P n 



Xwplov ydp x 6 AP xepiexeadw 0x6 prjxfjc; xfjq AB xal 
xfjc; ex 80o ovopdxwv xexdpxr]c; xfjq AA 8 ir)pr]pevr]c; eiq xd 
ovopaxa xaxd x 6 E, Sv peT^ov eaxco x 6 AE' Xeyco, 6 xi f] x 6 
AP xcrplov 5uvapevr] dXoyoq eaxiv f] xaXoupevr) pel^wv. 

’Exel ydp f) A A ex 80o ovopdxwv eaxl xexdpxrj, al AE, 
EA dpa prjxal eiai 6 uvdpei povov aOppexpoi, xal f) AE x'fjq 
EA pel^ov 60vaxai xw dx 6 dauppexpou eauxfj, xal f] AE 
xfj AB aOppexpoi; [eaxi] pf]xei. xexpy^ada) f] AE Blxa xaxd 


Proposition 57 

If an area is contained by a rational (straight-line) and 
a fourth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
major. I 



For let the area AC be contained by the rational 
(straight-line) AB and the fourth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, of which let AE be the greater. I say that the square- 
root of AC is the irrational (straight-line which is) called 
major. 

For since AD is a fourth binomial (straight-line), AE 
and ED are thus rational (straight-lines which are) com- 
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TO Z, xal TW duo xfjc; EZ laov nctpd xfjv AE TCapaPepXrja'dto 
7iapaXXr]X6Ypa(ipiov to uko AH, HE' daupijiSTpoc; dpa eaxlv 
f) AH Tfi HE po^xei. '^^x^waav TiapdXXrjXoi tt) AB ocl H0, 
EK, ZA, xocl Tot Xomd xd auxd xoTc; xpo xouxou yeyoveTW 
(pavepov 6r], oxi fj to AE )(wp(ov Suvcxpievr) eaxlv 1 ?) MS. 
8eiXT£ov 5r], oxi fj MS dXoyoc eaxiv fj xocXoupevr) p.ei^tov. 

’EksI daupipexpoc; eaxiv rj AH xf) EH po^xei, dauppiexpov 
eaxi xoil TO A0 xw HK, xouxeaxi x6 EN xw NH- ai MN, 
NS dpa Suvdpiei elalv daujipiexpoi. xal enel aujipiexpoc; eaxiv 
f) AE XT) AB pr^xei, pifjxov eaxi x6 AK- xai eaxiv laov xoTc; 
duo xwv MN, NS- prjxov dpa [eaxi] xal x6 auyxei(ievov ex 
xwv dxo xwv MN, NS. xal exel daupipiexpoi; [eaxiv] fj AE 
xfj AB pLr]xei, xouxeaxi xfj EK, dXXd f) AE aupipiexpo^ eaxi 
xfj EZ, daupipiexpo(; dpa fj EZ xr] EK pirjxei. al EK, EZ 
dpa pr)xa[ eiai 6uvd(jei piovov au(jpiexpor pieaov dpa x6 AE, 
xouxeaxi x6 MP. xal Tiepiexsxai utio xAv MN, NS- pieaov 
dpa eaxi x6 0x6 xAv MN, NS. xal prjxov x6 [auyxei(ievov] 
ex xAv dxo xAv MN, NS, xai eiaiv dau(ipiexpoi al MN, NS 
8uvdpiei. edv 5e 6uo euileTai 6uvdpiei daupipiexpoi auvxeilAai 
Tioiouaai x6 piev auyxei(ievov ex xAv an auxAv xexpayAvwv 
pr)x6v, x6 8’ Ok’ auxAv (jeaov, ir) oXr) dXoyoc eaxiv, xaXelxai 
8e piei^wv. 

'H MS dpa dXoyoi; eaxiv f) xaXoupievr] piei^wv, xal 
8uvaxai x6 AE x^piov oKep e8ei 8eT^ai. 


mensurable in square only, and the square on AE is 
greater than (the square on) ED by the (square) on 
(some straight-line) incommensurable (in length) with 
iAE), and AE [is] commensurable in length with AB 
[Def. 10.8]. Let DE have been cut in half at F, and let 
the parallelogram (contained by) AG and GE, equal to 
the (square) on EE, (and falling short by a square figure) 
have been applied to AE. AG is thus incommensurable 
in length with GE [Prop. 10.18]. Let GiE, EK, and EL 
have been drawn parallel to AB, and let the rest (of the 
construction) have been made the same as the (proposi¬ 
tion) before this. So, it is clear that MO is the square-root 
of area AG. So, we must show that MO is the irrational 
(straight-line which is) called major. 

Since AG is incommensurable in length with EG, AEl 
is also incommensurable with GK —that is to say, SN 
with NQ [Props. 6.1, 10.11]. Thus, MN and NO are 
incommensurable in square. And since AE is commensu¬ 
rable in length with AB, AK is rational [Prop. 10.19]. 
And it is equal to the (sum of the squares) on MN 
and NO. Thus, the sum of the (squares) on MN and 
NO [is] also rational. And since DE [is] incommensu¬ 
rable in length with AB [Prop. 10.13]—that is to say, 
with EK —but DE is commensurable (in length) with 
EE, EE (is) thus incommensurable in length with EK 
[Prop. 10.13]. Thus, EK and EE are rational (straight¬ 
lines which are) commensurable in square only. LE — 
that is to say, MR —(is) thus medial [Prop. 10.21]. And it 
is contained by MA and NO. The (rectangle contained) 
by MA and NO is thus medial. And the [sum] of the 
(squares) on MN and NO (is) rational, and MN and 
NO are incommensurable in square. And if two straight¬ 
lines (which are) incommensurable in square, making the 
sum of the squares on them rational, and the (rectangle 
contained) by them medial, are added together, then the 
whole is the irrational (straight-line which is) called ma¬ 
jor [Prop. 10.39]. 

Thus, MO is the irrational (straight-line which is) 
called major. And (it is) the square-root of area AO. 
(Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight- 
line: i.e., a fourth binomial straight-line has a length fc(l + 1/vT+T?) whose square-root can be written p ^[1 + k"/ A + fc"^)'-A]/2 -|- 
p ^[1 — fc"/(l + where p = \/k and k"^ = k'. This is the length of a major straight-line (see Prop. 10.39), since p is rational. 


VT]'. 

’Eav x<^piov Kepiey/jxai uko prjx'rjc; xal xfjc; ex 8uo 
ovopdxcov KepKxr]c;, ■() x6 x^plov 8uvapevr) dXoyoq eaxiv 
f) xaXoupevT) prjxov xal peaov 8uvapevr). 

Xwpiov ydp x6 AE Kepiexeahw uko prjxfjq x'fjq AB xal 


Proposition 58 

If an area is contained by a rational (straight-line) and 
a fifth binomial (straight-line) then the square-root of the 
area is the irrational (straight-line which is) called the 
square-root of a rational plus a medial (area).l 


347 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


Tfjc ex 5uo ovoiidTWv xe^xiurjc; Tfjc; AA 8i.r)pri[ievri<; eic toc 
6v6(jLaTa xaxd to E, oaxe to pieT^ov 6vo(ja elvai. to AE- 
Xeyw [8r)], oti. fj to AE )(wp[ov 6uva(jevr) dXoyoc; eoTiv f) 
xaXoupievr) prjTov xal (jeaov Suvapievr). 


A H E Z A P n 



KaTsaxeuda'dw ydp xd auxd toXq xpoTcpov BeBeiypevoic;- 
(pavcpov 6r], oxi. f) to AE )(wp[ov 6uva(ievr) eaxlv f) MS. 
BeiXTeov 6r], oxi f] MS eaxiv f) prjxov xal (leaov Suvaptevr). 

’Exei ydp dau(jpteTp6c; eaxiv f) AEE xf) EEE, dau(jpieTpov 
dpa eaxi xal to A0 tw 0E, Touxeaxi to duo xfjc; MN xw dxo 
xfji; NS- al MN, NS dpa Suvdpiei eialv daupipieTpoi. xal exel 
f) A A ex 8uo ovopidxwv eaxl xepiKTr], xal [eaxiv] eXaaaov 
aOxfji; Tpifjpia to EA, aupipiexpo^ dpa f) EA xfj AB pLr]xei. 
dXXd f) AE xf) EA eaxiv da6pi(jexpo<;' xal f] AB dpa xfj 
AE eaxiv daupipiexpoc pirjxei [al BA, AE prjxal eiai 8uvdpiei 
piovov aupi(jexpoi] • (leaov dpa eaxl x6 AK, xouxeaxi x6 
auyxelpievov ex xAv oltzo xAv MN, NS. xal exel aupipiexpoi; 
eaxiv f) AE xfj AB pirjxei, xouxeaxi xfj EK, dXXd f) AE xfj 
EZ aupi(iexp6<; eaxiv, xal f) EZ dpa xfj EK aupi(jexp6<; eaxiv. 
xal prjxf] f) EK- prjxov dpa xal x6 EA, xouxeaxi x6 MP, 
xouxeaxi x6 utio MNS- al MN, NS dpa Buvdpiei daupi(jexpo[ 
eiai xoiouaai x6 piev auyxel(jevov ex xAv an aOxAv xe- 
xpayAvwv pieaov, x6 6’ Ok’ aOxAv prjxov. 

'E[ MS dpa prjxov xal (leaov 6uva(jevr) eaxl xal Buvaxai 
x6 AE )(wplov- oKep e6ei BeT^ai. 


For let the area AC be contained by the rational 
(straight-line) AB and the fifth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. [So] I say that 
the square-root of area AC is the irrational (straight-line 
which is) called the square-root of a rational plus a me¬ 
dial (area). 



For let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
area AC. So, we must show that MO is the square-root 
of a rational plus a medial (area). 

For since AG is incommensurable (in length) with 
GE [Prop. 10.18], AH is thus also incommensurable 
with HE —that is to say, the (square) on MN with the 
(square) on AO [Props. 6.1, 10.11]. Thus, MN and 
NO are incommensurable in square. And since AD is 
a fifth binomial (straight-line), and ED [is] its lesser seg¬ 
ment, ED (is) thus commensurable in length with AB 
[Def. 10.9]. But, AE is incommensurable (in length) 
with ED. Thus, AB is also incommensurable in length 
with AE \_BA and AE are rational (straight-lines which 
are) commensurable in square only] [Prop. 10.13]. Thus, 
AK —that is to say, the sum of the (squares) on MN 
and NO —is medial [Prop. 10.21]. And since DE is 
commensurable in length with AB —that is to say, with 
EK —but, DE is commensurable (in length) with EE, 
EE is thus also commensurable (in length) with EK 
[Prop. 10.12]. And EK (is) rational. Thus, EL —that 
is to say, MR —that is to say, the (rectangle contained) 
by MNO —(is) also rational [Prop. 10.19]. MN and NO 
are thus (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them rational. 

Thus, MO is the square-root of a rational plus a me¬ 
dial (area) [Prop. 10.40]. And (it is) the square-root of 
area AC. (Which is) the very thing it was required to 
show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of 


a rational plus a medial area: i.e., a fifth binomial straight-line has a length k (\/T+T7 -I- 1) whose square-root can be written 
p ^[(1 + fc''2)i/2 -I- fc"]/[2 (1 + -I- p ^[(1 -I- fc"2)i/2 _ k"]/[2 (1 -I- fc"2)], where p = (1 + fc"^) and k"^ = k'. This is the length of 
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational. 


’Eav iiepie)(r)Toci uito prjTfjc; xal xfjc; ex 5uo 

6vo(jLdTOv exTrjq, f) to x^piov 6uva(jevr) dXoyoc; eaxiv f) 
xaXou^ievT) 5uo peaa 6uva^evr). 


A H E Z A P n 



Xwpiov ydp TO ABPA Ttepiexeaiilto uiio prjTfic; Tfjc; AB 
xai Trjq ex 60 o ovopdTwv cxTrjq Tfjq AA 6ir]priiievri<; eiq xd 
6 v 6 (iaTa xaxd to E, Aaxe to [lel^ov 6 vo(ia elvai. to AE' 
Xeyw, 6 x 1 fj to AP Buva^evr) rj 5uo ^eaa Buvapevr) eaxiv. 

KaTeaxeudaiSw [y“p] auxd xoTc; 7tpo6e5ei.Ypevoi<;. 
cpavepov Brj, oxt [fj] to AE Buva^evr) eaxiv f) M 5 , xal 
6x1 dau^pexpoq eaxiv fj MN xfj N 5 6uvd^ei. xal exel 
dau^pexpoq eaxiv f) EA xfj AB ^f]xei, al EA, AB dpa 
pr)xa[ eiai Buvdpei (lovov au(jpexpor peaov dpa eaxl x6 AK, 
xouxeaxi x6 auyxeipevov ex xAv onto xwv MN, NS. TtdXiv, 
exel daup^expoq eaxiv f] EA xfj AB ^f]xei, daup^expoq dpa 
eaxl xal f] ZE xfj EK- al ZE, EK dpa prjxai eiai Buvdpei 
povov au(jpexpor (leaov dpa eaxl x6 EA, xouxeaxi x6 MP, 
xouxeaxi x6 0 x 6 xwv MNS. xal exel daup^expoq f] AE xfj 
EZ, xal TO AK xqi EA daup(iexp6v eaxiv. dXXd x6 (lev 
AK eaxi x6 auyxeipevov ex xAv dxo xwv MN, NS, x6 
5 e EA eaxi x6 0 x 6 xwv MNS' daup(iexpov dpa eaxl x6 
auyxeipevov ex xwv dx6 xwv MNS xqi 0 x 6 xwv MNS. xai 
eaxi pcaov exdxepov aOxwv, xal al MN, NS 6uvd(jei eialv 
dau(jpexpoi. 

'H MS dpa 6uo peaa Buvapevr] eaxl xal Buvaxai x6 AP- 
6xep e6ei BeT^ai- 


Proposition 59 

If an area is contained by a rational (straight-line) and 
a sixth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
the square-root of (the sum of) two medial (areas).I 



For let the area ABCD be contained by the rational 
(straight-line) AB and the sixth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. So, I say that the 
square-root of AC is the square-root of (the sum of) two 
medial (areas). 

[For] let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
AC, and that MN is incommensurable in square with 
NO. And since EA is incommensurable in length with 
AB [Def 10.10], EA and AB are thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
AK —that is to say, the sum of the (squares) on MN 
and NO —is medial [Prop. 10.21]. Again, since ED 
is incommensurable in length with AB [Def 10.10], 
EE is thus also incommensurable (in length) with EK 
[Prop. 10.13]. Thus, EE and EK are rational (straight¬ 
lines which are) commensurable in square only. Thus, 
EL —that is to say, MR —that is to say, the (rectangle 
contained) by MAO—is medial [Prop. 10.21]. And since 
AE is incommensurable (in length) with EE, AK is also 
incommensurable with EL [Props. 6.1, 10.11]. But, AK 
is the sum of the (squares) on MN and NO, and EL is 
the (rectangle contained) by MAO. Thus, the sum of the 
(squares) on MNO is incommensurable with the (rect¬ 
angle contained) by MAO. And each of them is medial. 
And MN and NO are incommensurable in square. 

Thus, MO is the square-root of (the sum of) two me¬ 
dial (areas) [Prop. 10.41]. And (it is) the square-root of 
AC. (Which is) the very thing it was required to show. 


t If tlie rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of 
the sum of two medial areas: i.e., a sixth binomial straight-line has a length y/k + y/W whose square-root can be written 


DD ^-^[1 + fc"/(l -I- fc"2)i/2]/2 + ^[1 — k"IA + fc"2)i/2]/2^, where k"^ = (k — k')/k'. This is the length of the square-root of the sum of 
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two medial areas (see Prop. 10.41). 


’Eav eu'dela Ypa(i^i^ "'itiiT'lfi sk aviaa, toc duo twv dviatov 
xexpdYWva [lei^ovd saxi xoO 51c; 0x6 xwv dviawv x£pi.£- 
)(o(i£vou op'doYWVLou. 

I-1-1-1 

A A r B 

Tilaxa) £0'd£Ta f) AB xal x£xtir)a'dw eiz aviaa xaxd x6 
r, xal £axw (J£iCov f] AF- Xeyo^, 6xi xd dxo xov AF, FB 
pEi^ovd £ 0 X 1 . xoO 51c; 0x6 xOv AF, FB. 

TEx^riailw y“P ^ AB 6ixa xaxd x6 A. £X£i ouv EOilEla 
YpaiJti'n xExtirjxai. eic; pEv \aa xaxd x6 A, eIc; 56 aviaa xaxd 
x6 F, x6 apa 0x6 xov AF, FB pExd xoO dx6 FA laov saxi 
xo dx6 AA- waxE x6 0x6 xAv AF, FB sXaxxov saxi. xoO 
dx6 AA- x6 dpa 61c; 0x6 xAv AF, FB sXaxxov -r] 5i.xXdai6v 
£ 0 X 1 . xoO dx6 AA. dXXd xd dx6 xAv AF, FB SixXdoid [soxi.] 
xAv dx6 xAv AA, AF- xd dpa dx6 xAv AF, FB psl^ovd 
£0X1. xoO 6ic; 0x6 xAv AF, FB- oxEp £5£i. SeT^oci. 


T6 dx6 xfjc; ex 60o 6vo[jLdxov xapd p-rjx-i^v xapa- 
[3aXX6[i£vov xXdxoc; xoieT xf]v ex 5uo 6vo(jLdx6iv xpAx-r)v. 

A K M N H 


E 0 A H Z 

I-^-1 

A r B 

Tiloxw EX 5uo 6vo(idxa)v -r) AB 6ir)p-r)(i£v-r) eIc; xd ovopaxa 
xaxd x6 F, Aoxe x6 (ieT^ov ovopa Elvai x6 AF, xal EXXEio-dw 
p-rjxf) f) AE, xal xA dx6 xfjc; AB loov xapd xrjv AE xapa- 
P£[3Xir]OTL)co x6 AEZFI xXdxoc; xoiouv xi^v AH- Xeyw, 6xi f) 
AH EX 60o ovopdxwv soxl xpAxr). 

HapapE^Xy^o-da) y“P xapd xf]v AE xA (iev dx6 xfji; AF 
loov x6 A0, xA 66 dx6 xfjc; BF loov x6 KA- Xoix6v dpa 
x6 5li; 0x6 xAv AF, FB loov 6oxl xA MZ. xExii-fjO-dw -f) 
MH 6ixa xaxd x6 N, xal xapdXXrjXoc; ■yjx'dw f} NS [sxaxspa 


Lemma 

If a straight-line is cut unequally then (the sum of) the 
squares on the unequal (parts) is greater than twice the 
rectangle contained by the unequal (parts). 

I-1-1-1 

A D C B 

Let AB be a straight-line, and let it have been cut 
unequally at C, and let AC be greater (than CB). I say 
that (the sum of) the (squares) on AC and CB is greater 
than twice the (rectangle contained) by AC and CB. 

For let AB have been cut in half at D. Therefore, 
since a straight-line has been cut into equal (parts) at D, 
and into unequal (parts) at C, the (rectangle contained) 
by AC and CB, plus the (square) on CD, is thus equal 
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle 
contained) by AC and CB is less than the (square) on 
AD. Thus, twice the (rectangle contained) by AC and 
CB is less than double the (square) on AD. But, (the 
sum of) the (squares) on AC and CB [is] double (the 
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus, 
(the sum of) the (squares) on AC and CB is greater than 
twice the (rectangle contained) by AC and CB. (Which 
is) the very thing it was required to show. 

Proposition 60 

The square on a binomial (straight-line) applied to a 
rational (straight-line) produces as breadth a first bino¬ 
mial (straight-line). 1 


D K M N G 






■ H 

[ L 0 F 


I-1-1 

A C B 

Let AB be a binomial (straight-line), having been di¬ 
vided into its (component) terms at C, such that AC is 
the greater term. And let the rational (straight-line) DE 
be laid down. And let the (rectangle) DEFG, equal to 
the (square) on AB, have been applied to DE, producing 
DC as breadth. I say that DC is a first binomial (straight- 
line) . 

For let DH, equal to the (square) on AC, and KL, 
equal to the (square) on BC, have been applied to DE. 
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Twv MA, HZ]. exotTspov dpa xwv MS, NZ faov eaxi xw 
axa^ uxo xwv AFB. xai exsl ex 5uo ovojidxwv eaxlv fj AB 
8i.r)pr]pi8vr] eic; xd ovopiaxa xaxd x6 F, at AF, FB dpa pr)xa[ 
eiai 6uvd(jei piovov aupipiexpor xd dpa dxo xwv AF, FB pr]xd 
eaxi. xai au(ipiexpa a.Xkr^Xo^Q■ waxe xai x6 auYxei(jevov ex 
xov dxo xov AF, FB. xai eaxiv laov xw A A' pr]x6v dpa 
eaxi x6 AA. xai xapd prjxi^v xf]v AE xapdxeixar prjxi^ dpa 
eaxlv f) AM xai aupipiexpoc xfj AE ptrjxei. xdXiv, exel al AF, 
FB pr)xa[ eiai Buvdpiei piovov aupi(jexpoi, (leaov dpa eaxi 
x6 8l(; 0x6 xAv AF, FB, xouxeaxi x6 MZ. xai xapd prjxi^v 
xf)v MA xapdxeixar prjxi^ dpa xai fj MH xai daOpipiexpoc 
xfj MA, xouxeaxi xfj AE, p.f]xei. eaxi 6e xai f) MA pr]xf] 
xai xfj AE pLf]xei aupipiexpoi;- daupipiexpo^ dpa eaxlv f] AM 
xfj MH pifjxei. xai eiai prjxai- al AM, MH dpa pr]xai eiai 
Buvdpiei piovov au(jpiexpor ex 5uo dpa 6vo(idxwv eaxlv f) 
AH. 6eixxeov 6f], 6xi xai xpAxr). 

’Exel xAv dxo xAv AF, FB (jeaov dvaXeyov eaxi x6 
0x6 xAv AFB, xai xAv A0, KA dpa (leaov dvaXcyov eaxi 
x6 MS. eaxiv dpa Ac; x6 A0 xp6<; x6 MS, ouxwc; x6 MS 
xp6(; x6 KA, xouxeaxiv &>c, f) AK xp6<; xfjv MN, f] MN xp6(; 
xf]v MK- x6 dpa 0x6 xAv AK, KM laov eaxi xA dx6 xfjc 
MN. xai exel a0pi(jexp6v eaxi x6 dx6 xfjc; AF xA dx6 xfjc 
FB, aupipiexpov eaxi xai x6 A0 xA KA- Aaxe xai f] AK 
xfj KM au(jpiexp6c; eaxiv. xai exel (Jei^ovd eaxi xd dx6 xAv 
AF, FB xou 6l<; 0x6 xAv AF, FB, (jeT^ov dpa xai x6 AA 
xou MZ- Aaxe xai f) AM xfjc MH piei^wv eaxiv. xai eaxiv 
laov x6 0x6 xAv AK, KM xA dx6 xfjc; MN, xouxeaxi xA 
xexdpxw xou dx6 xfjc MH, xai aupipiexpoc f) AK xfj KM. 
edv 6e Aai 5uo eO-delai dviaoi, xA 6e xexdpxw (uepei xou dx6 
xfjc eXdaaovoc laov xapd xf)v piei^ova xapapXrj-dfj eXXeTxov 
ei6ei xexpayAvw xai eic au(jpiexpa a0xf)v Biaipfj, f] piei^wv 
xfjc eXdaaovoc (ueT^ov 8uvaxai xA dx6 aupi(jexpou eauxfj- f) 
AM dpa xfjc MH pieT^ov 6uvaxai xA dx6 au(jpiexpou eauxfj. 
xai eiai prjxal ai AM, MH, xai f) AM pteT^ov ovopia ouaa 
aupipiexpoc eaxi xfj exxeipievrj prjxfj xfj AE pLf]xei. 

'H AH dpa ex 6uo ovopidxwv eaxi xpAxr)- oxep e8ei 
8eT^ai. 


Thus, the remaining twice the (rectangle contained) by 
AC and CB is equal to MF [Prop. 2.4]. Let MG have 
been cut in half at N, and let NO have been drawn par¬ 
allel [to each oi ML and GE]. MO and NF are thus 
each equal to once the (rectangle contained) by ACB. 
And since AB is a binomial (straight-line), having been 
divided into its (component) terms at G, AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. Thus, the (squares) on AC 
and CB are rational, and commensurable with one an¬ 
other. And hence the sum of the (squares) on AC and 
CB (is rational) [Prop. 10.15], and is equal to DL. Thus, 
DL is rational. And it is applied to the rational (straight- 
line) DE. DM is thus rational, and commensurable in 
length with DE [Prop. 10.20]. Again, since AC and CB 
are rational (straight-lines which are) commensurable in 
square only, twice the (rectangle contained) by AC and 
CB —that is to say, ME —is thus medial [Prop. 10.21]. 
And it is applied to the rational (straight-line) ML. MC 
is thus also rational, and incommensurable in length 
with ML —that is to say, with DE [Prop. 10.22]. And 
MD IS also rational, and commensurable in length with 
DE. Thus, DM is incommensurable in length with MC 
[Prop. 10.13]. And they are rational. DM and MC are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DC is a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a first 
(binomial straight-line). 

Since the (rectangle contained) by ACB is the 
mean proportional to the squares on AC and CB 
[Prop. 10.53 lem.], MO is thus also the mean propor¬ 
tional to DH and KL. Thus, as DH is to MO, so 
MO (is) to KL —that is to say, as DK (is) to MN, 
(so) MN (is) to MK [Prop. 6.1]. Thus, the (rectan¬ 
gle contained) by DK and KM is equal to the (square) 
on MN [Prop. 6.17]. And since the (square) on AC is 
commensurable with the (square) on CB, DFl is also 
commensurable with KL. Hence, DK is also commensu¬ 
rable with KM [Props. 6.1, 10.11]. And since (the sum 
of) the squares on AC and CB is greater than twice the 
(rectangle contained) by AG and CB [Prop. 10.59 lem.], 
DL (is) thus also greater than MF. Hence, DM is also 
greater than MC [Props. 6.1, 5.14]. And the (rectan¬ 
gle contained) by DK and KM is equal to the (square) 
on MN —that is to say, to one quarter the (square) on 
MC. And DK (is) commensurable (in length) with KM. 
And if there are two unequal straight-lines, and a (rect¬ 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commensu¬ 
rable (in length), then the square on the greater is larger 
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than (the square on) the lesser by the (square) on (some 
straight-line) commensurable (in length) with the greater 
[Prop. 10.17]. Thus, the square on DM is greater than 
(the square on) MG by the (square) on (some straight- 
line) commensurable (in length) with (DM). And DM 
and MG are rational. And DM, which is the greater 
term, is commensurable in length with the (previously) 
laid down rational (straight-line) DE. 

Thus, DG is a first binomial (straight-line) [Def. 
10.5]. (Which is) the very thing it was required to show. 


t In other words, the square of a binomial is a first binomial. See Prop. 10.54. 


la. 

To duo Tfji; ex 6uo peawv xpcbTrjc; xapd prjTrjv xapa- 
PaXXopevov TtXdToc; xoieT Tf]v ex 8uo ovopdTWv Beuxepav. 

A K M N H 


E @ A H Z 

I-^-1 

A r B 

TlaTW ex 6 uo peacov Ttpwxr] f) AB Binpqpevr] sic, xdq 
peaaq xaxd to T, Sv pei^ov fj AT, xal exxeiabw prjTr) f) 
AE, xai TtapapepXfia'dq) xapd xqv AE xA dxo xfjc; AB laov 
TtapaXXqXoypappov x 6 AZ xXdxoq itoioOv xf]v AH' Xeyw, 
6 x 1 ■() AH ex 8 uo ovopdxwv eaxl 6 euxepa. 

Kaxeaxeudabw ydp xd auxd xolq xpo xouxou. xal 
exel f] AB ex 8 uo peacov eaxl TtpAxr) Binpqpevr] xaxd x 6 
r, al Ar, EB dpa peaai elal Buvdpei. povov auppexpoi 
pr)x 6 v Ttepieyounar waxe xal xd dito xAv AT, FB peaa 
eaxlv. peaov dpa eaxl x 6 AA. xal xapd prjxqv xirjv AE xa- 
paPepXrjxai' prjxr) dpa eaxlv fj MA xal dauppexpoq xr] AE 
prjxei.. xdXiv, exel prjxov eaxi x 6 81c; uxo xAv AF, FB, pqxov 
eaxi xal x 6 MZ. xal xapd prjxqv xf]v MA xapdxeixai.' pqxf] 
dpa [eaxl] xal f] MH xal prjxei auppexpoq xfj MA, xouxeaxi 
xfj AE- dauppexpoq dpa eaxlv fj AM xfj MH prjxei. xai elai 
pr)xa[' al AM, MH dpa pqxal elai. 8 uvdpei. povov auppexpoi- 
ex 6 uo dpa ovopdxwv eaxlv f) AH. Seixxeov Sq, oxi xal 
8 euxepa. 

’Exel ydp xd dxo xAv AF, FB pel^ovd eaxi xoO 6 l<; 0x6 
xAv AF, FB, pel^ov dpa xal x 6 AA xou MZ- Aaxe xal -f) 
AM xfjq MH. xal exel auppexpov eaxi x 6 dxo xfjc; AF xA 
dxo xfjc; FB, auppexpov eaxi xal x 6 A0 xA KA- Aaxe xal 
f] AK xfj KM auppexpoc; eaxiv. xal eaxi x 6 0x6 xAv AKM 
laov xA dxo xfjc; MN- -f) AM dpa xfjc; MH peT^ov Suvaxai xA 


Proposition 61 

The square on a first bimedial (straight-line) applied 
to a rational (straight-line) produces as breadth a second 
binomial (straight-line). 1 


D K M N G 






E E 

[ L 0 F 


I - 1 - 1 

A C B 

Let AB be a first bimedial (straight-line) having been 
divided into its (component) medial (straight-lines) at 
C, of which AG (is) the greater. And let the rational 
(straight-line) DE be laid down. And let the parallelo¬ 
gram DE, equal to the (square) on AB, have been ap¬ 
plied to DE, producing DG as breadth. I say that DG is 
a second binomial (straight-line). 

For let the same construction have been made as 
in the (proposition) before this. And since AB is a 
first bimedial (straight-line), having been divided at C, 
AC and CB are thus medial (straight-lines) commen¬ 
surable in square only, and containing a rational (area) 
[Prop. 10.37]. Hence, the (squares) on AC and CB 
are also medial [Prop. 10.21]. Thus, DL is medial 
[Props. 10.15, 10.23 corn]. And it has been applied to the 
rational (straight-line) DE. MD \s thus rational, and in¬ 
commensurable in length with DE [Prop. 10.22]. Again, 
since twice the (rectangle contained) by AC and CB is 
rational, MF is also rational. And it is applied to the 
rational (straight-line) ML. Thus, MG [is] also ratio¬ 
nal, and commensurable in length with ML —that is to 
say, with DE [Prop. 10.20]. DM is thus incommensu¬ 
rable in length with MG [Prop. 10.13]. And they are 
rational. DM and MG are thus rational, and commensu- 
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duo au^i^expou sauTfj. xai eaxiv rj MH au^i^expoc; AE 
pirjxsL. 

'H AH dpct ex 8uo 6vop.dx(£)v eax'i 6euxepa. 


t In other words, the square of a first bimedial is a second binomial. See 

To dito xfjq ex 8uo pieowv Beuxepac; itapd prjxfjv itapa- 
PaXXojievov TtXdxoq Ttoiel xf]v ex 8uo 6vo(idxq)v xpixrjv. 

A K M N H 


E 0 A H Z 

I-^-1 

A r B 

Tilaxw ex 60o pieowv 6euxepa f) AB 6ir)pr]pievr] sic, xdq 
pieaac; xaxd x6 F, waxe x6 [iel^ov x[i.fi(ia elvai x6 AF, pr]xf] 
8e xii; eaxo fj AE, xal Tiapd xf]v AE xw anb xfjq AB laov 
7tapaXXr]X6Ypa(it^ov TtapapepXrja'dw x6 AZ TtXdxoc; itoioOv 
xf]v AH- Xeyw, 6xi f) AH ex 5uo ovo^dxwv eaxl xpixr). 

Kaxeaxeuda-dw xd auxd xoTq 7tpo6e6ei.Ypievoi<;. xai eitel 
ex 8uo yteaLov 8euxcpa eaxiv f) AB Birjprjpievr) xaxd x6 F, 
ai AF, FB dpa p,eoai eiai 5uvd[iei p.6vov a6pi(jexpoi. pieaov 
Ttepiexouaar waxe xal x6 auYxelpievov ex xAv dito xAv AF, 
FB picaov eaxiv. xal eaxiv laov xA AA- pieaov dpa xal x6 
AA. xal Ttapdxeixai Ttapd pr]xf]v xf]v AE- prjxf] dpa eaxl xal f) 
MA xal daupi^expoq xfj AE pirjxei. 6id xd auxd 6f] xal f) MH 
prjxri eaxi xal daupi^expoq xfj MA, xouxeaxi xfj AE, p.f]xer 
prjxf) dpa eaxiv exaxepa xAv AM, MH xal daupi^expoq xfj 
AE ^f]xei. xal citel daup^expoq eaxiv f) AF xfj FB ^f]xei, 
Aq 6e -f) AF Ttpoc; xfjv FB, ouxcoq x6 dito xfjq AF Tipoq x6 


rable in square only. DG is thus a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a second 
(binomial straight-line). 

For since (the sum of) the squares on AC and CB is 
greater than twice the (rectangle contained) by AC and 
CB [Prop. 10.59], DL (is) thus also greater than MF. 
Hence, DM (is) also (greater) than MG [Prop. 6.1]. 
And since the (square) on AC is commensurable with 
the (square) on CB, DH is also commensurable with 
KL. Hence, DK is also commensurable (in length) with 
KM [Props. 6.1, 10.11]. And the (rectangle contained) 
by DKM is equal to the (square) on MN. Thus, the 
square on DM is greater than (the square on) MG by 
the (square) on (some straight-line) commensurable (in 
length) with {DM) [Prop. 10.17]. And MG is commen¬ 
surable in length with DE. 

Thus, DG is a second binomial (straight-line) [Def. 

10 . 6 ]. 

Prop. 10.55. 

Proposition 62 

The square on a second bimedial (straight-line) ap¬ 
plied to a rational (straight-line) produces as breadth a 
third binomial (straight-hne).l 
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Let AB be a second bimedial (straight-line) having 
been divided into its (component) medial (straight-lines) 
at C, such that AC is the greater segment. And let DE be 
some rational (straight-line). And let the parallelogram 
DE, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a third 
binomial (straight-line). 

Let the same construction be made as that shown pre¬ 
viously. And since AB is a second bimedial (straight- 
line), having been divided at C, AC and CB are thus 
medial (straight-lines) commensurable in square only, 
and containing a medial (area) [Prop. 10.38]. Hence, 
the sum of the (squares) on AC and CB is also medial 
[Props. 10.15, 10.23 corn]. And it is equal to DL. Thus, 
DL (is) also medial. And it is applied to the rational 
(straight-line) DE. MD is thus also rational, and in- 


353 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


uno Tov AFB, dauji^expov dpa xal to axo xfjt; AF xO bnb 
xwv AFB. waxe xal x6 auyxeijievov ex xwv dxo xwv AF, 
FB xw Blc; 0 x 6 xwv AFB daujipiexpov eaxiv, xouxeaxi x6 
AA xG MZ- Aaxe xal f) AM xw MH daupijiexpoc; eaxiv. xai 
elai prjxai- ex 5 uo dpa ovojidxcov eaxiv rj AH. Beixxeov [6r]], 
6x1 xal xpixT). 

'Opioiwc; 6f) xoli; xpoxepoic; cxiXoYioup.e'da, 6xi (iei^wv 
eaxiv f) AM xfjc; MH, xal aupipiexpoc; rj AK xfj KM. xal eaxi 
x6 0 x 6 xwv AKM laov xw dx6 xfjc; MN- fj AM dpa xfjc; MH 
[iel^ov Suvaxai xc 3 dx6 aujipiexpou eauxfj. xal oOSexepa xwv 
AM, MH aOpipiexpoc; eaxi xfj AE piir]xei. 

'H AH dpa ex 6uo ovojidxwv eaxi xplxr)' oxep e6ei Sel^ai. 


commensurable in length with DE [Prop. 10.22]. So, 
for the same (reasons), MG is also rational, and incom¬ 
mensurable in length with ML —that is to say, with DE. 
Thus, DM and MG are each rational, and incommen¬ 
surable in length with DE. And since AG is incommen¬ 
surable in length with GB, and as AG (is) to GB, so 
the (square) on AG (is) to the (rectangle contained) by 
AGB [Prop. 10.21 lem.], the (square) on AG (is) also in¬ 
commensurable with the (rectangle contained) by AGB 
[Prop. 10.11]. And hence the sum of the (squares) on 
AG and GB is incommensurable with twice the (rect¬ 
angle contained) by AGB —that is to say, DL with ME 
[Props. 10.12, 10.13]. Hence, DM is also incommen¬ 
surable (in length) with MG [Props. 6.1, 10.11]. And 
they are rational. DG is thus a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a third 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
conclude that DM is greater than MG, and DK (is) com¬ 
mensurable (in length) with KM. And the (rectangle 
contained) by DKM is equal to the (square) on MN. 
Thus, the square on DM is greater than (the square on) 
MG by the (square) on (some straight-line) commensu¬ 
rable (in length) with (DM) [Prop. 10.17]. And neither 
of DM and MG is commensurable in length with DE. 

Thus, DG is a third binomial (straight-line) [Def. 
10.7]. (Which is) the very thing it was required to show. 


t In other words, the square of a second bimedial is a third binomial. See Prop. 10.56. 


T6 dx6 xfjc; pcl^ovoc; xapd pr)xf)v xapapaXXopcvov 
xXdxoc; xoiei xf]v ex 6uo ovopdxwv xexdpxqv. 

A K M N H 


E © A H Z 

I-^-1 

A r B 

Tilaxw pel^ov f) AB birjpripevr) xaxd x6 F, waxe pel^ova 
elvai xf]v AF xfjq FB, pqxf] 6e f] AE, xal xA dx6 xfjq AB laov 
xapd xf)v AE xapapepXqahco x6 AZ xapaXXqXoypappov 
xXdxoq xoioOv xf)v AH' Xeyw, 6xi f) AH ex 60 o ovopdxwv 
eaxi xexdpxT). 

Kaxeaxeudahw xd auxd xolc; xpo6e6eiypevoi<;. xal exel 
pel^wv eaxiv fj AB birjpripevr) xaxd x6 F, al AF, FB 6uvdpei 


Proposition 63 

The square on a major (straight-line) applied to a ra¬ 
tional (straight-line) produces as breadth a fourth bino¬ 
mial (straight-line). 1 


D K M N G 






1 H 

[ L 0 F 


I-1-1 

A C B 

Let AB be a major (straight-line) having been divided 
at C, such that AG is greater than GB, and (let) DE 
(be) a rational (straight-line). And let the parallelogram 
DE, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a fourth 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
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elaiv dauiJ^JiSTpoi Tioi.oOaai. to ^Jisv auyxeiiJevov ex twv dx’ 
auTOv xexpaywvwv prjxov, x6 6e ux’ auxOv ^eaov. exel ouv 
pr)x6v eaxi. x6 auyxeiiJevov ex xwv dxo xwv AF, FB, pr]x6v 
dpa eaxl x6 AA- prjxi^ dpa xal fj AM xai au^(iexpo<; xfj 
AE (ir]xei. xdXiv, exel ^Jieaov eaxl x6 51 c; uxo xGv AF, FB, 
xouxeaxi. x6 MZ, xal xapd pr)xr)v eaxi xi^v MA, pr]xf] dpa 
eaxl xal f) MH xal daO^x^iexpoc; xfj AE ^fjxeL- dau^^expoc; 
dpa eaxl xal f) AM xfj MFE (if]xei. al AM, MFE dpa prjxal 
eiai 5 uvd^ei. ^ovov a6^(iexpoi.' ex 5 uo dpa ovo^dxwv eaxlv 
f) AF[. 5 ei.xxeov [6f]], oxi. xal xexdpxr). 

' 0 (ioiwc; 6f] 5 e[^o(iev xoTc; xpoxepov, 6xi ^el^wv eaxlv 
f) AM xfjc; MH, xal 6xi x6 uxo AKM laov eaxl xw dxo 
xfjc; MN. exel ouv dau(i^exp6v eaxi. x6 dxo xfjc; AF xA 
dxo xfjc; FB, dau(j^expov dpa eaxl xal x6 A 0 xA KA' 
Aaxe dau^(iexpoc; xal f) AK xfj KM eaxiv. edv 6e Aai 
5 uo euflelai dviaoi., xA 6e xexdpxw t^^cpei xou dxo xfjc; 
eXdaaovoc; laov xapaXXr)X6ypa^(iov xapd xf]v (jei^ova xapa- 
pXr]'dfj eXXelxov ei6ei xexpayAvw xal eic; dau^(jexpa auxf)v 
5 i.aipfj, f) ^Jiel^wv xfjc; eXdaaovoc; ^el^ov 6uvfjaexai xA dxo 
dau^t^expou eauxfj tifjxei- f] AM dpa xfjc; MH ^el^ov 5 uvaxai 
xA dxo dau^(jexpou eauxfj. xai eiaiv al AM, MH prjxal 
Suva^xei ^ovov au^^expoi, xal f) AM au^^expo? eaxi xfj 
exxei^evr) prjxfj xfj AE. 

'H AH dpa ex 5 uo 6vo(idxa)v eaxl xexdpxr]' oxep e 5 ei. 
BeT^ai. 


t In other words, the square of a major is a fourth binomial. See Prop. 10 

^ 8 '. 

To dxo xfjc; prjxov xal [leaov 6 uvap.evr]c; xapd prjxfjv xa- 
pa(3aXX6p.evov xXdxoc; xoiel xf]v ex 5uo ovojidxwv xe(Jxxr]v. 

Tlaxa) pr]x 6 v xal jieaov 5uvajicvr] f] AB 5ir]pr]jicvr) eic; 
xdc; eu'delac; xaxd x 6 F, Aaxe (lei^ova elvai xf]v AF, xal 
exxeia'dw pr]xf] f] AE, xal xA dxo xfjc; AB laov xapd xf]v 
AE xapaPepXfjaDq) x 6 AZ xXdxoc; xoiouv xf]v AH' Xeyw, 
6 x 1 'f] AH ex 5uo ovojidxwv eaxl xejixxr). 


viously. And since AB is a major (straight-line), hav¬ 
ing been divided at C, AC and CB are incommensu¬ 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial 
[Prop. 10.39]. Therefore, since the sum of the (squares) 
on AC and CB is rational, DL is thus rational. Thus, 
DM (is) also rational, and commensurable in length with 
DE [Prop. 10.20]. Again, since twice the (rectangle con¬ 
tained) by AC and CB —that is to say, ME —is medial, 
and is (applied to) the rational (straight-line) ML, MC 
is thus also rational, and incommensurable in length with 
DE [Prop. 10.22]. DM is thus also incommensurable 
in length with MG [Prop. 10.13]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DC is a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a fourth 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
show that DM is greater than MG, and that the (rectan¬ 
gle contained) by DKM is equal to the (square) on MN. 
Therefore, since the (square) on AC is incommensurable 
with the (square) on CB, DH is also incommensurable 
with KL. Hence, DK is also incommensurable with 
KM [Props. 6.1, 10.11]. And if there are two unequal 
straight-lines, and a parallelogram equal to the fourth 
part of the (square) on the lesser, falling short by a square 
figure, is applied to the greater, and divides it into (parts 
which are) incommensurable (in length), then the square 
on the greater will be larger than (the square on) the 
lesser by the (square) on (some straight-line) incommen¬ 
surable in length with the greater [Prop. 10.18]. Thus, 
the square on DM is greater than (the square on) MG 
by the (square) on (some straight-line) incommensurable 
(in length) with (DM). And DM and MG are rational 
(straight-lines which are) commensurable in square only. 
And DM is commensurable (in length) with the (previ¬ 
ously) laid down rational (straight-line) DE. 

Thus, DC is a fourth binomial (straight-line) [Def 
10.8]. (Which is) the very thing it was required to show. 

.57. 


Proposition 64 

The square on the square-root of a rational plus a me¬ 
dial (area) applied to a rational (straight-line) produces 
as breadth a fifth binomial (straight-line).l 

Let AB be the square-root of a rational plus a medial 
(area) having been divided into its (component) straight¬ 
lines at C, such that AC is greater. And let the rational 
(straight-line) DE be laid down. And let the (parallelo¬ 
gram) DE, equal to the (square) on AB, have been ap- 
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Kaxeaxeuaa'dw xa auxa toTc; Tipo toOtou. exei ouv 
prjTov xal p,£oov 6uvap,£vr) eaxlv rj AB 6ir)pri[ievri xaxa x6 
r, al Ar, LB apa Bovd^xsi. sialv dau^xiiexpoi. xoiouaai x6 
auyxeijievov ex xwv dx:’ auxwv xexpaytovwv p,eaov, x6 6’ ux’ 
auxwv prjxov. exel ouv [ieaov eaxl x6 auyxeip-evov ex xwv 
dxo xwv Ar, FB, ^eaov dpa eaxl x6 AA' Aaxe prjxr] eaxiv 
f) AM xal ^r^xei dau^^iexpoc; xf) AE. xdXiv, cxel prjxov eaxi 
x6 6l<; 0x6 xAv AFB, xouxcaxi x6 MZ, prjxi^ dpa f) MH xal 
au(i^expo(; xfj AE. dautx(iexpo<; dpa f) AM xfj MH- al AM, 
MH dpa pr]xai elai Suva^xei. (lovov au^xiiexpoi.- ex 5uo dpa 
6vo(jLdxwv eaxlv fj AH. Xeyw 5rj, oxi. xal xe^xxxr]. 

'0(ioia)c; Y«P Biexilriaexai., oxi. x6 0x6 xAv AKM laov 
eaxl xA dx6 xfjc MN, xal dau^t^expoc f] AK xfj KM ^rjxeL- f) 
AM dpa xfjc; MH (jeT^ov Buvaxai. xA dx6 dau^(jexpou eauxfj. 
xal elaiv al AM, MH [prjxal] Suva^xei ^ovov au^t^expoi, xal 
f] eXdaawv f) MH au^^expoc; xfj AE ^f]xei. 

'H AH dpa ex 60o ovotxdxwv eaxl xe(jxxr)- oxep e5ei. 
BeT^ai. 


plied to DE, producing DG as breadth. I say that DG is 
a fifth binomial straight-line. 


D K M N G 
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Let the same construction be made as in the (proposi¬ 
tions) before this. Therefore, since AB is the square-root 
of a rational plus a medial (area), having been divided 
at C, AG and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them rational [Prop. 10.40]. 
Therefore, since the sum of the (squares) on AG and 
CB is medial, DL is thus medial. Hence, DM is rational 
and incommensurable in length with DE [Prop. 10.22]. 
Again, since twice the (rectangle contained) by ACB — 
that is to say, ME —is rational, MG (is) thus rational 
and commensurable (in length) with DE [Prop. 10.20]. 
DM (is) thus incommensurable (in length) with MG 
[Prop. 10.13]. Thus, DM and MG are rational (straight- 
lines which are) commensurable in square only. Thus, 
DG is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a fifth (binomial straight-line). 

For, similarly (to the previous propositions), it can 
be shown that the (rectangle contained) by DKM is 
equal to the (square) on MN, and DK (is) incommen¬ 
surable in length with KM. Thus, the square on DM 
is greater than (the square on) MG by the (square) on 
(some straight-line) incommensurable (in length) with 
(DM) [Prop. 10.18]. And DM and MG are [rational] 
(straight-lines which are) commensurable in square only, 
and the lesser MG is commensurable in length with DE. 

Thus, DG is a fifth binomial (straight-line) [Def. 10.9]. 
(Which is) the very thing it was required to show. 


t In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58. 


T6 dx6 xfjq 5uo peaa 5uvapsvr]c; xapd pr)xf)v xapa- 
PaXXopevov xXdxoq xoisT xf]v ex 6uo ovopdxov exxr]v. 

’350X61 6uo pcaa Buvapevr) f] AB Birjprjpevr) xaxd x6 F, 
pr)xf) 6c cax6) f] AE, xal xapd xf)v AE xA dx6 xfjq AB ’(aov 
xapaPcpXfiafiq) x6 AZ xXdxoq xoioOv xf]v AH- Xeyw, oxi. -f) 
AH ex 6uo ovopdxwv eaxlv exxrj. 


Proposition 65 

The square on the square-root of (the sum of) two me¬ 
dial (areas) applied to a rational (straight-line) produces 
as breadth a sixth binomial (straight-hne).l 

Let AB be the square-root of (the sum of) two me¬ 
dial (areas), having been divided at G. And let DE be a 
rational (straight-line). And let the (parallelogram) DE, 
equal to the (square) on AB, have been applied to DE, 
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Kaxeaxsuaa'dw yap xa auxa xoTg Kpoxepov. xal exei f) 
AB 60o pieaa Buvapievri eaxi Binprjpisvr) xaxa to F, at AF, FB 
apa Suvdpisi. sialv da 6 pi(j£Tpoi. xoiouaai to ts auyxeiiievov 
ex Twv in aOxCSv Texpaycovcov pieaov xai to ut’ auxwv 
pieaov xai exi daupipLexpov to ex xCSv dx’ auxwv xexpaywvwv 
auyxeipievov xw Ox’ aOxov waxe xaxd xd xpo 6 e 8 ei.ypi£va 
pieaov eaxiv exdxepov xSSv A A, MZ. xal xapd pr]xf]v xf]v 
AE xapdxeixai.- pr]xf] dpa eaxiv exaxepa xAv AM, MH xal 
dau(jpt£xpoc; xfj AE ptr)xei. xal exel da 6 pi(iexp 6 v eaxi x 6 
auyxeipievov ex xAv dxo xAv AF, FB xA 5li; 0x6 xAv AF, 
FB, daOp.(iexpov dpa eaxi x 6 AA xA MZ. daOpi(jexpo<; dpa 
xal f) AM XT] MH- at AM, MH dpa prjxai eiai Buvdpiei ptovov 
au(jpiexpor ex 6 uo dpa ovopidxwv eaxiv AH. Xeyw 8 rj, 6 xi 
xal exxr). 

'0(ioia)c; 81 ^ xdXiv 6 eT^o(jev, oxi x 6 0x6 xAv AKM ’laov 
eaxi xA dx 6 xfjc; MN, xal 6 x 1 rj AK xfj KM pirjxei eaxiv 
daOpipiexpoc;- xal 8 id xd aOxd 8 f) f) AM xfji; MH piel^ov 
86 vaxai xA dx 6 daujipiexpou eauxfj (i-fixei. xal o08exepa xAv 
AM, MH aOpipiexpoc; eaxi xfj exxeipievr) prjxfi xfj AE piir]xei. 

'H AH dpa ex 8 uo ovojidxtov eaxiv exxr)- oxep £ 8 ei 
8 el^ai. 


producing DG as breadth. I say that DG is a sixth bino- 


mial (straight-line). 
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For let the same construction be made as in the pre¬ 
vious (propositions). And since AB is the square-root 
of (the sum of) two medial (areas), having been divided 
at G, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them medial, and, moreover, 
the sum of the squares on them incommensurable with 
the (rectangle contained) by them [Prop. 10.41]. Hence, 
according to what has been previously demonstrated, DL 
and MF are each medial. And they are applied to the 
rational (straight-line) DE. Thus, DM and MG are 
each rational, and incommensurable in length with DE 
[Prop. 10.22]. And since the sum of the (squares) on 
AC and CB \s incommensurable with twice the (rectan¬ 
gle contained) by AC and CB, DL is thus incommensu¬ 
rable with MF. Thus, DM (is) also incommensurable (in 
length) with MG [Props. 6.1, 10.11]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, 1 say that (it is) also a sixth (binomial 
straight-line). 

So, similarly (to the previous propositions), we can 
again show that the (rectangle contained) by DKM is 
equal to the (square) on MN, and that DK is incom¬ 
mensurable in length with KM. And so, for the same 
(reasons), the square on DM is greater than (the square 
on) MG by the (square) on (some straight-line) incom¬ 
mensurable in length with (DM) [Prop. 10.18]. And nei¬ 
ther of DM and MG is commensurable in length with the 
(previously) laid down rational (straight-line) DE. 

Thus, DG is a sixth binomial (straight-line) [Def 
10.10]. (Which is) the very thing it was required to show. 


t In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59. 


Proposition 66 

'H xfj ex 8uo ovopdxwv pf]xei aOppexpoq xal auxf] ex A (straight-line) commensurable in length with a bi- 
8 uo ovopaxtov eaxi xal xfj xd^ei f) auxf]. nomial (straight-line) is itself also binomial, and the same 

’Taxw ex 8uo ovopdxwv f] AB, xal xfj AB pfjxei in order. 
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auii^JiSTpoc; eaxw rj FA- \syc^, oxi fj FA ex 6uo ovo^axwv 
eaxl xai xfj xa^ei f] aOxf) xfj AB. 

A E B 

I-1-1 

r z A 

I-1-1 

’Exei yap ex 60o 6vo(jdxwv eaxiv fj AB, Birjprja'dw eiz xd 
6v6(jLaxa xaxd x6 E, xai eaxw t^el^ov 6vo(ia x6 AE- at AE, 
EB dpa prjxai eiai. 6uvd(jei ^ovov au^(jexpoi.. yeyovexw (be; 
f] AB 7i:p6(; xf]v FA, ouxco? f] AE xpoe; xf]v FZ- xai Xomr] 
dpa f) EB xpoc; Xoixi^v xi^v ZA eaxiv, A<; f) AB npoQ xf]v 
FA. au^t^expo(; 6e f] AB xfj FA ^rjxei- au^^expoc dpa eaxl 
xai f) piev AE xfj FZ, f] 8e EB xfj ZA. xai eiai prjxal al AE, 
EB- pr]xal dpa eiai xai ai FZ, ZA. xai eaxiv A<; f] AE xpoc; 
FZ, f) EB npoQ ZA. evaXXd^ dpa eaxiv A<; f) AE npoQ EB, f) 
FZ xpoc; ZA. ai 6e AE, EB 6uvd(iei ^ovov [eiai] au^(jexpoi- 
xai ai FZ, ZA dpa 6uvd(jei ^ovov eiai au(j^expoi. xai eiai 
prjxai- ex 5uo dpa 6vo(idx63v eaxiv f] FA. Xeyw 8f), 6xi xfj 
xd^ei eaxiv f) auxf) xfj AB. 

'F[ ydp AE xfjc; EB (jeT^ov 6uvaxai fjxoi xo dxo 
au^piexpou eauxfj f] xo dxo daupi^iexpou. ei piev ouv f) 
AE xfjc; EB ^lel^ov Buvaxai xo dxo au^piexpou eauxfj, xai 
f] FZ xfjc; ZA ^el^ov Buvfjaexai xeb dxo au^^expou eauxfj. 
xai ei ^ev au^^expo? eaxiv f) AE xfj exxei^evr) prjxfj, xai 
f] FZ au^iiexpoc; auxfj eaxai, xai 6id xouxo exaxepa xAv 
AB, FA ex 5uo 6vo(idxcuv eaxl xpAxr], xouxeaxi xfj xd^ei 
f] auxf]. ei 6e f] EB au^^expoc; eaxi xfj exxeitxevrj prjxfj, 
xai f] ZA au^xiiexpoc; eaxiv auxfj, xai 8id xouxo xdXiv xfj 
xd^ei f] auxf] eaxai xfj AB- exaxepa ydp auxAv eaxai ex 5uo 
6vo(jidxov 6euxepa. ei 8e ou6exepa xAv AE, EB au(J]xexp6c; 
eaxi xfj exxei^Jievr) prjxfj, ou6exepa xAv FZ, ZA au^^expo? 
auxfj eaxai, xai eaxiv exaxepa xpixr). ei 8e f] AE xfjc; EB 
piel^ov Suvaxai xA dxo dau^(jexpou eauxfj, xai f] FZ xfjc; ZA 
^xel^ov Buvaxai xA dxo dauii^Jiexpou eauxfj. xai ei ^Jiev f] AE 
au^piexp6(; eaxi xfj exxeipievr] prjxr], xai f] FZ au^^expo? 
eaxiv auxfj, xai eaxiv exaxepa xexdpxr). ei 6e f] EB, xai 
f] ZA, xai eaxai exaxepa 7ie(ji7ixr]. ei 5e ou8exepa xAv AE, 
EB, xai xAv FZ, ZA ou5exepa au^^expo? eaxi xfj exxei^evr] 
prjxfj, xai eaxai exaxepa exxr). 

"liaxe f] xfj ex 5uo ovotxdxcov ^f]xei au^^-iexpoi; ex 5uo 
ovojjidxwv eaxl xai xfj xd^ei f] auxf]- oxep e6ei 8eT^ai. 


Let AB be a binomial (straight-line), and let CD be 
commensurable in length with AB. 1 say that Cl? is a bi¬ 
nomial (straight-line), and (is) the same in order as AB. 

A E B 

I-1-1 

C F D 

I-1-1 

For since AB is a binomial (straight-line), let it have 
been divided into its (component) terms at E, and let 
AE be the greater term. AE and EB are thus rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.36]. Let it have been contrived that as AB (is) 
to CD, so AE (is) to CF [Prop. 6.12]. Thus, the remain¬ 
der EB is also to the remainder ED, as AB (is) to CD 
[Props. 6.16, 5.19 corn]. And AB (is) commensurable 
in length with CD. Thus, AE is also commensurable 
(in length) with CF, and EB with ED [Prop. 10.11]. 
And AE and EB are rational. Thus, CF and ED are 
also rational. And as AE is to CF, (so) EB (is) to ED 
[Prop. 5.11]. Thus, alternately, as AE is to EB, (so) 
CF (is) to ED [Prop. 5.16]. And AE and EB [are] 
commensurable in square only. Thus, CF and ED are 
also commensurable in square only [Prop. 10.11]. And 
they are rational. CD is thus a binomial (straight-line) 
[Prop. 10.36]. So, I say that it is the same in order as 
AB. 

For the square on AE is greater than (the square on) 
EB by the (square) on (some straight-line) either com¬ 
mensurable or incommensurable (in length) with (AE). 
Therefore, if the square on AE is greater than (the square 
on) EB by the (square) on (some straight-line) com¬ 
mensurable (in length) with {AE) then the square on 
CF will also be greater than (the square on) ED by 
the (square) on (some straight-line) commensurable (in 
length) with (CF) [Prop. 10.14]. And if AE is com¬ 
mensurable (in length) with (some previously) laid down 
rational (straight-line) then CF will also be commensu¬ 
rable (in length) with it [Prop. 10.12]. And, on account 
of this, AB and CD are each first binomial (straight- 
lines) [Def 10.5]—that is to say, the same in order. And if 
EB is commensurable (in length) with the (previously) 
laid down rational (straight-line) then ED is also com¬ 
mensurable (in length) with it [Prop. 10.12], and, again, 
on account of this, {CD) will be the same in order as 
AB. For each of them will be second binomial (straight- 
lines) [Def. 10.6]. And if neither of AE and EB is com¬ 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then neither of CF and ED will 
be commensurable (in length) with it [Prop. 10.13], and 
each (of AB and CD) is a third (binomial straight-line) 
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'H ex 8uo ^eowv ^r]xei au^^iexpoi; xal auxr) ex 5uo 
[iea«v eaxl xal xfj xa^ei fj auxr]. 

A E B 

I-1-1 

r z A 

I-1-1 

Tlaxw ex 5uo pieawv fj AB, xal xfj AB aupipiexpoc eaxw 
pifjxeL f] FA- Xeyo, oxi f] FA ex 6uo pieawv eaxl xal xfj xa^ei 
f] auxf] xfj AB. 

’Exel yap ex 8uo pieawv eaxlv f] AB, 6ir]pfja'dw sic, jolc, 
pieaai; xaxa x6 E' ai AE, EB apa (ieaai elal 5uvd(iei (iovov 
au[ipiexpoi. xal yeyovexw &>q f] AB npoQ FA, f] AE xpoc; 
FZ- xal Xoixf) dpa f] EB xpoc Xomfjv xf]v ZA eaxiv, (be; f] 
AB xpoc; FA. aupipiexpoi; 5e f] AB xfj FA piir]xei- aupipiexpoc; 
dpa xal exaxepa xwv AE, EB cxaxcpa xwv FZ, ZA. picaai 
5e al AE, EB- (leaai. dpa xal al FZ, ZA. xal exel eaxiv 
&>Z f] AE npoQ EB, f] FZ npoc, ZA, al 5e AE, EB 5uvd[iei 
[iovov au(ipiexpoi elaiv, xal al FZ, ZA [dpa] 5uvdpiei ptovov 
au(ipiexpo( elaiv, eSelx-drjaav 8e xal (leaai- f] FA dpa ex 8uo 
pieawv eaxiv. Xeyw 8fj, 6xi xal xfj xd^ei f] auxf] eaxi xfj AB. 

’Exel ydp eaxiv (be; f] AE npoQ EB, f] FZ npoQ ZA, xal 
&iQ dpa x6 dxo xfjc; AE npoQ x6 utio xc5v AEB, ouxcoc; x 6 
dxo x-fje FZ xpoc; x6 uxo xov FZA- evaXXd^ &>q to dxo x-fje 


[Def. 10.7]. And if the square on AE is greater than 
(the square on) EB by the (square) on (some straight- 
line) incommensurable (in length) with (AE) then the 
square on CE is also greater than (the square on) ED 
by the (square) on (some straight-line) incommensurable 
(in length) with (CF) [Prop. 10.14]. And if AE is com¬ 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then CF is also commensurable 
(in length) with it [Prop. 10.12], and each (of AB and 
CD') is a fourth (binomial straight-line) [Def. 10.8]. And 
if EB (is commensurable in length with the previously 
laid down rational straight-line) then ED (is) also (com¬ 
mensurable in length with it), and each (of AB and CD) 
will be a fifth (binomial straight-line) [Def. 10.9]. And 
if neither of AE and EB (is commensurable in length 
with the previously laid down rational straight-line) then 
also neither of CF and ED is commensurable (in length) 
with the laid down rational (straight-line), and each (of 
AB and CD) will be a sixth (binomial straight-line) 
[Def. 10.10]. 

Hence, a (straight-line) commensurable in length 
with a binomial (straight-line) is a binomial (straight- 
line), and the same in order. (Which is) the very thing it 
was required to show. 

Proposition 67 

A (straight-line) commensurable in length with a bi- 
medial (straight-line) is itself also bimedial, and the same 
in order. 

A E B 

I-1-1 

C F D 

I-1-1 

Let AB be a bimedial (straight-line), and let CD be 
commensurable in length with AB. I say that CF is bi¬ 
medial, and the same in order as AB. 

For since AB is a bimedial (straight-line), let it have 
been divided into its (component) medial (straight-lines) 
at E. Thus, AE and EB are medial (straight-lines 
which are) commensurable in square only [Props. 10.37, 
10.38]. And let it have been contrived that as AB (is) to 
CD, (so) AE (is) to CF [Prop. 6.12]. And thus as the 
remainder EB is to the remainder ED, so AB (is) to CD 
[Props. 5.19 corn, 6.16]. And AB (is) commensurable 
in length with CD. Thus, AE and EB are also com¬ 
mensurable (in length) with CF and ED, respectively 
[Prop. 10.11]. And AE and EB (are) medial. Thus, CF 
and ED (are) also medial [Prop. 10.23]. And since as 
AE is to EB, (so) CF (is) to ED, and AE and EB are 
commensurable in square only, CF and ED are [thus] 
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AE npog to inb Tfjc EZ, outw<; to uko twv AEB Tipoc; to 
UTO Twv rZA. aup-jiSTpov 6e to duo Tfjc; AE tw duo Tfji; 
rZ' au(ipsTpov dpa xai to Oko twv AEB tw Oko twv EZA. 
eiTS ouv prjTov eoti. to bnb twv AEB, xai to 0x6 tAv EZA 
prjTov eoTiv [xai Bid toOto eoTiv ex Buo (ieawv xpATT)]. zixe 
peaov, pcaov, xai eoTiv exaTepa BeuTepa. 

Kai Bid toOto eoTai fj EA Tfj AB Tfj Td^ei f] auTT]' oxep 
eBei Bel^ai. 


Iri- 

'E[ TT) p,e[^ovi au[ip,eTpoc; xai auTT) p-Si^wv eoTiv. 

A E B 

I-1-1 

r z A 

I-1-1 

TlaTW t^ei^tov fj AB, xai Tfj AB aup.(ieTpo(; eoTto f) EA- 
Xeyw, oTi f] EA (lei^ov eoTiv. 

Airjprja'dw f] AB xaTd to E- at AE, EB dpa Buvd^ei eialv 
dau(jp8Tpoi xoioOaai to (Jev auyxeipievov ex tAv dx’ auxAv 
TeTpayAvwv prjTov, to B’ Ox’ aOxAv (leaov xai yzyovixid 
Td aOxd Toiz xpoTepov. xai exei cotiv Ac; T) AB xpog Trjv 
EA, ouTW(; T] Te AE xp6<; ttjv EZ xai f) EB xpoc; ttjv ZA, 
xai Ac; dpa fj AE xpoc; Tf]v EZ, oOtwc; fj EB xp6<; Tf]v ZA. 
au(ipeTpo(; Be f) AB Tfj EA- au[ip.eTpoc; dpa xai exaTepa tAv 
AE, EB exaTepcx tAv EZ, ZA. xai exei eoTiv u>c, f) AE xpoi; 
Tf]v EZ, oOtoc f) EB xp6(; Tf]v ZA, xai evaXXd^ A(; f) AE 
xpoc; EB, oOtwc; -f) EZ xpoc; ZA, xai auvdevTi dpa eaxlv Ac; 
f] AB xpoc; Tf]v BE, outwc f] EA xpoi; Tf]v AZ- xai Ac; dpa 
TO dxo T-rjc; AB xpoc; to dxo T-rjc; BE, outwc; to dxo T-rjc; EA 
xpoc; TO dxo T-rjc; AZ. opoioc; B-f) Be[^o(jev, oti xai Ac; to dxo 
Tfjc; AB xpoc; to dxo Tfjc; AE, oOtoc; to dxo Tfjc; EA xpoc; 
TO dxo Tfjc; EZ. xai Ac; dpa to dxo Tfjc; AB xpoc; xd dxo tAv 
AE, EB, oOtwc; to dxo Tfj? EA xpoc; xd dxo xAv EZ, ZA- 


also commensurable in square only [Prop. 10.11]. And 
they -were also shown (to be) medial. Thus, CD is a bi- 
medial (straight-line). So, I say that it is also the same in 
order as AB. 

For since as AE is to EB, (so) CF (is) to ED, thus 
also as the (square) on AE (is) to the (rectangle con¬ 
tained) by AEB, so the (square) on CF (is) to the (rect¬ 
angle contained) by CFD [Prop. 10.21 lem.]. Alter¬ 
nately, as the (square) on AE (is) to the (square) on 
CF, so the (rectangle contained) by AEB (is) to the 
(rectangle contained) by CFD [Prop. 5.16]. And the 
(square) on AE (is) commensurable with the (square) 
on CF. Thus, the (rectangle contained) by AEB (is) 
also commensurable with the (rectangle contained) by 
CFD [Prop. 10.11]. Therefore, either the (rectangle 
contained) by AEB is rational, and the (rectangle con¬ 
tained) by CFD is rational [and, on account of this, 
(AE and CD) are first bimedial (straight-lines)], or (the 
rectangle contained by AEB is) medial, and (the rect¬ 
angle contained by CFD is) medial, and (AB and CD) 
are each second (bimedial straight-lines) [Props. 10.23, 
10.37, 10.38]. 

And, on account of this, CD will be the same in order 
as AB. (Which is) the very thing it was required to show. 

Proposition 68 

A (straight-line) commensurable (in length) with a 
major (straight-line) is itself also major. 

A E B 

I-1-1 

C F D 

I-1-1 

Let AB be a major (straight-line), and let CD be com¬ 
mensurable (in length) with AB. I say that Cl? is a major 
(straight-line). 

Let AB have been divided (into its component terms) 
at E. AE and EB are thus incommensurable in square, 
making the sum of the squares on them rational, and the 
(rectangle contained) by them medial [Prop. 10.39]. And 
let (the) same (things) have been contrived as in the pre¬ 
vious (propositions). And since as AB is to CD, so AE 
(is) to CF and EB to ED, thus also as AE (is) to CF, 
so EB (is) to ED [Prop. 5.11]. And AB (is) commen¬ 
surable (in length) with CD. Thus, AE and EB (are) 
also commensurable (in length) with CF and ED, re¬ 
spectively [Prop. 10.11]. And since as AE is to CF, so 
EB (is) to ED, also, alternately, as AE (is) to EB, so 
CF (is) to ED [Prop. 5.16], and thus, via composition, 
as AB is to BE, so CD (is) to DF [Prop. 5.18]. And thus 
as the (square) on AB (is) to the (square) on BE, so the 
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xal evaXXa^ apa eaxiv (be; to goto Tf)<; AB Tipoi; to dcKo Tfjc 
FA, ouTCGc Ta duo tAv AE, EB Tipoe; xd duo xwv FZ, ZA. 
aupipiSTpov 6 s TO duo xfji; AB xA anb xfje; FA' aujipiexpa 
dpa xal xd duo xAv AE, EB Toiz duo xAv FZ, ZA. xai saxi 
xd dKo xAv AE, EB dpia prjxov, xal xd dTio xAv FZ, ZA 
dpta pr)x 6 v saxiv. opLoicoc; 8 s xal x 6 6 l<; uko xAv AE, EB 
aupipisxpov saxi. xA 6 l<; utio xAv FZ, ZA. xai saxi (isaov x 6 
8 l(; UTIO xAv AE, EB' (isaov dpa xal x 6 8 li; utio xAv FZ, 
ZA. al FZ, ZA dpa 6 uvd(isi daupipisxpoi siai. Tioiouaai x 6 
pisv auyxsipLSvov sx xAv an auxAv xsxpayAvwv dpia prjxov, 
x 6 6 e 81 c; uti’ auxAv (jsaov oXr) dpa FA dXoyoc; soxiv 
xaXoupisvr) pisl^cov. 

'H dpa xfj pisl^ovi aupipisxpoc; (isi^cov saxiv oTisp e8si 
8ET^ai. 


'H xfi prjxov xal pisaov 8 uvapiEvr) aupipiExpoe; [xal auxeq] 
pr)x 6 v xal pisaov SuvapLsvr) saxiv. 

A E B 

I-1-1 

r z A 

I-1-1 

TlaxcG prjxov xal pisaov SuvapiEvr] fj AB, xal xfj AB 
aupipiExpoc; saxcG fj FA- 8 eixxeov, 6 xi xal fj FA prjxov xal 
[isaov 8 uvapiEvrj saxiv. 

Aijrjp'fja'dto irj AB sic; xdc; suflsiac; xaxd x 6 E- ai AE, EB 
dpa 8 uvd[iEi sialv dauptjisxpoi noiouaai x 6 pisv auyxsipiEvov 
EX xAv dTi’ auxAv xsxpayAvtov pisaov, x 6 8 ’ uti’ auxAv 
prjxov xal xd auxd xaTsaxEudaDto xolg Tipoxspov. opioicoc; 
8fj 8 E[ 5 o[iEv, 6x1 xal ai FZ, ZA 8 uvd[iEi sialv daupijisxpoi, 
xal aupipiExpov x 6 pisv auyxsipisvov sx xAv dTio xAv AE, EB 
xA auyxEipiEvtp sx xAv dTio xAv FZ, ZA, x 6 6 e utio AE, EB 
xA UTIO FZ, ZA' Aaxs xal x 6 [pisv] auyxsijisvov sx xAv duo 
xAv FZ, ZA xsxpayAvtov saxi pisaov, x 6 8 ’ utio xAv FZ, 


(square) on CD (is) to the (square) on DF [Prop. 6.20]. 
So, similarly, we can also show that as the (square) on 
AB (is) to the (square) on AE, so the (square) on CD 
(is) to the (square) on CF. And thus as the (square) on 
AB (is) to (the sum of) the (squares) on AE and EB, so 
the (square) on CD (is) to (the sum of) the (squares) on 
CF and FD. And thus, alternately, as the (square) on AB 
is to the (square) on CD, so (the sum of) the (squares) on 
AE and EB (is) to (the sum of) the (squares) on CF and 
FD [Prop. 5.16]. And the (square) on AB (is) commen¬ 
surable with the (square) on CD. Thus, (the sum of) the 
(squares) on AE and EB (is) also commensurable with 
(the sum of) the (squares) on CF and FD [Prop. 10.11]. 
And the (squares) on AE and EB (added) together are 
rational. The (squares) on CE and ED (added) together 
(are) thus also rational. So, similarly, twice the (rect¬ 
angle contained) by AE and EB is also commensurable 
with twice the (rectangle contained) by CE and FD. And 
twice the (rectangle contained) by AE and EB is me¬ 
dial. Therefore, twice the (rectangle contained) by CF 
and FD (is) also medial [Prop. 10.23 corn]. CF and FD 
are thus (straight-lines which are) incommensurable in 
square [Prop 10.13], simultaneously making the sum of 
the squares on them rational, and twice the (rectangle 
contained) by them medial. The whole, CD, is thus that 
irrational (straight-line) called major [Prop. 10.39]. 

Thus, a (straight-line) commensurable (in length) 
with a major (straight-line) is major. (Which is) the very 
thing it was required to show. 

Proposition 69 

A (straight-line) commensurable (in length) with the 
square-root of a rational plus a medial (area) is [itself 
also] the square-root of a rational plus a medial (area). 

A E B 

I-1-1 

C F D 

I-1-1 

Let AB be the square-root of a rational plus a medial 
(area), and let CD be commensurable (in length) with 
AB. We must show that CD is also the square-root of a 
rational plus a medial (area). 

Let AB have been divided into its (component) 
straight-lines at E. AE and EB are thus incommensu¬ 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational 
[Prop. 10.40]. And let the same construction have been 
made as in the previous (propositions). So, similarly, we 
can show that CF and FD are also incommensurable 
in square, and that the sum of the (squares) on AE and 
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ZA prjTov. 

'PrjTov apa xal pisaov Buvapisvr) eaxlv f) FA- onep e5si. 
BsT^ai. 


/ 

o . 

'H xfi 5uo (leaa 6uva(ievr) au(jpiSTpoc; 6uo pisaa Suvapisvr] 
eaxiv. 

A E B 

I-1-1 

r z A 

I-1-1 

TilaTW 5uo (leaa Buvaptsvr) f] AB, xocl xfj AB a6pi(iexpo(; 
f) FA- 5eixx£ov, 6xi xd f) FA 5uo pieaa Buvaptevr) eaxiv. 

’Ekei yap 8uo pisaa BuvapiEvr) saxlv f) AB, Binpi^ailw 
eiq TOLc, EUTleiac; xaxa x6 E- al AE, EB apa 8uvd[iEi 
Eia'iv daupi(j£xpoi. xoiouaai x6 xe auyxEipiEvov ex xAv dii’ 
aOxAv [xExpaywvwv] (isaov xai x6 bn auxAv pisaov xal 
£xi daupi(i£xpov x6 auyxslpiEvov ex xAv dxo xAv AE, EB 
xExpayAvwv xA 0x6 xAv AE, EB- xal xaxEaxsuda-dw xd 
auxd xoT<; xpoxEpov. 6 [jLoiW(; 6f] SEi^optsv, 6xi xal al FZ, ZA 
8uvdpt£i. Elalv daupi(JExpoi. xal a6pt(i£xpov x6 (isv auYX£i(J£vov 
EX xAv dxo xAv AE, EB xA auYX£i(J£vw ex xAv dxo xAv FZ, 
ZA, x6 Se utio xAv AE, EB xA uxo xAv FZ, ZA- Agxe xal 
x6 auYX£i(i£vov ex xAv dxo xAv FZ, ZA xExpaywvwv pisaov 
saxl xal x6 Oxo xAv FZ, ZA (jsaov xal sxi. daOpi(JExpov x6 
auyxElpiEvov ex xAv dxo xAv FZ, ZA xExpayAvwv xA 0x6 
xAv FZ, ZA. 

'F[ dpa FA 6uo (JEaa 8uvapi£vr] saxlv- o-Ksp eSei 8£T^ai.. 


oa. 

'P-r)xo0 xal (isaou auvxL-dspiEvou xEaaapsc; dXoyoi yly^ov- 
xai f]xoi EX 8uo ovopidxwv if] ex 8uo [isacov xpAx-rj -1] (isl^wv 
-f] p-r)x6v xal (Jsaov 8uvapi£vr]. 


EB (is) commensurable with the sum of the (squares) 
on CF and FD, and the (rectangle contained) by AE 
and EB with the (rectangle contained) by CF and FD. 
And hence the sum of the squares on CF and FD is me¬ 
dial, and the (rectangle contained) by CF and FD (is) 
rational. 

Thus, CD is the square-root of a rational plus a medial 
(area) [Prop. 10.40]. (Which is) the very thing it was 
required to show. 

Proposition 70 

A (straight-line) commensurable (in length) with the 
square-root of (the sum of) two medial (areas) is (itself 
also) the square-root of (the sum of) two medial (areas). 

A E B 

I-1-1 

C F D 

I-1-1 

Let AB he the square-root of (the sum of) two medial 
(areas), and (let) CD (be) commensurable (in length) 
with AB. We must show that CD is also the square-root 
of (the sum of) two medial (areas). 

For since AB is the square-root of (the sum of) two 
medial (areas), let it have been divided into its (compo¬ 
nent) straight-lines at E. Thus, AE and EB are incom¬ 
mensurable in square, making the sum of the [squares] 
on them medial, and the (rectangle contained) by them 
medial, and, moreover, the sum of the (squares) on AE 
and EB incommensurable with the (rectangle) contained 
by AE and EB [Prop. 10.41]. And let the same construc¬ 
tion have been made as in the previous (propositions). 
So, similarly, we can show that CF and FD are also 
incommensurable in square, and (that) the sum of the 
(squares) on AE and EB (is) commensurable with the 
sum of the (squares) on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, the sum of the squares on CF 
and FD is also medial, and the (rectangle contained) by 
CF and FD (is) medial, and, moreover, the sum of the 
squares on CF and FD (is) incommensurable with the 
(rectangle contained) by CF and FD. 

Thus, CD is the square-root of (the sum of) two me¬ 
dial (areas) [Prop. 10.41]. (Which is) the very thing it 
was required to show. 

Proposition 71 

When a rational and a medial (area) are added to¬ 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
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TilaTa) prjTov (jev to AB, ^saov 6e to FA- Xsyw, oti. f) 
TO AA jbipiov Buvapisvr) f]Toi. ex 6uo ovo^oltwv sotiv f] ex 
5uo ^leacov tipAtt) t] ^iei^wv 1] prjTov xal ^saov Suvct^ievr). 


AT E @ K 



To yocp AB tou FA fjToi p.el^ov eotiv f\ sXaaaov. 
EOTW xpoTspov ^eT^ov xal EXXElailw prjTf] f] EZ, xal Tiapa- 
PEpXi^ailw Tiapa ti^v EZ tA AB laov to EH xXdToc; tioloOv 
T f]v E0- tA Be AF laov xapd Tf]v EZ 7iapapEpXr]a'd« to 
01 xXaToc; xoiouv Trjv 0K. xal ekeI prjTov eoti. to AB xa[ 
EOTiv laov tA eh, prjTov dpa xal to EH. xal xapd [prjTi^v] 
Tf]v EZ TxapaPspXrjTai xXdToc; xoioOv Tf]v E0- rj E0 dpa 
pr)Tr) EOTi. xal au(Jt^ETpoc; Tfj EZ ^r)XEi.. xdXiv, exeI ^JIEoov 
eotI to fa xai eotiv laov tA 01, (Jsaov dpa eotI xal to 
0F xal xapd pr)Tr)v ttjv EZ xapdxEiTai xXaToc; tioloOv Tf]v 
0K- prjTr) dpa eotIv rj 0K xal dau^^iETpoi; Tfj EZ ^r^xEi. xal 
exeI [iEaov eotI to FA, prjTov Be to AB, daup,[iETpov dpa 
egtI to AB tA FA' Aote xal to EH daup,[iETp6v eoti tA 
0F Ac; Be to EH xpoc; to 01, outoc; eotIv fj E0 xpoc; Tf]v 
0K' dau^^iETpoi; dpa eotI xal f) E0 Tfj 0K ^f]XEi. xal Eiaiv 
djifpoTEpai prjTal' al E0, 0K dpa pr)Ta[ Eiai Buvdp,Ei [iovov 
au^i^ETpoi' EX Buo dpa ovo^xaTCOv eotIv f) EK Birjprj^iEvr) 
xaTa TO 0. xal exeI (xeI^ov eoti to AB tou FA, laov Be to 
[ i£v AB tA eh, to Be FA tA 01, (xeI^ov dpa xal to EH 
TOU 0F xal f) E0 dpa ^Ei^tov eotI Tfjc; 0K. -rjToi ouv f) E0 
Tfjc; 0K ^eI^ov BuvaTai tA dxo au^i^ETpou EauTfj ^rjxEi 
tA dxo daup,[i£Tpou. BuvdaDo) xpoTEpov tA dxo aup.[i£Tpou 
EauTfi' xal EOTIV f) ^lEi^wv f) 0E au^^iETpoi; Tfj exxei^ievt) 
prjTT) TT) EZ- f) dpa EK ex Buo ovo^dTWv eotI xpATT). prjTf) 
Be f) EZ- sdv Be x<X)plov xEpisxrjTai 0x6 prjTfjc; xal Tfjc; ex Buo 
ovop-dTWv xpAxiTjc;, f) to x^^ptov BuvajiEvr) ex Buo ovojxdTWv 
eotIv. f) dpa TO El BuvajiEvr) ex Buo ovop-dTWv eotIv Aote 
xal f) TO AA BuvajiEVT) ex Buo ovojidTCOv eotIv. dXXd Bf) 
BuvdaDw f) E0 Tfjc; 0K p,£l^ov tA dxo daup,[iETpou EauTfj' 
xal EOTIV f) ^eI^cov f) E0 ou^^iETpoi; Tfj exxei^ievt) prjTf) Tfj 
EZ ^f]X£i' f) dpa EK ex Buo ovo^dTWv eotI TETdpTT). prjTf) 
Be f) EZ- sdv Be x<X)plov xEpiExrjTai 0x6 prjTfjc; xal Tfjc; ex Buo 


medial, or a major, or the square-root of a rational plus a 
medial (area). 

Let AB be a rational (area), and CD a medial (area). 
I say that the square-root of area AD is either binomial, 
or first bimedial, or major, or the square-root of a rational 
plus a medial (area). 


AC E H K 



For AB is either greater or less than CD. Let it, first 
of all, be greater. And let the rational (straight-line) EF 
be laid down. And let (the rectangle) EG, equal to AB, 
have been applied to EF, producing EH as breadth. And 
let (the recatangle) HI, equal to DC, have been ap¬ 
plied to EF, producing HK as breadth. And since AB 
is rational, and is equal to EG, EG is thus also rational. 
And it has been applied to the [rational] (straight-line) 
EF, producing EH as breadth. EH is thus rational, and 
commensurable in length with EF [Prop. 10.20]. Again, 
since CD is medial, and is equal to HI, HI is thus also 
medial. And it is applied to the rational (straight-line) 
EF, producing HK as breadth. HK is thus rational, 
and incommensurable in length with EF [Prop. 10.22]. 
And since CD is medial, and AB rational, AB is thus 
incommensurable with CD. Hence, EG is also incom¬ 
mensurable with HI. And as EG (is) to HI, so EH is 
to HK [Prop. 6.1]. Thus, EH is also incommensurable 
in length with HK [Prop. 10.11]. And they are both ra¬ 
tional. Thus, EH and HK are rational (straight-lines 
which are) commensurable in square only. EK is thus 
a binomial (straight-line), having been divided (into its 
component terms) at H [Prop. 10.36]. And since AB 
is greater than CD, and AB (is) equal to EG, and CD 
to HI, EG (is) thus also greater than HI. Thus, EH is 
also greater than HK [Prop. 5.14]. Therefore, the square 
on EH is greater than (the square on) HK either by 
the (square) on (some straight-line) commensurable in 
length with (EH), or by the (square) on (some straight- 
line) incommensurable (in length with EH). Let it, first 
of all, be greater by the (square) on (some straight-line) 
commensurable (in length with EH). And the greater 
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6vo(jLdTWv TSTcipTric;, f) to )(«p(ov Buvapisvr] dXoyoc; eaxiv f) 
xaXoujievT) piei^wv. fj dpa to EI )(wpiov Buvapisvr] 
eoTiv WOTS xal rj to AA Suvctpievr) [iei^tov eotiv. 

AXXd 6r) eoTW eXaaoov to AB tou FA- xal to EH 
dpa eXaaaov eoTi toO 01' wots xal rj E0 eXdaawv sotI 
Tfjc; 0K. r]Toi 5e f) 0K Tfjc; E0 piel^ov 5uvaTai tw aTio 
aup.[ieTpou eauTf) r] tw aTio daujipieTpou. SuvaaDto TipoTepov 
TW duo aupiptSTpou eauTfj pr^xei- xal eotiv fj eXdaawv fj E0 
aupipiETpot; Tfi exxeipevT) prjTf) Tfj EZ pH^xer fj dpa EK ex 
5uo ovojidTwv eoTl BeuTspa. prjTr) 5e fj EZ- edv 6e x^Jplov 
iiepiexT)Tai uno prjTfjc; xal Tfjc; ex 5uo ovopidTWv deuTepag, rj 
TO x<^plov SuvapievT) ex 5uo [ieacov eaA uptOTT). rj dpa to EI 
Xwplov SuvapievT) ex 6uo [ieawv eotI uptOTT)- waTe xal rj to 
AA SuvapievT) ex 6uo pieawv eaA npcoTT). dXXd 8f) fj 0K t^c 
0E piel^ov BuvdaDw tw duo daupipieTpou eauTfj. xal eoTiv 
f) eXdaawv rj E0 aupipieTpoi; tt) exxeipievrj prjTfi Tfj EZ- -r) 
dpa EK ex 56o ovopidTWv eaTi 7ie(i7iTr). prjTT) 5e EZ- edv 
6e x<^plo'^ nepiexTiTai uko prjTfjc; xal T-rjc; ex 5uo ovopidTtov 
neptnT-rjc;, rj to x<^plov Suvajievr) p-rjTov xal pieaov Suvajievr) 
eoTlv. -T) dpa to EI x^plov Suvapievr) p-rjTov xal pieaov 8u- 
vapievT) eoTlv- wote xal -r) to AA x^^plov Buvapievr) prjTov 
xal [ieaov Suvapievr) eotIv. 

'P-rjTou dpa xal pieaou aovTi-depievou Teaaapec; dXoyoi 
ylyvovTai -rjToi ex 6uo ovojidTWv ex 5uo [ieawv uptOTT) -1] 
[iel^wv -r] prjTov xal [ieaov Suvapievr)- onep eSei Sel^ai. 


(of the two components of EK) HE is commensurable 
(in length) with the (previously) laid down (straight- 
line) EF. EK is thus a first binomial (straight-line) 
[Def. 10.5]. And EF (is) rational. And if an area is con¬ 
tained by a rational (straight-line) and a first binomial 
(straight-line) then the square-root of the area is a bino¬ 
mial (straight-line) [Prop. 10.54]. Thus, the square-root 
of EI is a binomial (straight-line). Hence the square- 
root of AD is also a binomial (straight-line). And, so, let 
the square on EH be greater than (the square on) HK 
by the (square) on (some straight-line) incommensurable 
(in length) with (EH). And the greater (of the two com¬ 
ponents of EK) EH is commensurable in length with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fourth binomial (straight-line) [Def. 10.8]. And 
EF (is) rational. And if an area is contained by a rational 
(straight-line) and a fourth binomial (straight-line) then 
the square-root of the area is the irrational (straight-line) 
called major [Prop. 10.57]. Thus, the square-root of area 
EI is a major (straight-line). Hence, the square-root of 
AD is also major. 

And so, let AB be less than CD. Thus, EG is also less 
than HI. Hence, EH is also less than HK [Props. 6.1, 
5.14]. And the square on HK is greater than (the 
square on) EH either by the (square) on (some straight- 
line) commensurable (in length) with {HK), or by the 
(square) on (some straight-line) incommensurable (in 
length) with {HK). Let it, first of all, be greater by the 
square on (some straight-line) commensurable in length 
with {HK). And the lesser (of the two components of 
EK) EH is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line) EF. Thus, EK 
is a second binomial (straight-line) [Def 10.6]. And EF 
(is) rational. And if an area is contained by a rational 
(straight-line) and a second binomial (straight-line) then 
the square-root of the area is a first bimedial (straight- 
line) [Prop. 10.55]. Thus, the square-root of area EI is 
a first bimedial (straight-line). Hence, the square-root of 
AD is also a first bimedial (straight-line). And so, let 
the square on HK he greater than (the square on) HE 
by the (square) on (some straight-line) incommensurable 
(in length) with {HK). And the lesser (of the two compo¬ 
nents of EK) EH is commensurable (in length) with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fifth binomial (straight-line) [Def 10.9]. And 
EF (is) rational. And if an area is contained by a ratio¬ 
nal (straight-line) and a fifth binomial (straight-line) then 
the square-root of the area is the square-root of a rational 
plus a medial (area) [Prop. 10.58]. Thus, the square-root 
of area EI is the square-root of a rational plus a medial 
(area). Hence, the square-root of area AD is also the 
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Auo ^sawv dau^ijiETpwv dXXrjXoi.(; auvTiilejisvwv at 
XoiKOfl 6uo dXoyoi yiyvovTai. f]Toi. sx 60o (jeawv hemepa. 
r] [fj] 60o [isaoL Buvaptevr). 


AT E @ K 



Suyxeiailw ydp 5uo peaa daupiiSTpa aXkrikoK xd AB, 
FA- Xeyw, oxi f] to AA )(top(ov Buvapievr) r^xoi ex 56o pieawv 
eaxl 5euxcpa f] 6uo ptcaa Suvaptevr). 

To ydp AB xoD FA fjxoi [iel^ov eaxiv t] eXaaaov. eaxto, 
ei xu)(ov, xpoxepov pieT^ov x6 AB xou FA- xai exxeia-dw 
prjxiQ f] EZ, xai xA piE AB laov xapd xf]v EZ xapaPepXrja'do) 
x6 EH KXdxoc; xoioOv xiQv E0, xA 6e FA laov x6 01 xXdxoc; 
xoiouv xf)v 0K. xcxl exel pieaov eaxiv cxdxepov xAv AB, FA, 
[ieaov dpa xai cxdxepov xAv EH, 0L xai xapd prjxi^v xf]v 
ZE 7i;apdxci.xai TiXdxoc xoioOv xdg E0, 0K- cxaxcpa dpa xAv 
E0, 0K pr]xr] caxi xai dauptpLCxpoc xfj EZ ptrjxcL. xai excl 
dau(jptcxp6v eaxi x6 AB xA FA, xa[ eaxiv laov x6 piev AB 
xA EH, x6 6e FA xA 01, dau(jptcxpov dpa eaxl xai x6 EH xA 
0L Ac; 6c x6 EH xpoc; x6 01, ouxoc; eaxiv fj E0 xpoc; 0K- 
daupiptcxpoi; dpa eaxiv fj E0 xfj 0K ptrjxci. al E0, 0K dpa 
pr)xa[ ciai 6uvd(jci (lovov au(jpiexpor ex 6uo dpa ovopidxwv 
eaxiv f] EK. fjxoi 8c f] E0 xfji; 0K picT^ov 8uvaxai xA dxo 
au(ipicxpou cauxfj f] xA dxo daupi(JCxpou. BovdaDw xpoxcpov 
xA dxo aupipicxpou cauxfj pifjxci- xai o08cxcpa xAv E0, 0K 
aupipiexpoi; caxi xfj exxcipicvr) pr]xfj xfj EZ piijxcr f] EK dpa 
ex 6uo ovopidxwv eaxl xpixr]. prjxf) 8e f] EZ- edv 8e 
xepiexrixai 0x6 prjxfjc; xai xfjc; ex 8uo ovopidxwv xp[xr]c;, -f) 
x6 x^piov 8uvapicvr] ex 8uo (icawv eaxl 8euxcpa- f] dpa x6 
EI, xouxcaxi x6 AA, 8uvapicvr] ex 6uo picawv eaxl 6cuxcpa. 


square-root of a rational plus a medial (area). 

Thus, -when a rational and a medial area are added to¬ 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
medial, or a major, or the square-root of a rational plus a 
medial (area). (Which is) the very thing it was required 
to show. 

Proposition 72 

When two medial (areas which are) incommensu¬ 
rable with one another are added together, the remaining 
two irrational (straight-lines) arise (as the square-roots of 
the total area)—either a second bimedial, or the square- 
root of (the sum of) two medial (areas). 


AC E H K 



For let the two medial (areas) AB and CD, (which 
are) incommensurable with one another, have been 
added together. I say that the square-root of area AD 
is either a second bimedial, or the square-root of (the 
sum of) two medial (areas). 

For AB is either greater than or less than CD. By 
chance, let AB, first of all, be greater than CD. And 
let the rational (straight-line) EF be laid down. And let 
EG, equal to AB, have been applied to EF, producing 
EH as breadth, and HI, equal to CD, producing HK 
as breadth. And since AB and CD are each medial, EG 
and HI (are) thus also each medial. And they are ap¬ 
plied to the rational straight-line FE, producing EH and 
HK (respectively) as breadth. Thus, EH and HK are 
each rational (straight-lines which are) incommensurable 
in length with EF [Prop. 10.22]. And since AB is incom¬ 
mensurable with CD, and AB is equal to EG, and CD 
to HI, EG is thus also incommensurable with HI. And 
as EG (is) to HI, so EH is to HK [Prop. 6.1]. EH is 
thus incommensurable in length with HK [Prop. 10.11]. 
Thus, EH and HK are rational (straight-lines which are) 
commensurable in square only. EK is thus a binomial 
(straight-line) [Prop. 10.36]. And the square on EH is 
greater than (the square on) HK either by the (square) 
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aXka 6f) f) E 0 Tfjc; 0 K Suvaa'dw xw aizb dau^^sxpou 

eauxfi ^ir^xei- xal dau^^iexpoc; eaxiv sxaxspa xwv E 0 , 0 K 
xfj EZ ^r]X£r f] dpa EK ex 6uo ovo^dxwv eaxiv exxrj. edv 
Be x^piov Tiepiexi^xai uko prjxfjc; xal xfjc ex Buo ovo^dxwv 
exxr]c;, fj x6 x«piov Buva^Jievr] f) Buo ^eaa 8uva(j£vr) eaxiv 
oaxe xal fj x6 AA x^^plov Buva^evr) f) Buo ^Jieaa Buva^evr] 
eaxiv. 

['O^xoloc Bi^ Bel^o^ev, oxi xdv eXaxxov fj x6 AB xou FA, 
f] x6 AA x«plov Buva^evr) f] ex Buo ^eawv Beuxepa eaxiv 
r]xoi Buo ^eaa Buva^evr)]. 

Auo dpa ^eaov dau(j^£xpov dXXrjXoi.c; auvxLile^evwv at 
Xoixal Buo dXoyoi ylyvouxai. f]xoi. ex Buo ^Jieawv Beuxepa f] 
Buo ^leaa Buva^evr). 

’H ex Buo 6vo(idxwv xal al (uex’ auxfjv dXoyoi. ouxe 
xfj (iean ouxe dXXf]Xai<; eialv al auxal. x6 ^Jiev ydp dxo 
tx£ar]c; xapd pr)xf)v 7i;apapaXX6(jevov xXdxoc xoieT pr)xf)v xal 
dau(j^£xpov xfj xap’ fjv xapaxeixai t^fjxei.. x6 Be dno xfjc 
ex Buo ovotxdxwv xapd pr]xf]v 7i;apapaXX6(jevov TiXdxoc xoieT 
xf]v ex Buo ovo^dxwv xpwxrjv. x6 Be dxo xfjc; ex Buo 
^eawv 7i;pwxr)c; xapd pr)xf)v 7i;apapaXX6(ievov xXdxoc; xoieT 
xf]v ex Buo ovo^Jidxwv Beuxepav. x6 Be dxo xfjc ex Buo 
^eawv Beuxepac xapd pr]xf]v 7i;apapaXX6(j£vov xXdxoc xoieT 
xf)v ex Buo 6vo(idxov xplxrjv. x6 Be dxo xfjc (lel^ovoc napd 
pr)xf)v 7i;apaPaXX6(jevov TiXdxoc Koiel xf)v ex Buo ovo^dxwv 
xexdpxrjv. x6 Be dxo xfjc prjxov xal ^Jieaov Buvatxevrjc Tiapd 
prjxfjv 7i;apapaXX6(ievov TiXdxoc Koiel xf)v ex Buo ovo^dxwv 
7 ie(i7i:xr)v. x6 Be dxo xfjc Buo (leaa 8uva(i£vr)c napd pr)xf)v 
■KapaPaXXotxevov xXdxoc TioLeT xf]v ex Buo 6vo(idxov exxrjv. 
xd 8’ eiprjtxeva xXdxr) Biacpepei. xou xe xpwxou xal dXXf]Xt)v, 
xou (lev xpwxou, 6xi prjxf) eaxiv, dXXfjXwv Be, 6xi xfj xd^ei 
oux eialv al auxar waxe xal auxal al dXoyoi Biacpepouaiv 
dXXf]Xwv. 


on (some straight-line) commensurable (in length) with 
(EH), or by the (square) on (some straight-line) incom¬ 
mensurable (in length with EH). Let it, first of all, be 
greater by the square on (some straight-line) commensu¬ 
rable in length with {EH). And neither of EH or HK is 
commensurable in length with the (previously) laid down 
rational (straight-line) EE. Thus, EK is a third binomial 
(straight-line) [Def. 10.7]. And EE (is) rational. And if 
an area is contained by a rational (straight-line) and a 
third binomial (straight-line) then the square-root of the 
area is a second bimedial (straight-line) [Prop. 10.56]. 
Thus, the square-root of El —that is to say, of AD — 
is a second bimedial. And so, let the square on EH 
be greater than (the square) on HK by the (square) 
on (some straight-line) incommensurable in length with 
{EH). And EH and HK are each incommensurable in 
length with EF. Thus, EK is a sixth binomial (straight- 
line) [Def. 10.10]. And if an area is contained by a ra¬ 
tional (straight-line) and a sixth binomial (straight-line) 
then the square-root of the area is the square-root of (the 
sum of) two medial (areas) [Prop. 10.59]. Hence, the 
square-root of area AD is also the square-root of (the 
sum of) two medial (areas). 

[So, similarly, we can show that, even if AB is less 
than CD, the square-root of area AD is either a second 
bimedial or the square-root of (the sum of) two medial 
(areas).] 

Thus, when two medial (areas which are) incommen¬ 
surable with one another are added together, the remain¬ 
ing two irrational (straight-lines) arise (as the square- 
roots of the total area)—either a second bimedial, or the 
square-root of (the sum of) two medial (areas). 

A binomial (straight-line), and the (other) irrational 
(straight-lines) after it, are neither the same as a medial 
(straight-line) nor (the same) as one another. For the 
(square) on a medial (straight-line), applied to a rational 
(straight-line), produces as breadth a rational (straight- 
line which is) also incommensurable in length with (the 
straight-line) to which it is applied [Prop. 10.22]. And 
the (square) on a binomial (straight-line), applied to a 
rational (straight-line), produces as breadth a first bino¬ 
mial [Prop. 10.60]. And the (square) on a first bimedial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces as breadth a second binomial [Prop. 10.61]. And 
the (square) on a second bimedial (straight-line), applied 
to a rational (straight-line), produces as breadth a third 
binomial [Prop. 10.62]. And the (square) on a major 
(straight-line), applied to a rational (straight-line), pro¬ 
duces as breadth a fourth binomial [Prop. 10.63]. And 
the (square) on the square-root of a rational plus a medial 
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oy'. 

’Eav anb prjxfic; prjxr) dcpaipeilfi 5uvdp,£i (lovov au(Jt^sxpoc; 
ouaa xfj oXr), f) Xoiki^ dXoyoc; eaxiv xaXeio'dw 6e duoxotxr). 

AT B 

I-1-1 

’Atzo yap pTixfjc xfjc; AB prjxf) dtprjprja'dw f) BE 5uvd^ei 
piovov au(jpisxpoc; ouaa xfj oXr)- Xeyw, oxi. f] Xoixf] f) AF 
dXoyoc; eaxiv f) xaXou(ievr) dxoxo(if]. 

’Exei ydp dau(ipi8xp6c; eaxiv f) AB xfj BF (jLf]xei, xai eaxiv 
d)<; f] AB npbz xf)v BF, ouxw<; x6 dxo xfjc; AB xpoc; x6 bnb 
tCSm AB, BF, dau^piexpov dpa eaxl x6 dxo xfjc; AB xw bnb 
xfiiv AB, BF. dXXd xO ^ev dxo xfji; AB au(jpiexpd eaxi xd dxo 
xov AB, BF xexpdywva, xw 8e bnb xwv AB, BF au(j^exp6v 
eaxi x6 6ic; 0x6 xwv AB, BF. xal exei6f]xep xd dxo xwv AB, 
BF laa eaxi xO 6ic; 0x6 xSiv AB, BF ^exd xou dx6 FA, xal 
XoixSi dpa xO dx6 xfjc; AF daOpi(jexpd eaxi xd dx6 xwv AB, 
BF. pr]xd 8e xd dx6 xov AB, BF- dXoyoc; dpa eaxiv f] AF- 
xaXeia-dw 6e dxoxo(jf]. oxep e6ei 5eT^ai. 


t See footnote to Prop. 10.36. 

o6'. 

’Edv dx6 p.ear)c; [learj dcpaipe-dfj 8uvdp,ei (iovov a6p.[iexpoc; 
ouaa xfj oXt), (lexd 8c xfjc; bXr]z pr)x6v xcpicyouaa, fj Xoixf) 
dXoyoc; eaxiv- xaXeiailw 6c [icarjc; dxoxo(jLf] xpcOxr). 


(area), applied to a rational (straight-line), produces as 
breadth a fifth binomial [Prop. 10.64]. And the (square) 
on the square-root of (the sum of) two medial (areas), 
applied to a rational (straight-line), produces as breadth 
a sixth binomial [Prop. 10.65]. And the aforementioned 
breadths differ from the first (breadth), and from one 
another—from the first, because it is rational—and from 
one another, because they are not the same in order. 
Hence, the (previously mentioned) irrational (straight¬ 
lines) themselves also differ from one another. 

Proposition 73 

If a rational (straight-line), which is commensu¬ 
rable in square only with the whole, is subtracted from 
a(nother) rational (straight-line) then the remainder is 
an irrational (straight-line). Let it be called an apotome. 

AC B 

I-1-1 

For let the rational (straight-line) BC, which com¬ 
mensurable in square only with the whole, have been 
subtracted from the rational (straight-line) AB. I say that 
the remainder AC is that irrational (straight-line) called 
an apotome. 

For since AB is incommensurable in length with BC, 
and as AB is to BC, so the (square) on AB (is) to the 
(rectangle contained) hy AB and BC [Prop. 10.21 lem.], 
the (square) on AB is thus incommensurable with the 
(rectangle contained) hy AB and BC [Prop. 10.11]. But, 
the (sum of the) squares on AB and BC is commen¬ 
surable with the (square) on AB [Prop. 10.15], and 
twice the (rectangle contained) by AB and BC is com¬ 
mensurable with the (rectangle contained) by AB and 
BC [Prop. 10.6]. And, inasmuch as the (sum of the 
squares) on AB and BC is equal to twice the (rectan¬ 
gle contained) by AB and BC plus the (square) on CA 
[Prop. 2.7], the (sum of the squares) on AB and BC is 
thus also incommensurable with the remaining (square) 
on AC [Props. 10.13, 10.16]. And the (sum of the 
squares) on AB and BC is rational. AC is thus an ir¬ 
rational (straight-line) [Def. 10.4]. And let it be called 
an apotome.t (Which is) the very thing it was required to 
show. 


Proposition 74 

If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a ratio¬ 
nal (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
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’And yap piearjc Tfj<; AB dcp^pi^ailo f) BF 8uvdpiEL 
piovov aupLpiSTpo(; ouoa xf) AB, (jexd 8s xf)<; AB pr]x6v 
■KOLoOaa x6 Oiio xwv AB, BF- Xsyw, oxi. f) Xomf] f) AF 
dXoyoc; saxiv KaXsiailw 8 e pisarjc; d-n:oxo(jLf] xpwxr). 

’Ekei ydp at AB, BF pisaai siaiv, pisaa saxi xai xd anb 
xwv AB, BF. prjxov Se x6 81c; uko xwv AB, BF- cxau(jpiExpa 
dpa xd anb xwv AB, BF xG Sic; uko xGv AB, BF- xal XoikG 
dpa xG dKO xfjc; AF dau(jpiExp6v saxi x6 81c; uko xGv AB, 
BF, ekeI xdv x6 oXov svl auxGv cxau^iiiExpov fj, xal xd s^ 
dp^-rjc; (JEys'dr) (xaupi(JExpa soxai. prjxov Se x6 Sic uko xGv 
AB, BF- dXoyov dpa x6 dKO xfjc; AF- dXoyoc; dpa saxiv -f) 
AF- xaXsia-do Se t^£ar](; cxKoxotxf) KpGxr]. 


t See footnote to Prop. 10.37. 

os'. 

’Edv dKO p,£ar)c; [lEarj dcpaips-df) 8uvdp,£i [lovov aup,[iExpoc; 
ouaa XT) oXt), p,£xd Se xfjc; oXrjc; pisaov KspiExouaa, fj Xoikt) 
dXoyoc; saxiv- xaXsia-do) Se [lEarjc; dKoxo(if) Ssuxspa. 

Ako ydp pLEarjc; xfjc; AB ^sar) dcpripfiailw f) FB SuvdpiEi 
piovov aupipiExpoc; ouaa xfj oXr) xfj AB, pisxd Se xfj? 6Xr]i; 
xfjc; AB (isaov KEpiExouaa x6 uko xGv AB, BF- Xsyco, 6xi 
f) XoiKT) f] AF dXoyoc; saxiv- xaXsia-dw Se (isarjc; dKoxopif) 
Ssuxspa. 


(straight-line). Let it be called a first apotome of a medial 
(straight-line). 

AC B 

I-1-1 

For let the medial (straight-line) BC, which is com¬ 
mensurable in square only with AB, and which makes 
with AB the rational (rectangle contained) by AB and 
BC, have been subtracted from the medial (straight-line) 
AB [Prop. 10.27]. I say that the remainder AC is an ir¬ 
rational (straight-line). Let it be called the first apotome 
of a medial (straight-line). 

For since AB and BC are medial (straight-lines), the 
(sum of the squares) on AB and BC is also medial. And 
twice the (rectangle contained) by AB and BC (is) ratio¬ 
nal. The (sum of the squares) on AB and BC (is) thus in¬ 
commensurable with twice the (rectangle contained) by 
AB and BC. Thus, twice the (rectangle contained) by 
AB and BC is also incommensurable with the remain¬ 
ing (square) on AC [Prop. 2.7], since if the whole is in¬ 
commensurable with one of the (constituent magnitudes) 
then the original magnitudes will also be incommensu¬ 
rable (with one another) [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. Thus, 
the (square) on AC is irrational. Thus, AC is an irra¬ 
tional (straight-line) [Def. 10.4]. Let it be called a first 
apotome of a medial (straight-line). 


Proposition 75 

If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a me¬ 
dial (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
(straight-line). Let it be called a second apotome of a 
medial (straight-line). 

For let the medial (straight-line) CB, which is com¬ 
mensurable in square only with the whole, AB, and 
which contains with the whole, AB, the medial (rect¬ 
angle contained) by AB and BC, have been subtracted 
from the medial (straight-line) AB [Prop. 10.28]. I say 
that the remainder AC is an irrational (straight-line). Let 
it be called a second apotome of a medial (straight-line). 
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I @ E 

’Exxsia'dw yap pr]Ti^ f) AI, xal toTc ^sv dxo twv AB, 
BF laov Tiapd Tiqv AI iiapa[3epXr]aDw to AE xXoctoc; xoiouv 
Tf)v AH, TW 6s 6i<; 0x6 tAv AB, BF laov xapd xfjv AI 
7iapapEpXr]a'dw to A0 xXdToc; xoiouv ti^v AZ- Xoitov dpa 
TO ZE laov eotI tA dxo Tfjc; AF. xal ekei ^Jisaa xai au^(iETpd 
EOTi. Td dTio tAv AB, BF, (isaov dpa xal to AE. xal xapd 
prjTi^v TTjv AI xapdxEiTai. xXdToc; xoioOv ti^v AH- prjTiQ dpa 
eotIv f) AH xal da6tx(iETpo<; Tfj AI (jr]XEi. xdXiv, etieI ^jieoov 
eotI to uko tAv AB, BF, xal to 6l<; dpa uko tAv AB, 
BF (isaov eotIv. xai eotiv laov tA A0- xal to A0 dpa 
tXEoov eotIv. xal xapd prjTi^v Tf]v AI TiapaPspXrjTai xXdToc; 
TioLoOv Ti^v AZ- pr)Ti^ dpa eotIv fj AZ xal dau(Jt^ETpoc; Tfj AI 
^rjxEi. xal etieI al AB, BF 6uvd^Ei ^ovov au^t^ETpoi siaiv, 
dau^i^ETpoc; dpa eotIv fj AB t^ BF ^ir^xsi- dau^i^ETpov dpa 
xal TO duo Tfjc; AB TETpdywvov tA uto tAv AB, BF. dXXd 
tA (jev dxo Tfji; AB au(j^ETpd eoti Td duo tAv AB, BF, tA 
Be 0x6 tAv AB, BF au(j^ETp6v eoti to 6l<; 0x6 tAv AB, 
BF- daO^(iETpov dpa eotI t6 6l<; 0x6 tAv AB, BF toTi; dx6 
tAv AB, BF. laov Be toTi; (jE dx6 tAv AB, BF t6 AE, 
tA Be Bk 0x6 tAv AB, BF t6 A0- dau(i^ETpov dpa [eotI] 
t6 AE tA A0. Ac; Be t6 AE xp6<; t6 A0, outwc; fj HA 
xp6c; Ti^v AZ- dau(i^ETpoc; dpa eotIv HA Tfj AZ. xai Eiaiv 
d^JicpoTEpai pr)Ta[- al dpa HA, AZ pr]Tai Eiai Buvd^si ^ovov 
au(i^ETpor f) ZH dpa axoTo^xfi eotiv. pr]Tf] Be -f) AF t6 Be 
0x6 prjTfjc; xal dXoyou xspiExotXEvov dXoyov eotiv, xal -f) 
Bova^iEvr) a0T6 dXoyoc; eotiv. xal BuvaTai t6 ZE -f) AF- f) 
AF dpa dXoyoc eotiv- xaXsioDo Be ^xsorjc; dxoTo^-f) BsuTspa. 
oxEp eBei Bskai- 


AC B 

I-^-1 


D 

F 

G 



I 

H 

E 


For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB 
and BC, have been applied to DI, producing DG as 
breadth. And let DH, equal to twice the (rectangle con¬ 
tained) by AB and BC, have been applied to DI, produc¬ 
ing DF as breadth. The remainder FE is thus equal to 
the (square) on AC [Prop. 2.7]. And since the (squares) 
on AB and BC are medial and commensurable (with 
one another), DE (is) thus also medial [Props. 10.15, 
10.23 corn]. And it is applied to the rational (straight- 
line) DI, producing DG as breadth. Thus, DG is rational, 
and incommensurable in length with DI [Prop. 10.22]. 
Again, since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is thus also medial [Prop. 10.23 corn]. And it is equal 
to DH. Thus, DH is also medial. And it has been ap¬ 
plied to the rational (straight-line) DI, producing DF as 
breadth. DF is thus rational, and incommensurable in 
length with DI [Prop. 10.22]. And since AB and BC are 
commensurable in square only, AB is thus incommensu¬ 
rable in length with BC. Thus, the square on AB (is) 
also incommensurable with the (rectangle contained) by 
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum 
of the squares) on AB and BC is commensurable with 
the (square) on AB [Prop. 10.15], and twice the (rectan¬ 
gle contained) by AB and BC is commensurable with the 
(rectangle contained) by AB and BC [Prop. 10.6]. Thus, 
twice the (rectangle contained) by AB and BC is incom¬ 
mensurable with the (sum of the squares) on AB and 
BC [Prop. 10.13]. And DE is equal to the (sum of the 
squares) on AB and BC, and DH to twice the (rectangle 
contained) by AB and BC. Thus, DE [is] incommensu¬ 
rable with DH. And as DE (is) to DH, so CD (is) to 
DF [Prop. 6.1]. Thus, CD is incommensurable with DF 
[Prop. 10.11]. And they are both rational (straight-lines). 
Thus, CD and DF are rational (straight-lines which are) 
commensurable in square only. Thus, FG is an apotome 
[Prop. 10.73]. And DI (is) rational. And the (area) con¬ 
tained by a rational and an irrational (straight-line) is 
irrational [Prop. 10.20], and its square-root is irrational. 
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t See footnote to Prop. 10.38. 

Of'. 

’Eav OLKO eu'deiaQ eO^eia dcpatpsilf] Buvdpisi. d 0 upi(i£Tpo<; 
ouaa Tfj okj], piSTd 8s Tfjc 6Xr]c; Ttoiouaa xd (isv an auxwv 
ajia prjxov, to 8’ uk’ auxwv pisoov, fj XotTti^ dXoyoc saxiv 
xaXsia'dto 8s sXdaacov. 


AT B 

I-1-1 

’Ako ydp suiOstai; xfji; AB sufJEla dcprjprja'dw f) BE 
8uvdpi£i. dau(jpiSTpoc; ouaa xf) oXrj Ttoiouaa xd itpoxsiiisva. 
XsYW, oxi f) XoiTti^ f] Ar oLkojoQ saxiv fj xaXou(j£vr) sXdaawv. 

’Etts'i ydp x6 (Jsv auyxsipisvov sx xwv dito xwv AB, BE 
xsTpaycovcov prjxov saxiv, x6 8s 8li; Oiio xwv AB, BE (isaov, 
dau(jpi£xpa dpa sax'i xd diTto xwv AB, BE xw 8i<; UTto xwv 
AB, BE' xal dvaaxp£(|iavxi XoiTtw xw duo xfjc; AE daupijisxpd 
saxi xd duo xwv AB, BE. prjxd 8£ xd dTto xwv AB, BE' 
dXoyov dpa x6 duo xfjc; AE- dXoyoc; dpa ir) AE- xaXsiaila) 8£ 
sXdaawv. oitsp £8si 8sl^ai. 


t See footnote to Prop. 10.39. 

oC'. 

’Edv dTto suilsiac; suTSsfa dcpaipsilfj 8 uvdpi£i daupi(j£xpo<; 
ouaa xfi oXr), pisxd 8 s xfjc; 6 Xr)c; Ttoiouaa x 6 (isv auyxsi(isvov 
EX xOv dTt’ auxwv xsxpaywvoiv pisaov, x 6 Ss 8 l(; UTt’ auxwv 
pr)x 6 v, ■f) XoiTtf) dXoyoc; saxiv xaXsiaffw 8 s f] (isxd prjxou 
[isaov x 6 oXov Ttoiouaa. 

AT B 

I-1-1 

Atto ydp suiDsiai; xfji; AB sOiSsTa dcprjprja'dw f) BE 
8 uvdpi£i dau(ipi£xo(; ouaa xfj AB Ttoiouaa xd Ttpox£i(i£va' 
Xsyo), 6 x 1 f] XoiTff) ■f) AE dXoyoc; saxiv ■f) Ttposiprjpisvr]. 

’ETts'i ydp x 6 (ISV auyxsipisvov sx xwv dito xwv AB, BE 


And AC is the square-root of FE. Thus, AC is an irra¬ 
tional (straight-line) [Def. 10.4]. And let it be called the 
second apotome of a medial (straight-line).^ (Which is) 
the very thing it was required to show. 


Proposition 76 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the (squares) 
on them (added) together rational, and the (rectangle 
contained) by them medial, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called a minor (straight-line). 

AC B 

I-1-1 

For let the straight-line BC, which is incommensu¬ 
rable in square with the whole, and fulfils the (other) 
prescribed (conditions), have been subtracted from the 
straight-line AB [Prop. 10.33]. I say that the remainder 
AC is that irrational (straight-line) called minor. 

For since the sum of the squares on AB and BC is 
rational, and twice the (rectangle contained) by AB and 
BC (is) medial, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con¬ 
tained) by AB and BC. And, via conversion, the (sum 
of the squares) on AB and BC is incommensurable with 
the remaining (square) on AC [Props. 2.7, 10.16]. And 
the (sum of the squares) on AB and BC (is) rational. 
The (square) on AC (is) thus irrational. Thus, AC (is) 
an irrational (straight-line) [Def. 10.4]. Let it be called 
a minor (straight-line).1 (Which is) the very thing it was 
required to show 


Proposition 77 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con¬ 
tained) by them rational, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a rational 
(area) a medial whole. 

AC B 

I-1-1 

For let the straight-line BC, which is incommensu¬ 
rable in square with AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the straight-line 
AB [Prop. 10.34]. I say that the remainder AC is the 
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TETpaYWvwv pisaov eaxiv, to 6 e 6ic; Otio twv AB, BF prjTov, 
daupijiSTpa dpa eaxi xd d^o xwv AB, BF xw 6ic; uxo xwv 
AB, BF- xal Xoixov dpa x6 dxo xf)<; AF daupijiexpov saxi 
xw 5l(; 0x6 xwv AB, BF. xai eaxi x6 5l<; 0x6 xwv AB, BF 
prjxov x6 dpa dx6 xfjt; AF dXoyov eaxiv akoyoz dpa eaxiv 
f) AF- xaXeiaDw 5e f) piexd prjxoO pieaov x6 oXov xoiouaa. 
oxep e5ei 5ei^ai. 


t See footnote to Prop. 10.40. 


or]'. 

’Edv dx6 eOileiac; eO^eia dcpatps-dfj BuvdpiEi. daOpi(JExpo<; 
ouaa xfj okx], (JExd Be xfjc; okr]z xoioOaa x6 xe auYXEi(JEvov 
EX xwv dx’ aOxwv TExpaytOvcov pisaov x6 xe Blc; Ox’ aOxwv 
[isaov xal sxi xd dx’ aOxwv xExpdywva da0(ipt£xpa xw Blc; Ox’ 
aOxwv, f] Xoixf] dXoyoc; saxiv- xaXEio'dw Be f] piExd pisaou 
[isaov x6 oXov xoioOaa. 


A Z H 


@ E 


aforementioned irrational (straight-line). 

For since the sum of the squares on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
BC rational, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con¬ 
tained) by AB and BC. Thus, the remaining (square) 
on AC is also incommensurable with twice the (rectan¬ 
gle contained) by AB and BC [Props. 2.7, 10.16]. And 
twice the (rectangle contained) by AB and BC is ratio¬ 
nal. Thus, the (square) on AC is irrational. Thus, AC 
is an irrational (straight-line) [Def. 10.4]. And let it be 
called that which makes with a rational (area) a medial 
whole.I (Which is) the very thing it was required to show. 


Proposition 78 

If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con¬ 
tained) by them medial, and, moreover, the (sum of the) 
squares on them incommensurable with twice the (rect¬ 
angle contained) by them, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a medial 
(area) a medial whole. 



I-1-1 

AT B 

’Ax6 yap EudElac xfji; AB EudEla dcprjprja'dw f) BF 
BuvdpEi. dauppExpoc ouaa xfj AB xoLouaa xd xpoxEipEva- 
Xsyw, 6x1 f) Xoixf] f] AF dXoyoc saxiv f] xaXoupcvr] f] pExd 
psaou psaov x6 oXov xoiouaa. 

’ExxEiaDw ydp prjxf) f] AI, xal xolc; psv dx6 xAv AB, 
BF ’laov xapd xf]v AI xapa[ 3 EpXir]af)co x6 AE xXdxog xoiouv 
xfjv AH, xA Be Bl<; 0 x 6 xAv AB, BF ’laov dcprip/ja-dw x6 
A0 [xXdxoc; XOIOUV xf]v AZ]. Xoix6v dpa x6 ZE ’laov saxl 
xA dx6 xfjc; AF- AaxE f] AF Buvaxai x6 ZE. xal exeI x6 
auyxEipEvov ex xAv dx6 xAv AB, BF xExpayAvwv psaov 
saxl xai Eaxiv ’laov xA AE, psaov dpa [saxl] x6 AE. xal xapd 
prjxfjv xf]v AI xapdxEixai xXdxoc; xoiouv xf]v AH- prjxf] dpa 
Eaxiv f] AH xal dauppcxpoc; xfj AI pf]X£i. xdXiv, exeI x6 Blc; 
0 x 6 xAv AB, BF psaov saxl xai saxiv ’(aov xA A0, x6 dpa 


I-1-1 

AC B 

For let the straight-line BC, which is incommensu¬ 
rable in square AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the (straight- 
line) AB [Prop. 10.35]. I say that the remainder AC is 
the irrational (straight-line) called that which makes with 
a medial (area) a medial whole. 

For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB and 
BC, have been applied to DI, producing DC as breadth. 
And let DH, equal to twice the (rectangle contained) by 
AB and BC, have been subtracted (from DE) [produc¬ 
ing DF as breadth]. Thus, the remainder EE is equal 
to the (square) on AC [Prop. 2.7]. Hence, AC is the 
square-root of EE. And since the sum of the squares on 
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A0 [ieaov eaxiv. xal napa prjxrjv xrjv AI xapdxeixai nXdxoc; 
xoiouv xrjv AZ- pr)xr) dpa eaxl xctl rj AZ xctl daujipiexpoc; 
xfi AI [ir]xei. xal exel daujipiexpd eaxi xd duo xwv AB, BF 
xw 8l(; uxo xwv AB, BF, daujipiexpov dpa xal x6 AE xw 
A0. (be; 5e x6 AE xpoc; x6 A0, ouxcoc; eaxl xal f) AH xpo? 
xf]v AZ' daupi(jexpo<; dpa f) AH xfj AZ. xal eiaiv d(j(p6xepai. 
prjxal' ai HA, AZ dpa pr]xal eiai Buvdptci. ptovov aupi(jexpoi.. 
dxoxo(if] dpa eaxiv fj ZH- pr)xir) 6e ir) Z0. x6 6e 0x6 p'nx'l]<; 
xal dxoxopifjc xepiex6(jevov [op'doYWviov] dXoyov eaxiv, xal 
f) 8uvapicvr] auxo akoyoQ eaxiv xal Suvaxai x6 ZE rj AF- rj 
AF dpa dXoyoc; eaxiv xaXelaDw 6e rj piexd pieaou peaov x6 
oXov xoioOaa. oxep e8ei Sel^ai. 


t See footnote to Prop. 10.41. 

Oil'. 

Tf) dxoxo(ifj pila [piovov] xpoaapjio^ei eODela prjxr) 
5 uvdpiei piovov au(jpicxpoc; ouaa xfj oXr). 

A B r A 

I-1-1-1 

TCaxco dxoxo(if] f] AB, xpoaap(i6^ouaa 6e aOxfj f] BF- al 
AF, FB dpa pr]xal eiai 8uvdpiei (lovov aOpi(jexpoi' Xeyw, 6xi 
xfj AB exepa ou xpoaap(i6^ei prjxf) 5 uvd(iei (lovov aupiiexpoc; 
ouaa xfj oXfj. 

El ydp 6uvax6v, xpoaappioCexw f] BA- xal al AA, 
AB dpa prjxal elai 6uvd(jei piovov aupi(jexpoi. xal exel, S 
Oxepexei xd dxo xwv AA, AB xou 6l<; 0 x 6 xAv AA, AB, 
xouxo Oxepexsi xal xd dx6 xAv AF, FB xou 6l<; 0 x 6 xAv 
AF, FB- xA ydp auxA xA dx6 x'fjc AB d(i(p6xepa Oxepexei' 
evaXXd^ dpa, 6 Oxepexei xd dx6 xAv AA, AB xAv dx6 xAv 
AF, FB, xoOxw Oxepexsi [xal] x6 6l<; 0 x 6 xAv AA, AB xou 
6 li; 0 x 6 xAv AF, FB. xd 8e dx6 xAv AA, AB xAv dx6 xAv 
AF, FB Oxepcxsi p^lxA- prjxd ydp d(i(p6xepa. xal x6 51 c; dpa 
0 x 6 xAv AA, AB xou Ok 0 x 6 xAv AF, FB Oxepexsi pijxA' 
oxep eaxiv dSuvaxov picaa ydp dpicpoxepa, picaov 6e pieaou 
oux Oxepexsi pilxA. xfj dpa AB exepa oO xpoaap(j6^ei pr]xf] 
5 uvdpiei (lovov a 0 (i(iexpoc; ouaa xfj okx]. 

Mia dpa (lovr] xfj dxoxopifj xpoaap(i6^ci prjxf) 5 uvd(iei 


AB and BC is medial, and is equal to DE, DE [is] thus 
medial. And it is applied to the rational (straight-line) 
DI, producing DG as breadth. Thus, DG is rational, and 
incommensurable in length with DI [Prop 10.22]. Again, 
since twice the (rectangle contained) by AB and BG is 
medial, and is equal to DH, DH is thus medial. And it is 
applied to the rational (straight-line) DI, producing DE 
as breadth. Thus, DE is also rational, and incommen¬ 
surable in length with DI [Prop. 10.22]. And since the 
(sum of the squares) on AB and BG is incommensurable 
with twice the (rectangle contained) by AB and BC, DE 
(is) also incommensurable with DH. And as DE (is) to 
DH, so DG also is to DF [Prop. 6.1]. Thus, DG (is) in¬ 
commensurable (in length) with DF [Prop. 10.11]. And 
they are both rational. Thus, GD and DF are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Thus, EG is an apotome [Prop. 10.73]. And EH 
(is) rational. And the [rectangle] contained by a rational 
(straight-line) and an apotome is irrational [Prop. 10.20], 
and its square-root is irrational. And AC is the square- 
root of EE. Thus, AC is irrational. Let it be called 
that which makes with a medial (area) a medial whole.! 
(Which is) the very thing it was required to show. 


Proposition 79 

[Only] one rational straight-line, which is commensu¬ 
rable in square only with the whole, can be attached to 
an apotome.! 

A B CD 

I-1-1—I 

Let AB be an apotome, with BC (so) attached to it. 
AC and CB are thus rational (straight-lines which are) 
commensurable in square only [Prop. 10.73]. I say that 
another rational (straight-line), which is commensurable 
in square only with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
since by whatever (area) the (sum of the squares) on AD 
and DB exceeds twice the (rectangle contained) by AD 
and DB, the (sum of the squares) on AC and CB also ex¬ 
ceeds twice the (rectangle contained) by AC and CB by 
this (same area). For both exceed by the same (area)— 
(namely), the (square) on AB [Prop. 2.7]. Thus, alter¬ 
nately, by whatever (area) the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and CB, twice the (rectangle contained) by AD and DB 
[also] exceeds twice the (rectangle contained) by AC and 
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^ovov au^i^expoc; ouaa xfj oXr)- oTisp eSei BeT^ai. CB by this (same area). And the (sum of the squares) on 

AD and DB exceeds the (sum of the squares) on AC 
and CB by a rational (area). For both (are) rational (ar¬ 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB hy a rational (area). The very thing is impos¬ 
sible. For both are medial (areas) [Prop. 10.21], and a 
medial (area) cannot exceed a(nother) medial (area) by 
a rational (area) [Prop. 10.26]. Thus, another rational 
(straight-line), which is commensurable in square only 
with the whole, cannot be attached to AB. 

Thus, only one rational (straight-line), which is com¬ 
mensurable in square only with the whole, can he at¬ 
tached to an apotome. (Which is) the very thing it was 
required to show. 


t This proposition is equivaient to Prop. 10.42, with minus signs instead of pius signs. 


Tl'. 

Tf) pearjc; ditoTopfj itptoxn pia povov Ttpooappo^si. eOhela 
pear] buvdpsi. povov auppsxpoc; ouaa xr] oXr), psxd 6s xfjq 
oXrjc; prjxov TtEpLSxouaa. 

A B r A 

I-1-1-1 

Tlaxa) ydp psarje dTtoxopr) Ttptoxr) fj AB, xal xfj AB 
Ttpouappo^Exco f] BT' ai AT, TB dpa psaai. siai Buvdpsi 
povov auppsxpoi pr]x6v Ttspisxouaai x6 Oko xwv AT, TB- 
Xeyw, 6x1. xf) AB Exspa ou TtpoaappoCci psar) Buvdpsi. 
povov auppExpoq ouaa xfj okx], psxd Be xfjq 6Xr)<; pr]x6v 
TtspiExouaa. 

Ei ydp Buvaxov, Ttpoaappo^sxw xal f] AB' al dpa A A, 
AB psaai. siai Buvdpsi povov auppsxpoi prjxov itspisxouaai 
x6 UTto xov AA, AB. xal exei, 6 uxEpExci xd dxo xAv AA, 
AB xou 6l<; 0 x 6 xAv AA, AB, xouxw OxEpsxci xal xd dxo 
xAv AT, TB xou 6li; 0 x 6 xAv AT, TB' xA ydp auxA [xdXiv] 
Oxspsxouai xA dx6 xfjc; AB- svaXXd^ dpa, A Oxspsxei td 
dx6 xAv AA, AB xAv dx6 xAv AT, TB, xoOxw Oxspsxei 
xal x6 6l<; 0 x 6 xAv AA, AB xou Bk 0 x 6 xAv AT, TB. x6 
Be Blc 0 x 6 xAv AA, AB xou Bk 0 x 6 xAv AT, TB OxEpEyei 
pr)xA' pr]xd ydp dpepoxspa. xal xd dx6 xAv AA, AB dpa 
xAv dx6 xAv AT, TB [xsxpayAvcov] OxspsyEi pr]xA' oxsp 
saxlv dBuvaxov psaa ydp saxiv dpepoxspa, psaov Be psaou 
oux OxEpsyEi pr]xA. 

Tf) dpa psarji; dxoxopfj xpAxrj pia povov xpoaappo^si 
EudEla psar) Buvdpsi povov auppExpoq ouaa xfj oXr), psxd 
Be x'fji; oXr)<; pr)x6v xspisxouaa- oxsp eBei Bskai. 


Proposition 80 

Only one medial straight-line, which is commensu¬ 
rable in square only with the whole, and contains a ra¬ 
tional (area) with the whole, can he attached to a first 
apotome of a medial (straight-line). 1 

A B CD 

I-1-1—I 

For let AB be a first apotome of a medial (straight- 
line), and let BC be (so) attached to AB. Thus, AC 
and CB are medial (straight-lines which are) commen¬ 
surable in square only, containing a rational (area)— 
(namely, that contained) by AC and CB [Prop. 10.74]. 
I say that a(nother) medial (straight-line), which is com¬ 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, cannot be attached to 
AB. 

For, if possible, let DB also be (so) attached to 
AB. Thus, AD and DB are medial (straight-lines which 
are) commensurable in square only, containing a ratio¬ 
nal (area)—(namely, that) contained by AD and DB 
[Prop. 10.74]. And since by whatever (area) the (sum of 
the squares) on AD and DB exceeds twice the (rectangle 
contained) by AD and DB, the (sum of the squares) on 
AC and CB also exceeds twice the (rectangle contained) 
by AC and CB by this (same area). For [again] both ex¬ 
ceed hy the same (area)—(namely), the (square) on AB 
[Prop. 2.7]. Thus, alternately, by whatever (area) the 
(sum of the squares) on AD and DB exceeds the (sum 
of the squares) on AC and CB, twice the (rectangle con¬ 
tained) by AD and DB also exceeds twice the (rectangle 
contained) by AC and CBhy this (same area). And twice 
the (rectangle contained) by AD and DB exceeds twice 
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the (rectangle contained) by AC and CB hy a rational 
(area). For both (are) rational (areas). Thus, the (sum 
of the squares) on AD and DB also exceeds the (sum 
of the) [squares] on AC and CB by a rational (area). 
The very thing is impossible. For both are medial (areas) 
[Props. 10.15, 10.23 corn], and a medial (area) can¬ 
not exceed a(nother) medial (area) by a rational (area) 
[Prop. 10.26]. 

Thus, only one medial (straight-line), which is com¬ 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, can be attached to a first 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivaient to Prop. 10.43, with minus signs instead of pius signs. 


Tia'. 

Tf) psar]c; ditoTopfj beuTcpa pia povov itpoaappo^ei 
eudela pear) 5uvdpsi povov auppExpoq xfj oXr), psxd 6e Tfjq 
oXrjc; peaov itepieyouaa. 

A B r A 

I-1-1-1 


E 0 M N 



TiaTW pearjc ditoTopf) beuxepa fj AB xai xfj AB itpo- 
aappo^ouaa f) BT- ai dpa AT, TB psaai sial Buvdpsi. povov 
auppsxpoi peaov KEpiexouaai. x 6 Ono xcov AT, TB- XEyw, 
6 x 1 xr] AB Exspa oO Ttpoaappoasi. EudEla pear) buvdpci. 
povov auppExpoc; ouaa xfj oXr), psxd be xrjq 6 Xr]c; peaov 
TtepiExouaa. 

Ei ydp buvaxov, Ttpoaoeppo^Exw f) BA- xai ai AA, AB 
dpa peaai. eiai buvdpei. povov auppexpoi. peaov xepiexouaai 
x 6 0x6 xov AA, AB. xai exxeia-dw pqxf] f] EZ, xai xolq 
pev dxo xAv AT, TB laov xapd xf]v EZ xapapepXfja'Ow x 6 
EH xXdxoq xoiouv xf]v EM- xA 8 e bli; 0x6 xAv AT, TB laov 
dcprip-rjadw x 6 0H xXdxoc; xoioDv xf]v 0M- Xoixov dpa x 6 EA 
laov eaxl xA dxo xfjq AB- Aaxe f] AB bOvaxai x 6 EA. xdXiv 
b-f) xolq dxo xAv AA, AB laov xapd x-fjv EZ xapapepX'fja'dw 
x 6 El xXdxoq xoiouv xf]v EN- eaxi be xai x 6 EA laov xA dxo 
xfjq AB xexpayAvw- Xoixov dpa x 6 01 laov eaxl xA bk 0x6 
xAv AA, AB. xai exel peaai eialv al AT, TB, peaa dpa eaxl 
xai xd dx 6 xAv AT, TB. xai eaxiv laa xA EH- peaov dpa xai 
x 6 EH. xai xapd pr]xf]v x-fjv EZ xapdxeixai xXdxoc; xoioOv 


Proposition 81 

Only one medial straight-line, which is commensu¬ 
rable in square only with the whole, and contains a me¬ 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). 1 

A B CD 

I-1-1-1 


E H M N 



Let AB be a second apotome of a medial (straight- 
line), with BC (so) attached to AB. Thus, AC and CB 
are medial (straight-lines which are) commensurable in 
square only, containing a medial (area)—(namely, that 
contained) by AC and CB [Prop. 10.75]. I say that 
a(nother) medial straight-line, which is commensurable 
in square only with the whole, and contains a medial 
(area) with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached. Thus, AD 
and DB are also medial (straight-lines which are) com¬ 
mensurable in square only, containing a medial (area)— 
(namely, that contained) by AD and DB [Prop. 10.75]. 
And let the rational (straight-line) EF be laid down. And 
let EC, equal to the (sum of the squares) on AC and 
CB, have been applied to EF, producing EM as breadth. 
And let HG, equal to twice the (rectangle contained) by 
AC and CB, have been subtracted (from EG), produc¬ 
ing HM as breadth. The remainder EL is thus equal 
to the (square) on AB [Prop. 2.7]. Hence, AB is the 
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Tf]v EM- prjxr) apa eaxiv f) EM xal dau^^iexpoi; xfj EZ ^r]xei. 
■n:dXi.v, exsl p,£oov eaxl x6 bno xwv AF, FB, xal x6 5 l<; bno 
xwv AF, FB ^eaov eaxiv. xa[ eaxiv laov xG 0 F[- xal x6 0 FE 
dpa (Jeaov eaxiv. xal xapd prjxrjv xf)v EZ xapdxeixai nXdxoc; 
xoiouv xrjv 0 M- prjxf) dpa eaxl xal rj 0 M xal dau^^iexpoi; 
xfj EZ (ir]xei. xal exel ai AF, FB 5 uvdp,ei p.6vov aup.(iexpo[ 
elaiv, dau^^iexpoi; dpa eaxiv rj AF xfj FB ^ir^xei. Gi; 5 e fj AF 
xpoi; xrjv FB, ouxwc; eaxl x6 duo xfjc; AF xpoc; x6 uxo xGv 
AF, FB- dau[ip,expov dpa eaxl x6 dxo xfjc; AF xG 0 x 6 xGv 
AF, FB. dXXd xG jiev dxo xfjc; AF a 0 p,[iexpd eaxi xd dxo 
xGv AF, FB, xG 6e 0 x 6 xGv AF, FB a 0 p,[iexp 6 v caxi x6 
8l<; 0 x 6 xGv AF, FB- daOp,[iexpa dpa eaxl xd dx6 xGv AF, 
FB xG 61 c; 0 x 6 xGv AF, FB. xal caxi xolc; p,cv dx6 xGv AF, 
FB laov x6 EFI, xG 6c 61 c; 0 x 6 xGv AF, FB laov x6 FI 0 - 
da 0 p,[iexpov dpa eaxl x6 EFI xG 0 F[. Gc; 6e x6 EFI xp6c; x6 
0 FI, ouxwc; eaxiv f) EM xp6(; xfjv 0 M- daO^i^expoc; dpa eaxiv 
f) EM xfj M 0 ^iir]xci. xal claiv dticpoxcpai prjxal- al EM, M 0 
dpa prjxal clai 6uvd[iei (iovov au(ip.cxpoi- dxoxo(if) dpa eaxiv 
f) E 0 , xpoaap^o^ouaa 5 c aOxfj fj 0 M. opolcoc; Of) Ocl^o^ev, 
6x1 xal f) 0 N auxf) xpoaap(i6^ci- xfj dpa dxoxopfj dXXr) xal 
dXXr) xpoaap(i6^ci cO-dcIa 5 uvdp,ci jiovov au[ip,cxpoc; ouaa 
xfj oXt)- oxcp eaxiv d 60 vaxov. 

Tf) dpa p,car)c; dxoxop,fi 5 euxep(x p,la p,6vov xpoaapp.6^ei 
cO-dcTa (icar) 6uvd(ici piovov a 0 p(icxpo<; ouaa xfj oXr), (jcxd 
5 e xfjc; oXrjc; [icaov xcpicxouaa- oxep e6ci 5 el^ai. 


square-root of EL. So, again, let El, equal to the (sum 
of the squares) on AD and DB have been applied to EE, 
producing EN as breadth. And EL is also equal to the 
square on AB. Thus, the remainder HI is equal to twice 
the (rectangle contained) by AD and DB [Prop. 2.7]. 
And since AC and CB are (both) medial (straight-lines), 
the (sum of the squares) on AC and CB is also me¬ 
dial. And it is equal to EG. Thus, EG is also medial 
[Props. 10.15, 10.23 corn]. And it is applied to the ratio¬ 
nal (straight-line) EE, producing EM as breadth. Thus, 
EM is rational, and incommensurable in length with EE 
[Prop. 10.22]. Again, since the (rectangle contained) by 
AC and CB is medial, twice the (rectangle contained) 
by AC and CB is also medial [Prop. 10.23 corn]. And it 
is equal to HG. Thus, HG is also medial. And it is ap¬ 
plied to the rational (straight-line) EE, producing HM 
as breadth. Thus, HM is also rational, and incommen¬ 
surable in length with EE [Prop. 10.22]. And since AC 
and CB are commensurable in square only, AC is thus 
incommensurable in length with CB. And as AC (is) 
to CB, so the (square) on AC is to the (rectangle con¬ 
tained) by AC and CB [Prop. 10.21 corn]. Thus, the 
(square) on AC is incommensurable with the (rectan¬ 
gle contained) by AC and CB [Prop. 10.11]. But, the 
(sum of the squares) on AC and CB is commensurable 
with the (square) on AC, and twice the (rectangle con¬ 
tained) by AC and CB is commensurable with the (rect¬ 
angle contained) by AC and CB [Prop. 10.6]. Thus, 
the (sum of the squares) on AC and CB is incommen¬ 
surable with twice the (rectangle contained) by AC and 
CB [Prop. 10.13]. And EG is equal to the (sum of the 
squares) on AC and CB. And GH is equal to twice the 
(rectangle contained) by AC and CB. Thus, EG is in¬ 
commensurable with HG. And as EG (is) to HG, so EM 
is to HM [Prop. 6.1]. Thus, EM is incommensurable 
in length with MH [Prop. 10.11]. And they are both 
rational (straight-lines). Thus, EM and MH are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. Thus, EH is an apotome [Prop. 10.73], and HM 
(is) attached to it. So, similarly, we can show that HN 
(is) also (commensurable in square only with EN and is) 
attached to (EH). Thus, different straight-lines, which 
are commensurable in square only with the whole, are 
attached to an apotome. The very thing is impossible 
[Prop. 10.79]. 

Thus, only one medial straight-line, which is commen¬ 
surable in square only with the whole, and contains a me¬ 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 
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t This proposition is equivaient to Prop. 10.44, with minus signs instead of pius signs. 


Tf) eXdaaovi (iia [iovov itpoactpjio^ei eMela 8uvd[iei 
daup.[iSTpoc; ouaa xf) oXr) Ttoiouaa (Jexd xfjq okr]Q x6 (lev 
ex xwv an auxwv xexpaytovmv prjxov, x6 6e Sic; bn auxwv 
[ieaov. 

A B r A 

I-1-1-1 

Tilaxa) f) eXdaawv fj AB, xai xfj AB 7tpoao(p(j6^ouao( 
eaxw f] BF' at dpa AF, FB 5uvd(iei elalv dau[ip.expoi 
itoioOaoci x6 [lev auYxe[p.evov ex xwv dx’ otuxmv xexpaytovwv 
prjxov, x6 8e 8l(; ux’ auxwv p.eaov Xcyco, oxi xfj AB excpa 
eMela ou xpoaap(i6aei xd auxd xoioOaa. 

El ydp 8uvax6v, xpoaapp.o^exw f) BA' xai at AA, AB 
dpoc 6uvdp.ei elalv dau[ip.expoi xoioOaai xd xpoeipr)p.eva. xai 
cxel, S Oxepexei xd dxo xov AA, AB xov dxo xwv AF, FB, 
xouxcp Oxepexei xai x6 8l(; 0x6 xwv AA, AB xoO 8l(; 0x6 
xwv AF, FB, xd 8c dx6 xwv AA, AB xexpdywva xwv dx6 
xwv AF, FB xexpaywvtov Oxcpexei pilTW- prjxd ydp eaxiv 
djicpoxepa' xai x6 8l(; 0x6 xwv AA, AB dpa xoO 81c; 0x6 
xwv AF, FB Oxepcxei pTjxw' oxcp eaxiv d86vaxov p.caa 
ydp eaxiv dp.(p6xcpa. 

Tf) dpa cXdaaovi (ila p.6vov xpoaap(i6^ci cO'dcIa 8uvd(iei 
da0p.(iexpo(; ouaa xfj oXr) xai xoiouaa xd p.cv dx’ aOxmv 
xcxpdywva dp.a prjxov, x6 6c 8l(; Ox’ aOxwv p.caov oxep c8ci 
8el^ai. 


Proposition 82 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the (sum of the) squares on them rational, and 
twice the (rectangle contained) by them medial, can be 
attached to a minor (straight-line). 

A B CD 

I-1-1-1 

Let AB be a minor (straight-line), and let BChe (so) 
attached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them rational, and twice the (rectan¬ 
gle contained) by them medial [Prop. 10.76]. 1 say that 
another another straight-line fulfilling the same (condi¬ 
tions) cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also (straight-lines which are) 
incommensurable in square, fulfilling the (other) afore¬ 
mentioned (conditions) [Prop. 10.76]. And since by 
whatever (area) the (sum of the squares) on AD and DB 
exceeds the (sum of the squares) on AC and CB, twice 
the (rectangle contained) by AD and DB also exceeds 
twice the (rectangle contained) by AC and CB by this 
(same area) [Prop. 2.7]. And the (sum of the) squares 
on AD and DB exceeds the (sum of the) squares on AC 
and CB by a rational (area). For both are rational (ar¬ 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impossible. 
For both are medial (areas) [Prop. 10.26]. 

Thus, only one straight-line, which is incommensu¬ 
rable in square with the whole, and (with the whole) 
makes the squares on them (added) together rational, 
and twice the (rectangle contained) by them medial, can 
be attached to a minor (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs. 


Tty'. 

Tf) pexa prjxoO (ieaov x6 oXov xoiouaif pla povov xpo- 
aapp6i(ci eu'dela 8uvdpei dauppexpoc; ouaa xfj oXr), pexd 8e 
xfjq oXrjc; xoiouaa x6 pcv auyxelpevov ex xwv dx’ auxwv 
xexpaywvwv peaov, x6 6c 8l(; ux’ auxwv prjxov. 


Proposition 83 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational, can be at¬ 
tached to that (straight-line) which with a rational (area) 
makes a medial whole. 1 

A B 


A 


B 
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TilaTa) f) ^sxa prjToO pieaov to oXov KoioOaa f) AB, xal 
xfi AB npooapjio^exa) f) BF- ai otpa AF, FB Suvapiei eialv 
daupijisxpoi KoioOaai xd 7i:poxei(ieva- Xeyw, 6xi xfj AB exspa 
oO Tipoaapiioaei. xd auxd xoiouaa. 

Et ydp duvaxov, xpoaappioCexw f) BA- xai ai AA, 
AB dpa eO-delai. Buvdpisi. cialv da6pt(jexpoi. xoLoOaai. xd 
■n:poxei(jeva. exel ouv, S UKepcxsi. xd dxo xAv AA, AB 
xAv dxo xAv AF, FB, xoCxo) UKspexsi. xai x6 5li; 0x6 xAv 
AA, AB xoO 6ic; Oxo xAv AF, FB dxoXou-dwc; xdic, xpo 
aOxoO, x6 5s 6l<; Oxo xAv AA, AB xoO 5l(; Otio xAv AF, FB 
Oxspexei pi^xA- prjxd ydp eaxiv dpicpoxspa- xai xd dxo xAv 
AA, AB dpa xAv dxo xAv AF, FB UTiepexei pi'l'cA' oxep 
eaxiv dSOvaxov (jsaa ydp saxiv d(i(p6xepa. 

OOx dpa xf) AB exepa 7i;poaap(i6asi sMsIa 5uvdpisi 
dau(jpisxpoc; ouaa xfj oXr), pisxd 6e xfjc; oXrjc; xoiouaa xd 
7ipoeipr]pisva- piia dpa piovov xpoaappioaer oxep e5si Bel^ai- 


Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and let BC be (so) at¬ 
tached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, fulfilling the 
(other) proscribed (conditions) [Prop. 10.77]. I say that 
another (straight-line) fulfilling the same (conditions) 
cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also straight-lines (which are) 
incommensurable in square, fulfilling the (other) pre¬ 
scribed (conditions) [Prop. 10.77]. Therefore, analo¬ 
gously to the (propositions) before this, since by what¬ 
ever (area) the (sum of the squares) on AD and DB ex¬ 
ceeds the (sum of the squares) on AC and CB, twice the 
(rectangle contained) by AD and DB also exceeds twice 
the (rectangle contained) hy AC and CB by this (same 
area). And twice the (rectangle contained) by AD and 
DB exceeds twice the (rectangle contained) by AC and 
CB by a rational (area). For they are (both) rational (ar¬ 
eas) . Thus, the (sum of the squares) on AD and DB also 
exceeds the (sum of the squares) on AC and CB by a ra¬ 
tional (area). The very thing is impossible. For both are 
medial (areas) [Prop. 10.26]. 

Thus, another straight-line cannot be attached to AB, 
which is incommensurable in square with the whole, and 
fulfills the (other) aforementioned (conditions) with the 
whole. Thus, only one (such straight-line) can be (so) 
attached. (Which is) the very thing it was required to 
show. 


t This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs. 


Tt8'. 

Tf) psxa peaou peaov x6 oXov itoiouar) pia povr) xpo- 
aappoi^Ei eudela Buvapei dauppexpoc; ouaa xfj oXr), pexd 5e 
xfjc; okrf, Ttoiouaa x6 xs auyxeipevov ex xAv dit’ auxAv 
xexpayAvwv peaov x6 xe Sic; uit’ auxAv peaov xal exi 
dauppexpov xA auyxeipevw ex xAv dx’ auxAv. 

Tlaxw f] pexd peaou peaov x6 oXov Ttoiouaa -f) AB, itpo- 
aappo^ouaa 5e auxfj f] BF- al dpa AF, FB Suvdpei eialv 
dauppexpoi Ttoiouaai xd Ttpoeipqpeva. Xeyw, oxi xfj AB 
exepa ou itpoaappoaei Ttoiouaa Ttpoeiprjpeva. 


Proposition 84 

Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them medial, and, more¬ 
over, incommensurable with the sum of the (squares) on 
them, can be attached to that (straight-line) which with 
a medial (area) makes a medial whole.1 

Let AB be a (straight-line) which with a medial 
(area) makes a medial whole, BC being (so) attached 
to it. Thus, AC and CB are incommensurable in 
square, fulfilling the (other) aforementioned (conditions) 
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill¬ 
ing the aforementioned (conditions) cannot be attached 
to AB. 
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A B r A 

I-^^-1 


E 0 M N 



El yoLp Buvaxov, Tipoaap^o^exo f) BA, waxs xai xa<; 
AA, AB 8uvap,£i daupi(j£xpou<; elvai. xoi.ouaat; xd xe dxo 
xwv AA, AB xexpdycova dp,a [isaov xal x6 Sic; 0x6 xwv 
AA, AB [ieaov xal Ai xd dxo xwv AA, AB dau[ip,£xpa xw 
5l(; 0x6 xwv AA, AB- xal exxelaDw prjxf) rj EZ, xal xoTc; 
[iA dx6 xwv Ar, EB laov xapd xrjv EZ xapa(3epXr]a'd(J x6 
EH xXdxoc; xoiouv xrjv EM, xw 66 Blc; 0x6 xwv AF, FB 
laov xapd xf)v EZ xapapepXr^aDw x6 0H xXdxog xoiouv 
xrjv 0M- Xoix6v dpa x6 dx6 xfjc; AB laov eaxl xw EA- r\ 
dpa AB 50vaxai x6 EA. xdXiv xolc; dx6 xwv AA, AB laov 
xapd xf)v EZ xapa(3epXr]a'dw x6 El xXdxoc; xoiouv xrjv EN. 
eaxi 5e xal x6 dx6 xfjc; AB laov xw EA- Xoix6v dpa x6 5l(; 
0x6 xwv AA, AB laov [eaxl] xw 0L xal exel p,£aov eaxl 
x6 auyxeljievov ex xwv dx6 xwv AF, FB xal eaxiv laov 
xw EH, [ieaov dpa eaxl xal x6 EH. xal xapd prjxrjv xrjv EZ 
xapdxeixai xXdxog xoiouv xfjv EM- prjxrj dpa eaxiv fj EM xal 
dau[i[iexpo<; xfj EZ [irjxei. xdXiv, exel [ieaov eaxl x6 61c; 0x6 
xwv Ar, FB xal eaxiv laov xG 0H, [ieaov dpa xal x6 0H. 
xal xapd prjxi^v xfjv EZ xapdxeixai xXdxoc; xoiouv xfjv 0M- 
prjxcq dpa eaxiv fj 0M xal dau[i[iexpoc; xfj EZ [ifjxei. xal exel 
dau[i[iexpd eaxi xd dx6 xAv AF, FB xA Sic; 0x6 xAv AF, 
FB, dau[i[iexp6v eaxi xal x6 EH xA 0H- dau[i[iexpo(; dpa 
eaxl xal fj EM xfj M0 [ifjxei. xal elaiv d[i(p6xepai prjxar at 
dpa EM, M0 prjxal eiai 6uvd[iei [lovov au[i[iexpoi- dxoxo[ifj 
dpa eaxiv fj E0, xpoaap[i6^ouaa 6e aOxfj fj 0M. 6[iolw(; 6fj 
8el^o[iev, 6xi fj E0 xdXiv dxoxo[ifj eaxiv, xpoaap[i6^ouaa 
86 auxfj -fj 0N. xfj dpa dxoxo[ifj dXXrj xal dXXrj xpoaap[i6^ei 
prjxfj 8uvd[iei [lovov au[i[iexpoc; ouaa xfj oXjrj- oxep eSelxlfrj 
dSuvaxov. oOx dpa xfj AB exepa xpoaap[i6aei eODela. 

Tfj dpa AB [ila [lovov xpoaap[i6^ei eO-dela 8uvd[iei 
dau[i[iexpoc; ouaa xfj oXrj, [lexd 66 xfjc; oXrjc; xoiouaa xd 
xe dx’ auxAv xexpdywva d[ia [ieaov xal x6 61c; Ox’ aOxAv 
[ieaov xal exi xd dx’ aOxAv xexpdywva dau[i[iexpa xA 61c; 
Ox’ aOxAv- oxep eSei Sel^ai. 


A B CD 

I-1-1-1 


E H M N 



For, if possible, let BD be (so) attached. Hence, 
AD and DB are also (straight-lines which are) incom¬ 
mensurable in square, making the squares on AD and 
DB (added) together medial, and twice the (rectangle 
contained) by AD and DB medial, and, moreover, the 
(sum of the squares) on AD and DB incommensurable 
with twice the (rectangle contained) by AD and DB 
[Prop. 10.78]. And let the rational (straight-line) EF be 
laid down. And let EG, equal to the (sum of the squares) 
on AC and CB, have been applied to EF, producing EM 
as breadth. And let HG, equal to twice the (rectangle 
contained) by AC and CB, have been applied to EF, 
producing HM as breadth. Thus, the remaining (square) 
on AB is equal to EL [Prop. 2.7]. Thus, AB is the square- 
root of EL. Again, let El, equal to the (sum of the 
squares) on AD and DB, have been applied to EF, pro¬ 
ducing EN as breadth. And the (square) on AB is also 
equal to EL. Thus, the remaining twice the (rectangle 
contained) by AD and DB [is] equal to HI [Prop. 2.7]. 
And since the sum of the (squares) on AC and CB is me¬ 
dial, and is equal to EG, EG is thus also medial. And 
it is applied to the rational (straight-line) EF, producing 
EM as breadth. EM is thus rational, and incommen¬ 
surable in length with EF [Prop. 10.22]. Again, since 
twice the (rectangle contained) by AC and CB is me¬ 
dial, and is equal to HG, HG is thus also medial. And 
it is applied to the rational (straight-line) EF, produc¬ 
ing HM as breadth. HM is thus rational, and incom¬ 
mensurable in length with EF [Prop. 10.22]. And since 
the (sum of the squares) on AC and CB is incommen¬ 
surable with twice the (rectangle contained) by AC and 
CB, EG is also incommensurable with HG. Thus, EM 
is also incommensurable in length with MH [Props. 6.1, 
10.11]. And they are both rational (straight-lines). Thus, 
EM and MH are rational (straight-lines which are) com¬ 
mensurable in square only. Thus, EH is an apotome 
[Prop. 10.73], with HM attached to it. So, similarly, 
we can show that EH is again an apotome, with HN 
attached to it. Thus, different rational (straight-lines), 
which are commensurable in square only with the whole, 
are attached to an apotome. The very thing was shown 


378 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


(to be) impossible [Prop. 10.79]. Thus, another straight- 
line cannot be (so) attached to AB. 

Thus, only one straight-line, which is incommensu¬ 
rable in square with the whole, and (together) with the 
whole makes the squares on them (added) together me¬ 
dial, and twice the (rectangle contained) by them medial, 
and, moreover, the (sum of the) squares on them incom¬ 
mensurable with the (rectangle contained) by them, can 
be attached to AB. (Which is) the very thing it was re¬ 
quired to show. 


t This proposition is equivaient to Prop. 10.47, with minus signs instead of pius signs. 


''OpOl TptTOl. 

la'. 'T7tox£i(i£vr)<; pr)Tf)(; xal ditoTopfjc;, Eotv p£v rj oXr) Tfji; 
TtpoaappoCoOaqq p£l^ov Buvrjrai xw axo auppExpou £auxf) 
prjxEL, xai f) oXr) auppExpoq fj xfj EXXEipEvrj prjxfj pqxEi, 
xaXEiadto dxoxopr) xpcnxr]. 

lP'. ’Edv bs f] xpoaappo^ouaa auppcxpoi; fj xfj sxxEipsvr) 
prjxfj pf]X£i, xctl f) oXt) xfjc; xpcaappcJ^ouarjc; pEl^ov buvrjxai 
xw dxo auppExpou Eauxfj, xaXEiahco dxoxopr) bEUxspa. 

ly'. ’Edv Se prjbExspa auppExpoq fj xfj EXXEipsvr) prjxfi 
pf]X£i, f) bs oXt) xfjq xpoaappo^ouarjc; pEl^ov buvrjxai xw 
dxo ouppExpou Eauxfj, xaXEiadq) dxoxopr) xpixr). 

lb'. ndXiv, sdv f) oXt) xfjc; xpcaappo^ouarjc; pEl^ov 
buvrjxai xw dxo dauppExpou Eauxfj [pqxEi], sdv psv f) oXr) 
auppExpoq fj xfj EXXEipsvT) prjxfj pf]XEi, xaXEiadw dxoxopr) 
xExdpxT). 

ie'. ’Edv bs q xpoaappo^ouaa, xEpxxr). 
w'. ’Edv bs prjbEXEpa, Exxrj. 


Tie'. 

EupElv xr)v Ttpwxqv dTtoxoprjv. 


Definitions III 

11. Given a rational (straight-line) and an apotome, if 
the square on the whole is greater than the (square on a 
straight-line) attached (to the apotome) by the (square) 
on (some straight-line) commensurable in length with 
(the whole), and the whole is commensurable in length 
with the (previously) laid down rational (straight-line), 
then let the (apotome) be called a first apotome. 

12. And if the attached (straight-line) is commen¬ 
surable in length with the (previously) laid down ra¬ 
tional (straight-line), and the square on the whole is 
greater than (the square on) the attached (straight-line) 
by the (square) on (some straight-line) commensurable 
(in length) with (the whole), then let the (apotome) be 
called a second apotome. 

13. And if neither of (the whole or the attached 
straight-line) is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line), and the square 
on the whole is greater than (the square on) the attached 
(straight-line) by the (square) on (some straight-line) 
commensurable (in length) with (the whole), then let the 
(apotome) be called a third apotome. 

14. Again, if the square on the whole is greater 
than (the square on) the attached (straight-line) by the 
(square) on (some straight-line) incommensurable [in 
length] with (the whole), and the whole is commensu¬ 
rable in length with the (previously) laid down rational 
(straight-line), then let the (apotome) be called a fourth 
apotome. 

15. And if the attached (straight-line is commensu¬ 
rable), a fifth (apotome). 

16. And if neither (the whole nor the attached 
straight-line is commensurable), a sixth (apotome). 

Proposition 85 

To find a first apotome. 
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B r H 

I-^-1 


0h 


E Z A 

I-1-1 


’ExxsLailw prjTi^ f] A, xal A ^r^xei au^i^expot; eaxco 
f) BH- prjxf) apa eaxl xal f) BH. xal exxeia'dwaav 5uo 
xexpaytovoi dpi'd^iol ol AE, EZ, 5v rj uxepoxi^ 6 ZA ^f) 
eaxw xexpdytovoi;' ou5’ dpa 6 EA xpot; xov AZ Xoyov 
6v xexpdytovoc; dpn[)(i6c; xp6<; xexpdywvov dpn[)(i6v. xal xe- 
xoir^a^w (be 6 EA xpoe xov AZ, ouxcoe to dxo xfje BH 
xexpdytovov xpoe x6 dxo xrje HE xexpdycijvov a6p.(iexpov 
dpa eaxl x6 dxo xfje BH xcS dxo xfje HE. prjxov 6e x6 dxo 
xfje BH- prjxov dpa xal x6 dxo xfje HE- prjxr) dpa eaxl xal 
f) HE. xal exel 6 EA xpoe xov AZ Xoyov oux 
xexpdytovoe dpnljioe xpoe xexpdytovov dpnljiov, ou6’ dpa x6 
duo xfje BH xpoe x6 duo xfje HE Xoyov xexpdycovoe 

dpi^jioe iipoe xexpdytovov dpnljiov- da6p.[iexpoe dpa eaxlv 
f) BH XT) HE ^irjxei. xal elaiv dticpoxepai prjxal- ai BH, HE 
dpa prjxal elai 5uvd(iei (iovov au(ip.expoi- fj dpa BE duoxop-rj 
caxiv. Xeyto 5rj, oxi. xal xpcbxrj. 

ydp p-el^ov caxi x6 duo x-rje BH xou dxo xfje HE, 
caxto x6 duo xfje 0. xal exel eaxiv (be 6 EA xpoe xov 
ZA, ouxcoe TO duo x-rje BH xpoe x6 dxo xfje HE, xal dva- 
axpctjiavxi dpa eaxlv (be 6 AE xpoe xov EZ, ouxcoe to dxo 
Tfje HB xpoe TO duo x-rje 0- d 6c AE xpoe xov EZ Xoyov 
cxei, ov xexpdycovoe dpi-dp-oe xpde xcxpdycovov dpnDjiov- 
cxdxcpoe ydp xcxpdycovoe caxiv- xal x6 duo x-rje HB dpa 
xpoe x6 d-xo xfje 0 Xoyov exei, ov xcxpdycovoe dpnDjioe 
xpoe xexpdyorvov dpnDjiov- a6p.(iexpoe dpa eaxlv fj BH xfj 
0 ^fjxei. xal 5uvaxai fj BH xfje HE ^icl^ov x(b dxo xfje 0- 
fj BH dpa xfje HE ^icl^ov 5uvaxai x(5 dxo au^i^expou eauxfj 
^fjxei. xal eaxiv fj oXrj fj BH au^^icxpoe xfj exxei^evjrj prjxfj 
[i-fjxei xfj A. -rj BE dpa dxoxoji-fj eaxi xpcbxrj. 

Euprjxai dpa -rj xpcbxrj dxoxojifj -fj BE- oxcp c6ei eupclv. 


t See footnote to Prop. 10.48. 


TiZ. 

EupcTv xfjv 6cuxcpav dxoxopfjv. 


B C G 

A I- 1 I-^- 1 

E F D 

H I- 1 I-^- 1 

Let the rational (straight-line) A be laid down. And 
let BG he commensurable in length with A. BG is thus 
also a rational (straight-line). And let two square num¬ 
bers DE and EF be laid down, and let their difference 
ED be not square [Prop. 10.28 lem. I]. Thus, ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. And let it have been 
contrived that as ED (is) to DF, so the square on BG 
(is) to the square on GC [Prop. 10.6. corn]. Thus, the 
(square) on BG is commensurable with the (square) on 
GG [Prop. 10.6]. And the (square) on HG (is) ratio¬ 
nal. Thus, the (square) on GG (is) also rational. Thus, 
GG is also rational. And since ED does not have to DF 
the ratio which (some) square number (has) to (some) 
square number, the (square) on BG thus does not have to 
the (square) on GC the ratio which (some) square num¬ 
ber (has) to (some) square number either. Thus, BG is 
incommensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, BG and GC 
are rational (straight-lines which are) commensurable in 
square only. Thus, BG is an apotome [Prop. 10.73]. So, 
I say that (it is) also a first (apotome). 

Let the (square) on H be that (area) by which the 
(square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. And since as ED is to ED, so the 
(square) on BG (is) to the (square) on GC, thus, via con¬ 
version, as DE is to EF, so the (square) on GB (is) to 
the (square) on El [Prop. 5.19 corn]. And DE has to EF 
the ratio which (some) square-number (has) to (some) 
square-number. For each is a square (number). Thus, the 
(square) on GB also has to the (square) on H the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, BG is commensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square on) GC by the (square) 
on (some straight-line) commensurable in length with 
{BG'). And the whole, BG, is commensurable in length 
with the (previously) laid down rational (straight-line) A. 
Thus, BG is a first apotome [Def 10.11]. 

Thus, the first apotome BC has been found. (Which 
is) the very thing it was required to find. 


Proposition 86 

To find a second apotome. 
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’ExxsLailw prjTiQ fj A xal Tfj A aupipiSTpoi; pLr]xei f] HF. 
pr)Ti^ apa eaxiv fj HF. xal sxxsla'dwaav 6uo xsTpdywvoi 
dpiilpiol oi AE, EZ, Sv fj Oxspox^ o AZ (jf] eaxw TSTpdywvoi;. 
xal 7i;e7ioi.r]a'dw Ac; 6 ZA Tipoc; xov AE, outwc; to cxko 
T fjc; FH TSTpdyovov xpoc; to dxo Tfjc; HB Tsxpdywvov. 
au(ipiSTpov dpa eaxl to anb xfjc; FH TExpcxywvov xA anb 
xfjc; HB xexpayAvw. prjxov Be to dxo xfjc; FH. prjxov dpa 
[eaxl] xal x6 axo xrjc; HB- prjxi^ dpa eaxlv fj BH. xal exel x6 
cxxo xfjc; HF xexpdywvov Tipoc; x6 cxxo xfjc; HB Xoyov oOx 
exei, ov xexpdywvoc; dpi-Oiioc; Tipoc; xexpdywvov cxpiilpiov, 
cxaupipiexpoi; eaxiv f) FH xfj HB pLf]xei. xai eiaiv dp.(p6xepai 
pr)xa[- at FH, HB dpa prjxal eiai. 6uvd(iei piovov aupi(jexpoi.- 
f] BF dpa dTioxo(if] eaxiv. Xeyw 6fj, 6xi xal Beuxepa. 


B r H 

A I -1 I -^-1 

E Z A 

@ I-1 I-1-1 

ydp (leT^ov eaxi. x6 diio xfjc; BH xoO duo xfjc; HF, 
eaxw TO duo xfjc; 0. exel ouv eaxiv Ac; x6 duo xfjc; BH 
Tipoc; TO duo xfjc; HF, ouxwc; 6 EA dpi-diioc; Tipoc; xov AZ 
dpiilpiov, dvaaxpec|>avxi. dpa eaxlv Ac; x6 diio xfjc; BH Tipoc; 
x6 duo xfjc; 0, ouxwc; 6 AE xpoc; xov EZ. xai eaxiv exdxepoc; 
xAv AE, EZ xexpdywvoc;- x6 dpa duo xfjc; BH Tipoc; x6 dxo 
xfjc; 0 Xoyov exei, 6v xexpdywvoc; dpi-dpioc; Tipoc; xexpdywvov 
dpiflpiov aupipiexpoc; dpa eaxlv f) BH xfj 0 pif]xei. xal Buvaxai 
f) BH xfjc; HF piel^ov xA dTio xfjc 0- fj BH dpa xfjc; HF 
[iel^ov Buvaxai xA dxo aup.(iexpou eauxfj (if]xei. xai eaxiv f) 
xpoaappio^ouaa fj FH xfj exxeipievrj prjxfj aupipiexpoc; xfj A. 
f] BF dpa dxoxo(jLf] eaxi Beuxexa. 

Eupr]xai dpa Beuxepa dxoxo(if] f] BF- oxep e6ei BeT^ai. 


t See footnote to Prop. 10.49. 

TlC- 

EOpeTv xf)v xpixrjv dxoxopifjv. 


Let the rational (straight-line) A, and GC (which is) 
commensurable in length with A, be laid down. Thus, 
GC is a rational (straight-line). And let the two square 
numbers DE and EF be laid down, and let their differ¬ 
ence DF be not square [Prop. 10.28 lem. I]. And let it 
have been contrived that as ED (is) to DE, so the square 
on CG (is) to the square on GB [Prop. 10.6 corn]. Thus, 
the square on CG is commensurable with the square on 
GB [Prop. 10.6]. And the (square) on CG (is) rational. 
Thus, the (square) on GB [is] also rational. Thus, BG is a 
rational (straight-line). And since the square on GC does 
not have to the (square) on GB the ratio which (some) 
square number (has) to (some) square number, CG is 
incommensurable in length with GB [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, CG and GB 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that it is also a second (apotome). 

B C G 

A I- 1 I-^- 1 

E F D 

H I- 1 I-^- 1 

For let the (square) on El be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG is to the (square) on GC, so the number ED (is) 
to the number DF, thus, also, via conversion, as the 
(square) on BG is to the (square) on H, so DE (is) 
to EF [Prop. 5.19 corn]. And DE and EF are each 
square (numbers). Thus, the (square) on BG has to the 
(square) on El the ratio which (some) square number 
(has) to (some) square number. Thus, BG is commen¬ 
surable in length with H [Prop. 10.9]. And the square on 
BG is greater than (the square on) GC by the (square) 
on El. Thus, the square on BG is greater than (the square 
on) GC by the (square) on (some straight-line) commen¬ 
surable in length with (BG). And the attachment CG 
is commensurable (in length) with the (prevously) laid 
down rational (straight-line) A. Thus, BC is a second 
apotome [Def. 10.12].! 

Thus, the second apotome BC has been found. 
(Which is) the very thing it was required to show. 


Proposition 87 

To find a third apotome. 
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. BA r 

AI-1 I-^-1 


B D C 

A I-1 I-^-1 




Z @ H 

I-^-1 


E ^ 


F H G 

I-^-1 


K'-' 

’ExxsLailw prjTi^ f] A, xai exxeio'dwaav Tpetc dpiilpiol 
oi E, BE, FA Xoyov pir) exovrec; xpog dXXrjXouc;, 6v 
Texpaywvoc; txpi'dp.oc; xpoc; Texpaytovov dpi'dp.ov, 6 6e FB 
xpog xov BA Xoyov exs'cw, 6v xexpdywvoc; dpi'dpioc; xpog 
xexpdywvov dpi'dpiov, xal nexoir^aila) dx; piev 6 E xpoc; xov 
BF, ouxwc; x6 dxo xfjc; A xexpdywvov xpog x6 dxo xfjc; 
ZH xexpdywvov, dx; 8e 6 BF xpot; xov FA, ouxcog x6 dxo 
xfjc; ZH xexpdytovov xpot; x6 dxo xiqc; H0. exel ouv eaxiv 
Ac 6 E xpoc xov BF, oOxwc x6 dxo xfjc A xsxpdywvov 
xpoc x6 dxo xfjc ZH xexpdywvov, aupi(j£xpov dpa eax'i 
x6 dxo xfjc A xexpdywvov xA dxo xfjc ZH xexpayAvw. 
pr)x6v 6e x6 dxo xfjc A xsxpdywvov. prjxov dpa xal x6 dxo 
xfjc ZH- pr)xf) dpa eaxiv f) ZH. xal exel 6 E xpoc xov BF 
Xoyov oux xexpdywvoc dpiilpioc xpoc xexpdywvov 

dpiilpiov, ou6’ dpa x6 duo xfjc A xexpdywvov Tipoc x6 dxo 
xfjc ZH [xexpdywvov] Xoyov xexpdywvoc dpiilpioc 

Tipoc xexpdyovov dpiilpiov da6pi(j£xpoc dpa eaxiv f) A xfj 
ZH pifjxei. TidXiv, eTiei eaxiv Ac 6 BF xpoc xov FA, ouxwc x6 
dTio xfjc ZH xexpdyovov Tipoc x6 duo xfjc H0, au(jpt£xpov 
dpa eaxl x6 duo xfjc ZH xA duo xfjc H0. prjxov 6e x6 duo 
xfjc ZH- pr)x6v dpa xal x6 duo xfjc H0- pr]xf] dpa eaxiv f] H0. 
xal exel 6 BF Tipoc xov FA Xoyov oux sx^'-i xexpdywvoc 
dpi-dpioc Tipoc xexpdywvov dpi-diiov, ou8’ dpa x6 duo xfjc ZH 
Tipoc x6 duo xfjc H0 Xoyov ex^^) xexpdywvoc dpiilpioc 
Tipoc xexpdywvov dpiilpiov- dau(ipi£xpoc dpa eaxiv f] ZH xfj 
H0 (jf]xei. xal eiaiv d(i(p6xepai. prjxal- al ZH, H0 dpa prjxal 
eiai 6uvd(iei piovov aupi(iexpoi.- diioxopif) dpa eaxiv f) Z0. 
Xeyw 6f], 6xi xal xplxr]. 

’Enel ydp eaxiv Ac (iE 6 E xpoc xov BF, ouxwc x6 dxo 
xfjc A xexpdywvov xpoc x6 dxo xfjc ZH, Ac Be 6 BF xpoc 
xov FA, ouxwc x6 dxo xfjc ZH xpoc x6 dxo xfjc 0H, 8i”(aou 
dpa eaxiv Ac 6 E xpoc xov FA, ouxwc x6 dxo xfjc A xpoc 
x6 dxo xfjc 0H. 6 Be E xpoc xov FA Xoyov oux £X^^, ov 
xexpdywvoc dpi-dpioc xpoc xexpdywvov dpnlpiov- ou8’ dpa x6 
dxo xfjc A xpoc x6 dxo xfjc H0 Xoyov xexpdywvoc 

dpnlpioc xpoc xexpdywvov dpi-diiov- dau(ipi£xpoc dpa f] A xfj 
H0 pLf]xei. ouBexepa dpa xAv ZH, H0 aupipiexpoc eaxi xfj 
exxeipievr) prjxfj xfj A pLf]xei. A ouv pieT^ov eaxi x6 dxo xfjc 
ZH xou dxo xfjc H0, eaxw x6 dxo xfjc K. exel ouv eaxiv 
Ac 6 BF xpoc xov FA, ouxwc x6 dxo xfjc ZH xpoc x6 dxo 
xfjc H0, dvaaxpeijravxi dpa eaxiv Ac 6 BF xpoc xov BA, 
ouxwc x6 dxo xfjc ZH xexpdywvov xpoc x6 dxo xfjc K. 6 8e 
BF xpoc xov BA Xoyov £X^^, xexpdyovoc dpi-diioc Tipoc 
xexpdywvov dpnlpiov. xal x6 dxo xfjc ZH dpa xpoc x6 dxo 
xfjc K Xoyov xexpdywvoc dpnSiioc Tipoc xexpdywvov 


K I 

Let the rational (straight-line) A be laid down. And 
let the three numbers, E, BC, and CD, not having to one 
another the ratio which (some) square number (has) to 
(some) square number, be laid down. And let CB have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the square on A (is) to the 
square on EG, and as BC (is) to CD, so the square on 
EG (is) to the (square) on GH [Prop. 10.6 corn]. There¬ 
fore, since as E is to BC, so the square on A (is) to the 
square on EG, the square on A is thus commensurable 
with the square on EG [Prop. 10.6]. And the square on 
A (is) rational. Thus, the (square) on EG (is) also ra¬ 
tional. Thus, EG is a rational (straight-line). And since 
E does not have to BC the ratio which (some) square 
number (has) to (some) square number, the square on A 
thus does not have to the [square] on EG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, A is incommensurable in length with EG 
[Prop. 10.9]. Again, since as BC is to CD, so the square 
on EG is to the (square) on Gff, the square on EG is thus 
commensurable with the (square) on Gff [Prop. 10.6]. 
And the (square) on EG (is) rational. Thus, the (square) 
on GH (is) also rational. Thus, GH is a rational (straight- 
line). And since BC does not have to CD the ratio which 
(some) square number (has) to (some) square number, 
the (square) on EG thus does not have to the (square) 
on GH the ratio which (some) square number (has) to 
(some) square number either. Thus, EG is incommen¬ 
surable in length with GH [Prop. 10.9]. And both are 
rational (straight-lines). EG and GH are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, EH is an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since as E is to BC, so the square on A (is) to the 
(square) on EG, and as BC (is) to CD, so the (square) 
on EG (is) to the (square) on HG, thus, via equality, as 
E is to CD, so the (square) on A (is) to the (square) on 
HG [Prop. 5.22]. And E does not have to CD the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on A does not have to the 
(square) on GH the ratio which (some) square number 
(has) to (some) square number either. A (is) thus incom¬ 
mensurable in length with GH [Prop. 10.9]. Thus, nei¬ 
ther of EG and GH is commensurable in length with the 
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dpiil^ov. au(jpiETp6c; apa eaxiv fj ZH xfj K pirjxsi., xal Buvaxai 
f] ZH Tfj<; H0 pieT^ov tw oltzo aupipiSTpou eauxfj. xal ou6sxspa 
xwv ZH, H0 aupipiexpoc eaxi xfj exxeipievr) prjxfj xfj A pLf]xer 
f] Z0 apa d7ioxo(if] eaxi. xplxr]. 

Eupr]xai dpa f) xplxr] dxoxopif) f) Z0- oxsp s6ei 


t See footnote to Prop. 10.50. 


TIT) . 

EOpetv xf)v xsxdpxr]v d7toxo(if]v. 

, B 

A'-1 I- 


@h 




r H 

H-1 

Z E 

H-1 


’ExxslaTlw pr]xf] f) A xal xfj A pLf]X£i aupipiexpot; f] BH- 
pr)xf) dpa eaxl xal f] BH. xal exxeia'dtoaav 6uo dptdptol ol 
AZ, ZE, Aaxe xov AE oXov 7tp6<; exdxspov xAv AZ, EZ 
Xoyov ptf) xexpaYWvoc dptilpioc xpoc; xsxpdywvov 

dptilpiov. xal TtEKOifja'dw Ac; 6 AE Tipoc; xov EZ, ouxcoc; x6 
dxo xfjc; BH xexpdywvov xpoc; x6 dxo xfjc; HE- au(jpt£xpov 
dpa eaxl x6 dito xfji; BH xA dxo xfjc; HE. pr]x6v Be x6 dxo 
xfjc; BH- pr)x6v dpa xal x6 dxo xfjc; HE- pr]xf) dpa eaxlv f] HE. 
xal eitel 6 AE xpoc; xov EZ Xoyov oOx sxst, ov xexpdywvoc; 
dpt-dpioc; xpoc; xexpdyovov dptilpiov, o08’ dpa x6 dxo xfjc; BH 
xpoc; x6 dxo xfjc; HE Xoyov xexpdycovoc; dpiiiljioc; 

xpoc; xexpdywvov dptilpiov- da6pi(iexpoc; dpa eaxlv f] BH xfj 
HE (if]xei. xai eiatv dpicpoxepai pr]xai- ai BH, HE dpa prjxal 
eiai 6uvd(iei (lovov a6pi(jexpoi.- dxoxopif) dpa eaxlv -f) BE. 
[Xeyw 5fj, oxi. xal xexdpxr].] 

’'Hi. ouv (leT^ov eaxi. x6 dxo xfjc; BH xoO dxo xfjc; HE, 
eaxw x6 dxo xfjc; 0. exel ouv eaxtv Ac; 6 AE xpoc; xov 
EZ, ouxwc; x6 dxo xfj? BH xpoc; x6 dxo xfjc; HE, xal dva- 
axp£c|>avxi. dpa eaxlv Ac; 6 EA xpoc; xov AZ, ouxcoc x6 
dxo xfjc; HB xpoc; x6 dxo xfjc; 0. 6 Be EA xpoc; xov AZ 
Xoyov oux xexpdywvoc; dptilpioc; xpoc; xexpdywvov 


(previously) laid down rational (straight-line) A. There¬ 
fore, let the (square) on K be that (area) by which the 
(square) on FG is greater than the (square) on GH 
[Prop. 10.13 lent.]. Therefore, since as BG is to CD, so 
the (square) on FG (is) to the (square) on Gff, thus, via 
conversion, as BC is to BD, so the square on FG (is) to 
the square on K [Prop. 5.19 corr.]. And BC has to BD 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on K the ratio which (some) square number 
(has) to (some) square number. FG is thus commen¬ 
surable in length with K [Prop. 10.9]. And the square 
on FG is (thus) greater than (the square on) GF[ by 
the (square) on (some straight-line) commensurable (in 
length) with (FG). And neither of FG and GH is com¬ 
mensurable in length with the (previously) laid down ra¬ 
tional (straight-line) A. Thus, FH is a third apotome 
[Def. 10.13]. 

Thus, the third apotome FH has been found. (Which 
is) very thing it was required to show. 


Proposition 88 

To find a fourth apotome. 

B C G 

A I-1 I-^-1 


Let the rational (straight-line) A, and BG (which is) 
commensurable in length with A, be laid down. Thus, 
BG is also a rational (straight-line). And let the two 
numbers DF and FE be laid down such that the whole, 
DE, does not have to each of DF and EF the ratio 
which (some) square number (has) to (some) square 
number. And let it have been contrived that as DE (is) to 
EF, so the square on HG (is) to the (square) on GC 
[Prop. 10.6 corn]. The (square) on BG is thus com¬ 
mensurable with the (square) on GC [Prop. 10.6]. And 
the (square) on BG (is) rational. Thus, the (square) on 
GC (is) also rational. Thus, GC (is) a rational (straight- 
line) . And since DE does not have to EF the ratio which 
(some) square number (has) to (some) square number, 
the (square) on BG thus does not have to the (square) 
on GC the ratio which (some) square number (has) to 
(some) square number either. Thus, BG is incommensu¬ 
rable in length with GC [Prop. 10.9]. And they are both 
rational (straight-lines). Thus, BG and GC are rational 
(straight-lines which are) commensurable in square only. 
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it 


383 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


dpiil^ov o06’ apa to anb Tfjc HB Tipoc; to duo Tfjc; 0 Xoyov 
eX^i; ov TSTpaycovoc; dpi'd(jL6c; upoc; TSTpaytovov dpiilpiov 
daupipiSTpoi; dpa eotIv fj BH Tfj 0 pLr]X£i. xal SuvaTai f) 
BH Tfjc Hr ptel^ov TO dxo Tfjc 0- f] dpa BH Tfjc HF ptel^ov 
BuvaTai to dxo daupi(i£Tpou EauTfj. xal eotiv okx] f] BH 
aupipiETpoc Tfj £XX£Lpi£vr) pr]Tfj pLf]X£i Tfj A. f] dpa BF dxo- 

Topifj EOTl. TETdpTT). 

Eupr]Tai dpa f) TETapTr) dxoTO(if]' oxEp eBei. SEl^ai- 


t See footnote to Prop. 10.51. 




EOpEVV Tf)V 7t£pt7tTr]V dxOTO(lf]V. 




B 

h- 

A 


r H 

H-1 

Z E 

-^- 1 


’ExxslaDo prjTfi f] A, xal Tfj A pLf]X£i aupiptSTpoc eoto f) 
FH- prjTf) dpa [eotIv] f) FH. xal EXXEiaDoaav 5uo dpiDpiol oi 
AZ, ZE, oaTE Tov AE xpoc sxaTEpov tov AZ, ZE Xoyov 
xdXiv pif) EX^iv, 6v TETpdyovoc dpiiiljioc xpoc TETpdyovov 
dpnljiov xal 7t£7toi.f]a'do oc 6 ZE xpoc tov EA, outoc to 
dxo Tfjc FH Ttpoc TO dxo Tfjc HB. prjTov dpa xal to duo Tfjc 
HB- prjTf) dpa eotI xal fj BH. xal exei eotiv oc 6 AE xpoc 
TOV EZ, OUTOC TO dxo Tfjc BH xpoc to dxo Tfjc HF, 6 5e 
AE xpoc TOV EZ Xoyov oux sxei, ov TETpdyovoc dpifljioc 
xpoc TETpdyovov dpn[)(i6v, ou6’ dpa to dxo Tfjc BH xpoc 
TO dxo Tfjc HF Xoyov sx^i) ov TETpdyovoc dpnliioc xpoc 
TETpdyovov dpt-dptov da6pt(J£Tpoc dpa eotIv f) BH Tfj HF 
pifjxEi.. xal Etatv dpicpoTEpai prjTal- ai BH, HF dpa prjTal Elat 
BuvdpiEi. [LOMOV au(jpi£Tpor f] BF dpa dxoTO(if] soTtv. Xsyo 
8fj, oTi xal xEpLXTr). 

ydp p.£Z6v EOTi TO dxo Tfjc BH tou dxo Tfjc HF, 
EOTO TO dxo Tfjc 0. exeI ouv EOTiv OC TO dxo Tf]C BH xpoc 
TO dxo Tfjc Hr, OUTOC 6 AE xpoc tov EZ, dvaaTp£t|>avTi. 
dpa eotIv oc 6 EA xpoc tov AZ, outoc to dxo Tfjc BH xpoc 
TO dxo Tfjc 0, 6 Be EA xpoc tov AZ Xoyov oux sx^i; ov 


is) also a fourth (apotome).] 

Now, let the (square) on H be that (area) by which 
the (square) on HG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as DE is to EF, 
so the (square) on HG (is) to the (square) on GC, thus, 
also, via conversion, as ED is to DF, so the (square) on 
GB (is) to the (square) on H [Prop. 5.19 corn]. And ED 
does not have to DF the ratio which (some) square num¬ 
ber (has) to (some) square number. Thus, the (square) on 
GB does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, HG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square) on GC by the (square) on 
(some straight-line) incommensurable (in length) with 
{BG). And the whole, BG, is commensurable in length 
with the the (previously) laid down rational (straight- 
line) A. Thus, BG is a fourth apotome [Def. 10.14].^ 
Thus, a fourth apotome has been found. (Which is) 
the very thing it was required to show. 


Proposition 89 

To find a fifth apotome. 

B C G 

A I-' I-^-1 

D F E 

H I-1 I-^-1 

Let the rational (straight-line) A be laid down, and let 
GG be commensurable in length with A. Thus, CG [is] 
a rational (straight-line). And let the two numbers DF 
and EE be laid down such that DE again does not have 
to each of DF and EE the ratio which (some) square 
number (has) to (some) square number. And let it have 
been contrived that as FE (is) to ED, so the (square) on 
GG (is) to the (square) on GB. Thus, the (square) on GB 
(is) also rational [Prop. 10.6]. Thus, BG is also rational. 
And since as DE is to EF, so the (square) on BG (is) to 
the (square) on GG. And DE does not have to EF the ra¬ 
tio which (some) square number (has) to (some) square 
number. The (square) on BG thus does not have to the 
(square) on GG the ratio which (some) square number 
(has) to (some) square number either. Thus, BG is in¬ 
commensurable in length with GG [Prop. 10.9]. And 
they are both rational (straight-lines). BG and GG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, BG is an apotome [Prop. 10.73]. 
So, I say that (it is) also a fifth (apotome). 
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TExpaYCOvot; dpiilpioc Kpoc xExpdywvov dpiilpiov ou6’ dpa x6 
d-KO xf)<; BH Tipoc; x6 anb xfjc; 0 Xoyov xsxpdywvoc; 

dpiilpioc npbz xExpdywvov dpi'd(jL6v dau(jpiExpoc; dpa saxlv f) 
BH xfj 0 pirjxEL. xai Buvaxai fj BH xfji; HF pisT^ov xw dxo 
xfjc; 0- f) HB dpa xfjc; HF pieT^ov Buvaxai xw dxo dau(ipi£xpou 
sauxfj pLfjxEL. xa[ saxiv f) TipoaapptoCouaa f) FH aupipiExpoi; 
xfj EXXEipLEvr) pr]xfj xfj A ptfjxEL- f] dpa BF dKoxopif) saxi 
71£(i7ixr). 

Eupr]xai dpa f) xEiixxri d-n:oxo(jf) f] BF- oxEp eBei BEl^ai.. 


t See footnote to Prop. 10.52. 


h • 

EOpEw xf)v £xxr)v dxoxopifjv. 

’Exxsta-dw prjxf) f) A xal xpEl(; dpi-dpioi oi E, BF, FA 
Xoyov [if] ExovxEc; xpoc; dXX-f]Xouc;, 6v xExpdywvoc; dpiffjioc; 
Ttpoc; xExpdywvov dpt-dpiov Ext Be xal 6 FB Tipoc; xov BA 
Xoyov (if) exexA, 6v xExpdywvoc; dptiltioc; itpoc; xExpdywvov 
dpt-dpiov xai TtETtoifja'dw (be; (isv 6 E Ttpoc; xov BF, ouxwc; 
x6 dTto xfjc; A Ttpoc; x6 dito xfjc; ZH, (be; 5 e 6 BF Ttpoc; xov 
FA, ouTO^z TO dito xfjc; ZH Ttpoi; x6 dTto xfjc; H0. 


B AT 

A I-1 I-^-1 




Z @ H 

I-^-1 


K'-' 

’EitEi ouv Eoxiv Ac; 6 E Ttpoc; xov BF, ouxwc; x6 dito xfjc; 
A Ttpoc; x6 dito xfjc; ZH, au(i(i£xpov dpa x6 dito xfjc; A xA 
dTto xfjc; ZH. prjxov 5 e x 6 dito xfjc; A- p-r)x6v dpa xal x6 dito 
xfjc; ZH- prjxf) dpa saxl xal -f) ZH. xal sitEl 6 E Ttpoc; xov BF 
Xoyov oOx exei, 6v xExpdytovoc; dpiiL)(i6c; Ttpoc; xExpdytovov 
dpif)(i6v, ou5’ dpa x6 dTto xfjc; A Ttpoc; x6 dito xfjc; ZH Xoyov 
EXei, ov xExpdyoivoc; dpi-dpioc; Ttpoc; xExpdytovov dpn[)(i6v- 
dau(i(iExpoc; dpa saxiv fj A xfj ZH (if]X£i. itdXiv, sitEi saxiv Ac; 
6 BF Ttpoc; xov FA, ouxtoc; x6 dito xfjc; ZH Ttpoc; x6 dTto xfjc; 
H0, au(i(i£xpov dpa x6 dito xfjc; ZH xA dTto xfjc; H0. prjxov 


For, let the (square) on H be that (area) by which 
the (square) on HG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG (is) to the (square) on GC, so DE (is) to EF, thus, 
via conversion, as ED is to DF, so the (square) on HG 
(is) to the (square) on H [Prop. 5.19 corn]. And ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. Thus, the (square) on 
BG does not have to the (square) on E[ the ratio which 
(some) square number (has) to (some) square number 
either. Thus, HG is incommensurable in length with El 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on El. Thus, the square on 
GB is greater than (the square on) GC by the (square) 
on (some straight-line) incommensurable in length with 
(GH). And the attachment GG is commensurable in 
length with the (previously) laid down rational (straight- 
line) A. Thus, BG is a fifth apotome [Def. 10.15].t 

Thus, the fifth apotome BG has been found. (Which 
is) the very thing it was required to show. 


Proposition 90 

To find a sixth apotome. 

Let the rational (straight-line) A, and the three num¬ 
bers E, BG, and CD, not having to one another the ra¬ 
tio which (some) square number (has) to (some) square 
number, be laid down. Furthermore, let CB also not have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BG, so the (square) on A (is) to the 
(square) on EG, and as BG (is) to CD, so the (square) 
on EG (is) to the (square) on GH [Prop. 10.6 corn]. 

B DC 

A I-1 I-^-1 


E ^ 


F 

h 


H 

-I- 


G 

H 


K I-1 

Therefore, since as E is to BG, so the (square) on A 
(is) to the (square) on EG, the (square) on A (is) thus 
commensurable with the (square) on EG [Prop. 10.6]. 
And the (square) on A (is) rational. Thus, the (square) 
on EG (is) also rational. Thus, EG is also a rational 
(straight-line). And since E does not have to BG the ra¬ 
tio which (some) square number (has) to (some) square 
number, the (square) on A thus does not have to the 
(square) on EG the ratio which (some) square number 
(has) to (some) square number either. Thus, A is in- 
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5s TO duo Tfjc; ZH- prjTov dpa xal to duo Tfjc; H0- prjTr) dpa 
xal f) H0. xal SKSi 6 BF Tipoc; tov FA Xoyov oOx sxei, ov 
TETpaycovoc dpiilpioc npoq TSTpdywvov dpiilpiov, ou6’ dpa to 
dTO Tfjc; ZH npoQ to duo Tfjc; H0 Xoyov exei, 6v TSTpdywvoc; 
dpiilpioc; Tipoc; TSTpdywvov dpiilpiov dau(ipiETpoc; dpa soTiv 
f] ZFE Tfj H0 pLf]XEi. xai siaiv dptcpoTspai prjTal- at ZH, H0 
dpa pr]Tai slai. 5uvdpisi. piovov au(iptETpor f) dpa Z0 dxoTopif) 
saTLv. Xsyw 6f], oti. xal extt). 

’EkeI ydp EOTiv Ac; (isv 6 E Tipoc; tov BF, outwc; to diio 
Tfjc; A Tipoc; TO duo Tfjc; ZH, Ac; 5£ 6 BF Tipoi; tov FA, outwc; 
TO duo Tfjc; ZH Tipoc; to duo Tfjc; H0, Si’ laou dpa eotIv Ac; 6 
E Tipoc; TOV FA, outoc; to duo Tfjc; A Tipoc; to duo Tfj? H0. 6 
Be E Tipoc; TOV FA Xoyov oOx ex^Ij TSTpdywvoc; dpiilpioc; 
Tipoc; TETpdywvov dpii[)[i6v ou5’ dpa to dTio Tfjc; A Tipoc; 
TO dTio Tfjc; H0 Xoyov sxei, ov TSTpdywvoc; dpiiiljioc; Tipoc; 
TETpdywvov dpiDpiov daujipiETpoc; dpa eotIv f) A Tfj H0 
[if]XEi' ouSsTspa dpa tAv ZH, H0 au(ipi£Tp6c; eoti Tfj A prjTfj 
pifjxEi.. A ouv pisl^ov EOTi TO duo Tfjc; ZH toO duo Tfjc; H0, 
EOTW TO dTio Tfjc; K. etieI ouv EOTIV Ac; 6 BF Tipoc; tov FA, 
ouTWc; TO duo Tfjc; ZH Tipoc; to duo Tfjc; H0, dvaaTp£c|>avTi. 
dpa eotIv Ac; 6 FB Tipoc; tov BA, outwc; to dTio Tfjc; ZH Tipoc; 
TO duo Tfjc; K. 6 Be FB Tipoc; tov BA Xoyov oOx Exsi’, ov 
TETpdywvoc; dpiilpioc; Tipoc; TETpdywvov dpiilpiov ouB’ dpa to 
duo Tfjc; ZH Tipoc; to duo Tfjc; K Xoyov EX^i, ov TETpdywvoc; 
dpiiiljioc; Tipoc; TETpdycovov dpiDpiov dau(jpi£Tpoc; dpa eotIv f) 
ZH Tfj K pLijxEi. xal BuvaTai f) ZH Tfj? H0 pisT^ov tA duo 
Tfjc; K- f] ZH dpa Tfjc; H0 pisT^ov BuvaTai tA duo dau(ipi£Tpou 
sauTfj pirjxEi. xal ouBsTspa tAv ZH, H0 aupipiSTpoi; eoti Tfj 
EXXElpLEVT) prjTfj pLijxEl Tfj A. f] dpa Z0 dTIOTOpLlj EOTIV EXTT]. 

Eupr]Tai dpa f) extt] duoTopif) f) Z0- ousp eBei BsT^ai. 


commensurable in length with FG [Prop. 10.9]. Again, 
since as BC is to CD, so the (square) on FG (is) to the 
(square) on Gff, the (square) on FG (is) thus commen¬ 
surable with the (square) on GH [Prop. 10.6]. And the 
(square) on FG (is) rational. Thus, the (square) on GH 
(is) also rational. Thus, Gff (is) also rational. And since 
BC does not have to CD the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG thus does not have to the (square) on Gff the ra¬ 
tio which (some) square (number) has to (some) square 
(number) either. Thus, FG is incommensurable in length 
with Gff [Prop. 10.9]. And both are rational (straight¬ 
lines). Thus, FG and Gff are rational (straight-lines 
which are) commensurable in square only. Thus, Fff is 
an apotome [Prop. 10.73]. So, I say that (it is) also a 
sixth (apotome). 

For since as E is to BC, so the (square) on A (is) 
to the (square) on FG, and as BC (is) to CD, so the 
(square) on FG (is) to the (square) on Gff, thus, via 
equality, as E is to CD, so the (square) on A (is) to 
the (square) on Gff [Prop. 5.22]. And E does not have 
to CD the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on A does not 
have to the (square) Gff the ratio which (some) square 
number (has) to (some) square number either. A is thus 
incommensurable in length with Gff [Prop. 10.9]. Thus, 
neither of FG and Gff is commensurable in length with 
the rational (straight-line) A. Therefore, let the (square) 
on K be that (area) by which the (square) on FG is 
greater than the (square) on Gff [Prop. 10.13 lem.]. 
Therefore, since as BC is to CD, so the (square) on FG 
(is) to the (square) on Gff, thus, via conversion, as CB is 
to BD, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corn]. And CB does not have to BD the ra¬ 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on FG does not have to the 
(square) on K the ratio which (some) square number 
(has) to (some) square number either. FG is thus in¬ 
commensurable in length with K [Prop. 10.9]. And the 
square on FG is greater than (the square on) Gff by the 
(square) on K. Thus, the square on FG is greater than 
(the square on) Gff by the (square) on (some straight- 
line) incommensurable in length with (FG). And neither 
of FG and Gff is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) A. Thus, Fff 
is a sixth apotome [Def. 10.16]. 

Thus, the sixth apotome Fff has been found. (Which 
is) the very thing it was required to show. 


t See footnote to Prop. 10.53. 


386 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


ha. 


Proposition 91 


’Eav )(wp[ov TispisxriTai. bno priTfjc xal dKOToptfjc TipwTrjc, 
f) TO x^Jpiov 6uva(i£vr) (XTopopir) eaxiv. 

nspisxso'dto ydp x<Jpiov to AB Otio prjTfji; Tf)<; AT xal 
dii0TO(jLfjc; 7i;pwTr]c; Tfjc AA- Xeyw, oti f] to AB x^plov 6u- 
va(j£vr) d-n:oTO(ir] eotiv. 

A A E Z H 


r B ©IK 


’Ekei y“P d7ioTO(ir] eoti. xpwTr] f) AA, eotw auTfj Tipo- 
aapjio^ouaa r\ AH' ai AH, HA dpa prjTai Eiai BuvdpiEi. ptovov 
aupipiETpoi. xal oXrj f] AH aupipiETpo^ eoti Tfj EXXEipiEvr) pr]Tfj 
Tfj Ar, xal f) AH Tfjc; HA piEKov SuvaTai tA dxo aupipiETpou 
EauTfj (jLr]X£r £dv dpa tA TETapTcp piEpEi toD dxo Tfjc AH 
laov xapd ttjv AH napapXrj'df) eXXeItov eISei TETpayAvcp, 
EiC aupijiETpa auTrjv 6iai.p£T. TETpifjo'dw f] AH 6ixa xaTd to 
E, xal tA duo Tfjc; EH laov xapd ttjv AH 'n:apa(3£pXf]a'd(J 
eXXeTkov eIBei. TETpayAvw, xal saTW to utio tAv AZ, ZH' 
aup-jiETpoc; dpa eotIv f) AZ Tfj ZH. xal 5id tAv E, Z, H 
arjpLEiwv Tfj AT TiapdXXrjXoi fjxilwaav at E0, ZI, HK. 

Kal ekeI auptpLETpoc eotiv f) AZ Tfj ZH pLf]X£i, xal f] AH 
dpa ExaTspa tAv AZ, ZH a0pt(JETp6<; eoti. pifjxsi.. dXXd f) 
AH a6pt(J£Tp6<; eoti. Tfj AT' xal sxaTspa dpa tAv AZ, ZH 
aUpipiETpOC EQTL Tfj AT pLf]X£l. Xai EOTI prjTf) f] AT' pr]Tf] 
dpa xal ExaTspa tAv AZ, ZH' Aote xal sxdTEpov tAv AI, 
ZK prjTov EOTIV. xal etieI oupipiETpoc eotiv f] AE Tfj EH 
pifjxEL, xal f) AH dpa sxaTspcx tAv AE, EH oupipiETpoc eoti 
pifjxEL. prjTfi Be f) AH xal doupiptsTpoc Tfj AT pirjxEi- prjTf) 
dpa xal ExaTspa tAv AE, EH xal doupipiETpoc Tfj AE pif]X£i' 
ExaTEpov dpa tAv A0, EK pisoov eotiv. 

KeioDw Bf) tA (iEv AI loov TETpdywvov to AM, tA Be 
ZK loov TETpdycovov d(pr)pf]oDw xoivfjv ycoviav exov auTA 
TTJV UTO AOM TO NS' TEpl TTJV auTrjv dpa BidpiETpov eoti Ta 
AM, NS TETpdywva. eotco auTAv Bid(iETpo(; fj OP, xal xa- 
TayEypdcpDco to oxfjlioc. eteI ouv loov eotI to uto tAv AZ, 
ZH TEpiExopiEvov opDoyAviov tA duo Tfjc EH TETpayAvcp, 
EOTIV dpa Ac f) AZ xpoc ttjv EH, outwc f] EH Tipoc Tf)v ZH. 
dXX’ Ac pi£v f) AZ xpoc Tf)v EH, outwc to AI Tipoc to EK, 
Ac Be f) EH Tipoc Tf]v ZH, outwc eotI to EK Tipoc to KZ- 
tAv dpa AI, KZ ptsoov dvdXoyov eoti to EK. eoti. Be xal 
tAv am, ns piEoov dvdXoyov to MN, Ac ev toTc spiTipo- 
oiIev EBEixilr], xai eoti to [pisv] AI tA AM TETpayAvw loov, 
TO Be KZ tA NS' xal to MN dpa tA EK loov eotiv. dXXd 
TO piEv EK tA A0 eotiv loov, to Be MN tA AS' to dpa 



If an area is contained by a rational (straight-line) and 
a first apotome then the square-root of the area is an apo- 
tome. 


For let the area AB have been contained by the ratio¬ 
nal (straight-line) AC and the first apotome AD. I say 
that the square-root of area AB is an apotome. 



For since AD is a first apotome, let DC he its at¬ 
tachment. Thus, AG and DG are rational (straight-lines 
which are) commensurable in square only [Prop. 10.73]. 
And the whole, AG, is commensurable (in length) with 
the (previously) laid down rational (straight-line) AC, 
and the square on AG is greater than (the square on) 
GD hy the (square) on (some straight-line) commensu¬ 
rable in length with (AG) [Def. 10.11]. Thus, if (an area) 
equal to the fourth part of the (square) on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Let DG have been cut in half at E. And 
let (an area) equal to the (square) on EG have been ap¬ 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and EG. AE is thus 
commensurable (in length) with EG. And let EE[, El, 
and GK have been drawn through points E, E, and G 
(respectively), parallel to AG. 

And since AF is commensurable in length with EG, 
AG is thus also commensurable in length with each of 
AF and EG [Prop. 10.15]. But AG is commensurable 
(in length) with AG. Thus, each of AF and EG is also 
commensurable in length with AG [Prop. 10.12]. And 
AG is a rational (straight-line). Thus, AF and EG (are) 
each also rational (straight-lines). Hence, AI and EK 
are also each rational (areas) [Prop. 10.19]. And since 
DE is commensurable in length with EG, DG is thus 
also commensurable in length with each of DE and EG 
[Prop. 10.15]. And DG (is) rational, and incommen¬ 
surable in length with AG. DE and EG (are) thus 
each rational, and incommensurable in length with AG 
[Prop. 10.13]. Thus, DH and EK are each medial (ar¬ 
eas) [Prop. 10.21]. 

So let the square LM, equal to AI, be laid down. 
And let the square NO, equal to EK, have been sub- 
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AK Xaov eoTi xw T<I)X yvco^ovi xal xw NS. eaxi 5e xal x6 
AK laov xoic, AM, NS xexpaytovoK;' Xoixov apa x6 AB laov 
eaxl xw ET. x6 Be ST x6 axo xfji; AN eaxi. xexpaywvov x6 
apa duo xfjc; AN xexpdycovov laov eaxi xG AB' f\ AN dpa 
Buvaxai x6 AB. Xeyto 5r], oxi. f) AN duoxopir] eaxiv. 

’Exel ydp prjxov eaxiv exdxepov xwv AI, ZK, xai eaxiv 
laov xdic; AM, NS, xal exdxepov dpa xwv AM, NS prjxov 
eaxLv, xouxeaxi. x6 dxo exaxcpac; xwv AO, ON- xal exaxepa 
dpa xAv AO, ON prjx'r] eaxiv. xdXiv, exel pieaov eaxi x6 AO 
xai eaxiv laov xw AS, pieaov dpa eaxi xal x6 AS. exel ouv x6 
[iev AS pieaov eaxiv, x6 Be NS prjxov, daujipiexpov dpa eaxi 
x6 AS xw NS- Ac Be x6 AS xpoc x6 NS, ouxwc eaxiv fj AO 
Tipoc xr)v ON- daOpipiexpoc dpa eaxiv fj AO xfj ON pir]xei. 
xai eiaiv d(i(p6xepai pr]xai' ai AO, ON dpa prjxai eiai Buvdpiei 
piovov au(jpicxpor dKoxopir) dpa eaxiv f) AN. xal BOvaxai x6 
AB )((jpiov f\ dpa x6 AB )((jpiov Buva(jevr) diioxo(ir] eaxiv. 

’Edv dpa xwpiov TiepicxTixai 0x6 prjxfjc; xal xd e^l^C- 




’Edv x^piov iiepiexT)xai uxo prjxfjc; xal dxoxo(ifjc Beuxepac, 
f) x6 x^piov Buva(ievr) piearjc; dxoxo(ir] eaxi xpAxr]. 



tracted (from LM), having with it the common angle 
LPM. Thus, the squares LM and NO are about the 
same diagonal [Prop. 6.26]. Let PR be their (com¬ 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since the rectangle contained by AF 
and FG is equal to the square EG, thus as AF is to 
EG, so EG (is) to EG [Prop. 6.17]. But, as AF (is) 
to EG, so AI (is) to EK, and as EG (is) to FG, so 
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro¬ 
portional to AI and KF [Prop. 5.11]. And MN is also 
the mean proportional to LM and NO, as shown before 
[Prop. 10.53 lem.]. And AI is equal to the square LM, 
and KF to NO. Thus, MN is also equal to EK. But, EK 
is equal to DH, and MN to LO [Prop. 1.43]. Thus, DK 
is equal to the gnomon UVW and NO. And AK is also 
equal to (the sum of) the squares LM and NO. Thus, the 
remainder AB is equal to ST. And ST is the square on 
LN. Thus, the square on LN is equal to AB. Thus, LN is 
the square-root of AB. So, I say that LN is an apotome. 

For since AI and FK are each rational (areas), and 
are equal to LM and NO (respectively), thus LM and 
NO —that is to say, the (squares) on each of LP and PN 
(respectively)—are also each rational (areas). Thus, LP 
and PN are also each rational (straight-lines). Again, 
since DH is a medial (area), and is equal to LO, LO 
is thus also a medial (area). Therefore, since LO is 
medial, and NO rational, LO is thus incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. LP is thus incommensurable in length with 
PN [Prop. 10.11]. And they are both rational (straight¬ 
lines). Thus, LP and PN are rational (straight-lines 
which are) commensurable in square only. Thus, LN is 
an apotome [Prop. 10.73]. And it is the square-root of 
area AB. Thus, the square-root of area AB is an apo¬ 
tome. 

Thus, if an area is contained by a rational (straight- 
line), and so on .... 

Proposition 92 


If an area is contained by a rational (straight-line) and 
a second apotome then the square-root of the area is a 
first apotome of a medial (straight-line). 



388 








ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


Xwpiov yap to AB TiEpisxso'dw uko priTfjt; Tfjc; AT xal 
dii 0 TO(jLfjc; BsuTspac; Tfjc; AA- Xey^J, oxi. f] to AB y^Ci^piov 
5uva[ievri piearjc; duoTojir] eaxi upATr). 

’'Eotw ydp TT) AA Tipoaappio^ouaa f) AH' al dpa 
AH, HA prjTcxi elai duvdjiei piovov aujipiETpoi, xal rj xpo- 
aappio^ouaa rj AH auppiSTpoc; eaxi Tfj exxeipievr) prjTfi tt) 
Ar, f) Se okf] f] AH Tfji; 7i;poaappLo^ouar)(; Tfjc HA piel^ov 

duvaxai tA duo aujipiETpou eauTfj (if]X£i. exei ouv f) AH 
Tfjc HA [iel^ov duvaxai tA duo aujipiETpou eauTfj, edv dpa 
tA TSTapTO) pispei xoO dTio xfjc HA laov xapd xfjv AH xa- 
papXiydfj eXXelKov slSei. xsxpayAvfc), sic au(jpi£Tpa aOxfjv 
Biaipel. T£Tpif)a'da) ouv fj AH Sl^a xaxd to E- xal xA duo 
Tfjc EH laov xapd xfjv AH ■n:apaPepXf]a'dw eXXeTkov e18ei. 
TExpayAvw, xal saxw to Otio tAv AZ, ZH' aupi(JETpoc dpa 
saxlv f] AZ xfj ZH p.f]XEi. xal f) AH dpa sxaxEpa xAv AZ, 
ZH aupipiExpoc saxi pLf]XEi. prixf) Be f] AH xal daupiptExpoc 
xfj AE pifjxEL' xal Exaxspa dpa xAv AZ, ZH prjxf] saxi xal 
daupipiExpoc xfj AE pifjxEi' sxdxEpov dpa xAv AI, ZK pisaov 
saxlv. xdXiv, etieI aupipiExpoc saxiv f) AE xfj EH, xal f) AH 
dpa Exaxspa xAv AE, EH au(ipt£xp6c saxiv. dXX’ ir) AH 
au(ipi£xp6c eaxi. xfj AE pifjxsi. [pr]xf] dpa xal sxaxspa xAv 
AE, EH xal aupipiExpoc xfj AE pLf]X£i]. sxdxEpov dpa xAv 
A0, EK prjxov saxiv. 

SuvEaxdxw ouv xA pisv AI laov xExpdywvov x6 AM, xA 
Be ZK laov dcp^pi^aUo x6 NS xspl xf)v auxf]v ywvlav 6v xA 
AM xf)v UTio xAv AOM- xspl xf]v auxf)v dpa saxl BidpiExpov 
xd AM, NS xExpdywva. saxw auxAv BidpiExpoc f) OP, xal 
xaTaysypacpiIw x6 axfjpia. ekeI ouv xd AI, ZK (jsaa sail 
xal saxiv laa xolc dxo xAv AO, ON, xal xd dxo xAv AO, 
ON [dpa] pisaa saxiv xal al AO, ON dpa (isaai slal Buvdpisi 
piovov aupi(i£xpoi. xal etieI x6 uko xAv AZ, ZHlaov sail xA 
dxo xfjc EH, saxiv dpa Ac f] AZ xpoc xf)v EH, ouxwc T) EH 
xpoc xf]v ZH- dXX’ Ac (i£v f] AZ xpoc xfjv EH, ouxwc x6 AI 
xpoc x6 EK- Ac Be f] EH xpoc xf)v ZH, ouxwc [saxl] x6 EK 
xpoc TO ZK' xAv dpa AI, ZK pisaov dvdXoyov saxi x6 EK. 
saxi Be xal xAv AM, NS xsxpayAvwv (isaov dvdXoyov x6 
MN' xal saxiv laov x6 (jev AI xA AM, x6 Be ZK xA NS- xal 
x6 MN dpa laov sail xA EK. dXXd xA pisv EK laov [saxl] 
x6 A0, xA Be MN laov x6 AS' oXov dpa x6 AK laov sail 
xA T^X yvA(iovi xal xA NS. exeI ouv oXov x6 AK laov 
saxl xoTc AM, NS, Av x6 AK laov saxl xA T<I>X yvA(iovi 
xal xA NS, Xoixov dpa x6 AB laov sail xA TE. x6 Be TE 
saxi x6 dxo xfjc AN- x6 dxo xfjc AN dpa laov sail xA AB 
Xwplw' f) AN dpa Buvaxai x6 AB jbipiov. Xsyw [Bfj], oxi f) 
AN pi£ar]c dxoxo(if] saxi xpAxr). 

’ExeI ydp prjxov saxi x6 EK xal saxiv ’laov xA AS, prjxov 
dpa saxl x6 AS, xouxsaxi x6 uxo xAv AO, ON. pisaov Be 
EB slx'dr) TO NS' daujjpiExpov dpa saxl x6 AS xA NS- Ac 
Be x6 as xpoc x6 NS, ouxorc saxiv f] AO xpoc ON- al 
AO, ON dpa daupipiExpol siai pifjXEi. al dpa AO, ON pisaai 
Eial Buvd(i£i piovov aujipiExpoi prjxov xspisxouaai' fj AN dpa 


For let the area AB have been contained by the ratio¬ 
nal (straight-line) AC and the second apotome AD. 1 say 
that the square-root of area AB is the first apotome of a 
medial (straight-line). 

For let DC be an attachment to AD. Thus, AG and 
CD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and the attachment 
DC is commensurable (in length) with the (previously) 
laid down rational (straight-line) AC, and the square on 
the whole, AG, is greater than (the square on) the at¬ 
tachment, CD, by the (square) on (some straight-line) 
commensurable in length with (AG) [Def. 10.12]. There¬ 
fore, since the square on AG is greater than (the square 
on) GD by the (square) on (some straight-line) commen¬ 
surable (in length) with (AG), thus if (an area) equal 
to the fourth part of the (square) on GD is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half at 
E. And let (an area) equal to the (square) on EG have 
been applied to AG, falling short by a square figure. And 
let it be the (rectangle contained) by AF and EG. Thus, 
AF is commensurable in length with EG. AG is thus 
also commensurable in length with each of AF and EG 
[Prop. 10.15]. And AG (is) a rational (straight-line), and 
incommensurable in length with AG. AF and EG are 
thus also each rational (straight-lines), and incommen¬ 
surable in length with AG [Prop. 10.13]. Thus, AI and 
EK are each medial (areas) [Prop. 10.21]. Again, since 
DE is commensurable (in length) with EG, thus DG is 
also commensurable (in length) with each of DE and EG 
[Prop. 10.15]. But, DG is commensurable in length with 
AG [thus, DE and EG are also each rational, and com¬ 
mensurable in length with AG]. Thus, DH and EK are 
each rational (areas) [Prop. 10.19]. 

Therefore, let the square LM, equal to AI, have 
been constructed. And let NO, equal to FK, which is 
about the same angle LPM as LM, have been subtracted 
(from LM). Thus, the squares LM and NO are about 
the same diagonal [Prop. 6.26]. Let PR be their (com¬ 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since AI and FK are medial (areas), 
and are equal to the (squares) on LP and PN (respec¬ 
tively), [thus] the (squares) on LP and PN are also me¬ 
dial. Thus, LP and PN are also medial (straight-lines 
which are) commensurable in square only.l And since 
the (rectangle contained) by AF and EG is equal to 
the (square) on EG, thus as AF is to EG, so EG (is) 
to EG [Prop. 10.17]. But, as AF (is) to EG, so AI 
(is) to EK. And as EG (is) to EG, so EK [is] to FK 
[Prop. 6.1]. Thus, EK is the mean proportional to AI 
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[i£ar]c; duoTotJir) eaxi TipwTr)' xal SuvaTcxi to AB x<^piov. 

'H dpa TO AB x^piov Buvajievr) ^Jisarjc; d-n:oTO(ir] soti 
npcoTT)' onep eSei 5el^ai. 


and FK [Prop. 5.11]. And MN is also the mean pro¬ 
portional to the squares LM and NO [Prop. 10.53 lem.]. 
And AI is equal to LM, and FK to NO. Thus, MN is 
also equal to EK. But, DF[ [is] equal to EK, and LO 
equal to MN [Prop. 1.43]. Thus, the whole (of) DK is 
equal to the gnomon UVW and NO. Therefore, since the 
whole (of) AK is equal to LM and NO, of which DK is 
equal to the gnomon UVW and NO, the remainder AB 
is thus equal to TS. And TS is the (square) on LN. Thus, 
the (square) on LN is equal to the area AB. LN is thus 
the square-root of area AB. [So], I say that LN is the 
first apotome of a medial (straight-line). 

For since EK is a rational (area), and is equal to 
LO, LO —that is to say, the (rectangle contained) by LP 
and PN —is thus a rational (area). And NO was shown 
(to be) a medial (area). Thus, LO is incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. Thus, LP and PN are incommensurable 
in length [Prop. 10.11]. LP and PN are thus medial 
(straight-lines which are) commensurable in square only, 
and which contain a rational (area). Thus, LN is the first 
apotome of a medial (straight-line) [Prop. 10.74]. And it 
is the square-root of area AB. 

Thus, the square root of area AB is the first apotome 
of a medial (straight-line). (Which is) the very thing it 
was required to show. 


t There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP 
and PN are only shown to be incommensurable in length later on. 


’Edv ywpiov TtspisxqTai. Otto priTfjq xai dTtoTopfjc; TpiTr]i;, 
f) TO ytopiov duvapcvr) psaqi; dTioTopr] eoTi. deuTcpa. 



Xwpiov ydp to AB TtEpiexcadw 0x6 pqTfjq Tfjq AT xal 
dxoTopfjc; TpiTTjq Tfjc; AA- Xeyw, oti f) to AB x^plov 6u- 
vapevT) pearjc; dxoTopr] eoTi 5euTepa. 

’TaTto ydp Tfj AA xpoaappo^ouoa rj AH- ai AH, HA 
dpa prjTai elai duvdpci povov auppsTpoi, xai oOBeTcpa tAv 
AH, HA auppETpoc; eoTi pqxei Tfj exxeipevr) prjTf) tt) AF, rj 
8s oXr) f) AH Tqq xpoaappo^oOariq Tfjq AH psl^ov 8uvaTai 
tA dxo auppsTpou sauTfj. sxsl ouv f) AH Tfjq HA psl^ov 


Proposition 93 


If an area is contained by a rational (straight-line) and 
a third apotome then the square-root of the area is a sec¬ 
ond apotome of a medial (straight-line). 



nal (straight-line) AC and the third apotome AD. I say 
that the square-root of area AB is the second apotome of 
a medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and neither of AG 
and GD is commensurable in length with the (previ- 
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Suvaxai xw duo auji^expou eauxfj, edv dpa xc3 xexdpxtp [iepei 
xou duo xfjc; AH laov napa xf)v AH napctpXrjilfi eXXeinov 
elSei xexpaywvcp, elc, aupijiexpa auxrjv SieXel. xexptr^aila) ouv 
f) AH 6 ixa xaxd x 6 E, xal xw duo xfjc; EH laov napd xrjv 
AH 'n:apa(3epXr]a'dw eXXelxov eI5ei xexpaywvw, xal eaxco x 6 
0x6 xwv AZ, ZH. xal y]xiL)waav 5id xwv E, Z, H arjpieltov 
xfj AT xapdXXrjXoi. al E0, ZI, HK' au(iptsxpoi dpa eialv at 
AZ, ZH' au(jptsxpov dpa xal x 6 AI xw ZK. xal exsl al AZ, 
ZH aupipiexpoi elai pir^xei, xal rj AH dpa exaxepa xwv AZ, 
ZH aupipisxpoi; eaxi pLr]X£i. prjxr) 8 s f] AH xal daOpipiExpoc 
xfj AT pirjxsL' Aaxs xal al AZ, ZH. sxdxspov dpa xwv AI, 
ZK pisaov saxiv. xdXiv, sxsl au(jpi£xp 6 c; saxiv f] AE xfj EH 
pirjxsL, xal f) AH dpa sxaxspa xwv AE, EH aupipisxpoi; saxi 
pirjxsL. prixf) 6 s fj HA xal daupipisxpoi; xfj AT pifjxsL- pr]xf] 
dpa xal sxaxspa xwv AE, EH xal daupipisxpoi; xfj AE piir]xsi' 
sxdxspov dpa xAv A0, EK (jsaov saxiv. xal sxsl al AH, 
HA 8 uvdpisi (jLovov au(ipt£xpol siaiv, da0pi(jsxpo<; dpa saxl 
pifjxsi f] AH xfj HA. dXX’ f] pisv AH xfj AZ aupipisxpoc saxi 
pifjxsi f] 8 s AH xfj EH- daupipisxpoi; dpa saxiv f] AZ xfj EH 
pii^xsi. Ac; 86 T] AZ xp 6 <; xf]v EH, ouxwc; saxi x 6 AI xpoc; x 6 
EK' dau(ipt£xpov dpa saxi x 6 AI xA EK. 

Euvsaxdxw ouv xA pisv AI laov xsxpdywvov x 6 AM, xA 
8 s ZK laov d(pfjpf]a'do x 6 NS xspl xf)v auxf]v ywviav 6 v xA 
AM' xspl xf)v a0xf)v dpa Sidpisxpov saxi xd AM, NS. saxw 
auxAv Bidpisxpoc; f] OP, xal xaxaysypdcp'dw x 6 ax^jlioi. sxsl 
ouv x 6 0x6 xAv AZ, ZH laov saxi xA dx 6 xfjc EH, saxiv dpa 
Ac f) AZ xp 6 c xfjv EH, ouxwc fj EH xp 6 c xfjv ZH. dXX’ Ac 
pisv f] AZ xp 6 c xf]v EH, ouxwc saxi x 6 AI xp 6 c x 6 EK- Ac 
8 s 'f) EH xp 6 c xf)v ZH, ouxwc saxi x 6 EK xp 6 c x 6 ZK- xal 
Ac dpa x 6 AI xp 6 c x 6 EK, ouxwc x 6 EK xp 6 c x 6 ZK- xAv 
dpa AI, ZK (isaov dvdXoyov saxi x 6 EK. saxi 66 xal xAv 
AM, NS xsxpayAvwv pisaov dvdXoyov x 6 MN' xal saxiv 
laov x 6 (i 6 v AI xA AM, x 6 86 ZK xA NS- xal x 6 EK dpa 
laov saxi xA MN. dXXd x 6 pL 6 v MN laov saxi xA AS, x 6 
86 EK laov [saxi] xA A0' xal oXov dpa x 6 AK laov saxi 
xA T<I>X yvApiovi xal xA NS. saxi 66 xal x 6 AK laov xoTc 
AM, NS' Xoi7i;6v dpa x 6 AB laov saxi xA ET, xouxsaxi xA 
dTid xfjc an xsxpayAvo)' f] AN dpa Suvaxai x 6 AB )(wpiov. 
Xsyw, 6 x 1 f] AN (jsarjc dxoxopif) saxi Ssuxspa. 

’EksI ydp (jsaa sSsixiIr] xd AI, ZK xal saxiv laa xoTc dxd 
xAv AO, ON, pisaov dpa xal sxdxspov xAv and xAv AO, 
ON' ptsar) dpa sxaxspa xAv AO, ON. xal sxsl aOpipisxpov 
saxi x 6 AI xA ZK, a0(jpi£xpov dpa xal x 6 d 7 i 6 xfjc AO xA 
d-xd xfjc ON. xdXiv, sxsl dau(jpi£xpov £ 8 s[x'd'n x 6 AI xA EK, 
daO(jpi£xpov dpa saxi xal x 6 AM xA MN, xouxsaxi x 6 dx 6 
xfjc AO xA 0x6 xAv AO, ON- Aaxs xal f) AO daupipiExpoc 
saxi pLf]XSi xfj ON' al AO, ON dpa pisaai sial Buvdpisi piovov 
au(ipi£xpoi. Xsyw 6 f], 6 xi xal (isaov xspisxouaiv. 

’Exsl ydp (isaov 68 s[x'd'n x 6 EK xai saxiv ’laov xA 0x6 
xAv AO, ON, (isaov dpa saxi xal x 6 0x6 xAv AO, ON- 
Aaxs al AO, ON (isaai slal 6 uvd(isi (lovov au(i(isxpoi (isaov 


ously) laid doivn rational (straight-line) AC, and the 
square on the ■whole, AG, is greater than (the square on) 
the attachment, DG, by the (square) on (some straight- 
line) commensurable (in length) with (AG) [Def. 10.13]. 
Therefore, since the square on AG is greater than (the 
square on) GD by the (square) on (some straight-line) 
commensurable (in length) with (AG), thus if (an area) 
equal to the fourth part of the square on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half 
at E. And let (an area) equal to the (square) on EG 
have been applied to AG, falling short by a square fig¬ 
ure. And let it be the (rectangle contained) by AF and 
EG. And let EH, FI, and GK have been drawn through 
points E, F, and G (respectively), parallel to AG. Thus, 
AF and EG are commensurable (in length). AJ (is) thus 
also commensurable with FK [Props. 6.1, 10.11]. And 
since AF and EG are commensurable in length, AG is 
thus also commensurable in length with each of AF and 
EG [Prop. 10.15]. And AG (is) rational, and incommen¬ 
surable in length with AG. Hence, AF and EG (are) 
also (rational, and incommensurable in length with AG) 
[Prop. 10.13]. Thus, AI and FK are each medial (ar¬ 
eas) [Prop. 10.21]. Again, since DE is commensurable 
in length with EG, DG is also commensurable in length 
with each of DE and EG [Prop. 10.15]. And GD (is) 
rational, and incommensurable in length with AG. Thus, 
DE and EG (are) each also rational, and incommensu¬ 
rable in length with AG [Prop. 10.13]. DH and EK are 
thus each medial (areas) [Prop. 10.21]. And since AG 
and GD are commensurable in square only, AG is thus 
incommensurable in length with GD. But, AG is com¬ 
mensurable in length with AF, and DG with EG. Thus, 
AF is incommensurable in length with EG [Prop. 10.13]. 
And as AF (is) to EG, so AI is to EK [Prop. 6.1]. Thus, 
AI is incommensurable with EK [Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have 
been constructed. And let NO, equal to FK, which is 
about the same angle as LM, have been subtracted (from 
LM). Thus, LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let the (rest of the) figure have been drawn. Therefore, 
since the (rectangle contained) by AF and EG is equal 
to the (square) on EG, thus as AF is to EG, so EG (is) 
to EG [Prop. 6.17]. But, as AF (is) to EG, so AI is to 
EK [Prop. 6.1]. And as EG (is) to EG, so EK is to FK 
[Prop. 6.1]. And thus as AI (is) to EK, so EK (is) to 
FK [Prop. 5.11]. Thus, EK is the mean proportional to 
AI and FK. And MN is also the mean proportional to 
the squares LM and NO [Prop. 10.53 lem.]. And AI is 
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nspisxouaai. f) AN apa psarji; dKOTopr) eaxi SeuTepa- xal 
Buvaxai to AB jbipiov. 

'H dpa TO AB -/bipiov Buvapsvr] psar]c; d7ioTO(jLr] soti 
BsuTspa' onep sBei BeT^ai.. 


h8'. 

’Edv x^piov nepiex'iT'^®'' pT)Tf)c; xal diioTO(ifjc; TeTdpTTjc;, 
f) TO x<^ptov 6uva(i£vr) eXdaawv sotiv. 



Xwpiov ydp TO AB xspisxso'dw uko priTfjt; Tfjc; AT xal 
diioTop,fi<; T£TdpTr)<; Tfjc; AA- Xeyco, oti fj to AB y^b^piov 
Buvapsvr) eXdaawv eoTiv. 


equal to LM, and FK to NO. Thus, EK is also equal to 
MN. But, MN \s equal to LO, and EK [is] equal to DH 
[Prop. 1.43]. And thus the whole of DK is equal to the 
gnomon UVW and NO. And AK (is) also equal to LM 
and NO. Thus, the remainder AB is equal to ST —that is 
to say, to the square on LN. Thus, LN is the square-root 
of area AB. I say that LN is the second apotome of a 
medial (straight-line). 

For since AI and FK were shown (to be) medial (ar¬ 
eas), and are equal to the (squares) on LP and PN (re¬ 
spectively), the (squares) on each of LP and PN (are) 
thus also medial. Thus, LP and PN (are) each medial 
(straight-lines). And since AI is commensurable with 
FK [Props. 6.1, 10.11], the (square) on LP (is) thus 
also commensurable with the (square) on PN. Again, 
since AI was shown (to be) incommensurable with EK, 
LM is thus also incommensurable with MN —that is to 
say, the (square) on LP with the (rectangle contained) 
by LP and PN. Hence, LP is also incommensurable in 
length with PN [Props. 6.1, 10.11]. Thus, LP and PN 
are medial (straight-lines which are) commensurable in 
square only. So, I say that they also contain a medial 
(area). 

For since EK was shown (to be) a medial (area), and 
is equal to the (rectangle contained) by LP and PN, the 
(rectangle contained) by LP and PN is thus also medial. 
Hence, LP and PN are medial (straight-lines which are) 
commensurable in square only, and which contain a me¬ 
dial (area). Thus, LN is the second apotome of a medial 
(straight-line) [Prop. 10.75]. And it is the square-root of 
area AB. 

Thus, the square-root of area AB is the second apo¬ 
tome of a medial (straight-line). (Which is) the very thing 
it was required to show. 

Proposition 94 


If an area is contained by a rational (straight-line) and 
a fourth apotome then the square-root of the area is a 
minor (straight-line). 



For let the area AB have been contained by the ra¬ 
tional (straight-line) AC and the fourth apotome AD. 1 
say that the square-root of area AB is a minor (straight- 
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TilaTa) yap xf) AA Kpoaapiio^ouaa f) AH- at apa 
AH, HA prjToci elai Buvapiei piovov aupipiSTpoi, xal f) AH 
a 6 pLpiSTp 6 (; eaxi xfj exxeipievr) prjTfj Tfj AF pLr]xei, fj Be oXr] 
f) AH xfjc; xpoaappioCouar)<; xfjc; AH (leT^ov Buvaxai. xG 
dxo daupipiexpou eauxfj pLr]xei. exel ouv fj AH x^c HA 
pieT^ov BOvaxai. xG axo daupi(jexpou eauxfj pi-fjxci., edv dpa 
xG xexdpxcp [iepei xou dxo x-rjc; AH laov xapd xf)v AH 71a- 
papXirjilfi cXXemov elSei xexpayGvw, elc dau(ip.expa auxfjv 
BieXel. xexpt'fja'dw ouv if) AH xaxd x 6 E, xal xG duo 
xfjc; EH laov xapd xf)v AH 7 iapaPepXf]a'dw eXXelxov elBei. 
xexpayGvw, xal eaxw x 6 0 x 6 xGv AZ, ZH- daujipiexpoc; 
dpa eaxl pifjxei f) AZ xfj ZH. -rjx'Bwoav ouv Bid xGv E, Z, H 
xapdXXrjXoi xdic; AF, BA ai E 0 , ZI, HK. exel ouv pr)xf] eaxiv 
f) AH xal au(jpiexpoc; xfj AF (if]xei, prjxov dpa eaxiv oXov x 6 
AK. xdXiv, exel daupipiexpoi; eaxiv f) AH xfj AF pifjxei, xai 
eiaiv djicpoxepai prjxai, jieaov dpa eaxl x 6 AK. xdXiv, cxel 
dau(jpicxp 6 c; eaxiv f) AZ xfj ZH (if]xei, dau(ipiexpov dpa xal 
x 6 AI xG ZK. 

Euveaxdxw ouv xG picv AI laov xexpdywvov x6 AM, xG 
Be ZK laov dcprip/jaDw xepl xf)v auxfjv ywviav xf)v 0 x 6 xGv 
AOM x6 NS. xepl xf)v aOxfjv dpa Bidpiexov eaxi xd AM, NS 
xexpdywva. eaxw aOxGv Bidpiexoc; f) OP, xal xaxayeypdcp'dw 
x6 axfjpia. exel ouv x6 0 x 6 xGv AZ, ZH laov eaxl xG dx6 
xfj? EH, dvdXoyov dpa eaxiv Gc; fj AZ xp6c; xf)v EH, ouxcoc; 
f) EH xp6(; xf)v ZH. dXX’ Gc; (jev f) AZ xp6c; xf)v EH, ouxwc; 
eaxl x6 AI xp6c; x6 EK, Gc; Be fj EH xp6c; xfjv ZH, ouxcoc; 
eaxl x6 EK xp6c; x6 ZK- xGv dpa AI, ZK pieaov dvdXoyov 
eaxi x6 EK. eaxi Be xal xGv AM, NS xexpayGvwv pieaov 
dvdXoyov x6 MN, xai eaxiv laov x6 picv AI xG AM, x6 Be 
ZK xG NS- xal x6 EK dpa laov eaxl xG MN. dXXd xG piev 
EK laov eaxl x6 AO, xG Be MN laov eaxl x6 AS- oXov 
dpa x6 AK laov eaxl xG T<I>X yvGjiovi xal xG NS. exel 
ouv 6 X 0 V x6 AK laov eaxl xolc; AM, NS xexpayGvoic;, Gv 
x6 AK laov eaxl xG T<I>X yvGpiovi xal xG NS xexpayGvw, 
Xoix6v dpa x6 AB laov eaxl xG ET, xouxcaxi xG dx6 xfjc; 
AN xexpayGvcp- fj AN dpa Buvaxai x6 AB )(cop[ov. Xeyto, 
6x1 f) AN dXoyoc; eaxiv f) xaXoujievrj eXdaawv. 

’Exel ydp prjxov eaxi x6 AK xai eaxiv ’laov xolc; dx6 xGv 
AO, ON xexpdycovoic;, x6 dpa auyxelpievov ex xGv dx6 xGv 
AO, ON prjxov eaxiv. xdXiv, exel x6 AK jieaov eaxiv, xal 
eaxiv ’laov x6 AK xG Blc; 0 x 6 xGv AO, ON, x6 dpa Blc; 0 x 6 
xGv AO, ON picaov eaxiv. xal exel daujipiexpov cBelx'drj x6 
AI xG ZK, daujipiexpov dpa xal x6 dx6 xfjc; AO xexpdywvov 
xG dx6 xfjc; ON xexpayGvtp. ai AO, ON dpa Buvdpiei e’lalv 
daupijiexpoi xoiouaai x6 piev auyxeljievov ex xGv dx’ aOxGv 
xexpayGvtov prjxov, x6 Be Blc; Ox’ aOxGv pieaov. fj AN dpa 
dXoyoc; eaxiv fj xaXoupievrj eXdaacov- xal Buvaxai x6 AB 
Xwplov. 

'H dpa x6 AB j^piov Buvapievrj cXdaacov eaxiv- oxep 
cBei Bel^ai. 


line). For let DG be an attachment to AD. Thus, AG 
and DG are rational (straight-lines which are) commen¬ 
surable in square only [Prop. 10.73], and AG is com¬ 
mensurable in length with the (previously) laid down ra¬ 
tional (straight-line) AG, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the square on (some straight-line) incommensurable 
in length with (AG) [Def. 10.14]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of the (square) on DG, is applied to AG, falling short 
by a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There¬ 
fore, let DG have been cut in half at E, and let (some 
area), equal to the (square) on EG, have been applied 
to AG, falling short by a square figure, and let it be the 
(rectangle contained) by AE and EG. Thus, AE is in¬ 
commensurable in length with EG. Therefore, let EE[, 
El, and GK have been drawn through E, F, and G (re¬ 
spectively), parallel to AG and BD. Therefore, since AG 
is rational, and commensurable in length with AG, the 
whole (area) AAT is thus rational [Prop. 10.19]. Again, 
since DG is incommensurable in length with AG, and 
both are rational (straight-lines), DK is thus a medial 
(area) [Prop. 10.21]. Again, since AF is incommensu¬ 
rable in length with EG, AI (is) thus also incommensu¬ 
rable with EK [Props. 6.1, 10.11]. 

Therefore, let the square LM, equal to AJ, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, LPM, have been subtracted (from LM). 
Thus, the squares LM and NO are about the same diag¬ 
onal [Prop. 6.26]. Let PR be their (common) diagonal, 
and let the (rest of the) figure have been drawn. There¬ 
fore, since the (rectangle contained) by AF and EG is 
equal to the (square) on EG, thus, proportionally, as AF 
is to EG, so EG (is) to EG [Prop. 6.17]. But, as AF (is) 
to EG, so AI is to EK, and as EG (is) to EG, so EK is 
to FK [Prop. 6.1]. Thus, EK is the mean proportional to 
AI and FK [Prop. 5.11]. And MN is also the mean pro¬ 
portional to the squares LM and NO [Prop. 10.13 lem.], 
and AI is equal to LM, and FK to NO. EK is thus 
also equal to MN. But, DH is equal to EK, and LO is 
equal to MN [Prop. 1.43]. Thus, the whole of DK is 
equal to the gnomon UVW and NO. Therefore, since 
the whole of AK is equal to the (sum of the) squares LM 
and NO, of which DK is equal to the gnomon UVW 
and the square NO, the remainder AB is thus equal to 
ST —that is to say, to the square on LN. Thus, LN is the 
square-root of area AB. I say that LN is the irrational 
(straight-line which is) called minor. 
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he'. 

’Eav )(topiov iiepie)(r)Tai uno prjTfjc; xal d(ii0TO(jLfjc; neptnTrjc;, 
f) TO )(wp[ov Buvapisvr] [i^] piexa pr]Tou (leaov to oXov Tioiouad 
eoTiv. 

A A E Z H 


r B ©IK 


Xwpiov ydp TO AB TiEpisxsa'dw uko priTfjt; Tfjc; AT xal 
dnoTopifit; iie[xiiTr)c; Tfjc; AA- Xey^J, oti fj to AB x^^piov 5u- 
vapievr) [fj] [iSTd prjToO pieaov to oXov xoioOad eotiv. 

’'Eotco ydp TT) AA xpoaappio^ouaa f) AH' al dpa 
AH, HA prjTai elai 5uvd[iei piovov aujipiETpoi, xal f) xpo- 
aappio^ouaa fj HA aupipiSTpoc; eoti piir]X£i tt) exxEipiEvr) 
prjTf) Tfi Ar, f) Se oXt) f) AH Tfjc; xpoGappioJ^ouarjc; Tfji; 
AH [isKov SuvaTai tG duo daujipiETpou eauT^. edv dpa 
TW TETdpTCp [iepEi ToO duo Tfjc; AH laov xapd ttjv AH xa- 
papXrjDfj eXXelxov eISei TETpaycovcp, eIc; daujipiETpa auTrjv 
5ieXeI. TETpnrjaDw ouv fj AH Si^a xaTa to E arjpiElov, xal 
TW dxo Tfjc; EH laov xapd ttjv AH xapapEpXfjaDo) eXXeIxov 
e15ei TETpaytovtp xal egtw to 0x6 twv AZ, ZH' daOpi(JETpo<; 
dpa eotIv f) AZ Tfj ZH ptfjxEi.. xal exeI dau(iptETp6c; egtIv f) 
AH Tfj FA (jLf]XEi, xal Eiaiv d(i(p6TEpai. pr]Tal, pisaov dpa eotI 
TO AK. xdXiv, exeI prjTf] eotiv f) AH xal aOpipiETpoc; Tfj AF 
pif]XEl, prjTOV EOTl TO AK. 

SuvEaTdTW ouv tw [isv AI laov TETpdywvov to AM, tw 
Be ZK laov TETpdywvov dcpripi^aUw to NS xEpl Tf)v auTfjv 
yovlav Tf)v 0x6 AOM- xEpl Tf)v aOxfjv dpa BidpiETpov saxi 
Ta AM, NS TETpdywva. saTCO auTWv BidpiETpoc; f) OP, xal 



For since AK is rational, and is equal to the (sum of 
the) squares LP and PN, the sum of the (squares) on 
LP and PN is thus rational. Again, since DK is me¬ 
dial, and DK is equal to twice the (rectangle contained) 
by LP and PN, thus twice the (rectangle contained) by 
LP and PN is medial. And since AI was shown (to be) 
incommensurable with FK, the square on LP (is) thus 
also incommensurable with the square on PN. Thus, LP 
and PN are (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ra¬ 
tional, and twice the (rectangle contained) by them me¬ 
dial. LN is thus the irrational (straight-line) called minor 
[Prop. 10.76]. And it is the square-root of area AB. 

Thus, the square-root of area AB is a minor (straight- 
line) . (Which is) the very thing it was required to show. 

Proposition 95 

If an area is contained by a rational (straight-line) and 
a fifth apotome then the square-root of the area is that 
(straight-line) which with a rational (area) makes a me¬ 
dial whole. 



tional (straight-line) AC and the fifth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a rational (area) makes a medial whole. 

For let DC be an attachment to AD. Thus, AG and 
DG are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and the attachment 
GD is commensurable in length the the (previously) laid 
down rational (straight-line) AC, and the square on the 
whole, AG, is greater than (the square on) the attach¬ 
ment, DG, by the (square) on (some straight-line) incom¬ 
mensurable (in length) with (AG) [Def. 10.15]. Thus, if 
(some area), equal to the fourth part of the (square) on 
DG, is applied to AG, falling short by a square figure, 
then it divides (AG) into (parts which are) incommensu¬ 
rable (in length) [Prop. 10.18]. Therefore, let DG have 
been divided in half at point E, and let (some area), equal 
to the (square) on EG, have been applied to AG, falling 
short by a square figure, and let it be the (rectangle con¬ 
tained) by AF and EG. Thus, AF is incommensurable 
in length with EG. And since AG is incommensurable 
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xaTayEYpacpilw to axrjlia. opioiwc 6f] 6EL^o(iev, oti. f) AN 
Buvaxai to AB jbipiov. Xsyw, oti f) AN f) (jetqi prjTou pisaov 
TO oXov noi.oDaa eotiv. 

’Ekei yap pisaov eBeixAt] to AK xai eotiv laov toTc dxo 
Twv AO, ON, TO dpa auyxEi(iEvov ex tOv duo twv AO, ON 
piEOOV EOTIV. xdXlV, EKEl prjTOV EOTl TO AK xai EOTIV lOOV 
tA 6i<; UTio Twv AO, ON, xai auTO prjTov eotiv. xai eteI 
dou(jpt£Tp6v EOTl TO AI tA ZK, doupi(JETpov dpa eotI xai to 
dTio Tfjc; AO TO duo Tf)<; ON- al AO, ON dpa 6uvd(JEi Eiolv 
dou(jpi£Tpoi TioioOoai to (jev ouyxEipiEvov ex tov dn’ auTOv 
TETpayovov piEoov, to Be 6l<; Ok’ auTOv prjTov. f) Xoixf) dpa 
f) AN dXoyoi; eotiv f) xaXoupiEvr) piSTa pr]ToO pisoov to oXov 
KoioOoa- xai BuvaTai to AB x^piov. 

'H TO AB dpa x^piov BuvapiEvr) piSTa prjToO (ieoov to 
oXov KoioOod EOTIV oKEp eBei BEl^ai. 


’Edv x<Jplov KEpiEXT)Tai Oko prjTfic; xai dKOTO(ifjc; £XTr]c;, 
f) TO x^piov 8uva(j£vr) piSTa pisoou pisoov to oXov KoioOod 

EOTIV. 

A A E Z H 


r B ©IK 


Xopiov ydp TO AB KEpiExso-do Oko priTrjt; Tfjc; AE xai 
dKOTopiTjc; EXTrjc; Tfjc; AA- Xsyo, oti f) to AB x<^piov Bu- 
vapiEVT) [f)] [iETa [iEoou piEoov TO oXov Koiouod eotiv. 

’'Eoto ydp Tfj AA Kpooapjio^ouoa f) AH- al dpa AH, 
HA prjTai Eioi BuvdjiEi [iovov oujipiETpoi, xai oOBETspa 



in length with CA, and both are rational (straight-lines), 
AK is thus a medial (area) [Prop. 10.21]. Again, since 
DG is rational, and commensurable in length with AC, 
DK is a rational (area) [Prop. 10.19]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let the square NO, equal to FK, (and) 
about the same angle, LPM, have been subtracted (from 
NO). Thus, the squares LM and NO are about the same 
diagonal [Prop. 6.26]. Let PR be their (common) diag¬ 
onal, and let (the rest of) the figure have been drawn. 
So, similarly (to the previous propositions), we can show 
that LN is the square-root of area AB. I say that LN is 
that (straight-line) which with a rational (area) makes a 
medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to (the sum of) the squares on LP and PN, 
the sum of the (squares) on LP and PN is thus medial. 
Again, since DK is rational, and is equal to twice the 
(rectangle contained) by LP and PN, (the latter) is also 
rational. And since AI is incommensurable with FK, the 
(square) on LP is thus also incommensurable with the 
(square) on PN. Thus, LP and PN are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them medial, and twice the (rectangle 
contained) by them rational. Thus, the remainder LN is 
the irrational (straight-line) called that which with a ra¬ 
tional (area) makes a medial whole [Prop. 10.77]. And it 
is the square-root of area AB. 

Thus, the square-root of area AB is that (straight- 
line) which with a rational (area) makes a medial whole. 
(Which is) the very thing it was required to show. 

Proposition 96 

If an area is contained by a rational (straight-line) and 
a sixth apotome then the square-root of the area is that 
(straight-line) which with a medial (area) makes a medial 
whole. 



tional (straight-line) AC and the sixth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a medial (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
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auTwv au^i^expoi; eaxi xf) exxei^evr) prjx^ xfj AF ^r^xei, rj 
8s okf] f) AH xfj<; xpcaap^o^ouarjc xfji; AH ^sT^ov 8uvaxai 
xw dxo dau^x^LExpou sauxfj ^r]XEi. exeI ouv fj AH xfjc HA 
^xeT^ov 50vaxai. xA dxo dau^xiiExpou Eauxfj tJir)XEi., sdv dpa 
xA xExdpxo) ^Jispsi xoO dxo xf)<; AH laov xcxpd xiQv AH na- 
pocpXrjilfi eAXeIxov eISei xsxpayAvw, sic dau(ip.Expa auxiqv 
8 ieXeT;. xEx^ir^ailw ouv rj AH Sixa xotxd x6 E [arj^iEtov], xal 
xA dxo xfjc; EH laov xapd xf)v AH xapotpE^Xr^ailco eXXeTxov 
eISei xExpctyAvtp, xal saxw x6 uxo xAv AZ, ZH' dau[ip,Expoc; 
dpa saxlv rj AZ x^ ZH p.r]XEi. Ac; Ss rj AZ xpoc; xrjv ZH, 
ouxwc; saxl x6 AI xpoc; x6 ZK' da6^(JExpov dpa saxl x6 
AI xA ZK. xal exeI ai AH, AF prjxal Eiai Suvd^Ei ^ovov 
aup,[iExpoi, [iEaov saxl x6 AK. xdXiv, exeI ai AF, AH prjxai 
Eiai xal daup,[iExpoi p,r]XEi, p,£aov saxl xal x6 AK. exeI ouv 
ai AH, HA 8uvdp,£i p,6vov aup,[i£xpo[ siaiv, dau[ip,£xpoc; dpa 
saxlv f) AH XT) HA ^r^xsi. Ac; Se rj AH xpoc; xrjv HA, ouxcoc; 
saxl x6 AK xpoc; x6 KA' daup,(iExpov dpa saxl x6 AK xA 
KA. 

Suvsaxdxto ouv xA (iEv AI laov xsxpdytovov x6 AM, 
xA Be ZK laov dcprjprja'dco xspl xc^v auxrjv ywviav x6 NS' 
xspl xrjv auxrjv dpa SidjiExpov saxi xd AM, NS xsxpdywva. 
saxto auxAv Bidjisxpoc; fj OP, xal xaxayEypdcpDw x6 axfjp.a. 
ojioicoc; 8cq xolc; Exdvw Bsi^op-sv, oxi fj AN Buvaxai x6 AB 
Xwpiov. Xsyw, oxi fj AN [fj] p,£xd jisaou jisaov x6 oXov 
xoiouad saxiv. 

’ExeI ydp [isaov sBEixUrj x6 AK xai saxiv ’laov xoTc; dxo 
xAv AO, ON, x6 dpa auyxsip-Evov ex xAv dxo xAv AO, ON 
[isaov saxiv. xdXiv, exeI p,£aov sBEix'dr] x6 AK xal saxiv 
’laov xA 81c; uxo xAv AO, ON, xal x6 81c; uxo xAv AO, ON 
[isaov saxlv. xal exeI daup.[i£xpov eBeIxUtj x6 AK xA AK, 
daujijiExpa [dpa] saxl xal xd dxo xAv AO, ON xsxpdycova 
xA 81c; uxo xAv AO, ON. xal exeI daujijisxpov saxi x6 AI xA 
ZK, daup,[i£xpov dpa xal x6 dxo xfjc; AO xA dxo xfjc; ON- 
ai AO, ON dpa Buvdjisi s’lalv dau[ip,£xpoi xoiouaai x6 xs 
auyxsljiEvov ex xAv dx’ auxAv xsxpayAvwv jisaov xal x6 81c; 
ux’ auxAv [iEaov sxi x£ xd dx’ auxAv xsxpdywva dau[i(iExpa 
xA 81c; ux’ auxAv. fj dpa AN dXoyoc; saxiv fj xaXou(iE[iri [isxd 
(isaou (iEaov x6 oXov xoiouaa' xal Buvaxai x6 AB )(6rplov. 

'H dpa x6 x^plov 8uva(iEvr) (isxd (isaou [isaov x6 oXov 
xoiouad saxiv oxsp eBei Bsl^ai. 


GD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73], and neither of them is 
commensurable in length with the (previously) laid down 
rational (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the (square) on (some straight-line) incommensurable 
in length with (AG) [Def. 10.16]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of square on DG, is applied to AG, falling short by 
a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There¬ 
fore, let DG have been cut in half at [point] E. And let 
(some area), equal to the (square) on EG, have been ap¬ 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and EG. AF is thus 
incommensurable in length with EG. And as AF (is) to 
EG, so AI is to FK [Prop. 6.1]. Thus, AI is incommen¬ 
surable with FK [Prop. 10.11]. And since AG and AG 
are rational (straight-lines which are) commensurable in 
square only, AK is a medial (area) [Prop. 10.21]. Again, 
since AG and DG are rational (straight-lines which are) 
incommensurable in length, DK is also a medial (area) 
[Prop. 10.21]. Therefore, since AG and GD are com¬ 
mensurable in square only, AG is thus incommensurable 
in length with GD. And as AG (is) to GD, so AK is to 
KD [Prop. 6.1]. Thus, AK is incommensurable with KD 
[Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, have been subtracted (from LM). Thus, 
the squares LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let (the rest of) the figure have been drawn. So, similarly 
to the above, we can show that LN is the square-root of 
area AB. I say that LN is that (straight-line) which with 
a medial (area) makes a medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to the (sum of the) squares on LP and PN, the 
sum of the (squares) on LP and PN is medial. Again, 
since DK was shown (to be) a medial (area), and is 
equal to twice the (rectangle contained) by LP and PN, 
twice the (rectangle contained) by LP and PN is also 
medial. And since AK was shown (to be) incommensu¬ 
rable with DK, [thus] the (sum of the) squares on LP 
and PN is also incommensurable with twice the (rect¬ 
angle contained) by LP and PN. And since AI is in¬ 
commensurable with FK, the (square) on LP (is) thus 
also incommensurable with the (square) on PN. Thus, 
LP and PN are (straight-lines which are) incommensu- 
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hC. 

To OLKO d7ioTO(ifjc; Kapd pr]Tf]v 7 i;apapaXX6(i£vov TiXaToc; 
noiel d7i:oTO(if]v 7i;pwTr]v. 

A B H 

I-^-1 


r Z N K M 



TilaTW dTioTopLi^ 1 ^ AB, pr]Tf] 5e f] TA, xai tw dxo Tfj<; 
AB laov Kapd ti^v FA TiapaPepXi^a'dw to FE kXstoc; tioloOv 
Tf]v FZ- Xeyw, oxi f] FZ axoTopir) eaxi Kpwxr]. 

’TlaTa) ydp xfj AB 7i;poaap(i6^ouaa f) BH' ai dpa AH, 
HB pr]Tai eiai Buvdpisi. (lovov au(ipi£Tpoi. xal tA (lev dxo 
Tfjc; AH laov xapd tiqv FA KapapspXrja'dw to F0, tA 8s 
dxo Tfji; BH TO KA. oXov dpa to FA laov saxl toTc dxo 
tAv ah, HB' Av TO FE laov saxl xA dxo xfji; AB' Xomov 
dpa TO ZA laov saxl xA 5i<; 0x6 xAv AH, HB. Tsxpiria'da) 
f] ZM 8Lxa xaxd to N arjpisTov, xai fixila) Bid xoO N xfj FA 
xapdXXrjXoc; fj NS- sxdxspov dpa xAv ZS, AN laov saxl xA 
0x6 xAv AH, HB. xai sxsl xd dx6 xAv AH, HB pr]xd saxiv, 
xai saxi xoTc dx6 xAv AH, HB laov x6 AM, pr)x6v dpa 
saxl x6 AM. xal xapd pr]xf]v xi^v FA xapaPspXrjxai xXdxoc; 
xoioOv xi^v FM' pr)xi^ dpa saxiv f) FM xal aOpipisxpoc xfj FA 
pii^xsi. xdXiv, sxsl (jLsaov saxl x6 Blc; 0x6 xAv AH, HB, xal 
xA 5l<; 0x6 xAv AH, HB laov x6 ZA, pisaov dpa x6 ZA. xal 
xapd pr)X'f)v xfjv FA xapdxsixai xXdxoc; xoiouv x'f)v ZM- pr]xf] 
dpa saxiv f) ZM xal daupipisxpoi; xfj FA ptfjxsi. xal sxsl xd 
pisv dx6 xAv AH, HB pr]xd saxiv, x6 Be 5l<; 0x6 xAv AH, 
HB (jsaov, dau(jLpi£xpa dpa saxl xd dx6 xAv AH, HB xA 8li; 
0x6 xAv AH, HB. xal toXq pisv dx6 xAv AH, HB laov saxl 
x6 FA, xA Be Bli; 0x6 xAv AH, HB x6 ZA' dau(ipi£xpov dpa 
saxl x6 AM xA ZA. Be x 6 AM xp6i; x6 ZA, oOxax; saxiv 
f] FM xp6i; xf]v ZM. da0pipL£xpo<; dpa saxiv f) FM xfj ZM 
pifjxsi. xai siaiv dpicpoxspai prjxai' ai dpa FM, MZ pr)xa[ siai 


rable in square, making the sum of the squares on them 
medial, and twice the (rectangle contained) hy medial, 
and, furthermore, the (sum of the) squares on them in¬ 
commensurable with twice the (rectangle contained) by 
them. Thus, LN is the irrational (straight-line) called 
that which with a medial (area) makes a medial whole 
[Prop. 10.78]. And it is the square-root of area AB. 

Thus, the square-root of area (AB) is that (straight- 
line) which with a medial (area) makes a medial whole. 
(Which is) the very thing it was required to show. 

Proposition 97 

The (square) on an apotome, applied to a rational 
(straight-line), produces a first apotome as breadth. 

A B G 

I-1-1 


C F N K M 



Let AB be an apotome, and CD a rational (straight- 
line). And let CE, equal to the (square) on AB, have 
been applied to CD, producing CF as breadth. 1 say that 
CF is a first apotome. 

For let HG be an attachment to AB. Thus, AC and 
GB are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73]. And let CH, equal 
to the (square) on AG, and KL, (equal) to the (square) 
on BG, have been applied to CD. Thus, the whole of 
CL is equal to the (sum of the squares) on AG and GB, 
of which CE is equal to the (square) on AB. The re¬ 
mainder FL is thus equal to twice the (rectangle con¬ 
tained) by AG and GB [Prop. 2.7]. Let FM have been 
cut in half at point N. And let NO have been drawn 
through N, parallel to CD. Thus, FO and LN are each 
equal to the (rectangle contained) by AG and GB. And 
since the (sum of the squares) on AG and GB is rational, 
and DM is equal to the (sum of the squares) on AG and 
GB, DM is thus rational. And it has been applied to the 
rational (straight-line) CD, producing CM as breadth. 
Thus, CM is rational, and commensurable in length with 
CD [Prop. 10.20]. Again, since twice the (rectangle con¬ 
tained) by AG and GB is medial, and FL (is) equal to 
twice the (rectangle contained) by AG and GB, FL (is) 
thus a medial (area). And it is applied to the rational 
(straight-line) CD, producing FM as breadth. FM is 
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Suva^xei [iovov auii^JiSTpor f) FZ dpa d7ioTO(jr] eaxiv. Xeyw 
8rj, oTi xai upwxr). 

’Ekei ydp Twv (XKO twv AH, HB p,£aov dvdXoyov eaxi 
x6 U7i6 xwv ah, HB, xai saxi. xo pisv dxo xfji; AH laov x6 
r0, xw Be oLTzb xfji; BH laov x6 KA, xw 5e uxo xcBv AH, 
HB x6 NA, xai xwv FO, KA dpa ^saov dvdXoyov saxi. x6 
NA- saxLv dpa dx; x6 F0 xp6<; x6 NA, ouxwc; x6 NA xpoc; 
x6 KA. dXX’ dx; (iev x6 F0 xpoc; x6 NA, ouxwc saxiv f) 
FK xpoc; xf]v NM- dx; Be x6 NA xp6<; x6 KA, ouxo<; saxiv 
f) NM xp6<; xi^v KM' x6 dpa 0x6 xGv FK, KM laov saxi 
xdS dxo xfjc; NM, xouxsaxi xw xsxdpxw (ispsi xoO dxo x'rjc 
ZM. xai EXEi au(ipi£xp6v saxi x6 dxo xfji; AH xSi dxo xfj; 
HB, au^piExpov [saxi] xai x6 F0 xw KA. d); Be x6 F0 xpo; 
x6 KA, oOxw; fj FK xpo; xfjv KM- a0^(j£xpo; dpa saxiv f) 
FK xf) KM. exeI ouv Buo EU'dsIai dviaoi siaiv ai FM, MZ, 
xai xw xExdpxtp p,£pEi xoO dxo xfj; ZM laov xapd xfjv FM 
xapapspXrjxai eXXeTxov e’CBei xExpaywvcp x6 0x6 xov FK, 
KM, xai saxi aO^^sxpo; f) FK xfj KM, f] dpa FM xfj; MZ 
pisT^ov BOvaxai xo dx6 au(i^£xpou sauxfj pif)X£i. xai saxiv ■f) 
FM aO^^Expo; xfj Exxsitxsvr) prjxfj xfj FA pLfjxEi' f] dpa FZ 
dxoxopf] saxi xpcoxif). 

T6 dpa dx6 dxoxopfj; xapd pr)xf]v xapapaXX6(i£vov 
xXdxo; xoisl dxoxo(if)v xpd)xr]v oxsp eBei BsT^ai. 


hr)'. 

T6 dx6 [isarj; dxoxo(ifj; xpdixr); xapd pr)xf)v xapa- 
PaXXojiEvov xXdxo; xoisT dxoxo(if]v Bsuxspav. 

Tlaxw t^Earj; dxoxo^Jif) xpcOxr) f] AB, prjxf] Be f] FA, xai xA 
dx6 xfj; AB laov xapd xfjv FA xapapE^Xfiafla) x6 FE xXdxo; 


thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the (sum of the squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is thus incommensurable with twice the (rectan¬ 
gle contained) by AG and GB. And CL is equal to the 
(sum of the squares) on AG and GB, and FL to twice the 
(rectangle contained) by AG and GB. DM is thus incom¬ 
mensurable with FL. And as DM (is) to FL, so GM is to 
FM [Prop. 6.1]. GM is thus incommensurable in length 
with FM [Prop. 10.11]. And both are rational (straight¬ 
lines). Thus, GM and MF are rational (straight-lines 
which are) commensurable in square only. GF is thus an 
apotome [Prop. 10.73]. So, I say that (it is) also a first 
(apotome). 

For since the (rectangle contained) by AG and GB is 
the mean proportional to the (squares) on AG and GB 
[Prop. 10.21 lem.], and GH is equal to the (square) on 
AG, and KL equal to the (square) on BG, and NL to 
the (rectangle contained) by AG and GB, NL is thus 
also the mean proportional to GH and KL. Thus, as 
GH is to NL, so NL (is) to KL. But, as GH (is) to 
NL, so GK is to NM, and as NL (is) to KL, so NM 
is to KM [Prop. 6.1]. Thus, the (rectangle contained) 
by GK and KM is equal to the (square) on NM — 
that is to say, to the fourth part of the (square) on FM 
[Prop. 6.17]. And since the (square) on AG is commen¬ 
surable with the (square) on GB, GH [is] also commen¬ 
surable with KL. And as GH (is) to KL, so GK (is) to 
KM [Prop. 6.1]. GK is thus commensurable (in length) 
with KM [Prop. 10.11]. Therefore, since GM and MF 
are two unequal straight-lines, and the (rectangle con¬ 
tained) by GK and KM, equal to the fourth part of the 
(square) on FM, has been applied to GM, falling short 
by a square figure, and CK is commensurable (in length) 
with KM, the square on GM is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. And 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) GD. Thus, CF is a first 
apotome [Def. 10.15]. 

Thus, the (square) on an apotome, applied to a ratio¬ 
nal (straight-line), produces a first apotome as breadth. 
(Which is) the very thing it was required to show. 

Proposition 98 

The (square) on a first apotome of a medial (straight- 
line), applied to a rational (straight-line), produces a sec¬ 
ond apotome as breadth. 

Let AB be a first apotome of a medial (straight-line). 
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noioOv Tf]v rZ- Xsyw, oti. f) FZ dKOTO^xr) eaxi. SsuTspa. 

’TlaTW ydp xfj AB Kpoaotppio^ouaa f) BH' ai dpa AH, 
HB pisaai eiai 6uvd(j£i ^ovov auii^JiSTpoi prjxov Kspi.exo'J'^*'’- 
xai TW (JEv duo Tfjc AH laov xapd ti^v FA KapapspXrja'dw 
TO F0 TiXdxoc KoioOv TiQv FK, TO 6e dTio Tf)<; HB laov to 
KA TiXaToc TOLoOv Tf]v KM' oXov dpa to FA laov eaxl toTc 
dxo Tov AH, HB' (leaov dpa xai to FA. xal xapd prjTi^v 
Tf]v FA xapdxeiTai. xXdToc; xoioOv Tf]v FM- prjTf] dpa sotiv 
f) FM xal dau^piSTpoc Tfj FA ^r]X£i. xal Exd to FA laov 
eotI toXq dxo Tov AH, HB, Sv to dxo T'rjc AB laov eotI 
TO FE, XoLxov dpa to 6l<; 0x6 tov AH, HB laov eotI to 
ZA. prjTov Be [eoti] to 6l<; uxo tov AH, HB- prjTov dpa to 
ZA. xal xapd pr)Ti^v ti^v ZE xapdxELxai xXaToc; xoloOv Tf]v 
ZM' pr]Tf] dpa sad xal f) ZM xal au^^Expoc xfj FA ^r]X£i. 
exeI ouv xd ^£v dxo tov AH, HB, Touxsaxi to FA, ^saov 
saxlv, TO Be 61c; 0x6 tov AH, HB, TouxEaxi. to ZA, prjTov 
dau(j^£Tpov dpa sail to FA to ZA. oc; Be to FA xpoi; to 
ZA, ouTOc; saxlv fj FM xpoc; ti^v ZM- dau(i^£Tpoc; dpa 
FM xfj ZM ^r]X£i. xal Eiaiv d^icpoTEpai prjxal' at dpa FM, 
MZ pr]Tal Eiai. Buvd(j£i piovov aO^(j£Tpoi.' ir) FZ dpa dxoxo^'j] 
saxiv. Xsyo Br], oxi. xal BEUxspa. 


A B H 

I-^-1 


r Z N K M 



TET^r]a'do ydp fj ZM Blxa xaxd to N, xal ^id xoO 

N xfj FA xapdXXrjXoc; f) NS' sxdxEpov dpa tov ZS, NA laov 
saxl TO 0x6 TOV AH, HB. xal exeI tov dx6 tov AH, HB 
TExpayovov p,£aov dvdXoyov saxi t6 0x6 tov AH, HB, xal 
Eaxiv laov t6 p,£v dx6 xrjc; AH to F0, t6 Be 0x6 tov AH, 
HB TO NA, t6 Be dx6 Tfjc; BH to KA, xal tov F0, KA 
dpa [isaov dvdXoyov saxi t6 NA- saxiv dpa oc; t6 F0 xp6c; 
t6 NA, ouTOc; t6 NA xp6c; t6 KA. dXX’ oc ^ev t6 F0 xp6c 


and CD a rational (straight-line). And let CE, equal to 
the (square) on AB, have been applied to CD, producing 
CF as breadth. I say that CF is a second apotome. 

For let HG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a rational (area) [Prop. 10.74]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on GB, producing KM as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) 
on AG and GB. Thus, CL (is) also a medial (area) 
[Props. 10.15, 10.23 corn]. And it is applied to the ratio¬ 
nal (straight-line) CD, producing CM as breadth. CM 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since CL is equal to the (sum of the 
squares) on AG and GB, of which the (square) on AB 
is equal to CE, the remainder, twice the (rectangle con¬ 
tained) by AG and GB, is thus equal to FL [Prop. 2.7]. 
And twice the (rectangle contained) by AG and GB [is] 
rational. Thus, FL (is) rational. And it is applied to the 
rational (straight-line) FE, producing FM as breadth. 
FM is thus also rational, and commensurable in length 
with CD [Prop. 10.20]. Therefore, since the (sum of the 
squares) on AG and GB —that is to say, CL —is medial, 
and twice the (rectangle contained) by AG and GB — 
that is to say, FL —(is) rational, CL is thus incommen¬ 
surable with FL. And as CL (is) to FL, so CM is to 
FM [Prop. 6.1]. Thus, CM (is) incommensurable in 
length with FM [Prop. 10.11]. And they are both ra¬ 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a second (apotome). 

A B G 

I-1-1 
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For let FM have been cut in half at N. And let 
NO have been drawn through (point) N, parallel to 
CD. Thus, FO and NL are each equal to the (rectan¬ 
gle contained) by AG and GB. And since the (rectan¬ 
gle contained) by AG and GB is the mean proportional 
to the squares on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (rectangle 
contained) by AG and GB to NL, and the (square) on 
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TO NA, ouTWc eoTiv f) FK npbc, ti^v NM, ck 5s to NA Tipoc; 
TO KA, ouTWc eotIv f) NM Kpoc ti^v MK- &>c, apa f] FK 
Tipoi; Ti^v NM, ouTOc sotiv f) NM Tipoc Tf]v KM- to apa 
UTio Twv FK, KM laov soti tw diio T-rjc NM, touteoti. tw 
TET dpTW (iSpEl. TOU (XTIO Tfjc ZM [xal ETIsl aU(J^ETp6v EOTl. TO 
(XTio T-rjc AH TW (XTio T-rjc BH, aup.(iETp6v eoti xai to F0 tO 
KA, TOUTEOTiv f) FK TT) KM], etieI ouv 5uo EUT^Etai dviaoi 
Eiaiv ai FM, MZ, xal tw TSTotTpcp [ispsi toO diio T-rjc; MZ 
laov Tiapd ttjv ^.si^ova Trjv FM Tiapa[3£pXriTai eXXe'Itiov eISei 
TET paycovto to utio twv FK, KM xal sic a6p,[iETpa auTrjv 
Siaipsl, f] dpa FM T-rjc MZ jiEl^ov SuvaTai tG duo aup,[iETpou 
sauTfi ^iir]X£i. xa[ eotiv rj Tipoaap^iol^ouaa rj ZM au^i^ETpoc 
^T^XEi Tfi EXXEi^EVT) prjTfi TT) FA- f) dpa FZ drioTo^T] eoti 
S suTspa. 

To dpa dxo [isarjc duoToji-rjc xpcoT-rjc iiapd p-rjTfjv xa- 
pa(3aXX6p,£vov xXaToc xoisl dxoTop,r)v SsuTspav- oxsp eSei 
BEl^ai. 


To dxo ^Jisarjc dxoTO(ifjc BsuTspac xapd pr]Tf]v xapa- 
PaXXojiEvov xXaToc xoisT dxoTO(ir]v TpiT-r)v. 

A B H 

I-^-1 


r Z N K M 



TlaTW txEarjc dxoTo^r) BsuTspa f) AB, prjTr) Be fj FA, xal 
TO dxo Tfjc AB laov xapd ttjv FA xapapE^Xr^aDo to FE 
xXdTOC xoioOv T-r)v FZ- XEyo, oti fj FZ dxoTO(ir] eoti TpiTir). 

’lEaTO ydp Tfj AB xpoaap(j6^ouaa f] BH- ai dpa AH, HB 
tXEoai sial Bovd^xsi. (lovov au(i^£Tpoi ^saov xEpisxouaai.. xal 
TO Tfjc ah laov xapd T-f)v FA xapa[3£pXir]aDo to F0 

xXdToc xoioDv TTjv FK, to Be dxo Tfjc BH laov xapd ttjv K0 
xapaPspXfia-do to KA xXaTOC xoiouv ttjv KM- oXov dpa to 
FA laov eotI toTc dxo tov AH, HB [xai eoti. ^saa Ta dxo 
Tov AH, HB]- ^saov dpa xal to FA. xal xapd pr)Tf)v xfjv 


BG to KL, NL is thus also the mean proportional to 
CH and KL. Thus, as CH is to NL, so NL (is) to KL 
[Prop. 5.11]. But, as CH (is) to NL, so CK is to NM, 
and as NL (is) to KL, so NM is to MK [Prop. 6.1]. 
Thus, as CK (is) to NM, so NM is to KM [Prop. 5.11]. 
The (rectangle contained) by CK and KM is thus equal 
to the (square) on NM [Prop. 6.17]—that is to say, to 
the fourth part of the (square) on FM [and since the 
(square) on AG is commensurable with the (square) on 
BG, CH is also commensurable with KL —that is to say, 
CK with ATM]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) 
on MF, has been applied to the greater CM, falling 
short by a square figure, and divides it into commensu¬ 
rable (parts), the square on CM is thus greater than (the 
square on) ME by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. The 
attachment FM is also commensurable in length with the 
(previously) laid down rational (straight-line) CD. CF is 
thus a second apotome [Def 10.16]. 

Thus, the (square) on a first apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a second apotome as breadth. (Which is) the very 
thing it was required to show. 

Proposition 99 

The (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a third apotome as breadth. 

A B G 

I-1-1 
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Let AB be the second apotome of a medial (straight- 
line), and CD a rational (straight-line). And let CE, 
equal to the (square) on AB, have been applied to CD, 
producing CF as breadth. I say that CF is a third apo¬ 
tome. 

For let HG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a medial (area) [Prop. 10.75]. 
And let CH, equal to the (square) on AG, have been 
applied to CD, producing CK as breadth. And let KL, 
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FA napapepXrjxai nXdToc; noiouv xfjv FM- prjTf) dpa eaxlv 
f) FM xal daup.psxpoi; xfj FA ^r]X£i. xal exei oXov x6 FA 
laov eaxl xoi<; dxo xwv AH, HB, Sv x6 FE laov sax'i xA 
dxo xf)<; AB, Xoixov dpa x6 AZ laov eaxl xA 6i<; Otio xAv 
AH, HB. xex^ir^ailco ouv fj ZM 6[)(a xaxd x6 N arj^elov, 
xal xfi FA TiapdXXrjXoi; rix^w rj NS- exdxepov dpa xAv ZS, 
NA laov eaxl xA 0x6 xAv AH, HB. [ieaov Se x6 0x6 xAv 
AH, HB- (jeaov dpa eaxl xal x6 ZA. xal xapd pr)xi^v xf]v 
EZ xapdxeixai xXdxoc; xoiouv xi^v ZM- prjxf] dpa xal ZM 
xal dau^pexpoi; xfj FA ^f]xei. xal exel ai AH, HB Buvdpei 
[iovov elal au[ip,expoi, dau[ip,expoc; dpa [eaxl] (if]X£i f) AH 
xfj HB- dau(jp£xpov dpa eaxl xal x6 dxo xfjc; AH xA 0x6 
xAv AH, HB. dXXd xA p,£v dx6 x-rjc; AH au[ip,expd eaxi xd 
dx6 xAv AH, HB, xA 6e 0x6 xAv AH, HB x6 61<; 0x6 xAv 
AH, HB- da6p(J£xpa dpa eaxl xd dx6 xAv AH, HB xA 51i; 
0x6 xAv AH, HB. dXXd x6i<; pev dx6 xAv AH, HB laov 
eaxl x6 FA, xA 6e 51i; 0x6 xAv AH, HB laov eaxl x6 ZA- 
da0(jp£xpov dpa eaxl x6 FA xA ZA. A<; 5e x6 FA xp6(; x6 
ZA, ouxwc eaxlv f] FM xp6<; xf]v ZM- da0p(jexpo<; dpa eaxlv 
f] FM xfj ZM pfjxeL. xa[ eiaiv d^cpoxepai prjxal- ai dpa FM, 
MZ pr)xa[ eiai 6uvd(iei (jLovov a0p(jexpoi.- dxoxo(if] dpa eaxlv 
f] FZ. Xeyw 6f], oxi xal xpixr). 

’Exel ydp a0p(iexp6v eaxi x6 dx6 xfjc AH xA dx6 xfjc 
HB, aOp^expov dpa xal x6 F0 xA KA- Aaxe xal f) FK xfj 
KM. xal exel xAv dx6 xAv AH, HB (jeaov dvdXoyov eaxi 
x6 0x6 xAv AH, HB, xai eaxi xA (lev dx6 xfjc AH laov 
x6 F0, xA Be dx6 xfjc HB laov x6 KA, xA Be 0x6 xAv 
AH, HB laov x6 NA, xal xAv F0, KA dpa peaov dvdXoyov 
eaxi x6 NA- eaxiv dpa Ac x6 F0 xp6c x6 NA, ouxwc x6 
NA xp6c x6 KA. dXX’ Ac (J£v x6 F0 xp6c x6 NA, oOxwc 
eaxlv f) FK xp6c xfjv NM, Ac Be x6 NA xp6c x6 KA, oOxwc 
eaxlv f] NM xp6c xfjv KM- Ac dpa f) FK xp6c xf]v MN, 
oOxoc eaxlv f] MN xp6c xf)v KM- x6 dpa 0x6 xAv FK, KM 
laov eaxl xA [dx6 xfjc MN, xouxeaxi xA] xexdpxw pepei xoO 
dx6 xfjc ZM. exel ouv BOo eODelai dviaoi eiaiv ai FM, MZ, 
xal xA xexdpxw (lepei xou dx6 xfjc ZM laov xapd xf]v FM 
xapa[3epXr)xai eXXelxov elBei xexpayAvw xal eic a0(j(jexpa 
a0xf]v Biaipel, f) FM dpa xfjc MZ (leli^ov BOvaxai xA dx6 
au(j(jexpou eauxfj. xal oOBexepa xAv FM, MZ a0(j(j£xp6c 
eaxi (jfjxei xfj exxei(J£vr) prjxfj xfj FA- fj dpa FZ dxoxopfj eaxi 
xpixr]. 

T6 dpa dx6 pearjc dxoxopfjc Beuxepac xapd prjxfjv xapa- 
PaXXopevov xXdxoc xoiel dxoxopfjv xpixrjv- oxep eBei Bel^ai- 


equal to the (square) on BG, have been applied to KH, 
producing KM as breadth. Thus, the whole of CL is 
equal to the (sum of the squares) on AG and GB [and 
the (sum of the squares) on AG and GB is medial]. CL 
(is) thus also medial [Props. 10.15, 10.23 corn]. And it 
has been applied to the rational (straight-line) CD, pro¬ 
ducing CM as breadth. Thus, CM is rational, and incom¬ 
mensurable in length with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which CE is equal to the (square) on 
AB, the remainder LF is thus equal to twice the (rect¬ 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at point N. And let NO 
have been drawn parallel to CD. Thus, FO and NL are 
each equal to the (rectangle contained) by AG and GB. 
And the (rectangle contained) by AG and GB (is) me¬ 
dial. Thus, FL is also medial. And it is applied to the 
rational (straight-line) EF, producing FM as breadth. 
FM is thus rational, and incommensurable in length with 
CD [Prop. 10.22]. And since AG and GB are commen¬ 
surable in square only, AG [is] thus incommensurable in 
length with GB. Thus, the (square) on AG is also incom¬ 
mensurable with the (rectangle contained) by AG and 
GB [Props. 6.1, 10.11]. But, the (sum of the squares) 
on AG and GB is commensurable with the (square) on 
AG, and twice the (rectangle contained) by AG and GB 
with the (rectangle contained) by AG and GB. The 
(sum of the squares) on AG and GB is thus incommen¬ 
surable with twice the (rectangle contained) by AG and 
GB [Prop. 10.13]. But, CL is equal to the (sum of the 
squares) on AG and GB, and FL is equal to twice the 
(rectangle contained) by AG and GB. Thus, CL is in¬ 
commensurable with FL. And as CL (is) to FL, so CM 
is to FM [Prop. 6.1]. CM is thus incommensurable in 
length with FM [Prop. 10.11]. And they are both ra¬ 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since the (square) on AG is commensurable with 
the (square) on GB, CH (is) thus also commensu¬ 
rable with KL. Hence, CK (is) also (commensurable 
in length) with KM [Props. 6.1, 10.11]. And since the 
(rectangle contained) by AG and GB is the mean propor¬ 
tional to the (squares) on AG and GB [Prop. 10.21 lem.], 
and CH is equal to the (square) on AG, and KL equal 
to the (square) on GB, and NL equal to the (rectangle 
contained) by AG and GB, NL is thus also the mean 
proportional to CH and KL. Thus, as CH is to NL, so 
NL (is) to KL. But, as CH (is) to NL, so CK is to NM, 
and as NL (is) to KL, so NM (is) to KM [Prop. 6.1]. 
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P'- 

To (XTio eXdaaovoc; Tiapd prjxrjv TiapaPaXXopievov TiXdxot; 
xoieT d7ioxo(if]v xexdpxrjv. 

A B H 

I-^-1 


r Z N K M 



Tilaxw eXdaawv f) AB, prjxi^ 6e fj FA, xal xw aizb xfji; 
AB laov napa. prjxfjv xrjv FA xapapepXi^a'dw x6 FE KXdxog 
TioLoOv xi^v FZ- Xsyw, oxi. f) FZ (XKoxoptr) eaxi. xexdpxr). 

’Taxw ydp xfj AB 7i;poaap(i6^ouaa f] BH- ai dpa AH, 
HB 6uvd(iei sialv daupi(j£xpoi. KoioOaai x6 (jev auyxeiiJevov 
ex xAv dxo xAv AH, HB xexpayAvwv prjxov, x6 Be Blc uko 
xAv AH, HB (leaov. xal xA ptev dxo xf)<; AH laov Tiapd 
xf]v FA TiapapepXrja'dw x6 F0 nXdxoc; xoioOv xi^v FK, xA 
5e diio xfji; BH laov x6 KA xXdxoc; xoiouv xtqv KM' oXov 
dpa x6 FA laov eaxl xolc; duo xAv AH, HB. xai eaxi x6 
auyxeijievov ex xAv duo xAv AH, HB prjxov prjxov dpa 
eaxi xal x6 FA. xal Tiapd pr)xf]v xi^v FA Tiapdxeixai. TiXdxoc; 
Tioiouv xrjv FM- prjxr) dpa xal f) FM xal aupiptexpoi; xfj FA 
pifjxei.. xal enel oXov x6 FA laov eaxi toXq and xAv AH, HB, 
Av x6 FE laov eaxi xA dTio xfji; AB, Xoitiov dpa x6 ZA laov 
eaxi xA 61; Otio xAv AH, HB. xex(if]a'dto ouv f] ZM 6[xa 
xaxd x6 N arjpieTov, xal fjxDo 6la xou N oTioxepa xAv FA, 


Thus, as CK (is) to MN, so MN is to KM [Prop. 5.11]. 
Thus, the (rectangle contained) by CK and KM is equal 
to the [(square) on MN —that is to say, to the] fourth 
part of the (square) on FM [Prop. 6.17]. Therefore, 
since CM and MF are two unequal straight-lines, and 
(some area), equal to the fourth part of the (square) on 
FM, has been applied to CM, falling short by a square 
figure, and divides it into commensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) commensurable 
(in length) with {CM) [Prop. 10.17]. And neither of 
CM and MF is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) CD. CF is 
thus a third apotome [Def. 10.13]. 

Thus, the (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro¬ 
duces a third apotome as breadth. (Which is) the very 
thing it was required to show. 

Proposition 100 

The (square) on a minor (straight-line), applied to 
a rational (straight-line), produces a fourth apotome as 
breadth. 

A B G 

I-1-1 
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Let AB be a minor (straight-line), and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to the rational (straight-line) CD, pro¬ 
ducing CF as breadth. I say that CF is a fourth apotome. 

For let HG be an attachment to AB. Thus, AG and 
CB are incommensurable in square, making the sum of 
the squares on AG and GB rational, and twice the (rect¬ 
angle contained) by AG and GB medial [Prop. 10.76]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on BG, producing KM as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB is rational. CL is thus also rational. And it is ap¬ 
plied to the rational (straight-line) CD, producing CM 
as breadth. Thus, CM (is) also rational, and commen¬ 
surable in length with CD [Prop. 10.20]. And since the 
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MA KcxpaXXrjXoc fj NS' exaTspov apa twv ZS, NA laov eaxi 
TW UKo TcSv AH, HB. xal exel to 5l<; 0x6 twv AH, HB [ieaov 
eaxl xa[ eaxiv laov tw ZA, xctl to ZA Spa pieaov sotiv. xal 
xapa prjTfjv ttjv ZE xapaxeiTai kXStoc; xoiouv Trjv ZM- prjTr) 
apa sotIv f) ZM xal daupipieTpoc; Tfj FA pir^xei. xal exel to 
[ iev auyxelpievov ex tc5v dxo twv AH, HB prjTov eoTiv, to 
5e Blc; uxo twv AH, HB (ieaov, dau(i(ieTpa [dpa] cotI tS dxo 
Twv AH, HB TW 51c; 0x6 twv AH, HB. laov 5e [eaxi] to FA 
toTc; dxo Twv AH, HB, tw 6c 61c; 0x6 twv AH, HB laov t6 
ZA' daO(i(ieTpov dpa [cotI] t6 FA tG ZA. (be; 5e t6 FA xp6c; 
t6 ZA, ouTCoc; cotIv fj FM xp6(; ttjv MZ- daO(i(ieTpo(; dpa 
cgtIv If) FM TT) MZ (i'rixei. xa[ ciaiv d(i(p6Tcpai pifjTal' ai dpa 
FM, MZ prjTai elai 5uvd(iei (lovov aO(i(ieTpoi' dxoTopir) dpa 
cgtIv If) FZ. XeytJ pi)], oti xal TCTdpTT). 

’Excl Y«p al AH, HB 6uvd(ici clalv daO(i(ieTpoi, dau(i(ieT- 
pov dpa xal t6 dx6 T'rjc; AH tc5 dx6 T'rjc; HB. xal caTi tw 
(iev dx6 Tfjc; AH laov t6 F0, tc3 5c dx6 T'rjc; HB laov t6 
KA' dau(i(iCTpov dpa eaA t6 F0 tw KA. (be; 6c t6 F0 xp6(; 
t6 KA, ouTCOc; cotIv t) FK xp6c; TTjv KM' daO(i(ieTpo(; dpa 
cotIv f) FK Tfj KM (i'f)xei. xal excl twv dx6 tc5v AH, HB 
(ieaov dvdXoyov eaTi t6 0x6 tc3v AH, HB, xal caTiv Taov 
t6 (iev dx6 T'rjc; AH tw F0, t6 6c dx6 Tfjc; HB T(b KA, 
t6 6c 0x6 Tcbv AH, HB tc5 NA, twv dpa F0, KA (ieaov 
dvdXoyov caTi t6 NA' eaxiv dpa (be; t6 F0 xp6(; t6 NA, 
ouTOic; t6 NA xp6(; t6 KA. dXX’ (be; (icv t6 F0 xp6c; t6 
NA, ouT6ic; caxlv f) FK xp6(; Tf)v NM, (be; 6c t6 NA xp6c; 
t6 KA, ouT(oc; caxlv if) NM xp6c; Tf)v KM- (be; dpa f) FK 
xp6(; Tf)v MN, ouT(oc; eaxlv f) MN xp6c; xfjv KM- t6 dpa 
0x6 Tcbv FK, KM laov eaxl tc3 dx6 Tfjc; MN, toutcoti tw 
TCTdpTtp (icpei Tou dx6 Tfjc; ZM. cxel ouv 5uo cO'delai dviaol 
claiv al FM, MZ, xal tc5 TCTpdpxcp (icpei tou dx6 Tfjc; MZ 
laov xapd Tf)v FM xapa(3epXr)Tai eXXcIxov cl6ci TCTpay(bv(p 
t6 0x6 T(bv FK, KM xal cic; da0(i(iCTpa a0Tf)v 6i.aipcl, f) dpa 
FM Tfjc; MZ (icl^ov 50vaTai tw dx6 dau(i(ieTpou eauTfj. xal 
caTLv oXr) f) FM au(i(iCTpoc; (ifjxcL Tfj exxc((icvr) pr)Tfj xfj FA- 
f) dpa FZ dxoTO(if) caxi. TCxapTr). 

T6 dpa dx6 cXdaaovoc; xal xd c^fjc;. 


■whole of CL is equal to the (sum of the squares) on AG 
and GB, of which CE is equal to the (square) on AB, 
the remainder FL is thus equal to twice the (rectangle 
contained) by AG and GB [Prop. 2.7]. Therefore, let 
FM have been cut in half at point N. And let NO have 
been drawn through N, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con¬ 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is medial, and is equal to FL, 
FL is thus also medial. And it is applied to the ratio¬ 
nal (straight-line) FE, producing FM as breadth. Thus, 
FM is rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the sum of the (squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is [thus] incommensurable with twice the (rect¬ 
angle contained) by AG and GB. And CL (is) equal to 
the (sum of the squares) on AG and GB, and FL equal 
to twice the (rectangle contained) by AG and GB. CL 
[is] thus incommensurable with FL. And as CL (is) to 
FL, so CM is to MF [Prop. 6.1]. CM is thus incommen¬ 
surable in length with MF [Prop. 10.11]. And both are 
rational (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. [So], I say that (it 
is) also a fourth (apotome). 

For since AG and GB are incommensurable in square, 
the (square) on AG (is) thus also incommensurable with 
the (square) on GB. And CH is equal to the (square) on 
AG, and KL equal to the (square) on GB. Thus, CH is 
incommensurable with KL. And as CH (is) to KL, so 
CK is to KM [Prop. 6.1]. CK is thus incommensurable 
in length with KM [Prop. 10.11]. And since the (rectan¬ 
gle contained) by AG and GB is the mean proportional 
to the (squares) on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (square) 
on GB to KL, and the (rectangle contained) by AG and 
GB to AT, AL is thus the mean proportional to CH and 
KL. Thus, as CH is to AL, so NL (is) to KL. But, 
as CH (is) to AL, so CK is to NM, and as AL (is) to 
KL, so NM is to KM [Prop. 6.1]. Thus, as CK (is) to 
MN, so MN is to KM [Prop. 5.11]. The (rectangle con¬ 
tained) by CK and KM is thus equal to the (square) on 
MN —that is to say, to the fourth part of the (square) on 
FM [Prop. 6.17]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) on 
MF, has been applied to CM, falling short by a square 
figure, and divides it into incommensurable (parts), the 
square on CM is thus greater than (the square on) MF 
by the (square) on (some straight-line) incommensurable 
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pa'. 

To otKO Tfjc; [iexa prjxoO (Jeaov x6 oXov Koiouarjc Tiapa 
prjxi^v iictpa[3aXX6[ievov nXaxot; noiel dxoxopii^v nejinxiriv. 

A B H 

I-^-1 


r Z N K M 



Tilaxw f) ^Jisxd prjxoO (leaov x6 oXov KoioOaoc f] AB, pr]xf] 
5 s f) FA, xocl xw duo xfjc; AB laov xapd xf)v FA xapa- 
PspXria'dw x6 FE TiXdxoc koioOv xf)v FZ- Xsyw, 6xi f] FZ 
dxoxopr] saxi. 7 is(i 7 ixr). 

’'Eaxto ydp xfj AB Kpoaappo^ouoa f) BH' ai dpa AH, 
HB suiSsTai Buvdpisi. sia'iv dau^(iexpoi xoiouacti. x6 pev 
auyxsipisvov sx xAv dx’ aOxAv xsxpaywvwv psaov, x6 5 s 
5 li; uk’ aOxAv prjxov, xal xA psv dxo xfjc AH laov xapd 
xf]v FA xapapspXfja'dw x6 F 0 , xA 5 s dxo xfjc HB laov 
x6 KA' oXov dpa x6 FA laov saxl xoTc duo xAv AH, HB. 
x6 5e auyxsijisvov sx xAv dxo xAv AH, HB dpia ^saov 
saxLv (isaov dpa saxl x6 FA. xal xapd pr)xf)v xf)v FA 
xapdxsixai. xXdxoc xoiouv xf)v FM- prjxf) dpa saxlv f) FM xal 
da6p.(isxpoc xfj FA. xal susl oXov x6 FA laov saxl xolc duo 
xAv AH, HB, Av x6 FE laov saxl xA dxo xfjc AB, Xoixov 
dpa x6 ZA laov saxl xA 6lc uxo xAv AH, HB. xsxpfjaflco 
ouv f) ZM xaxd x6 N, xal fjxDw 6id xoO N oxoxspa 
xAv FA, MA xapdXXrjXoc f) NS- sxdxspov dpa xAv ZS, NA 
laov saxl xA 0 x 6 xAv AH, HB, xal sxsl x6 6lc 0 x 6 xAv AH, 
HB prjxov saxi xal [saxiv] laov xA ZA, pr)x6v dpa saxl x6 
ZA. xal xapd prjxfjv xf)v EZ xapdxsixai xXdxoc xoioOv xfjv 
ZM- prjxf) dpa saxlv f) ZM xal au^psxpoc xfj FA ^f]xsi. xal 
sxsl x6 psv FA psaov saxlv, x6 5e ZA prjxov, daOpjisxpov 
dpa saxl x6 FA xA ZA. Ac 5e x6 FA xp6c x6 ZA, oOxoc 
f] FM xp6c xfjv MZ- daOjxpsxpoc dpa saxlv fj FM xfj MZ 
pfjxEi.. xal siaiv djicpoxspai prjxal- at dpa FM, MZ prjxal slai. 
5 uvdpiEi. povov auppiExpor dxoxopf] dpa saxlv fj FZ. Xsyo) 
5 fj, 6x1 xal xEjjLxxrj. 

'Opoltoc ydp Ssl^ojisv, 6x1. x6 0 x 6 xAv FKM laov saxl 
xA dx6 xfjc NM, xouxsaxi. xA xsxdpxcp pspsi xoO dx6 xfjc 


(in length) with (CM) [Prop. 10.18]. And the whole of 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a 
fourth apotome [Def 10.14]. 

Thus, the (square) on a minor, and so on ... 

Proposition 101 

The (square) on that (straight-line) which with a ra¬ 
tional (area) makes a medial whole, applied to a rational 
(straight-line), produces a fifth apotome as breadth. 

A B G 

I-1-1 


C F N K M 



Let AB be that (straight-line) which with a ratio¬ 
nal (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a fifth apotome. 

Let BG he an attachment to AB. Thus, the straight¬ 
lines AC and GB are incommensurable in square, mak¬ 
ing the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational [Prop. 10.77]. 
And let CH, equal to the (square) on AG, have been ap¬ 
plied to CD, and KL, equal to the (square) on GB. The 
whole of CL is thus equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AC and 
GB together is medial. Thus, CL is medial. And it has 
been applied to the rational (straight-line) CD, produc¬ 
ing CM as breadth. CM is thus rational, and incommen¬ 
surable (in length) with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AC and GB, of which CE is equal to the (square) on 
AB, the remainder EL is thus equal to twice the (rect¬ 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at N. And let NO have 
been drawn through N, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con¬ 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is rational, and [is] equal to 
FL, FL is thus rational. And it is applied to the ratio¬ 
nal (straight-line) EF, producing FM as breadth. Thus, 
FM is rational, and commensurable in length with CD 
[Prop. 10.20]. And since CL is medial, and FL rational. 
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ZM. xal ETisl dau(j^eTp6v eaxi to and Tf)<; AH tG anb Tfjc 
HB, laov Be to (lev anb Tfjc; AH tG F©, to Be anb Tf)<; 
HB tG KA, daup(jeTpov dpa to F© tG KA. Gc Be to F© 
Tipoc; TO KA, ouT(£)<; fj FK npbq Tf]v KM- daOp(jeTpo<; dpa 
f] FK Tfj KM ^r]xei. exei ouv Buo eO-delai dviaoi eiaiv at 
FM, MZ, xal tG xeidpTW (Jepei. xoD dxo x-rjc ZM laov xapd 
Tf]v FM xapaPepXrjxai eXXelxov eiBei TexpayGvcp xal ei<; 
dau(jpcTpa aOxi^v BiaipeT, dpa FM xfji; MZ pcT^ov Buvaxai 
tG dxo daupiiexpou eauTfj. xal eaxiv f) xpoaapiio^ouaa ir) 
ZM aup^expoc xfj exxeipevrj prixfj xfj FA- f) dpa FZ dxoTopri 
eaxi. xe(jLXTr)- oxep eBei BeT^®- 


p( 3 '. 

To dxo T-rjc; ^.exd p.eaou [ieaov to oXov xoiouarit; xapd 
p-rjT-i^v xapa[3aXX6(ievov xXdToc; xoiel dxoTop.r)v exT-rjv. 

A B H 

I-^-1 


r Z N K M 



TilaTW f] pexd ^eaou p,eaov to oXov xoLoOaa fj AB, prjxf] 
Be f) FA, xal xG duo x-rjc; AB laov xapd xfjv FA xapa- 
PepXr^aDo) to FE xXdxoc; xoiouv xrjv FZ- Xeyw, oxi fj FZ 
dxoTop.r] caxiv cxTr). 

’Haxto ydp xf) AB 7ipoaap(i6^ouaa f) BH- al dpa AH, 
HB Buvd(iei eialv dau(jpcTpoi xoioOaai. to xe auyxe[p.evov 
ex tGv dx’ auxGv xexpayGvwv pcaov xal to Blc uxo xGv 
AH, HB pcaov xal dau(ipcTpov xd dxo xGv AH, HB xG 


CL is thus incommensurable with FL. And as CL (is) to 
FL, so CM (is) to MF [Prop. 6.1]. CM is thus incom¬ 
mensurable in length with MF [Prop. 10.11]. And both 
are rational. Thus, CM and MF are rational (straight¬ 
lines which are) commensurable in square only. CF is 
thus an apotome [Prop. 10.73]. So, I say that (it is) also 
a fifth (apotome). 

For, similarly (to the previous propositions), we can 
show that the (rectangle contained) by CKM is equal to 
the (square) on NM —that is to say, to the fourth part 
of the (square) on FM. And since the (square) on AG 
is incommensurable with the (square) on GB, and the 
(square) on AG (is) equal to CH, and the (square) on 
GB to KL, CH (is) thus incommensurable with KL. 
And as CH (is) to KL, so CK (is) to KM [Prop. 6.1]. 
Thus, CK (is) incommensurable in length with KM 
[Prop. 10.11]. Therefore, since CM and MF are two un¬ 
equal straight-lines, and (some area), equal to the fourth 
part of the (square) on FM, has been applied to CM, 
falling short by a square figure, and divides it into incom¬ 
mensurable (parts), the square on CM is thus greater 
than (the square on) MF by the (square) on (some 
straight-line) incommensurable (in length) with (CM) 
[Prop. 10.18]. And the attachment FM is commensu¬ 
rable with the (previously) laid down rational (straight- 
line) CD. Thus, CF is a fifth apotome [Def. 10.15]. 
(Which is) the very thing it was required to show. 

Proposition 102 

The (square) on that (straight-line) which with a me¬ 
dial (area) makes a medial whole, applied to a rational 
(straight-line), produces a sixth apotome as breadth. 

A B G 

I-1-1 


C F N K M 



Let AB be that (straight-line) which with a me¬ 
dial (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a sixth apotome. 

For let FG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on them medial, and twice the (rectangle 
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8l(; UTio Twv AH, HB. 7iapaPepXr]a'dw ouv Tiapa xfjv FA tA 
pi£v (XKo Tfji; AH laov to F© TiXdxoc; noiouv xrjv FK, xG 
8s duo xf)<; BH x6 KA- oXov dpa x6 FA laov sax'i toXq inb 
xGv AH, HB- pisaov dpa [saxl] xal x6 FA. xal xapd prjxi^v 
xf]v FA TiapdxEixai. xXdxoc; koioOv xf]v FM- pr]xf] dpa saxiv 
f] FM xai dau^^sxpoi; xfj FA ^r]XEi. ekei ouv x 6 FA laov 
saxl xoTc; dxo xGv AH, HB, Sv x6 FE laov xG dxo xfjc; AB, 
XoiKov dpa x6 ZA laov saxl xG 8i<; uxo xGv AH, HB. xa[ 
saxi. x6 8i<; 0 x 6 xGv AH, HB ^saov xal x6 ZA dpa pisaov 
saxiv. xal xapd prjxi^v xf]v ZE xapdxsixai. xXdxoc; xoioOv xf]v 
ZM- prjxf] dpa saxiv f) ZM xal daupi^Expoc xfj FA ^fjxsL. xal 
Exsl xd dxo xGv AH, HB dau^(JExpd saxi. xG 8l(; 0 x 6 xGv 
AH, HB, xal saxi xoTi; pisv dxo xGv AH, HB laov x6 FA, 
xG 8£ 8l<; 0 x 6 xGv AH, HB laov x6 ZA, da 0 pi(j£xpo<; dpa 
[saxl] x6 FA xG ZA. Gc; 8£ x6 FA xp6c; x6 ZA, ouxwc saxiv 
f) FM xp6c; xf]v MZ- da 0 ^(j£xpo<; dpa saxiv f) FM xfj MZ 
txfjxsi.. xal slaiv d(i(p6x£pai. prjxal. ai FM, MZ dpa prjxal siai. 
8uvdtx£i. piovov au(j^£xpor dxoxo(jLf] dpa saxiv fj FZ. Xsyw 
8fi, 6x1 xal Exxr). 

’Exsl ydp x6 ZA laov saxl xG 81c; 0x6 xGv AH, HB, 
xsx^fja'dw 8lxa f] ZM xaxd x6 N, xal fjxDw 8id xoO N xfj 
FA xapdXXrjXoc; f) NS- sxdxspov dpa xGv ZS, NA laov saxl 
xG 0x6 xGv AH, HB. xal sxsl al AH, HB 8uvd^£i sialv 
dau(j^£xpoi, da0^(j£xpov dpa saxl x6 dx6 xfjc; AH xG dx6 
xfjc; HB. dXXd xG (jev dx6 xfjc; AH laov saxl x6 F0, xG 8s 
dx6 xfjc; HB laov saxl x6 KA- daO^^sxpov dpa saxl x6 F0 
xG KA. G; 8£ x6 F0 xp6; x6 KA, ouxo; saxiv f] FK xp6; 
xf]v KM- dau^t-tsxpo; dpa saxiv f) FK xfj KM. xal sxsl xGv 
dx6 xGv AH, HB (isaov dvdXoyov saxi. x6 0x6 xGv AH, 
HB, xal saxi. xG pisv dx6 xfj; AH laov x6 F0, xG 8s dx6 
xfj; HB laov x6 KA, xG 8s 0x6 xGv AH, HB laov x6 NA, 
xal xGv dpa F0, KA pisaov dvdXoyov saxi. x6 NA- saxiv dpa 
G; x6 F0 xp6; x6 NA, ouxo; x6 NA xp6; x6 KA. xal 8id 
xd aOxd f) FM xfj; MZ pisT^ov 80vaxai xG dx6 dau^pisxpou 
sauxfj. xal o08£X£pa aOxGv au^pisxpo; saxi xfj sxxsi^svr) 
pr)xfj xfj FA- -f) FZ dpa dxoxo(if] saxiv sxxr)- oxsp £8£i 8£'i5ai. 


contained) by AG and GB medial, and the (sum of the 
squares) on AG and GB incommensurable with twice 
the (rectangle contained) by AG and GB [Prop. 10.78]. 
Therefore, let CH, equal to the (square) on AG, have 
been applied to CD, producing CK as breadth, and KL, 
equal to the (square) on BG. Thus, the whole of CL 
is equal to the (sum of the squares) on AG and GB. 
CL [is] thus also medial. And it is applied to the ratio¬ 
nal (straight-line) CD, producing CM as breadth. Thus, 
CM is rational, and incommensurable in length with 
CD [Prop. 10.22]. Therefore, since CL is equal to the 
(sum of the squares) on AG and GB, of which CE (is) 
equal to the (square) on AB, the remainder FL is thus 
equal to twice the (rectangle contained) by AG and GB 
[Prop. 2.7]. And twice the (rectangle contained) by AG 
and GB (is) medial. Thus, FL is also medial. And it is 
applied to the rational (straight-line) FE, producing FM 
as breadth. FM is thus rational, and incommensurable 
in length with CD [Prop. 10.22]. And since the (sum 
of the squares) on AG and GB is incommensurable with 
twice the (rectangle contained) by AG and GB, and CL 
equal to the (sum of the squares) on AG and GB, and 
FL equal to twice the (rectangle contained) by AG and 
GB, CL [is] thus incommensurable with FL. And as CL 
(is) to FL, so CM is to MF [Prop. 6.1]. Thus, CM is 
incommensurable in length with MF [Prop. 10.11]. And 
they are both rational. Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a sixth (apotome). 

For since FL is equal to twice the (rectangle con¬ 
tained) by AG and GB, let FM have been cut in half 
at N, and let NO have been drawn through N, parallel 
to CD. Thus, FO and NL are each equal to the (rect¬ 
angle contained) by AG and GB. And since AG and GB 
are incommensurable in square, the (square) on AG is 
thus incommensurable with the (square) on GB. But, 
CH is equal to the (square) on AG, and KL is equal 
to the (square) on GB. Thus, CH is incommensurable 
with KL. And as CH (is) to KL, so CK is to KM 
[Prop. 6.1]. Thus, CK is incommensurable (in length) 
with KM [Prop. 10.11]. And since the (rectangle con¬ 
tained) by AG and GB is the mean proportional to the 
(squares) on AG and GB [Prop. 10.21 lem.], and CH 
is equal to the (square) on AG, and KL equal to the 
(square) on GB, and NL equal to the (rectangle con¬ 
tained) by AG and GB, NL is thus also the mean pro¬ 
portional to CH and KL. Thus, as CiT is to NL, so NL 
(is) to KL. And for the same (reasons as the preced¬ 
ing propositions), the square on CM is greater than (the 
square on) MF by the (square) on (some straight-line) 
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py'- 

'H Tf) duoTotJif) (jLr]X£i au^(j£Tpo<; d-n:oTO(ir] Eaxi. xai xf) 
xd^EL f) auxr]. 

A BE 

I-1-1 

r A z 

I-1-1 

Tilaxw dxoxopif] f) AB, xai xfj AB pirjxEL aupipiExpot; £ax« 
f) FA- Xeyw, 6x 1 xcd fj FA dxoxopiri eoxl xai xfj xd^Ei f] aOxf] 
xfj AB. 

’Ekei ydp dxoxopif) saxiv f] AB, saxw auxfj xpo- 
aappio^ouaa f) BE' at AE, EB dpa pr]xai Eiai BuvdpiEi. piovov 
au(jpi£xpoi. xai xo x'rjc AB xpoc; xf]v FA Xoyw 6 aOxoc 
YEyovExw 6 x'rjc BE xpoc xf)v AZ- xai (be; ev dpa xpoc; sv, 
xdvxa [saxl] xpoc; xdvxa' saxiv dpa xai A<; oXr) ■f) AE xpoc; 
oXrjv xfjv FZ, ouxoe; f] AB xpoe; xf]v FA. aupipiExpoi; Be f) AB 
xfj FA pLf]XEr aupLpi£xpo(; dpa xai f) AE piEv xfj FZ, f] Be BE 
xfj AZ. xai at AE, EB prjxai Eiai BuvdpiEi piovov aupipiExpoc 
xai at FZ, ZA dpa prjxal Eiai BuvdpiEi. piovov aupi(i£xpoi. [dxo- 
xopif) dpa saxlv f) FA. Xsyco Bf], oxi. xai xfj xd^Ei. ■f) auxf) xfj 
AB]. 

’EkeI ouv EaxLV (be; f) AE xpoe; xf)v FZ, ouxcoe; 'f) BE xpoe; 
xf]v AZ, EvaXXd^ dpa saxlv Ae; f) AE xpoe; xf]v EB, ouxcoe; 
f] FZ xpoe; xf]v ZA. -rjxoi Bf] f] AE xfje; EB ptsT^ov Buvaxai 
xA dxo aupt(J£xpou sauxfj f] xA dxo daupt(i£xpou. si (isv ouv 
f] AE xfj? EB ptsT^ov Buvaxai xA dxo auptpiExpou sauxfj, xai 
f] FZ xfje; ZA ptsT^ov BuvfjaExai xA dxo aupipiExpou sauxfj. 
xai eI piEv aupipiExpoe; saxiv f] AE xfj sxxEipiEvr] prjxfj pLf]X£i, 
xai f] FZ, st Be f] BE, xai f] AZ, si Be ouBsxspa xAv AE, 
EB, xai ouBsxspa xAv FZ, ZA. si Be f] AE [xfje; EB] ptsT^ov 
Buvaxai xA dxo daupi(i£xpou sauxfj, xai f] FZ xfje; ZA (jeT^ov 
8uvf]a£xai xA dxo daupi(i£xpou sauxfj. xai si (jev au(jpi£xp6e; 
saxiv f] AE xfj EXXEipiEvr] pr]xfj pifjxsi, xai f] FZ, si Be f] BE, 
xai f] AZ, El Be ouBsxspa xAv AE, EB, ouBsxspa xAv FZ, 
ZA. 

Axoxopif] dpa saxlv f] FA xai xfj xd^si f] auxf] xfj AB- 
oxsp eBei BeT^oii. 


incommensurable (in length) with (CM) [Prop. 10.18]. 
And neither of them is commensurable with the (previ¬ 
ously) laid down rational (straight-line) CD. Thus, CF 
is a sixth apotome [Def. 10.16]. (Which is) the very thing 
it was required to show. 

Proposition 103 

A (straight-line) commensurable in length with an 
apotome is an apotome, and (is) the same in order. 

A BE 

I-1-1 

C D F 

I-1-1 

Let AB be an apotome, and let CD be commensu¬ 
rable in length with AB. I say that CD is also an apo¬ 
tome, and (is) the same in order as AB. 

For since AB is an apotome, let BE be an attachment 
to it. Thus, AE and EB are rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
let it have been contrived that the (ratio) of BE to DF 
is the same as the ratio of AB to CD [Prop. 6.12]. Thus, 
also, as one is to one, (so) all [are] to all [Prop. 5.12]. 
And thus as the whole AE is to the whole CF, so AB 
(is) to CD. And AB (is) commensurable in length with 
CD. AE (is) thus also commensurable (in length) with 
CF, and BE with DE [Prop. 10.11]. And AE and 
BE are rational (straight-lines which are) commensu¬ 
rable in square only. Thus, CE and FD are also rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.13]. {CD is thus an apotome. So, I say that (it 
is) also the same in order as AB.\ 

Therefore, since as AE is to CF, so BE (is) to 
DE, thus, alternately, as AE is to EB, so CE (is) to 
FD [Prop. 5.16]. So, the square on AE is greater 
than (the square on) EB either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with iAE). Therefore, if the (square) on AE is greater 
than (the square on) EB by the (square) on (some 
straight-line) commensurable (in length) with {AE) then 
the square on CF will also be greater than (the square 
on) ED by the (square) on (some straight-line) commen¬ 
surable (in length) with (CF) [Prop. 10.14]. And if AE 
is commensurable in length with a (previously) laid down 
rational (straight-line) then so (is) CF [Prop. 10.12], 
and if BE (is commensurable), so (is) DF, and if nei¬ 
ther of AE or EB (are commensurable), neither (are) 
either of CF or ED [Prop. 10.13]. And if the (square) 
on AE is greater [than (the square on) EB] by the 
(square) on (some straight-line) incommensurable (in 
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p8'. 

'H xf) OTOTo^Jif) au(j^STpoc; [isarjc; dii0TO(ir] eaxi 

xal xd^ei fj ocux^ 

A BE 

I-1-1 

r A z 

I-1-1 

Tilaxw t^sar]!; dxoxo^i^ f] AB, xal xfj AB ^rjxsL au^t^sxpoi; 
eaxw f) FA- Xeyw, oxi xal fj FA ^learjc; dxoxo^ir] eaxi xal xfj 
xd^ei T) auxf) xrj AB. 

’Enel ydp [isarjc; dxoxo(jLr] eaxiv fj AB, eaxw auxfj Tipo- 
aapjio^ouoa fj EB. ai AE, EB dpa [ieaai elal 6uvdp,£i (iovov 
au^^sxpoi. xal yeyovsxw A<; f) AB Tipoi; xf]v FA, ouxox; f) 
BE Kpoc xi^v AZ- au^^sxpoi; dpa [saxl] xal f) AE xfj FZ, 
f] 6s BE xfj AZ. at Be AE, EB ^saai sial Buvd^xsL ^ovov 
au(j^£xpor xal ai FZ, ZA dpa (isaai. sial Buvd^tsi. t^ovov 
au(i^£xpor ^£ar]c; dpa dKoxo^tf) saxiv f) FA. Xsyo) 6f), 6xi 
xal xfj xd^si saxiv f] auxf] xfj AB. 

’EkeI [ydp] saxiv A<; f] AE npdz xf]v EB, ouxox; f] FZ 
xpoi; xf]v ZA [dXX’ dx; ^sv f] AE Kpoc xf]v EB, ouxax; x6 
duo xfjc AE Tipoc; x6 uko xAv AE, EB, Ac; Bs f] FZ xpoc; xf]v 
ZA, ouxoc; x6 duo xfjc; FZ upoc; x6 utio xAv FZ, ZA], saxiv 
dpa xal Ac; x6 dxo xfjc; AE xpo; x6 utio xAv AE, EB, ouxw; 
x6 duo xfj; FZ Tipo; x6 utio xAv FZ, ZA [xal svaXXd^ A; 
x6 duo xfj; AE upo; x6 duo xfj; FZ, ouxw; x6 0x6 xAv AE, 
EB xpo; x6 0x6 xAv FZ, ZA]. au^(j£xpov Bs x6 dx6 xfj; AE 
xA dx6 xfj; FZ- au^(j£xpov dpa saxl xal x6 0x6 xAv AE, 
EB xA 0x6 xAv FZ, ZA. sixs ouv pr]x6v saxi x6 0x6 xAv 
AE, EB, pr]x6v saxai xal x6 0x6 xAv FZ, ZA, sTxs ^nsaov 
[saxl] x6 0x6 xAv AE, EB, ^saov [saxl] xal x6 0x6 xAv FZ, 
ZA. 

Msarj; dpa dxoxo^fj saxiv f] FA xal xfj xd^si f] auxf] xfj 
AB- oxsp sBsi BsT^ai. 


length) with (AE) then the (square) on CF will also 
be greater than (the square on) FD by the (square) on 
(some straight-line) incommensurable (in length) with 
(CF) [Prop. 10.14]. And if AE is commensurable in 
length with a (previously) laid down rational (straight- 
line), so (is) CF [Prop. 10.12], and if BE (is com¬ 
mensurable), so (is) DF, and if neither of AE or EB 
(are commensurable), neither (are) either of CF or FD 
[Prop. 10.13]. 

Thus, CD is an apotome, and (is) the same in order 
as AB [Defs. 10.11—10.16]. (Which is) the very thing it 
was required to show. 

Proposition 104 

A (straight-line) commensurable (in length) with an 
apotome of a medial (straight-line) is an apotome of a 
medial (straight-line), and (is) the same in order. 

A BE 

I-1-1 

C D F 

I-1-1 

Let AB be an apotome of a medial (straight-line), and 
let CD be commensurable in length with AB. I say that 
CD is also an apotome of a medial (straight-line), and 
(is) the same in order as AB. 

For since AB is an apotome of a medial (straight- 
line), let EB be an attachment to it. Thus, AE and 
EB are medial (straight-lines which are) commensurable 
in square only [Props. 10.74, 10.75]. And let it have 
been contrived that as AB is to CD, so BE (is) to DF 
[Prop. 6.12]. Thus, AE [is] also commensurable (in 
length) with CF, and BE with DF [Props. 5.12, 10.11]. 
And AE and EB are medial (straight-lines which are) 
commensurable in square only. CF and FD are thus 
also medial (straight-lines which are) commensurable in 
square only [Props. 10.23, 10.13]. Thus, CD is an apo¬ 
tome of a medial (straight-line) [Props. 10.74, 10.75]. 
So, I say that it is also the same in order as AB. 

[For] since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16] [but as AE (is) to EB, so the (square) 
on AE (is) to the (rectangle contained) by AE and EB, 
and as CF (is) to FD, so the (square) on CF (is) to 
the (rectangle contained) by CF and FD], thus as the 
(square) on AE is to the (rectangle contained) by AE 
and EB, so the (square) on CF also (is) to the (rectan¬ 
gle contained) by CF and FD [Prop. 10.21 lem.] [and, 
alternately, as the (square) on AE (is) to the (square) 
on CF, so the (rectangle contained) by AE and EB (is) 
to the (rectangle contained) by CF and FD]. And the 
(square) on AE (is) commensurable with the (square) 
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pe'. 

'H TT) eXaaoovi auji^expoc; eXdaaov eaxiv. 

A BE 

I-1-1 

r A z 

I-1-1 

TilaTW ydp eXdaawv fj AB xal xfj AB aupipiexpot; fj FA- 
Xeyw, 6 x 1 xai f) FA eXdaawv eaxiv. 

Fsyovexw ydp xd auxd' xal sxei al AE, EB Buvdpiei eiaiv 
dau(jpisxpoi, xal ai FZ, ZA dpa Suvdpiei elalv daupijiexpoi. 
exsl ouv eaxLv A<; fj AE iipoc; xf]v EB, ouxwc; f) FZ iipoc; 
xrjv ZA, eaxiv dpa xal wc; x 6 duo xfjc; AE xpot; x 6 duo xi^i; 
EB, ouxwt; x 6 duo xfjc; FZ xpoc; x 6 duo xfjc; ZA. auvdevxi 
dpa eaxlv wc; xd dxo xwv AE, EB xpoc; x 6 duo xfjc; EB, 
ouxcoc; xd duo xwv FZ, ZA xpoc; x 6 duo xfjc; ZA [xal 
evaXXd?]' au(ipi£xpov Se eaxi x 6 dxo xfjc; BE xA duo xfjc; AZ- 
aup-jiexpov dpa xal x 6 auyxeiptsvov ex xAv dxo xAv AE, EB 
xexpayAvwv xA auyxeiptevw ex xAv dxo xAv FZ, ZA xe- 
xpayAvtov. prjxov 5e eaxi x 6 auyxelpievov ex xAv dxo xAv 
AE, EB xexpayAvwv pr]x 6 v dpa eaxl xal x 6 auyxei(jevov 
ex xAv dxo xAv FZ, ZA xexpayAvwv. xdXLv, exel eaxiv Ac; 
x 6 and xfj; AE xpo; x 6 und xAv AE, EB, ouxo; x 6 dxo 
xfj; FZ xpo; x 6 und xAv FZ, ZA, au(ipiexpov Be x 6 dTio xfj; 
AE xexpdywvov xA and xfj; FZ xexpayAvw, aOpipiexpov dpa 
eaxl xal x 6 utio xAv AE, EB xA 0x6 xAv FZ, ZA. pieaov 
Be x 6 und xAv AE, EB' (leaov dpa xal x 6 0x6 xAv FZ, ZA' 
al FZ, ZA dpa Buvdpiei eialv dau(iptexpoi xoiouaai x 6 (lev 
auyxelpievov ex xAv dx’ aOxAv xexpayAvwv pr]x 6 v, x 6 B’ 
Ox’ aOxAv pteaov. 

’EXdaawv dpa eaxlv fj FA- oxep eBei. BeT^ai. 


on CF. Thus, the (rectangle contained) by AE and EB 
is also commensurable ■with the (rectangle contained) by 
CE and ED [Props. 5.16, 10.11]. Therefore, either the 
(rectangle contained) by AE and EB is rational, and the 
(rectangle contained) by CE and ED will also be ratio¬ 
nal [Def. 10.4], or the (rectangle contained) by AE and 
EB [is] medial, and the (rectangle contained) by CE and 
ED [is] also medial [Prop. 10.23 corn]. 

Therefore, CD is the apotome of a medial (straight- 
line), and is the same in order as AB [Props. 10.74, 
10.75]. (Which is) the very thing it was required to show. 

Proposition 105 

A (straight-line) commensurable (in length) with a 
minor (straight-line) is a minor (straight-line). 

A BE 

I-1-1 

C D F 

I-1-1 

For let AB be a minor (straight-line), and (let) CD 
(be) commensurable (in length) with AB. I say that CD 
is also a minor (straight-line). 

For let the same things have been contrived (as in 
the former proposition). And since AE and EB are 
(straight-lines which are) incommensurable in square 
[Prop. 10.76], CF and ED are thus also (straight-lines 
which are) incommensurable in square [Prop. 10.13]. 
Therefore, since as AE is to EB, so CF (is) to ED 
[Props. 5.12, 5.16], thus also as the (square) on AE is 
to the (square) on EB, so the (square) on CE (is) to the 
(square) on ED [Prop. 6.22]. Thus, via composition, as 
the (sum of the squares) on AE and EB is to the (square) 
on EB, so the (sum of the squares) on CE and ED (is) to 
the (square) on ED [Prop. 5.18], [also alternately]. And 
the (square) on BE is commensurable with the (square) 
on DF [Prop. 10.104]. The sum of the squares on AE 
and EB (is) thus also commensurable with the sum of the 
squares on CF and ED [Prop. 5.16, 10.11]. And the sum 
of the (squares) on AE and EB is rational [Prop. 10.76]. 
Thus, the sum of the (squares) on CE and ED is also 
rational [Def. 10.4]. Again, since as the (square) on 
AE is to the (rectangle contained) by AE and EB, so 
the (square) on CE (is) to the (rectangle contained) by 
CE and ED [Prop. 10.21 lem.], and the square on AE 
(is) commensurable with the square on CE, the (rect¬ 
angle contained) by AE and EB is thus also commen¬ 
surable with the (rectangle contained) by CF and ED. 
And the (rectangle contained) by AE and EB (is) me¬ 
dial [Prop. 10.76]. Thus, the (rectangle contained) by 
CF and ED (is) also medial [Prop. 10.23 corn]. CF and 


409 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


p9. 

'H xf) pexa prjxou [ieaov x6 oXov xoiouar) au(ipsxpoc; 
[isxa pr]xo 0 psaov x6 oXov xoioGaa saxiv. 

A BE 

I-1-1 

r A z 

I-1-1 

Tilaxa) psxa prjxou psaov x6 oXov noi.oDaa fj AB xai xf) 
AB au^pexpoi; fj FA- Xeyw, 6xi xal rj FA ^exoc prjxou ^eaov 
x6 oXov xoLouaa eaxiv. 

’Tlaxw yap xfj AB xpoaappo^ouaa fj BE' at AE, EB apa 
Suvdpsi. slalv daupjJExpoi. xoLouaai. x6 psv auyxsipsvov sx 
xov dxo xwv AE, EB xexpayAvov peaov, x6 6’ Ox’ auxwv 
prjxov. xai xd auxd xaxeaxsuda'dw. ojjloiwc; 6i^ Bei^opsv xoTc 
xpoxepov, 6x1 at FZ, ZA sv xw auxw Xoyw sial xalc AE, 
EB, xal auppexpov eaxi x6 auyxslpsvov ex xAv dxo xAv 
AE, EB xexpayAvwv xA auyxeipevw ex xAv dxo xAv FZ, 
ZA xexpayAvwv, x6 8e 0 x 6 xAv AE, EB xA 0 x 6 xAv FZ, 
ZA- Aaxe xal at FZ, ZA Buvdpei. eialv daOppexpoi. xoiouaai 
x6 pev auyxelpevov ex xAv dx6 xAv FZ, ZA xexpayAvorv 
peaov, x6 8’ Ox’ aOxAv prjxov. 

'F[ FA dpa (lexd prjxou peaov x6 oXov xoiouad eaxiv 
oxep e8ei. Sel^ai- 


pC. 

'F[ xfj pexd peaou (ieaov x 6 oXov xoiouajrj au(i(iexpoi; 
xal auxfj (lexd (leaou (ieaov x 6 oXov xoiouad eaxiv. 

A BE 

I-1-1 

E A Z 

I-1-1 

’Taxw (lexd (leaou (ieaov x 6 oXov xoiouaa 'fj AB, xal xfj 


FD are thus (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ratio¬ 
nal, and the (rectangle contained) by them medial. 

Thus, CD is a minor (straight-line) [Prop. 10.76]. 
(Which is) the very thing it was required to show. 

Proposition 106 

A (straight-line) commensurable (in length) with a 
(straight-line) which with a rational (area) makes a me¬ 
dial whole is a (straight-line) which with a rational (area) 
makes a medial whole. 

A BE 

I-1-1 

C D F 

I-1-1 

Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and (let) CD (be) com¬ 
mensurable (in length) with AB. I say that CD is also a 
(straight-line) which with a rational (area) makes a me¬ 
dial (whole). 

For let BE he an attachment to AB. Thus, AE and 
EB are (straight-lines which are) incommensurable in 
square, making the sum of the squares on AE and EB 
medial, and the (rectangle contained) by them rational 
[Prop. 10.77]. And let the same construction have been 
made (as in the previous propositions). So, similarly to 
the previous (propositions), we can show that CF and 
FD are in the same ratio as AE and EB, and the sum of 
the squares on AE and EB is commensurable with the 
sum of the squares on CE and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CE and FD. Hence, CF and FD are also (straight¬ 
lines which are) incommensurable in square, making the 
sum of the squares on CF and FD medial, and the (rect¬ 
angle contained) by them rational. 

Cl? is thus a (straight-line) which with a rational 
(area) makes a medial whole [Prop. 10.77]. (Which is) 
the very thing it was required to show. 

Proposition 107 

A (straight-line) commensurable (in length) with a 
(straight-line) which with a medial (area) makes a me¬ 
dial whole is itself also a (straight-line) which with a me¬ 
dial (area) makes a medial whole. 

A BE 

I-1-1 

C D F 

I-1-1 

Let AB be a (straight-line) which with a medial (area) 
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AB eaxw au^i^STpoc; fj FA- Xeyw, oti xal fj FA ^lexa pieaou 
[isaov TO oXov Koiouad eaxiv. 

’TlaTW ydp xfj AB Kpoaapiio^ouaa f) BE, xal xd aOxd 
xaxeaxsudo'dw al AE, EB dpa 6uvd(j£i slalv da6p(i£xpoi. 
TxoLoOaai. x6 x£ auYX£i(J£vov £x xwv dx’ aOxwv x£xpaYAv«v 
p£aov xal x6 Ox’ aOxAv (lEaov xal £xi. doOpiiExpov x6 
auYX£i.p£vov £x xAv dx’ aOxAv xExpaYWvwv xA Ox’ aOxAv. 
xai £iaiv, A? ESEixilr], ai AE, EB au^pExpoi xaTc FZ, ZA, 
xal x6 auYX£[p£vov £x xAv dxo xAv AE, EB x£xpaYAv«v 
xA auYX£i.p£va) £x xAv dxo xAv FZ, ZA, x6 Be 0 x 6 xAv 
AE, EB xA 0x6 xAv FZ, ZA- xal at FZ, ZA dpa BuvdpEi. 
Eialv da0p(j£xpoi. xoiouaai x6 xe auYXEipsvov ex xAv dx’ 
aOxAv xExpaYAvwv ^saov xal x6 Ox’ dOxAv ^saov xal 
£xi da0p(i£xpov x6 auYX£i(i£vov ex xAv dx’ aOxAv [xs- 
xpaYAvwv] xA Ox’ aOxAv. 

'F[ FA dpa psxd (Jsaou psaov x6 oXov xoioOad saxiv 
oxEp eBei. BeT^oh- 


pr)'. 

’Ax6 pr)xou psaou dcpaipou^Evou fj t6 Xoi.x6v )(wp[ov 
BuvapEvr) (Jia Buo dXoYWv Y^exai. -r^xoi dxoxo(if] f] sXdaawv. 

A E B 


A H 


© K Z 


r A 

’Ax6 Ydp prjxoO xou BF psaov dcprjpr^oDa) x6 BA- Xeyw, 
6x1 f] x6 Xoix6v BuvapEvr) x6 EF pla BOo dXoYWv Y^exai. 
-r^xoi dxoxo(if] -r] sXdaawv. 

’ExxEla-dw Ydp pr]xf] f) ZH, xal xA ^ev BF ’(aov xapd xf]v 
ZH xapapEpXrja-dw op-doYAviov xapaXXr)X6Ypap(Jov x6 H0, 
xA Be AB ’laov dcpripriailw x6 HK- Xoi.x6v dpa x6 EF ’(aov 
saxl xA A0. exeI oOv p-r)x6v psv saxi x6 BF, psaov Be x6 
BA, ’(aov Be x6 (iev BF xA H0, x6 Be BA xA HK, prjxOv (jev 
dpa saxl x6 H0, psaov Be x6 HK. xal xapd p-r)xi^v xf]v ZH 
xapdxEixai- prjxi^ psv dpa fj Z0 xal au^psxpoi; xfj ZH ^r]X£i, 
prjxi^ Be f) ZK xal dau^pExpo^ xfj ZH ^f]X£r daOp^Expoc dpa 


makes a medial -whole, and let CD be commensurable (in 
length) with AB. I say that CD is also a (straight-line) 
which with a medial (area) makes a medial whole. 

For let HA be an attachment to AB. And let the same 
construction have been made (as in the previous propo¬ 
sitions). Thus, AE and EB are (straight-lines which 
are) incommensurable in square, making the sum of the 
squares on them medial, and the (rectangle contained) 
by them medial, and, further, the sum of the squares on 
them incommensurable with the (rectangle contained) by 
them [Prop. 10.78]. And, as was shown (previously), AE 
and EB are commensurable (in length) with CE and ED 
(respectively), and the sum of the squares on AE and 
EB with the sum of the squares on CF and ED, and 
the (rectangle contained) by AE and EB with the (rect¬ 
angle contained) by CF and ED. Thus, CF and ED 
are also (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them medial, and, fur¬ 
ther, the sum of the [squares] on them incommensurable 
with the (rectangle contained) by them. 

Thus, CD \s a (straight-line) which with a medial 
(area) makes a medial whole [Prop. 10.78]. (Which is) 
the very thing it was required to show. 

Proposition 108 

A medial (area) being subtracted from a rational 
(area), one of two irrational (straight-lines) arise (as) the 
square-root of the remaining area—either an apotome, or 
a minor (straight-line). 

A E B 


L G 


H K F 


C D 

For let the medial (area) BD have been subtracted 
from the rational (area) BC. I say that one of two ir¬ 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC —either an apotome, or a minor 
(straight-line). 

For let the rational (straight-line) EG have been laid 
out, and let the right-angled parallelogram GH, equal to 
BC, have been applied to EG, and let GK, equal to DB, 
have been subtracted (from GH). Thus, the remainder 
EC is equal to LH. Therefore, since BC is a rational 
(area), and BD a medial (area), and BC (is) equal to 
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eaxlv f) Z 0 Tfj ZK ^r]xei. ai Z 0 , ZK apa prjxai eiai Suva^xsi 
^ovov au(j^STpor d-n:oTO(jLf] dpa eaxlv fj K 0 , 7 i;poaap(i 6 ^ouaa 
Be aOxfj rj KZ. t]xoi 8 f) fj 0 Z xfjt; ZK ^el^ov Suvaxai xw axo 
au^i^expou t] ou. 

AuvaaDw xpoxepov xw duo au(i^expou. xai eaxiv okx] f) 
0 Z au^^expoc xfj exxei^evrj prjxf) ^ir^xei xfj ZH- dxoxo^f] dpoi 
xpwxr) eaxlv fj K 0 . x 6 S’ 0 x 6 prjxfjc; xal dxoxo(ifjc; xpwxr]c; 
xepiex 6 [jevov fj 6 uva(jevr) dxoxo(jLr] eaxiv. f) dpa x 6 A 0 , 
xouxeaxi x 6 EL, Suvajievr) dxoxop,r] caxiv. 

El 8 e T) 0 Z xfjc; ZK ^el^ov Suvaxai xG dxo dau^i^expou 
eauxfj, xai eaxiv oXr] f) Z 0 aO^x^iexpoi; xfj exxei^Jievr) pr]xfj 
txfjxei xfj ZH, dxoxo^f] xexdpxrj eaxlv f] K 0 . x 6 6 ’ 0 x 6 prjxfjc 
xal dxoxojxfjc xexdpxrjc xepiexojjevov fj Buvajievrj eXdaawv 
eaxlv oxep eSei BeT^ai. 


p«'. 

’Ax 6 (leaou prjxoO dcpaipoujjevou dXXai SOo dXoyoi 
ylvovxai fjxoi (iearjc; dxoxojifj xpwxrj fj (lexd prjxoO jxeaov 
x 6 oXov xoioOaa. 

’Ax6 ydp jieaou xoO BE pr]x6v dcprjpfja'dw x6 BA. Xeyw, 
6x1 f] x6 Xoix6v x6 EE Suvajjevrj jxla SOo dXoyov ylvexai 
fjxoi jicarjc dxoxojif] xpcOxrj fj jxexd prjxoO jxeaov x 6 oXov 
xoioOaa. 

’Exxelaflw ydp prjxfj fj ZH, xal xapapepXfjaflw ojxolox; xd 
Xwpla. eaxi Sfj dxoXoOflwc prjxfj jiev fj Z 0 xal daO^jiexpoc 
xfj ZH ^fjxei, prjxfj Sc fj KZ xal aOji^expoc xfj ZH jifjxci- al 
Z 0 , ZK dpa prjxal eiai Suvdjiei jiovov aOjijiexpoi- dxoxojifj 
dpa eaxlv fj K 0 , xpoaapjio^ouaa Sc xaOxrj fj ZK. fjxoi Sfj fj 
0 Z xfjc ZK jicl^ov Suvaxai xG dx 6 aujijicxpou eauxfj fj xw 
dx 6 daujijicxpou. 


GH, and BD to GK, GH is thus a rational (area), and 
GK a medial (area). And they are applied to the rational 
(straight-line) FG. Thus, FFl (is) rational, and commen¬ 
surable in length with FG [Prop. 10.20], and FK (is) 
also rational, and incommensurable in length with FG 
[Prop. 10.22]. Thus, FF[ is incommensurable in length 
with FK [Prop. 10.13]. FFI and FK are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, KH is an apotome [Prop. 10.73], and KF an at¬ 
tachment to it. So, the square on FIF is greater than 
(the square on) FK by the (square) on (some straight- 
line which is) either commensurable, or not (commensu¬ 
rable), (in length with F[F). 

First, let the square (on it) be (greater) by the 
(square) on (some straight-line which is) commensurable 
(in length with FIF). And the whole of F[F is com¬ 
mensurable in length with the (previously) laid down 
rational (straight-line) FG. Thus, KH \s a first apotome 
[Def. 10.1]. And the square-root of an (area) contained 
by a rational (straight-line) and a first apotome is an apo¬ 
tome [Prop. 10.91]. Thus, the square-root of LH —that 
is to say, (of) EC —is an apotome. 

And if the square on iEF is greater than (the square 
on) FK by the (square) on (some straight-line which is) 
incommensurable (in length) with (HF), and (since) the 
whole of FH is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) FG, KH is a 
fourth apotome [Prop. 10.14]. And the square-root of an 
(area) contained by a rational (straight-line) and a fourth 
apotome is a minor (straight-line) [Prop. 10.94]. (Which 
is) the very thing it was required to show. 

Proposition 109 

A rational (area) being subtracted from a medial 
(area), two other irrational (straight-lines) arise (as the 
square-root of the remaining area)—either a first apo¬ 
tome of a medial (straight-line), or that (straight-line) 
which with a rational (area) makes a medial whole. 

For let the rational (area) BD have been subtracted 
from the medial (area) BC. 1 say that one of two ir¬ 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC —either a first apotome of a medial 
(straight-line), or that (straight-line) which with a ratio¬ 
nal (area) makes a medial whole. 

For let the rational (straight-line) FG be laid down, 
and let similar areas (to the preceding proposition) have 
been applied (to it). So, accordingly, FH is rational, and 
incommensurable in length with FG, and KF (is) also 
rational, and commensurable in length with FG. Thus, 
FH and FK are rational (straight-lines which are) com- 
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A AT 

I 

d A 


El ^ev ouv f) 0 Z Tfjc; ZK ^lel^ov Suvaxcti tw aizb 
au(i^STpou eauTfj, xai eaxiv fj Txpoaap^o^ouaa fj ZK 
a6^piSTpo(; xf) exxei^ievr) prjxf) ^ir^xei xfj ZH, dxoxo^f) 5 euxepa 
eaxlv f) K 0 . prjxr) 8s f) ZH- oaxs f] x6 A 0 , xouxsaxi x6 EE, 
8uvapi£vr) (isarjc dxoxopiir) xpwxr] saxlv. 

El 8s f] 0 Z xfjc; ZK (isT^ov 86vaxai xw dxo daupi(j£xpou, 
xal saxLv fj xpoaapiio^ouaa f] ZK au(jLpisxpoc; xfj £xxsi(i£vr) 
prjxfj ^trjxsL xf) ZH, dxoxo^f) KStxxxr) saxlv f) K 0 - waxs f) 
x6 EE 8uva(j£vr) (isxd prjxou ^saov x6 oXov xoLouad saxiv 
oxsp sdsi. 8s'i^ai. 


pi'. 

’Ako [isaou [isaou d(paipou[jL£vou dau(ip.£xpou xw oXw al 
XoiKOfl 8uo dXoyoi ylvovxai fjxoi (Jsarjc d7i:oxo(if) 8suxspa f] 
pisxd (jsaou ^saov x6 oXov xoioOaa. 

Acprip/ja-do y«P eii:! twv Kpoxsit^tsvcov xaxaypacpov 
duo [isaou xou BE [isaov x6 BA dau(i[isxpov xw oXw- Xsyw, 
6x1 -f) x6 EE 8uva[isvr) (ila saxi 6uo dXoywv fjxoi [isa-rjc; dxo- 
xo[if) 8suxspa fj (isxd [isaou [isaov x6 oXov xoioOaa. 


mensurable in square only [Prop. 10.13]. KH is thus 
an apotome [Prop. 10.73], and FK an attachment to it. 
So, the square on i7F is greater than (the square on) FK 
either by the (square) on (some straight-line) commensu¬ 
rable (in length) with (HF), or by the (square) on (some 
straight-line) incommensurable (in length with iJE). 

B E F K H 



G L 

Therefore, if the square on HF is greater than (the 
square on) FK hy the (square) on (some straight-line) 
commensurable (in length) with (HF), and (since) the 
attachment FK is commensurable in length with the 
(previously) laid down rational (straight-line) FG, KFl 
is a second apotome [Def. 10.12]. And FG (is) rational. 
Hence, the square-root of LFl —that is to say, (of) EG —is 
a first apotome of a medial (straight-line) [Prop. 10.92]. 

And if the square on iTF is greater than (the square 
on) FK by the (square) on (some straight-line) incom¬ 
mensurable (in length with FIF), and (since) the attach¬ 
ment FK is commensurable in length with the (previ¬ 
ously) laid down rational (straight-line) FG, KFl is a 
fifth apotome [Def. 10.15]. Hence, the square-root of EC 
is that (straight-line) which with a rational (area) makes 
a medial whole [Prop. 10.95]. (Which is) the very thing 
it was required to show. 

Proposition 110 

A medial (area), incommensurable with the whole, 
being subtracted from a medial (area), the two remaining 
irrational (straight-lines) arise (as) the (square-root of 
the area)—either a second apotome of a medial (straight- 
line), or that (straight-line) which with a medial (area) 
makes a medial whole. 

For, as in the previous figures, let the medial (area) 
BD, incommensurable with the whole, have been sub¬ 
tracted from the medial (area) BC. I say that the square- 
root of EC is one of two irrational (straight-lines)— 
either a second apotome of a medial (straight-line), or 
that (straight-line) which with a medial (area) makes a 
medial whole. 
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’Ekei yap piEaov saxlv exaTspov xOv BE, BA, xal 
d(aup.(iExpov x6 BE xG BA, eaxai dxoXou'dtoc; prjxf) exotxspa 
xwv Z 0 , ZK xal daupipiExpoi; xfj ZH pir^xEi. xal Exel 
daupijiExpov eaxi x6 BE xw BA, xouxeaxi x6 H 0 xw HK, 
dau(jpi£xpoc; xal f) 0 Z xfj ZK- at Z 0 , ZK dpa pr]xai siai. 
Buvdpiei. piovov au(ipi£xpor diioxo(if) dpa saxlv -f) K 0 [xpo- 
aappio^ouaa Be f) ZK. fjxoi 6f] f) Z 0 xfji; ZK pisT^ov Buvaxai 
xo and aupt(i£xpou fj xw dxo dau(ipt£xpou sauxfj]. 

Ei piEv Bf) f] Z 0 xfji; ZK pisT^ov Buvaxai xw dxo 
au(ipi£xpou Eauxf), xal ou-dsxspa xwv Z 0 , ZK au(jpt£xp6c; 
saxL xfj EXXEipLsptvr) prjxfj pLf]X£i xfj ZH, dKoxopif) xpixr) saxlv 
f] K 0 . prixf) Be f] KA, x6 8’ uxo prjxfji; xal dxoxopifji; xpixric 
■n:£pi£x6(J£vov op'doywvi.ov dXoyov saxiv, xal f) Buvapisvr] 
aOxo dXoyoc; saxiv, xaXsTxai Be (i£ar)<; d-n:oxo(if] Bsuxspa- 
Aaxs f] x6 A 0 , xouxsaxi x6 EE, BuvapiEvr) (isarjc dxoxopifj 
saxi Bsuxspd. 

Ei Be f) Z 0 xfjc ZK pisT^ov Buvaxai xw dxo daupipiExpou 
sauxfj [pLf]X£i], xal ouAsxEpa xwv 0 Z, ZK aupipiExpoi; saxi 
xfj ZH pLf]XEi, dTioxopif] Exxr] saxlv f) K 0 . x6 B’ 0 x 6 prjxfjc 
xal dxoxo(jfji; £xxr)<; f] 8uva(j£vr) saxi (isxd (JEaou pisaov x6 
oXov xoiouaa. f] x6 A 0 dpa, xouxsaxi x6 EE, Buvapisvr] 
pisxd pisaou pisaov x6 oXov xoiouad saxiv oxsp sBsi BsT^ai- 


B E F K H 




For since BC and BD are each medial (areas), and 
BC (is) incommensurable with BD, accordingly, FH and 
FK will each be rational (straight-lines), and incommen¬ 
surable in length with FG [Prop. 10.22]. And since BC 
is incommensurable with BD —that is to say, GH with 
GK—HF (is) also incommensurable (in length) with 
FK [Props. 6.1, 10.11]. Thus, FiJ and FK are ratio¬ 
nal (straight-lines which are) commensurable in square 
only. KF[ is thus as apotome [Prop. 10.73], [and FK 
an attachment (to it). So, the square on FF[ is greater 
than (the square on) FK either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (FiT).] 

So, if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) com¬ 
mensurable (in length) with (FH), and (since) neither of 
FH and FK is commensurable in length with the (pre¬ 
viously) laid down rational (straight-line) FG, KH is a 
third apotome [Def 10.3]. And KL (is) rational. And 
the rectangle contained by a rational (straight-line) and 
a third apotome is irrational, and the square-root of it is 
that irrational (straight-line) called a second apotome of 
a medial (straight-line) [Prop. 10.93]. Hence, the square- 
root of LH —that is to say, (of) EC —is a second apotome 
of a medial (straight-line). 

And if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) incom¬ 
mensurable [in length] with (FH), and (since) neither of 
HF and FK is commensurable in length with FG, KH 
is a sixth apotome [Def 10.16]. And the square-root of 
the (rectangle contained) by a rational (straight-line) and 
a sixth apotome is that (straight-line) which with a me¬ 
dial (area) makes a medial whole [Prop. 10.96]. Thus, 
the square-root of LH —that is to say, (of) EC —is that 
(straight-line) which with a medial (area) makes a me¬ 
dial whole. (Which is) the very thing it was required to 
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pia'. 

'H duoTo^iQ oux eaxiv fj auxiQ xfj ex 8uo 6vo(idTWv. 

A ' B 

I-1 

A HE Z 

I-1-^-1 


r 

TilaTW dxoTo^i^ f) AB- Xeyw, oti f] AB oux eaxiv f) auxf] 
XT) ex 8uo ovo^dxwv. 

El ydp Suvaxov, eaxw xocl exxeia'dw prjxf) f) AF, xocl xw 
duo xfjt; AB laov xapd xf)v FA xapaPepXrja'dto op'doywviov 
x6 FE xXdxoc; xoioOv xf)v AE. cxel ouv dxoxoiir] eaxiv fj AB, 
diioxop,r) xpcoxT) eaxiv rj AE. caxw auxfj xpoaocpjio^ouaoc f) 
EZ- al AZ, ZE dpa pr]xal eiai 6uvd(iei povov au(jpexpoi, xal 
f) AZ xfjc; ZE ^lel^ov Suvaxai xG duo au^^iexpou eauxfj, xcd rj 
AZ aup^expoc eaxi xfj exxeipevrj pr]xfj prjxeL xfj AF. xdXiv, 
Hel ex 6uo ovopdxwv eaxiv f) AB, ex 8uo dpa ovopdxwv 
TipGxr) eaxiv f) AE. Binpi^aDw ei<; xd 6v6(iaxa xaxd x6 H, 
xal eax« (jeT^ov ovopa x6 AH- al AH, HE dpa prjxal elai. 
Suvdpei povov au^pexpoi, xal fj AH xfji; HE ^eT^ov 5uvaxai 
xG dxo aup(jexpou eauxfj, xal x6 peT^ov -f) AH au(ipexp6c; 
eaxL xfj exxeipcvT) prjxfj ^f]xei xfj AF. xal fj AZ dpa xfj AH 
au(jpexp6c; eaxi. p-fjxei.- xal Xoixf) dpa -f) HZ au(jpexp6c; eaxi 
xfj AZ pfjxeL. [exel ouv au^pexpoi; eaxiv f] AZ xfj HZ, prjxf] 
8e eaxiv f] AZ, prjxf) dpa eaxi xal f] HZ. exel ouv au(jpexp6c; 
eaxiv f] AZ xfj HZ ^f]xei] dau^pexpo(; 6e f] AZ xfj EZ ^f]xei. 
dau(jpexpoc; dpa eaxi xal -f) ZH xfj EZ (if]xei. al HZ, ZE dpa 
pr)xa[ [eiai] 6uvd(iei povov aup(jexpoi- dKoxopf) dpa eaxiv -f) 
EH. dXXd xal prjxf]- oxep eaxiv dSuvaxov. 

'H dpa dxoxopf) oux eaxiv f] auxf] xfj ex 6uo 6vo(jidxwv 
oTiep e5ei BeT^ai. 


show. 

Proposition 111 

An apotome is not the same as a binomial. 

A B 

I-1 

D G E F 

I-1-1-1 


C 

Let AB be an apotome. I say that AB is not the same 
as a binomial. 

For, if possible, let it be (the same). And let a rational 
(straight-line) DC be laid down. And let the rectangle 
CE, equal to the (square) on AB, have been applied to 
CD, producing DE as breadth. Therefore, since AB is an 
apotome, DE is a first apotome [Prop. 10.97]. Let EF 
be an attachment to it. Thus, DE and FE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DE is greater than (the square on) FE 
by the (square) on (some straight-line) commensurable 
(in length) with (DE), and DF is commensurable in 
length with the (previously) laid down rational (straight- 
line) DC [Def. 10.10]. Again, since AB is a binomial, 
DE is thus a first binomial [Prop. 10.60]. Let (DE) have 
been divided into its (component) terms at G, and let 
DC be the greater term. Thus, DC and GE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DC is greater than (the square on) 
GE by the (square) on (some straight-line) commensu¬ 
rable (in length) with {DC), and the greater (term) DC 
is commensurable in length with the (previously) laid 
down rational (straight-line) DC [Def. 10.5]. Thus, DF 
is also commensurable in length with DC [Prop. 10.12]. 
The remainder GF is thus commensurable in length with 
DF [Prop. 10.15]. [Therefore, since DF is commensu¬ 
rable with GF, and DF is rational, GF is thus also ra¬ 
tional. Therefore, since DF is commensurable in length 
with GF,] DF (is) incommensurable in length with EF. 
Thus, FG is also incommensurable in length with EF 
[Prop. 10.13]. GF and FE [are] thus rational (straight¬ 
lines which are) commensurable in square only. Thus, 
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[n6pia[Jia.] 

'H dKOTO^xi^ xal ai (lex’ auTf]v dXoyoi oute xf) (iEcrr) oute 
akXrikaiz Eia'iv at auxai. 

To [i£v ydp duo psarjc; napa prjxrjv napaPaXXopEvov 
xXdxoc; tcoieI prjxrjv xal dau[ip,Expov xfj, nap’ r]v xapdxEixai, 
[ir)XEi, x6 Be dxo d-n:oxo(ifjc; xapd pr]xf)v KapapaXXopEvov 
xXdxoc; tcoieI dxoxoprjv Kpwxrjv, x6 Be duo pEarjc; diioxo(ifjc; 
xpoxrjc Tiapd pr]xf]v xapaPaXXopEvov xXdxoc; xoleI duoxopriv 
BEUxspav, x6 Be dxo (isarjc dKoxopfjc BEUxspac; xapd prjxrjv 
iiapapaXX6(iEvov xXdxot; tioieI dxoxoprjv xpixrjv, x6 Be dxo 
sXdaaovoc Tiapd prjxrjv xapaPaXXopsvov xXdxoc tioieT dxo- 
xopr)v xExdpxrjv, x6 Be diio xfjc; (JExd prjxou (isaov x6 oXov 
Tioiouar)<; Tiapd prjxrjv TiapaPaXXopsvov TiXdxoc; tioieI diio- 
xopr)v Ti£(jLTixr)v, x6 Be duo xfjc; psxd (Jsaou (isaov x6 oXov 
Tioiouarjc; Tiapd pr)xf)v TiapapaXXopsvov TiXdxoc; tioieI diio- 
xopf)v £xxr)v. etieI ouv xd EiprijiEva TiXdxr) BiacpspEi xou 
x£ Tiptoxou xal dXXfjXwv, xou p,£v Tipcoxou, 6xi prjxf] saxiv, 
dXXfjXwv Be, etieI xfj xd^ei oOx Eialv al auxai, BfjXov, dx; xal 
auxal al dXoyoi Biacpspouaiv dXXf]Xov. xal etieI BsBEixxai 
f) duoxopf) oux ouaa f) auxf) xfj ex Buo 6vo(idxwv, Tioiouai 
Be TiXdxT) Tiapd prjxfiv TiapapaXX6(iEvai al p,£xd xf)v dTioxopf)v 
dTioxopdc; dxoXouDwc; sxdaxr] xfj xd^Ei. xfj xaD’ aOxfjv, al Be 
[ i£xd xf)v EX Buo ovopdxwv xdc; ex Bug ovopdxwv xal auxal 
xfj xd^Ei dxoXou'dwc;, sxEpai dpa Eialv al [iExd xf)v duoxojifjv 
xal Exspai al (JExd xf]v ex Buo 6vo(idxwv, (be; Elvai xfj xd^Ei 
Tidaac; dXoyouc; ly, 


EG is an apotome [Prop. 10.73]. But, (it is) also ratio¬ 
nal. The very thing is impossible. 

Thus, an apotome is not the same as a binomial. 
(Which is) the very thing it was required to show. 

[Corollary] 

The apotome and the irrational (straight-lines) after it 
are neither the same as a medial (straight-line) nor (the 
same) as one another. 

For the (square) on a medial (straight-line), applied 
to a rational (straight-line), produces as breadth a ratio¬ 
nal (straight-line which is) incommensurable in length 
with the (straight-line) to which (the area) is applied 
[Prop. 10.22]. And the (square) on an apotome, ap¬ 
plied to a rational (straight-line), produces as breadth a 
first apotome [Prop. 10.97]. And the (square) on a first 
apotome of a medial (straight-line), applied to a ratio¬ 
nal (straight-line), produces as breadth a second apotome 
[Prop. 10.98]. And the (square) on a second apotome of 
a medial (straight-line), applied to a rational (straight- 
line), produces as breadth a third apotome [Prop. 10.99]. 
And (square) on a minor (straight-line), applied to a ra¬ 
tional (straight-line), produces as breadth a fourth apo¬ 
tome [Prop. 10.100]. And (square) on that (straight-line) 
which with a rational (area) produces a medial whole, 
applied to a rational (straight-line), produces as breadth 
a fifth apotome [Prop. 10.101]. And (square) on that 
(straight-line) which with a medial (area) produces a 
medial whole, applied to a rational (straight-line), pro¬ 
duces as breadth a sixth apotome [Prop. 10.102]. There¬ 
fore, since the aforementioned breadths differ from the 
first (breadth), and from one another—from the first, be¬ 
cause it is rational, and from one another since they are 
not the same in order—clearly, the irrational (straight¬ 
lines) themselves also differ from one another. And since 
it has been shown that an apotome is not the same 
as a binomial [Prop. 10.111], and (that) the (irrational 
straight-lines) after the apotome, being applied to a ra¬ 
tional (straight-line), produce as breadth, each according 
to its own (order), apotomes, and (that) the (irrational 
straight-lines) after the binomial themselves also (pro¬ 
duce as breadth), according (to their) order, binomials, 
the (irrational straight-lines) after the apotome are thus 
different, and the (irrational straight-lines) after the bi¬ 
nomial (are also) different, so that there are, in order, 13 
irrational (straight-lines) in all: 
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Msarjv, 

’Ex 6uo 6vo(jLdTWv, 

’Ex 6uo [ieawv xpcoTTjv, 

’Ex 6uo ^eawv Seuxepav, 

Msi^ova, 

'PrjTov xai psaov 6uva(i£vr)v, 

Auo (Jeaa 5uvap£vr]v, 

’AxoTopriv, 

Mearjc; d7ioTO(Ji^v KpwTrjv, 

Msarjc; diioTO(if)v Beuxepav, 

’EXdaaova, 

Msxd prjToO ^eaov to oXov xoLoOaav, 

MsTd [ieaou p,£aov to oXov tioioDocxv. 

pi(3'. 

To dxo priTfjc xapd ttjv ex 6uo 6vo(idTWv xapa- 
PaXXopevov xXdToc xoi.e'i (XKOTopriv, f)<; xd 6v6(iaTa au(jp£Tpd 
eaxi. xoTc; Tfji; ex 8uo ovopdxwv 6v6(iaai. xal exi ev xO auxw 
Xoyo), xal exi f] Yivo(j£vr) dKoxopi^ xf]v aOxf]v e^ei. xd^iv xfj 
ex 8uo 6vo(jLdxov. 



K E Z @ 


’Taxw pr]xf] ^ev fj A, ex 60o ovopdxwv Be f] BT, fjc 
pel^ov ovopa eaxw f) AE, xal xw dxo xf)<; A ’(aov eaxw 
TO 0x6 xwv BT, EZ- Xeyo, oxi. f) EZ dxoxopr) eaxiv, fji; xd 
6v6p,axa au[ip,expd eaxi xolt; FA, AB, xal ev x£j auxw Xoyw, 
xal exi f) EZ xrjv aOxfjv e^ei xd^iv xfj BF. 

’Taxto ydp xdXiv xw dxo xfjc; A ’laov x6 0x6 xwv BA, 
H. exel ouv x6 0x6 xwv BF, EZ ’laov eaxi xw 0x6 xwv BA, 
F[, eaxiv dpa (be; fj FB npoQ xrjv BA, ouxwc; fj F[ xp6c; xrjv 
EZ. ^ei^tov 5e fj FB xfjc; BA- ^lei^wv dpa eaxi xal rj H xfji; 
EZ. eaxw xfj H ’(ar) fj E0- eaxiv dpa (be rj FB xp6e xrjv 
BA, ouxcoe 0E xp6e xrjv EZ- BieXovxi dpa eaxiv Ae FA 
xp6e xiqv BA, ouxtoe fj 0Z xp6e xrjv ZE. yeyovexci^ Ae if) 
0Z xp6e xrjv ZE, ouxtoe r) ZE xp6e xiqv KE- xal oXr) dpa r) 
0K xp6e 6Xr)v xrjv KZ eaxiv, Ae fj ZK xp6e KE- Ae ydp ev 
xAv fjyoujievwv xp6e ev xAv exojievcj^v, ouxtoe dxavxa xd 
fjyoujieva xp6e dxavxa xd exojieva. Ae 6e f) ZK xp6e KE, 
ouxcoe eaxiv r) FA xp6e xrjv AB- xal Ae dpa fj 0K xp6e KZ, 
ouxcoe fi FA xp6e xrjv AB. au(ip.expov 5e x6 dx6 xfje FA xA 
dx6 x-?)e AB- a0p.(iexpov dpa eaxi xal x6 dx6 xfje 0K xA 


Medial, 

Binomial, 

First bimedial. 

Second bimedial. 

Major, 

Square-root of a rational plus a medial (area). 
Square-root of (the sum of) two medial (areas), 
Apotome, 

First apotome of a medial. 

Second apotome of a medial. 

Minor, 

That which with a rational (area) produces a medial 
whole. 

That which with a medial (area) produces a medial 
whole. 

Proposition 1121 

The (square) on a rational (straight-line), applied to 
a binomial (straight-line), produces as breadth an apo¬ 
tome whose terms are commensurable (in length) with 
the terms of the binomial, and, furthermore, in the same 
ratio. Moreover, the created apotome will have the same 
order as the binomial. 



Let A be a rational (straight-line), and BC a binomial 
(straight-line), of which let DC be the greater term. And 
let the (rectangle contained) by BC and EF be equal to 
the (square) on A. I say that EF is an apotome whose 
terms are commensurable (in length) with CD and DB, 
and in the same ratio, and, moreover, that EF will have 
the same order as BC. 

For, again, let the (rectangle contained) by BD and C 
be equal to the (square) on A. Therefore, since the (rect¬ 
angle contained) by BC and EF is equal to the (rectan¬ 
gle contained) by BD and G, thus as CB is to BD, so G 
(is) to EF [Prop. 6.16]. And CB (is) greater than BD. 
Thus, G is also greater than EF [Props. 5.16, 5.14]. Let 
EH be equal to G. Thus, as CB is to BD, so HE (is) to 
EF. Thus, via separation, as CD is to BD, so HE (is) 
to EE [Prop. 5.17]. Let it have been contrived that as 
HE (is) to EE, so FK (is) to KE. And, thus, the whole 
HK is to the whole KE, as FK (is) to KE. For as one 
of the leading (proportional magnitudes is) to one of the 
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duo Tfjc; KZ. xai eaxiv (be to axo xfje 0K Tipoe to inb Tfje 
KZ, ouToe 0K Tipoe Ti^v KE, exei at xpeTe at 0K, KZ, 
KE dvdXoyov elaiv. au^i^expoe dpa fj 0K xf) KE ^ir^xei. 
waxe xal rj 0E x^ EK au^^iexpoe eaxi ^r^xei. xal exel x6 
dxo xfje A laov eaxl xcS uxo xwv E0, BA, prjxov 6e eaxi 
TO dxo xfje A, prjxov dpa eaxi xal x6 0x6 xwv E0, BA. xal 
xapd prjxrjv xf)v BA xapdxeixai- prjxr) dpa eaxiv fj E0 xal 
au^i^expoe xf) BA ^iir]xei- waxe xal f) au^^expoe aOxfj f) EK 
prjxf] eaxi xal au^^iexpoe xfj BA ^iir]xei. exel ouv eaxiv (be f) 
FA xpoe AB, oux(oe i] ZK xpoe KE, al 6e FA, AB Buvd^ei 
[iovov eial au[ip,expoi, xal ai ZK, KE 5uvd[iei (iovov eial 
aO^i^expoi. prjxf) 5e eaxiv f) KE- prjxf) dpa eaxi xal f) ZK. al 
ZK, KE dpa prjxal Buvdjiei p.6vov eial a0^(jexpoi- axoTo^xf) 
dpa eaxiv f) EZ. 

’'Flxoi 5c f) FA xf)e AB [xell^ov 5uvaxai x(b dxo aup,[iexpou 
cauxf) f] x(b dxo daup,[iexpou. 

El (iev ouv f) FA xf)e AB [xell^ov 5uvaxai x(b dxo 
au^i^expou [cauxf)], xal f) ZK xfje KE ^icl^ov Suvfjaexai x(b 
dxo au^^icxpou eauxfj. xal ci ^icv aup^expoe eaxiv f) FA xfj 
cxxci^icvr) prjxf) ^fjxei, xal fj ZK- ci 5e f) BA, xal fj KE- ci 
5c ou5cxcpa x(3v FA, AB, xal ou5cxcpa x(3v ZK, KE. 

El 5c f] FA xfje AB ^el^ov 5uvaxai x(5 dxo dau^i^expou 
cauxf), xal fj ZK xfje KE ^el^ov Suvfjaexai x(5 dxo 
dau^i^expou cauxf). xal ei ^ev fj FA au^i^expoe eaxi xfj 
cxxci^icvr] prjxfj ^fjxei, xal fj ZK- ci 5e fj BA, xal fj KE- ci 
5e ou5cxcpa x(bv FA, AB, xal ou5exepa x(bv ZK, KE- (baxe 
dxoxop,f) eaxiv -f) ZE, fje xd ovo^Jiaxa xd ZK, KE au^jicxpa 
eaxi xoTe xfje ex 5uo 6vo(jdxcuv 6v6(iaai xoTe FA, AB xal cv 
x(b auxA Xoyrp, xal xfjv auxfjv xd^iv exei xfj BF- oxep c5ci 
5eT^ai. 


following, so all of the leading (magnitudes) are to all of 
the following [Prop. 5.12]. And as FK (is) to KE, so CD 
is to DB [Prop. 5.11]. And, thus, as HK (is) to KF, so 
CD is to DB [Prop. 5.11]. And the (square) on CD (is) 
commensurable with the (square) on DB [Prop. 10.36]. 
The (square) on HK is thus also commensurable with 
the (square) on KF [Props. 6.22, 10.11]. And as the 
(square) on HK is to the (square) on KF, so HK (is) to 
KE, since the three (straight-lines) HK, KF, and KE 
are proportional [Def. 5.9]. HK is thus commensurable 
in length with KE [Prop. 10.11]. Hence, HE is also com¬ 
mensurable in length with EK [Prop. 10.15]. And since 
the (square) on A is equal to the (rectangle contained) by 
EH and BD, and the (square) on A is rational, the (rect¬ 
angle contained) by EH and BD is thus also rational. 
And it is applied to the rational (straight-line) BD. Thus, 
EH is rational, and commensurable in length with BD 
[Prop. 10.20]. And, hence, the (straight-line) commensu¬ 
rable (in length) with it, EK, is also rational [Def. 10.3], 
and commensurable in length with BD [Prop. 10.12]. 
Therefore, since as CD is to DB, so EK (is) to KE, and 
CD and DB are (straight-lines which are) commensu¬ 
rable in square only, FK and KE are also commensu¬ 
rable in square only [Prop. 10.11]. And KE is rational. 
Thus, FK is also rational. FK and KE are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, EF is an apotome [Prop. 10.73]. 

And the square on CD is greater than (the square on) 
DB either by the (square) on (some straight-line) com¬ 
mensurable, or by the (square) on (some straight-line) 
incommensurable, (in length) with {CD). 

Therefore, if the square on CD is greater than (the 
square on) DB by the (square) on (some straight-line) 
commensurable (in length) with [CH] then the square 
on FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) commensurable (in 
length) with {EK) [Prop. 10.14]. And if CD is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) EK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) 
KE [Prop. 10.12]. And if neither of CD or DB (is com¬ 
mensurable), neither also (are) either of FAT or KE. 

And if the square on CD is greater than (the square 
on) DB by the (square) on (some straight-line) incom¬ 
mensurable (in length) with {CD) then the square on 
EK will also be greater than (the square on) KE by 
the (square) on (some straight-line) incommensurable 
(in length) with {EK) [Prop. 10.14]. And if CD is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) EK [Props. 10.11, 
10.12]. And \{BD (is commensurable), (so) also (is) KE 


418 




ETOIXEIfiN i'. 


ELEMENTS BOOK 10 


[Prop. 10.12]. And if neither of CD or DB (is commen¬ 
surable), neither also (are) either of FK or KE. Hence, 
FE is an apotome whose terms, EK and KE, are com¬ 
mensurable (in length) with the terms, CD and DB, of 
the binomial, and in the same ratio. And {EE) has the 
same order as BC [Defs. 10.5—10.10]. (Which is) the 
very thing it was required to show. 

t Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text. 


piy'. 

To (XTto priTfjc Ttocpa (XTtoToprjv TtocpapaXXopEvov tzkaioc, 
iioiel Tr)v ex 8uo ovopdrcov, fjc xd ovopaxa auppexpa eaxi 
Tolc; xfjc; dTtoxopfjc; ovopaai. xal ev xw auxw Xcyco, exi Be f) 
yivopevr) ex 6uo ovopdxwv xr)v auxf]v xd^tv exst xr] dttoxopfj. 



K E Z 0 


Tlaxw prjxf] pev fj A, dTtoxopr) 6e f] BA, xal xA axo xfjc 
A laov eaxto x6 uxo xwv BA, K 0 , waxe x6 dxo xfjc A pr)xf)(; 
xapd xf)v BA dxoxopf]v xapaPaXXopevov xXdxoc xoieT xf]v 
K 0 - Xeyw, 6xi ex 60 o ovopdxwv eaxiv fj K 0 , fjc xd ovopaxa 
auppexpd eaxi xolc xfjc BA ovopaai xal ev xw auxA Xoyw, 
xal exi f] K 0 xf]v auxfjv exei xd^tv xrj BA. 

’ 150 X 0 ) ydp xfj BA xpoaappo^ouaa f) AF- at BF, FA 
dpa pr]xai eiat Buvdpei povov auppexpoi. xal xw dxo xfjc 
A ’(aov eaxo) xal x6 0 x 6 xwv BF, H. prjxov 6e x6 dxo xfjc 
A- pr]x6v dpa xal x6 0 x 6 xwv BF, H. xal xapd pr)xf)v xf]v 
BF xapaPepXr]xai' pr]xf] dpa eaxiv f) H xal auppexpoc xfj BF 
pfjxet. exel oOv x6 0 x 6 xov BF, H ’(aov eaxi xo 0 x 6 xAv 
BA, K 0 , dvdXoyov dpa eaxiv Ac f) FB xp6c BA, oOxo)c f) 
K 0 xp6c H. pet^wv 6e fj BF xfjc BA- pet^ojv dpa xal f] K 0 
xfjc H. xeiaho) xfj H ’(arj f) KE- auppexpoc dpa eaxiv f] KE 
xfj BF pf]xei. xal exei eaxtv Ac f] FB xp6c BA, oOxo)c f) 
0 K xp6c KE, dvaaxpet|)avxi. dpa eaxiv Ac f) BF xp6c xf]v 
FA, ouxo)c f] K 0 xp6c 0 E. yeyovexo) Ac f] K 0 xp6c 0 E, 
oOxo)c f] 0 Z xp6c ZE- xal Xotxf) dpa f) KZ xp6c Z 0 eaxtv, 
Ac f] K 0 xp6c 0 E, xouxeaxtv [Ac] f] BF xp6c FA. al 8e 
BF, FA Buvdpei. povov [elal] auppexpoc xal al KZ, Z 0 dpa 
Buvdpei. povov elal auppexpoc xal exei eaxiv Ac f] K 0 xp6c 
0 E, f) KZ xp6c Z 0 , dXX’ Ac f] K 0 xp6c 0 E, -rj 0 Z xp6c 
ZE, xal Ac dpa f] KZ xp6c Z 0 , r\ 0 Z xp6c ZE- Aaxe xal 
Ac f] xpAxr) xp6c xf]v xpixrjv, x6 dx6 xfjc xpAxrjc xp6c x6 
dx6 xfjc Beuxepac- xal Ac dpa f] KZ xp6c ZE, ouxo)c x6 dx6 
xfjc KZ xp6c x6 dx6 xfjc Z 0 . aOppexpov 8e eaxi x6 dxd xfjc 
KZ xA d7t6 xfjc Z 0 - al ydp KZ, Z 0 Buvdpei e’lal aOppexpoc 
auppexpoc dpa eaxi xal f) KZ xrj ZE pfjxec Aaxe f) KZ xal 


Proposition 113 

The (square) on a rational (straight-line), applied to 
an apotome, produces as breadth a binomial whose terms 
are commensurable with the terms of the apotome, and 
in the same ratio. Moreover, the created binomial has the 
same order as the apotome. 

Al-1 

B D C ^ 

I-^-1 Lr I-1 

K E F H 

I-1-1-1 

Let A be a rational (straight-line), and BD an apo¬ 
tome. And let the (rectangle contained) hy BD and KH 
be equal to the (square) on A, such that the square on the 
rational (straight-line) A, applied to the apotome BD, 
produces KH as breadth. I say that KH is a binomial 
whose terms are commensurable with the terms of BD, 
and in the same ratio, and, moreover, that KH has the 
same order as BD. 

For let DC be an attachment to BD. Thus, BC and 
CD are rational (straight-lines which are) commensu¬ 
rable in square only [Prop. 10.73]. And let the (rectangle 
contained) by BC and G also be equal to the (square) 
on A. And the (square) on A (is) rational. The (rect¬ 
angle contained) hy BC and G (is) thus also rational. 
And it has been applied to the rational (straight-line) 

BC. Thus, G is rational, and commensurable in length 
with BC [Prop. 10.20]. Therefore, since the (rectangle 
contained) by BC and G is equal to the (rectangle con¬ 
tained) hy BD and KH, thus, proportionally, as CB is to 

BD, so KH (is) to G [Prop. 6.16]. And BC (is) greater 
than BD. Thus, KH (is) also greater than G [Prop. 5.16, 
5.14]. Let KE be made equal to G. KE is thus com¬ 
mensurable in length with BC. And since as CB is to 
BD, so HK (is) to KE, thus, via conversion, as BC (is) 
to CD, so KH (is) to HE [Prop. 5.19 corn]. Let it have 
been contrived that as KH (is) to HE, so HE (is) to 
FE. And thus the remainder KE is to FH, as KH (is) 
to HE —that is to say, [as] BC (is) to CD [Prop. 5.19]. 
And BC and CD [are] commensurable in square only. 
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xfj KE au^i^expoc; [eaxi] p.r]xei. pr]xf] 6s eaxiv fj KE xal 
au^psxpo(; xfj BE pfjxsL. prixf) apa xal f) KZ xai au^psxpoi; 
xfj BE pfjxsL. xal sm'i saxiv (b(; f] BE Kpoc EA, ouxo<; f] KZ 
xpoc; Z0, EvaXXa^ Ac; f) BE xpoc; KZ, ouxwc; f] AE xpoc; Z0. 
au^psxpo(; 6s f] BE xfj KZ- au^psxpo(; apa xal f] Z0 xfj EA 
pfjxsL. al BE, EA 6s prjxai siai 6uva^si povov aup^sxpoi- 
xal al KZ, Z0 apa prjxal siai 6uvci(jsi (lovov au(ipsxpor sx 
6uo ovopcixwv saxlv apa f] K0. 

El psv ouv f) BE xfjc EA psT^ov 6uvaxai xo dxo 
au^psxpou sauxfj, xal f) KZ xfjc; Z0 psT^ov 6uvfjasxai xA 
cxxo aup^Expou sauxfj. xal si psv aup^sxpoc; saxiv f) BE xfj 
EXXEi^Evr) prjxfj ^f]XEi, xal fj KZ, si 6s f] EA au^psxpoi; saxi 
xfj EXXELpsvr) pr]xfj pfjxsi, xal f] Z0, si 6 e ou6sxEpa xAv BE, 
EA, ou6EXEpa xAv KZ, Z0. 

El 6 e f] BE xfjc; EA (jeT^ov 6uvaxai xA cxxo cxau(jpExpou 
sauxfj, xal f) KZ xfjc; Z0 psT^ov 6uvf]aExai. xA dxo dau(ipExp- 
ou sauxfj. xal si psv au^psxpoi; saxiv f] BE xfj sxxsi^svr) 
prjxfj ^fjXEi, xal f] KZ, si 6 e fj EA, xal fj Z0, si 6 e ou6EXEpa 
xAv BE, EA, ou6EXEpa xAv KZ, Z0. 

’Ex 6uo dpa ovopdxwv saxlv fj K0, fjc xd ovopaxa xd 
KZ, Z0 au(ipExpd [saxi] xdic; xfj? dxoxopfjc; ovopaai xoic; 
BE, EA xal sv xA auxA Xoyw, xal exl fj K0 xfj BE xfjv 
auxfjv E^Ei. xd^iv oxsp e6ei 6 ET^ai.. 


KF and FH are thus also commensurable in square only 
[Prop. 10.11]. And since as KF[ is to HE, (so) KF (is) 
to FH, but as KH (is) to HE, (so) HF (is) to FE, thus, 
also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11]. 
And hence as the first (is) to the third, so the (square) on 
the first (is) to the (square) on the second [Def. 5.9]. And 
thus as KF (is) to FE, so the (square) on KF (is) to the 
(square) on FH. And the (square) on ATE is commen¬ 
surable with the (square) on FH. For KF and FH are 
commensurable in square. Thus, KF is also commensu¬ 
rable in length with FE [Prop. 10.11]. Hence, KF [is] 
also commensurable in length with KE [Prop. 10.15]. 
And KE is rational, and commensurable in length with 
BC. Thus, KF (is) also rational, and commensurable in 
length with BC [Prop. 10.12]. And since as BC is to 
CD, (so) KF (is) to FH, alternately, as BC (is) to KF, 
so DC (is) to FH [Prop. 5.16]. And BC (is) commen¬ 
surable (in length) with KF. Thus, FH (is) also com¬ 
mensurable in length with CD [Prop. 10.11]. And BC 
and CD are rational (straight-lines which are) commen¬ 
surable in square only. KF and FH are thus also ratio¬ 
nal (straight-lines which are) commensurable in square 
only [Def. 10.3, Prop. 10.13]. Thus, KH is a binomial 
[Prop. 10.36]. 

Therefore, if the square on BC is greater than (the 
square on) CD hy the (square) on (some straight-line) 
commensurable (in length) with (BC), then the square 
on ATE will also be greater than (the square on) FH by 
the (square) on (some straight-line) commensurable (in 
length) with (ATE) [Prop. 10.14]. And if BC is com¬ 
mensurable in length with a (previously) laid down ra¬ 
tional (straight-line), (so) also (is) KF [Prop. 10.12]. 
And if CD is commensurable in length with a (previ¬ 
ously) laid down rational (straight-line), (so) also (is) 
FH [Prop. 10.12]. And if neither of BC or CD (are 
commensurable), neither also (are) either of KF or FH 
[Prop. 10.13]. 

And if the square on BC is greater than (the square 
on) CD by the (square) on (some straight-line) incom¬ 
mensurable (in length) with fBC) then the square on 
KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) incommensurable 
(in length) with (ATE) [Prop. 10.14]. And if BC is com¬ 
mensurable in length with a (previously) laid down ratio¬ 
nal (straight-line), (so) also (is) KF [Prop. 10.12]. And 
if CD is commensurable, (so) also (is) FH [Prop. 10.12]. 
And if neither of BC or CD (are commensurable), nei¬ 
ther also (are) either of KF or FH [Prop. 10.13]. 

KH is thus a binomial whose terms, KF and FH, 
[are] commensurable (in length) with the terms, BC and 
CD, of the apotome, and in the same ratio. Moreover, 
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pi8'. 

’Eav xwpiov Kspi.exiT'^®'’ duoxopifjt; xal Tfjc; ex 6uo 

6 vo(jLdTWv, fjc; xd 6v6(iaxa au(ipiexpd xe eaxi xoTc xfji; dxo- 
xopirjc ovopiaai xai ev xw aOxw Xoyo), fj x6 x^piov Buvajievr) 
pr)xr) eaxiv. 

A B Z 

I-1-1 

r E A 

I-1-1 

Hi-1 

@1-1 

K AM 

I-1-1 

nepiexsaiSto ydp x“P^ov x6 0x6 xwv AB, FA bnb 
diioxo(jLfjc; xf)<; AB xai xfjc; ex 6uo 6vo(idxwv xfjc; FA, fjc 
pieT^ov 6vo(ia eaxw x6 FE, xal eaxo xd 6v6(iaxa xfjc ex 
5uo ovopidxwv xd FE, EA aujipexpd xe xolc xfjc dxoxopifjc 
ovopiaai xdlc AZ, ZB xal ev xw auxw Xoyw, xal eaxco f) x6 
uxo xwv AB, FA Buvajievr) f) F[- Xeyco, oxi prjxf] eaxiv f) H. 

’Exxeiaflw ydp pr]xf] f) 0, xal xA dxo xfjc 0 laov xapd 
xfjv FA xapapepXfjaDw xXdxoc xoioOv xf)v KA- dxoxopif) dpa 
eaxiv f) KA, fjc xd ovopaxa eaxw xd KM, MA au(ip.expa xdlc 
xfjc ex 5uo 6vo(idxtov dvopiaai xolc FE, EA xal ev xA auxA 
Xoycp. dXXd xal ai FE, EA aujipiexpoi xe elai xalc AZ, ZB 
xal ev xA auxA Xoyw' eaxiv dpa Ac f) AZ xpoc xf)v ZB, 
ouxcoc f) KM xpdc MA. evaXXd^ dpa eaxiv Ac f) AZ xpoc 
xfjv KM, ouxwc f) BZ xpoc xfjv AM- xal Xoixf) dpa fj AB 
xpoc Xoixfjv xfjv KA eaxiv Ac f) AZ xpoc KM. aupjiexpoc 
5e f) AZ xfj KM- aupipexpoc dpa eaxl xal f) AB xfj KA. xai 
eaxiv Ac f) AB xpoc KA, ouxwc x6 bnb xAv FA, AB xpoc 
xd 0x6 xAv FA, KA- aupijiexpov dpa eaxl xal xd 0x6 xAv 
FA, AB xA 0x6 xAv FA, KA. laov 5c x6 0x6 xAv FA, KA 
xA dx6 xfjc 0- au(ip.cxpov dpa eaxl x6 0x6 xAv FA, AB xA 
dx6 xfjc 0. xA 5c 0x6 xAv FA, AB laov eaxl x6 dx6 xfjc F[- 
aOpijiexpov dpa eaxl x6 dx6 xfjc F[ xA dx6 xfjc 0. prjxdv 5e 
x6 dx6 xfjc 0- prjxdv dpa eaxl xal x6 dx6 xfjc H- prjxf) dpa 
eaxiv f) F[. xal 50vaxai x6 0x6 xAv FA, AB. 

’Edv dpa x<^piov xcpicxTjxai 0x6 dxoxopifjc xal xfjc ex 
50o dvojidxwv, fjc xd dvopaxa aOpijiexpd caxi xolc xfjc dxo- 
xojifjc dvojiaai xal ev xA aOxA Xoyw, fj x6 x<^plov Suvajicvr) 
prjxf] eaxiv. 


KH will have the same order as BC [Defs. 10.5—10.10]. 
(Which is) the very thing it was required to show. 

Proposition 114 

If an area is contained by an apotome, and a binomial 
whose terms are commensurable with, and in the same 
ratio as, the terms of the apotome then the square-root of 
the area is a rational (straight-line). 

A B F 

I-1-1 

C ED 

I-1-1 

Gi-1 

Hi-1 

K L M 

I-1-1 

For let an area, the (rectangle contained) by AB and 
CD, have been contained by the apotome AB, and the 
binomial CD, of which let the greater term be CE. And 
let the terms of the binomial, CE and ED, be commen¬ 
surable with the terms of the apotome, AF and FB (re¬ 
spectively), and in the same ratio. And let the square-root 
of the (rectangle contained) by AB and CD be G. I say 
that G is a rational (straight-line). 

For let the rational (straight-line) H be laid down. 
And let (some rectangle), equal to the (square) on H, 
have been applied to CD, producing KL as breadth. 
Thus, KL is an apotome, of which let the terms, KM 
and ML, be commensurable with the terms of the bino¬ 
mial, CE and ED (respectively), and in the same ratio 
[Prop. 10.112]. But, CE and ED are also commensu¬ 
rable with AF and FB (respectively), and in the same ra¬ 
tio. Thus, as AF is to FB, so KM (is) to ML. Thus, alter¬ 
nately, as AF is to KM, so BE (is) to LM [Prop. 5.16]. 
Thus, the remainder AB is also to the remainder KL as 
AF (is) to KM [Prop. 5.19]. And AF (is) commensu¬ 
rable with KM [Prop. 10.12]. AB is thus also commen¬ 
surable with KL [Prop. 10.11]. And as AB is to KL, 
so the (rectangle contained) by CD and AB (is) to the 
(rectangle contained) by CD and KL [Prop. 6.1]. Thus, 
the (rectangle contained) by CD and AB is also com¬ 
mensurable with the (rectangle contained) by GH and 
KL [Prop. 10.11]. And the (rectangle contained) by CD 
and KL (is) equal to the (square) on H. Thus, the (rect¬ 
angle contained) by CD and AB is commensurable with 
the (square) on H. And the (square) on G is equal to the 
(rectangle contained) by GH and AB. The (square) on G 
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riopiajjia. 

Kai yeyovsv f)(iiv xal 6ia toutou cpavspov, oti. Buvaxov 
eaxi. prjTov )(wp[ov bno dXoywv eu'dsi.wv Tispiexso'dai.. ousp 
e5sL BsT^ai. 

pis'. 

’Ako piearjc; dKSipoi dXoyoi. yivovTai, xai o08s(jLia ouSe^Jiia 

TWV XpOTSpOV f) aUTT). 

A'-1 

B'- 1 

ri- 1 

A'- 1 

TilaTW pisar] f) A- Xeyo, oti dxo Tf)<; A dxsipoi dXoyoi 
yivovTai, xai o05s(iia ouBepiia xwv xpoxepov f] auxr]. 

’Exxsiailw pr]xf] fj B, xocl xw 0x6 xwv B, A laov eaxw x6 
dxo xfjc; r- dXoyoc dpa eaxiv f) F- x6 ydp 0x6 dXoyou xal 
prjxrjc dXoyov eaxiv. xai o06e(iid xwv xpoxepov fj aOxr)' x6 
ydp dx’ oOSe^Jiidc; xwv xpoxepov xapd prjxi^v xapapaXX6(jevov 
xXdxoc; xoiel ^ear)v. xdXiv 5f) xO 0x6 xwv B, F laov caxw x6 
dx6 xfji; A- dXoyov dpa eaxl x6 dx6 xf)<; A. dXoyoc dpa eaxiv 
f) A- xai o06epiia xwv xpoxepov fj aOxr]' x6 ydp dx’ o05e[jiid<; 
xAv xpoxepov xapd prjxi^v xapa^aXXo^evov xXdxoc; xoiel xf]v 
F. opioiax; 5i^ xrjc xoia0xr)<; xd^ewc; ex’ dxeipov xpoPaivouarjc; 
cpavepov, 6xi dx6 xf)<; t^icarjc; dxeipoi dXoyoi yivovxai, xal 
o08e(jiia o08e(iia xAv xpoxepov f) aOxr]' oxep e8ei BeT^ai- 


is thus commensurable with the (square) on H. And the 
(square) on H (is) rational. Thus, the (square) on G is 
also rational. G is thus rational. And it is the square-root 
of the (rectangle contained) by CD and AB. 

Thus, if an area is contained by an apotome, and a 
binomial whose terms are commensurable with, and in 
the same ratio as, the terms of the apotome, then the 
square-root of the area is a rational (straight-line). 

Corollary 

And it has also been made clear to us, through this, 
that it is possible for a rational area to be contained by 
irrational straight-lines. (Which is) the very thing it was 
required to show 

Proposition 115 

An infinite (series) of irrational (straight-lines) can be 
created from a medial (straight-line), and none of them 
is the same as any of the preceding (straight-lines). 

A'- 1 

B'- 1 

C'- 1 

D'- 1 

Let A be a medial (straight-line). I say that an infi¬ 
nite (series) of irrational (straight-lines) can be created 
from A, and that none of them is the same as any of the 
preceding (straight-lines). 

Let the rational (straight-line) B be laid down. And 
let the (square) on C be equal to the (rectangle con¬ 
tained) by B and A. Thus, C is irrational [Def. 10.4]. 
For an (area contained) by an irrational and a rational 
(straight-line) is irrational [Prop. 10.20]. And (C is) not 
the same as any of the preceding (straight-lines). For 
the (square) on none of the preceding (straight-lines), 
applied to a rational (straight-line), produces a medial 
(straight-line) as breadth. So, again, let the (square) on 
D be equal to the (rectangle contained) by B and C. 
Thus, the (square) on D is irrational [Prop. 10.20]. D 
is thus irrational [Def. 10.4]. And {D is) not the same as 
any of the preceding (straight-lines). For the (square) on 
none of the preceding (straight-lines), applied to a ratio¬ 
nal (straight-line), produces C as breadth. So, similarly, 
this arrangement being advanced to infinity, it is clear 
that an infinite (series) of irrational (straight-lines) can 
be created from a medial (straight-line), and that none of 
them is the same as any of the preceding (straight-lines). 
(Which is) the very thing it was required to show. 
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''Opoi. 

oc'. STspeov eaxi. to (ifjxoc; xai xXaToc; xai potTlog exo"^- 
P'. STspeou 6e xepac; exicpdveia. 

y'. Euileia xpoc; exixeSov op'dr] eaxiv, oxav xpoc; Kdaac 
Tdc dxTopsvac; auTfjc eu'deiat; xocl ouaac; ev xw [uxoxeijievcp] 
exmeSfc) opildc; Koifj ywvLocc;. 

6'. ’Exlxs6ov xpoc; exmeBov opilov eaxiv, oxav ai xfj 
xoivfj xopf) xwv exixeBwv xp6<; 6p'dd<; dyoiJevai eOiScTai ev 
evl xov exixeSov xw Xoixo exixeSo xp6<; opildc; Saiv. 

s'. EO'deiac; xpoc; ex(xe8ov xXiaiz eaxiv, oxav dxo xoO 
[iexetopou xcpaxoc; xfjc; eMeiag ex'i x6 cxixeSov xd'dexoc; 
dx'df), xai dxo xou yevojievou arijieiou exl x6 ev xw exixcBtp 
xepai; xfjc; eMeiac; eOileTa exi^eux'dfj, fj xepiexojievr) ycovia 
0x6 xfji; dx'deiar)(; xai xfjc; ccpeaxwarjc;. 

<f'. ’Exixc6ou xpoc cxixe8ov xXiaic; eaxiv f] xepiexojievr) 
o^ela ycovia 0x6 xwv xp6(; opDdc; xfj xoivfj xop.fi dyopevtov 
xp6(; xw aOxw arjpeiw ev cxaxcpto xwv exixcBwv. 

C- ’ExixeSov xp6(; exixeSov opoiwc; xexXiaDai Xcyexai 
xai cxepov xp6(; exepov, oxav ai eiprjpevai xwv xXiaecov 
ycoviai laai dXXfjXaic; Saiv. 

T)'. napdXXrjXa cxixeSd eaxi xd daOpxxcoxa. 
f)'. "Opoia axeped axT]paxd eaxi xd 0x6 opoicov cxixeBcov 
xepie^opeva lawv x6 xXfj'doc;. 

i'. Taa 8e xai opoia axeped axTlpocxd eaxi xd 0x6 opoiwv 
cxixeOwv xepiexopeva lawv xG xXfjDei xai xw peycDei. 

la'. Sxeped ytovia eaxiv f) 0x6 xXeiovwv r] 80o ypappwv 
dxxopevcov dXXfjXcov xai pf] ev xfj aOxfj cxicpaveia oOawv 
xp6(; xdaaic xaTc; ypappali; xXiaic;. dXXwc;- axeped ycovia 
eaxiv f) 0x6 xXeiovwv fj 80o ywviwv exixeSwv xepiexopevr] 
pf) oOawv ev xw aOxCf cxixe8cp xp6(; evl arjpeicp auvi- 
axapevtov. 

iP'. nupapig eaxi axfjpa axepe6v exixc8oi(; xepixopevov 
dx6 cv6<; exixc8ou xp6i; evl arjpeicp auveaxcog. 

ly'. Ilpiapa eaxi axfjpa axepe6v cxixeOoic; xepiexopevov, 
Sv 60o xd dxevavxiov laa xe xai opoid eaxi xai xapdXXrjXa, 
xd 8e Xoixd xapaXXrjXoypappa. 

i8'. EcpaTpd eaxiv, oxav fjpixuxXiou pevoOarjc; xfjc; Siapex- 
pou xepievexilev x6 fjpixOxXiov eic; x6 a0x6 xdXiv dxoxaxa- 
axailfj, oDev fjp^axo cpepeaDai, x6 xepiXrjcp'dcv axfjpa. 

le'. ’'A^cov 8e xfjc; acpaipac; eaxiv f) pevouaa eOilela, xepl 
fjv x6 fjpixOxXiov axpecpexai. 

If'. Kevxpov 6e xfjc; acpaipac; eaxi x6 aOxo, 6 xai xou 
fjpixuxXiou. 

lC- Aidpexpoc; 8e xfjc; acpaipac; eaxiv eOiSeld xic; 8id xou 
xevxpou fjypevrj xai xepaxoupevrj ecp’ exdxepa xd psprj 0x6 
xfjc; exicpaveiac; xfjc; acpaipac;. 

irj'. KOvoc; eaxiv, oxav opDoycoviou xpiycOvou pevouarjc; 
pidc; xXeupdc; xwv xepl xfjv opDfjv ycoviav xepievexffev x6 
xpiycovov eic; x6 a0x6 xdXiv dxoxaxaaxaDfj, oflev fjp^oixo 


Definitions 

1. A solid is a (figure) having length and breadth and 
depth. 

2. The extremity of a solid (is) a surface. 

3. A straight-line is at right-angles to a plane when it 
makes right-angles with all of the straight-lines joined to 
it which are also in the plane. 

4. A plane is at right-angles to a(nother) plane when 
(all of) the straight-lines drawn in one of the planes, at 
right-angles to the common section of the planes, are at 
right-angles to the remaining plane. 

5. The inclination of a straight-line to a plane is the 
angle contained by the drawn and standing (straight¬ 
lines), when a perpendicular is lead to the plane from 
the end of the (standing) straight-line raised (out of the 
plane), and a straight-line is (then) joined from the point 
(so) generated to the end of the (standing) straight-line 
(lying) in the plane. 

6. The inclination of a plane to a(nother) plane is the 
acute angle contained by the (straight-lines), (one) in 
each of the planes, drawn at right-angles to the common 
segment (of the planes), at the same point. 

7. A plane is said to have been similarly inclined to a 
plane, as another to another, when the aforementioned 
angles of inclination are equal to one another. 

8. Parallel planes are those which do not meet (one 
another). 

9. Similar solid figures are those contained by equal 
numbers of similar planes (which are similarly arranged). 

10. But equal and similar solid figures are those con¬ 
tained by similar planes equal in number and in magni¬ 
tude (which are similarly arranged). 

11. A solid angle is the inclination (constituted) by 
more than two lines joining one another (at the same 
point), and not being in the same surface, to all of the 
lines. Otherwise, a solid angle is that contained by more 
than two plane angles, not being in the same plane, and 
constructed at one point. 

12. A pyramid is a solid figure, contained by planes, 
(which is) constructed from one plane to one point. 

13. A prism is a solid figure, contained by planes, of 
which the two opposite (planes) are equal, similar, and 
parallel, and the remaining (planes are) parallelograms. 

14. A sphere is the figure enclosed when, the diam¬ 
eter of a semicircle remaining (fixed), the semicircle is 
carried around, and again established at the same (posi¬ 
tion) from which it began to be moved. 

15. And the axis of the sphere is the fixed straight-line 
about which the semicircle is turned. 
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(pepso'dai., to Kspi.Xrjcp'dsv axfjpia. xdv (lev f) (levouaa 
eMela Tar) fj xf) Xoixfj [xf]] nepl xfjv op'dfjv nepicpepopievr), 
op'Ocyovioc Eoxai 6 xwvoc, sdv Be eXdxxwv, d(jLpXuYd)vio<;, 
edv Be (jei^wv, o^uywvioc. 

I'd'. ’'A^ov Be xou xwvou eaxlv fj pievouaa eu'dela, xepl 
r]v x6 xpiywvov axpecpexai. 

x'. Bdaic; Be 6 xuxXoc; 6 uxo xfjc; xepi(pepo(ievri<; eMeiag 
ypacpopievoc;. 

xa'. KuXivBpoc; eaxiv, oxctv opdoywviou xapaXXrjXoypdji- 
[iou pievouarjc; piidc; xXeupdc; xwv xepl xrjv opdi^v ytoviav xe- 
pieve^dev x6 xocpaXXrjXoypapijiov sic. x6 auxo xdXiv dxoxa- 
xaaxotdfi, 6'dev y]p^axo (pepea'dcti, x6 xepiXrjcpdev axfjpia. 

xP'. Be xou xuXivBpou eaxlv fj pievouaa eudela, 

xepl r]v x6 xapaXXrjXoypapijiov axpecpexai. 

xy'. Bdaeic; Be oi xuxXoi oi uxo xwv dxevavxiov xepia- 
yojievcov Buo xXeupwv ypacpopievoi. 

xB'. "Ojioioi xwvoi xal xuXivBpoi elaiv, 6v oi xe d^ovec; 
xal ai Bidjiexpoi xwv pdaetov dvdXoyov elaiv. 

xe'. KOpoc; eaxl axfjpia axepeov 0x6 e^ xexpaycovwv latov 
xepiexopievov. 

x<f'. ’OxxdeBpov eaxi axf)(ia axepeov 0 x 6 oxxcb xpiywvwv 
lawv xal laoxXeupwv xepiexopievov. 

xC. EixoadeBpov eaxi axfjpia axepe6v 0 x 6 eixoai 
xpiyovwv lawv xal laoxXeOpwv xepiexopievov. 

XT)'. AwBexdeBpov eaxi axfjpia axepe6v 0 x 6 BoBexa xev- 
xaycOvwvlawv xal laoxXeOpwv xal laoywviwv xepiexopievov. 


a'. 

EOdelac; ypajipifii; [iepog [iev xi oOx eaxiv ev xw Oxo- 
xeipievtp exixeBcp, piepoc; Be xi ev piexecopoxepw. 

El ydp Buvaxov, eOileiac ypapipifji; xfji; ABE piepoc ytev 
XI x6 AB eaxw ev xG Oxoxeipievtp exixeBw, piepoc; Be xi x6 
BE ev piexewpoxeptp. 

"Eaxai Br] xi<; xfj AB auvexTcjc eO'Oela ex’ eO'deiai; ev 
xw Oxoxeipievcp exixeBcp. eaxco f] BA- Buo dpa eO-deidv xAv 
ABE, ABA xoiv6v xpifjjid eaxiv rj AB- oxep eaxlv dBuvaxov, 
exeiBr^xep edv xevxpcp xA B xal Biaaxr^piaxi xA AB xuxXov 
ypdcjxjjiev, ai Bidpiexpoi dviaouc; dxoXr^tliovxai xou xuxXou 


16. And the center of the sphere is the same as that of 
the semicircle. 

17. And the diameter of the sphere is any straight- 
line which is drawn through the center and terminated in 
both directions by the surface of the sphere. 

18. A cone is the figure enclosed when, one of the 
sides of a right-angled triangle about the right-angle re¬ 
maining (fixed), the triangle is carried around, and again 
established at the same (position) from which it began to 
be moved. And if the fixed straight-line is equal to the re¬ 
maining (straight-line) about the right-angle, (which is) 
carried around, then the cone will be right-angled, and if 
less, obtuse-angled, and if greater, acute-angled. 

19. And the axis of the cone is the fixed straight-line 
about which the triangle is turned. 

20. And the base (of the cone is) the circle described 
by the (remaining) straight-line (about the right-angle 
which is) carried around (the axis). 

21. A cylinder is the figure enclosed when, one of 
the sides of a right-angled parallelogram about the right- 
angle remaining (fixed), the parallelogram is carried 
around, and again established at the same (position) 
from which it began to be moved. 

22. And the axis of the cylinder is the stationary 
straight-line about which the parallelogram is turned. 

23. And the bases (of the cylinder are) the circles 
described by the two opposite sides (which are) carried 
around. 

24. Similar cones and cylinders are those for which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 

Proposition V 

Some part of a straight-line cannot be in a reference 
plane, and some part in a more elevated (plane). 

For, if possible, let some part, AB, of the straight-line 
ABC be in a reference plane, and some part, BC, in a 
more elevated (plane). 

In the reference plane, there will be some straight-line 
continuous with, and straight-on to, AB.^ Let it be BD. 
Thus, AB is a common segment of the two (different) 
straight-lines ABC and ABD. The very thing is impos¬ 
sible, inasmuch as if we draw a circle with center B and 
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nspicpspeiac. 


r 



Euileiat; apa ypap-liTji; P-spoc; pev ti oux eaxiv ev xw Ono- 
xeipevw £-n:i.7is6fc), to 5e ev pexewpoTepw- oxep eSei 5el^ai. 


radius AB then the diameters (ABD and ABC) will cut 
off unequal circumferences of the circle. 


c 



Thus, some part of a straight-line cannot be in a refer¬ 
ence plane, and (some part) in a more elevated (plane). 
(Which is) the very thing it was required to show. 


t The proofs of the first three propositions in this book are not at all rigorous. Hence, these three propositions should properly be regarded as 
additional axioms. 

t This assumption essentially presupposes the validity of the proposition under discussion. 


P- 

’Eav 60o eudelai xepvmaiv dXXrjXac;, ev ev[ eiaiv emiteSco, 
xal xav xpiywvov ev evi eaxiv exixeSo. 

A A 



Auo yap euDelai ai AB, FA xepvexmaav dXXqXai; xaxd 
x6 E arjpelov. Xeyw, oxi. ai AB, FA ev evi eiaiv exixeSo), 
xai xav xpiywvov ev evi eaxiv exixeSo. 

EiXricp'dw ydp exl xAv EF, EB TuyovTa aqpela xd Z, H, 
xai exe^euxdwaav ai FB, ZH, xal Biqxdwoav ai Z0, HK- 
Xeyw xpAxov, 6xi x6 EFB xpiywvov ev evi eaxiv exixeBw. ei 
ydp eaxi xoD EFB xpiyAvou pepo<; qxoi x6 Z0F f] x6 FIBK 
ev xA Oxoxeipevw [exixeBw], x6 Be Xoixov ev dXXw, eaxai xal 
pidi; xAv EF, EB eudeiAv pepoc pev xi ev xA uxoxeipevw 


Proposition 2 

If two straight-lines cut one another then they are in 
one plane, and every triangle (formed using segments of 
both lines) is in one plane. 

A D 



For let the two straight-lines AB and CD have cut 
one another at point E. I say that AB and CD are in one 
plane, and that every triangle (formed using segments of 
both lines) is in one plane. 

For let the random points F and G have been taken 
on EC and EB (respectively). And let CB and EG 
have been joined, and let EH and GK have been drawn 
across. I say, first of all, that triangle ECB is in one (ref¬ 
erence) plane. For if part of triangle ECB, either FHC 
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emneSo), to Be ev aXXw. el Be tou EFB Tpiycovou to ZFBH 
piepoc; fj ev tw u-n:oxei.pievfc) eKiKeBw, to Be Xoikov ev aXXo, 
eoTai. xal d^cpoTepwv tCSv EF, EB eO'dei.BSv picpoi; picv ti 
ev Tw u7i;oxei(jevw exiKeBw, to Be ev dXXw oxep oItotiov 
eBelx'dr). to dpa EFB Tplycovov ev evi eoTiv exiTieBcp. ev S 
Be eoTi TO EFB Tplywvov, ev touto) xai exaTepa twv EF, 
EB, ev S Be exaTepa tBSv EF, EB, ev toutw xai al AB, 
FA. al AB, FA dpa euilelai. ev evl eiaiv eTiLTieBo, xai Tiav 
Tplyovov ev evl eoTiv eTiixeBo)' oxep eBei Bel^ai- 


y'- 

’Edv Buo cxliieBa Te^vfj dXXrjXa, rj xoivr) auTWv Topr) 
eMeld eoTiv. 



Auo ydp eKiTieBa Ta AB, BF Te^veTW dXXrjXa, xoivr) Be 
auTAv To^f] eoTW fj AB ypa^x^r]- Xeyw, oti f) AB ypa^^xr) 
eODeld eoTiv. 

El ydp pirj, exeCeOx'Bw dxo toO A exl to B ev piev tA AB 
exiTieBo eOilela fj AEB, ev Be tA BF enixeBo euilela f) AZB. 
eoTai 8r) Buo euileiAv tAv AEB, AZB Ta auTa xcpaTa, xal 
xepie^ouai Br]Xa8r) x^plov oxep dToxov. oux dpa ai AEB, 
AZB euiSeTal elaiv. o^ioloc 8r) Bel^o^icv, oti ouBe dXXr) tic 
dxo TOU A era to B e7i;iCeuyvu(jevr) euileTa eoTai xXrjv Tfjc 
AB xoivrjc To^fjc tAv AB, BF exiTieBov. 

’Edv dpa Buo exiTieBa Te(ivr) dXXrjXa, fj xoivf] auTAv TO(jLf] 
eODeld eoTiv oxep eBei BeT^ai. 


or GBK, is in the reference [plane], and the remainder 
in a different (plane) then a part of one the straight-lines 
EC and EB will also be in the reference plane, and (a 
part) in a different (plane). And if the part FCBG of tri¬ 
angle ECB is in the reference plane, and the remainder 
in a different (plane) then parts of both of the straight¬ 
lines EC and EB will also be in the reference plane, 
and (parts) in a different (plane). The very thing was 
shown to be absurb [Prop. 11.1]. Thus, triangle ECB 
is in one plane. And in whichever (plane) triangle ECB 
is (found), in that (plane) EC and EB (will) each also 
(be found). And in whichever (plane) EC and EB (are) 
each (found), in that (plane) AB and CD (will) also (be 
found) [Prop. 11.1]. Thus, the straight-lines AB and CD 
are in one plane, and every triangle (formed using seg¬ 
ments of both lines) is in one plane. (Which is) the very 
thing it was required to show. 

Proposition 3 

If two planes cut one another then their common sec¬ 
tion is a straight-line. 



For let the two planes AB and BC cut one another, 
and let their common section be the line DB. I say that 
the line DB \s straight. 

For, if not, let the straight-line DEB have been joined 
from D to i? in the plane AB, and the straight-line DEB 
in the plane BC. So two straight-lines, DEB and DEB, 
will have the same ends, and they will clearly enclose an 
area. The very thing (is) absurd. Thus, DEB and DEB 
are not straight-lines. So, similarly, we can show than no 
other straight-line can be joined from D to B except DB, 
the common section of the planes AB and BC. 

Thus, if two planes cut one another then their com¬ 
mon section is a straight-line. (Which is) the very thing it 
was required to show. 
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6 '. 

’Eav eu'dela 5uo eOileiai.c; Te(ivouoai(; dXXrjXocc; npoc; 
opildi; ETil Tf)<; xoivrjc Topif)<; eKiaxa'df), xal tw 8i’ auTWv 
exixeSo) xpoc; opildc; eaxai. 


z 



Euileta ydp tm; f) EZ 8uo sOileiaLc Tdi<; AB, FA xe- 
[ivouoocic; dXXr^Xac; xaxd x6 E arjpeiov dxo xoO E xpoi; opildc; 
ecpeaxdxw Xey^, oxi f) EZ xocl xw 5id xwv AB, FA exmeSw 
xp6(; opiSdc saxiv. 

AKEiXrjcp'dwaav ydp a'l AE, EB, FE, EA laai dXXr]Xai<;, 
xal xic 5id xou E, (be; exuxev, f] HE0, xal 

exe^eux'dwoav al AA, FB, xal exi dxo xuxovxoc; xou Z 
exe^euxT&toaav al ZA, ZF[, ZA, ZF, Z0, ZB. 

Kal exel 8uo al AE, EA 8ual xalc; FE, EB laai elal xal 
Y(<^v[ac; Xoclq xepiexouaiv, pdaic; dpa rj AA pdaei xfj FB larj 
eaxlv, xal x6 AEA xplytovov xc3 FEB xpiycbvcp laov eaxac 
waxe xal ytovla fj 0x6 AAE ytovlex xfj 0x6 EBF larj [eaxlv]. 
eaxi 8e xal fj 0x6 AEH ycjvla xfj 0x6 BE0 lar). 80o 8f) 
xplycovd eaxi xd AFIE, BE0 xdc; 80o ycovlac; 8ual ytovlaic; 
XaoLQ exovxa exaxepav exaxepa xal p,[av xXeupdv (iia xXeupd 
iar]v xr)v xp6c; xdlc; iaai<; ycovlaie; xr)v AE xfj EB- xal xd<; 
Xoixac dpa xXeupdg xalc Xoixalc xXeupalc laac e^ouaiv. larj 
dpa f) t^ev HE xfj E0, f) 8e AH xfj B0. xal exel lar] eaxlv f] 
AE xfj EB, xoivf] 8e xal xp6<; opDdc f] ZE, [3dai<; dpa -f] ZA 
pdaei. xfj ZB eaxiv larj. 8id xd aOxd 8f] xal f] ZF xfj ZA eaxiv 
lar). xal exel lar] eaxlv fj A A xfj FB, eaxi 8e xal f] ZA xfj ZB 
lar], 8uo 8f] al ZA, AA 8ual xalc ZB, BF laai eialv exaxepa 
exaxepa- xal pdaic ZA pdaei xfj ZF e8elx'dr] lar]- xal ycuvla 
dpa -f) 0x6 ZAA ycovla xfj 0x6 ZBF lar) eaxlv. xal exel xdXiv 
cSelx-dr] fj AH xfj B0 larj, dXXd ^f]v xal f] ZA xfj ZB larj, 80o 
8f] al ZA, AH 8ual xdic ZB, B0 laai elalv. xal ycovla -r] 0x6 
ZAH cSelx-dr] larj xfj 0x6 ZB0- pdaic dpa f] ZH pdaei xfj Z0 
eaxiv larj. xal exel xdXiv lar] c8e[xDri f] HE xfj E0, xoivf] 8e 
f) EZ, 8uo 8f] al HE, EZ 8ual xalc 0E, EZ laai elalv- xal 
pdaic f) ZH pdaei xfj Z0 larj- ytovla dpa fj 0x6 HEZ ycovla 
xfj 0x6 0EZ lar] eaxlv. op-df] dpa exaxepa xebv 0x6 HEZ, 
0EZ ytovicbv. IT) ZE dpa xp6c xf)v H0 xuxovxcoc 8id xou 
E d^Helaav op-df] eaxiv. 6(iolcoc 8f] 8el5opiev, 6xi f] ZE xal 


Proposition 4 

If a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (hoth). 


F 



For let some straight-line EF have (heen) set up at 
right-angles to two straight-lines, AB and CD, cutting 
one another at point E, at E. I say that EF is also at 
right-angles to the plane (passing) through AB and CD. 

For let AE, EB, CE and ED have been cut off from 
(the two straight-lines so as to be) equal to one another. 
And let GEH have been drawn, at random, through E 
(in the plane passing through AB and CD'). And let AD 
and CB have been joined. And, furthermore, let FA, 
EG, ED, EC, EH, and FB have heen joined from the 
random (point) F (on EF). 

For since the two (straight-lines) AE and ED are 
equal to the two (straight-lines) CE and EB, and they 
enclose equal angles [Prop. 1.15], the hase AD is thus 
equal to the base CB, and triangle AED will be equal 
to triangle CEB [Prop. 1.4]. Hence, the angle DAE 
[is] equal to the angle EBC. And the angle AEG (is) 
also equal to the angle BEH [Prop. 1.15]. So AGE 
and BEH are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), those by the equal angles, AE and EB. Thus, 
they will also have the remaining sides equal to the re¬ 
maining sides [Prop. 1.26]. Thus, CE (is) equal to EH, 
and AG to BH. And since AE is equal to EB, and FE 
is common and at right-angles, the hase FA is thus equal 
to the hase FB [Prop. 1.4]. So, for the same (reasons), 
EC is also equal to ED. And since AD is equal to CB, 
and FA is also equal to FB, the two (straight-lines) FA 
and AD are equal to the two (straight-lines) FB and BC, 
respectively. And the hase ED was shown (to he) equal 
to the base EC. Thus, the angle FAD is also equal to 
the angle EBC [Prop. 1.8]. And, again, since AG was 
shown (to be) equal to BH, but FA (is) also equal to 
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npot; udaai; xdc; dnTo^ievac; auTfji; eMeiat; xctl ouaat; ev xw 
Oxoxeijievcp enixeStp op'ddc; xoiriaei ywviac;. eMela 6e xpoc; 
exixeSov op'dr] eaxiv, oxctv xpog udaocc; xdg dxxojievac; auxfjt; 
eMeiag xal ouaac; ev xw auxw exiTCeScp opildc; xoifj YCx)v[ai^- 
f] ZE dpa xw uxoxeijievcp exmeBco xpog op'ddc; eaxiv. x6 8e 
uxoxei(ievov cxixe86v eaxi x6 5id xwv AB, FA eu'deiwv. rj 
ZE dpa Tipoc; op'ddc; caxi xw 6id xwv AB, FA exiTicStp. 

’Edv dpa eO^eTa 5uo eO^eiaig xep.vouaaic; dXXr^Xac; xpoc; 
op'daz cxl xfjc; xoivfjc; xojifjc; exiaxa'df), xal xw 8i’ aOxwv 
cxmeScp xpog opildt; eaxai- oxep c5ei Sel^ai. 


’Edv euDela xpialv euiSeiaic; dxxojievaic; dXXrjXwv xpog 
opildi; exl xfjc; xoivfjc; xo(ifjc; cxiaxaDfj, ai xpeTc; eMelai ev evi 
eiaiv eniKcSco. 

A 



Euilela ydp xic f] AB xpiaiv euileiaic; xaTc BF, BA, BE 
xpoc; opDdc; exl xfjc; xaxd x6 B dcpfjc; ccpeaxdxw Xeyw, oxi ai 
BF, BA, BE ev cvi eiaiv cxixeSw. 

Mf) ydp, dXX’ ei Suvaxov, eaxwaav ai BA, BE 
ev xw UKoxeitxevw exiKeBw, fj 8e BF ev ^lexewpoxcptp, xal 
expepXi^ailw x6 5la xwv AB, BF exixeSov xoivf]v Bf) xo^fiv 


FB, the two (straight-lines) FA and AG are equal to the 
two (straight-lines) FB and BH (respectively). And the 
angle FAG was shown (to he) equal to the angle FBH. 
Thus, the base FG is equal to the base FH [Prop. 1.4]. 
And, again, since GE was shown (to be) equal to EH, 
and EE (is) common, the two (straight-lines) GE and 
EE are equal to the two (straight-lines) HE and EF 
(respectively). And the base FG (is) equal to the base 
FH. Thus, the angle GEF is equal to the angle HEF 
[Prop. 1.8]. Each of the angles GEF and HEF (are) 
thus right-angles [Def. 1.10]. Thus, FE is at right-angles 
to GH, which was drawn at random through E (in the 
reference plane passing though AB and AC). So, simi¬ 
larly, we can show that EE will make right-angles with 
all straight-lines joined to it which are in the reference 
plane. And a straight-line is at right-angles to a plane 
when it makes right-angles with all straight-lines joined 
to it which are in the plane [Def. 11.3]. Thus, EE is at 
right-angles to the reference plane. And the reference 
plane is that (passing) through the straight-lines AB and 
CD. Thus, FE is at right-angles to the plane (passing) 
through AB and CD. 

Thus, if a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). (Which is) the very thing 
it was required to show. 

Proposition 5 

If a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the common point 
of section, then the three straight-lines are in one plane. 

A 



For let some straight-line AB have been set up at 
right-angles to three straight-lines BC, BD, and BE, at 
the (common) point of section B. I say that BC, BD, 
and BE are in one plane. 

For (if) not, and if possible, let BD and BE be in 
the reference plane, and BC in a more elevated (plane). 
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iioir]aEi ev tw UKoxeiiievcp £ 711.71860 EUiDsTav. tioleito Tf]v 
BZ. EV £vi apa Eialv etiitieBo to BirjYjiEvcp 6ia xov AB, 
BF at xpEli; EU-dElai at AB, BF, BZ. xal etiei f] AB op'drj 
saxi. xp6(; sxaxspav xov BA, BE, xal xo 6ia xov BA, 
BE apa exixeBo opilr] saxiv rj AB. x6 Be Bia xov BA, BE 
exixeBov x6 uxoxEijiEvov saxiv fj AB apa op'dr] saxi xpoc x6 
OxoxEi(iEvov exixeBov. oaxE xal xpoc; 7i;daa<; xd<; aTixopiEvac; 
auxfji; EUilEiac; xal ouaac; ev xo UTioxsipiEvo etiitieBo 6pil)d(; 
xoir]a£i yovlac; fj AB. dxxsxai Be aOxfjc; fj BZ ouaa ev xo 
OxoxEipiEvo exixeBo- f) dpa 0x6 ABZ yovla opDr] saxiv. 
OxoxEixai Be xal f) 0x6 ABF opilr]- larj dpa f) 0x6 ABZ yovia 
xfj 0x6 ABF. xai siaiv ev evI exixeBo' oxsp saxiv dBuvaxov. 
oOx dpa f) BF EOiSsIa ev (lEXEopoxEpo saxiv exixeBo' at xpsTi; 
dpa EOiSsIai at BF, BA, BE ev evi siaiv exixeBo. 

’Edv dpa sO'dsTa xpialv sOilEiaK; dxxo(i£vai(; dXXr]Xov sxl 
xfjc; dcpfjc; xp6<; opDac; Exiaxa^fj, ai xpsTc sOiSETai ev evi siaiv 
exixeBo' oxsp eBei BeT^m- 


9'. 

’Edv Buo EuDElai xo auxo exixeBo xp6<; opildc; oaiv, 
xapdXXrjXoi saovxai al EOilElai. 



Auo ydp EUTlsTai al AB, FA xo OxoxEipisvo exixeBo 
xp 6 c; opildc; saxoaav Xsyo, 6 x 1 xapdXXr)X6<; saxiv fj AB xfj 
FA. 

Sup.[3aXX£xoaav ydp xo OxoxEijiEvo exixeBo xaxd xd B, 
A arjpiEla, xal exe^euxDo T) BA EuDsIa, xal y^xDo xfj BA 
xp6(; opildi; ev xo OxoxEijiEvcp exixeBo fj AE, xal XEiaillo 
xfj AB ’lar] fj AE, xal EXE^EUxiloaav al BE, AE, AA. 

Kal exeI f] AB opilf] saxi xpBc; x6 OxoxEi(iEvov exixeBov, 
xal xp6c; xdaac; [dpa] xdc; dxxojiEvat; aOxfjc; EOflsiac; xal 
ouaac; ev xo OxoxEi(iEvo exixeBo opDdc; xoifjaEi yoviac;. 
dxxExai Be xfjc; AB sxaxspa xov BA, BE ouaa ev xo Oxo- 


And let the plane through AB and BC have been pro¬ 
duced. So it will make a straight-line as a common sec¬ 
tion with the reference plane [Def. 11.3]. Let it make 
BF. Thus, the three straight-lines AB, BC, and BF 
are in one plane—(namely), that drawn through AB and 
BC. And since AB is at right-angles to each of BD and 
BE, AB is thus also at right-angles to the plane (passing) 
through BD and BE [Prop. 11.4]. And the plane (pass¬ 
ing) through BD and BE is the reference plane. Thus, 
AB is at right-angles to the reference plane. Hence, AB 
will also make right-angles with all straight-lines joined 
to it which are also in the reference plane [Def. 11.3]. 
And BF, which is in the reference plane, is joined to it. 
Thus, the angle ABF is a right-angle. And ABC was also 
assumed to be a right-angle. Thus, angle ABF (is) equal 
to ABC. And they are in one plane. The very thing is 
impossible. Thus, BC is not in a more elevated plane. 
Thus, the three straight-lines BC, BD, and BE are in 
one plane. 

Thus, if a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the (common) point 
of section, then the three straight-lines are in one plane. 
(Which is) the very thing it was required to show. 

Proposition 6 

If two straight-lines are at right-angles to the same 
plane then the straight-lines will be parallel. 1 



For let the two straight-lines AB and CB be at right- 
angles to a reference plane. I say that AB is parallel to 
CD. 

For let them meet the reference plane at points B and 
D (respectively). And let the straight-line BD have been 
joined. And let DE have been drawn at right-angles to 
BD in the reference plane. And let DE be made equal to 
AB. And let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference plane, 
it will [thus] also make right-angles with all straight-lines 
joined to it which are in the reference plane [Def 11.3]. 
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xei^ievw emneBcp' op'df) apa eaxlv sxaxspa xCSv bnb ABA, 
ABE ywviwv. 6i.a xa auxa 6f] xai exaxepa xov bnb FAB, 
FAE op'dr] eaxiv. xal exei lar) eaxlv f) AB xfj AE, xoivf] 
8e f) BA, 6uo 6f] at AB, BA 6ual xaTc; EA, AB laai. eialv 
xai Ywviac opDac; Tiepiexouaiv paai<; apa f] AA paaei xfj 
BE eaxiv larj. xal exel lar) eaxlv f) AB xfj AE, dXXa xal 
f) AA xfj BE, 8uo 6f] at AB, BE 6ual xaT<; EA, AA laai 
eiaiv xal pdaic; aOxAv xoivf] f) AE- ywvia dpa fj uko ABE 
ywvid xfj Otio EAA eaxiv larj. op-df] 8e f] 0x6 ABE- op'df) 
dpa xal f) Otio EAA- -f) EA dpa Tipo^ xf)v AA op'df] eaxiv. 
eaxi 8e xal npbz exaxepav xAv BA, AF op-dTj. f] EA dpa 
xpialv eO-deian; xaT<; BA, AA, AF npbz dp’&a.z era x-fjc dcpfjc 
ecpeaxrjxev- ai xpeT<; dpa eu-delai ai BA, AA, AF ev evi eiaiv 
eTiiTieSo. ev S 6e ai AB, A A, ev xoOxw xal f] AB- nav ydp 
xpiyovov ev evi eaxiv exiKeBw- al dpa AB, BA, AF eu-delai 
ev evi eiaiv eniTieSw. xai eaxiv op'df) exaxepa xAv bub ABA, 
BAF yoviAv- 7i;apdXXr)Xo<; dpa eaxlv f) AB xfj FA. 

’Edv dpa 8uo eudelai xA auxA eTiiTicSa) upoi; op'dac Aaiv, 
TiapdXXrjXoi eaovxai ai eO'delai' oxep e5ei Bel^ai- 


And BD and BE, which are in the reference plane, are 
each joined to AB. Thus, each of the angles ABD and 
ABE are right-angles. So, for the same (reasons), each 
of the angles CDB and CDE are also right-angles. And 
since AB is equal to DE, and BD (is) common, the 
two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And they 
contain right-angles. Thus, the base AD is equal to the 
base BE [Prop. 1.4]. And since AB is equal to DE, and 
AD (is) also (equal) to BE, the two (straight-lines) AB 
and BE are thus equal to the two (straight-lines) ED 
and DA (respectively). And their base AE (is) common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. And 
ABE (is) a right-angle. Thus, EDA (is) also a right- 
angle. ED is thus at right-angles to DA. And it is also at 
right-angles to each of BD and DC. Thus, ED is stand¬ 
ing at right-angles to the three straight-lines BD, DA, 
and DC at the (common) point of section. Thus, the 
three straight-lines BD, DA, and DC are in one plane 
[Prop. 11.5]. And in which (ever) plane DB and DA (are 
found), in that (plane) AB (will) also (be found). For 
every triangle is in one plane [Prop. 11.2]. And each of 
the angles ABD and BDC is a right-angle. Thus, AB is 
parallel to CD [Prop. 1.28]. 

Thus, if two straight-lines are at right-angles to 
the same plane then the straight-lines will be parallel. 
(Which is) the very thing it was required to show. 


t In other words, the two straight-lines lie in the same plane, and never meet when produced in either direction. 


C'. 

’Eav Aai 8 uo euhelai iiapaXXr)Xoi, Xqtp'dfj 5e ecp’ exaxepac; 
auxAv xu)(dvxa ar)p£ia, f] enl xa aqpela era^euyvupevr) 
eMela ev xA auxA e-KiTteSw eaxl xal<; TtapaXXfiXoK;. 


A E B 



Tlaxcoaav 60o eudelai TtapdXXrjXoi al AB, FA, xal 
eiXficp-dw cqj’ exaxepag auxAv xuv)( 6 vxa ar)pela xd E, Z- 
Xeyw, 6 x 1 f) era xd E, Z ar)pela etti^euyvupevr) eudela ev xA 
auxA erancBcp eaxl xalc; itapaXXqXoic;. 

Mf) ydp, dXX’ ei Suvaxov, eaxto ev pexecopoxepm Ac; fj 
EHZ, xal 8 if)X'dm 8 id xfjg EHZ e 7 t[ 7 te 8 ov- xopf)v 8 f) Ttoiqaei 


Proposition 7 

If there are two parallel straight-lines, and random 
points are taken on each of them, then the straight-line 
joining the two points is in the same plane as the parallel 
(straight-lines). 


A E B 



Let AB and CD be two parallel straight-lines, and let 
the random points E and F have been taken on each of 
them (respectively). I say that the straight-line joining 
points E and E is in the same (reference) plane as the 
parallel (straight-lines). 

For (if) not, and if possible, let it be in a more elevated 
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ev Tw UTCoxeitievtp SKiTieSw eu'delav. noieiTW ok ttjv EZ- 8uo 
apa euileiai al EHZ, EZ j^o^piov Tiepie^ouaLv onep eaxlv 
dBuvaxov. oOx dpa fj anb xou E em x6 Z eKiCeuyvuiievr) 
euideTai ev piexewpoxepw eaxlv cxmeSco' ev xw Bid xwv AB, 
EB dpa xapaXXrjXwv eaxlv eKiKeBw f) dTio xou E era x6 Z 
eTii^euyvupievr] euDela. 

’Edv dpa wai 8uo euilelai 7iapdXXr]Xoi, Xrjcpilfj 5e ecp’ 
exaxepac auxwv xuxovxa ar)(ieTa, f) era xd arjpiela eni^eu- 
Yvu(jevr) euDela ev xw aOx« eTuxeSw eaxl xaT<; napaXXriXoK;- 
oTiep e6ei Bel^ai- 


’Edv Sai 8uo euilelai KapdXXrjXoi, f) 6e exepa auxwv 
exmeBo) xivl xpoc; opildc; fj, xal rj Xomf] xw auxw exiKeBw 
Tipoc; op-ddi; eaxai. 



’Taxwaav 6uo eOilelai xapdXXrjXoi al AB, FA, rj 5e exepa 
auxwv T) AB xw uxoxeijievco eTHTicBtp xpog opildc; eaxw 
Xeyw, oxi xal f] Xomf) f) FA xw auxw cxmeBw xpog opildi; 
eaxai. 

Eu(iPaXXex«aav ydp ai AB, FA xG Onoxeipievtp eTCiTCcBto 
xaxd xd B, A arjpieTa, xal eKe^eux'dw fj BA- al AB, FA, BA 
dpa ev evi elaiv enixeSq). fixllw xfj BA upoi; op-ddc; ev xA 
uxoxeipicvw eTiixeSo fj AE, xal xeia-dw xfj AB ’larj f] AE, 
xal exeCeuxllwaav al BE, AE, AA. 

Kal exel f] AB op-df] eaxi xpoc; x6 unoxeipievov exixeSov, 
xal Tipoc Tidaac dpa xdc d7ixo(jieva<; auxfjc eODeiac xal ouaac 
ev xA U7ioxei(ievw eTiiTieBw npoc dp-ddc; eaxiv f) AB- op-df] dpa 
[eaxlv] exaxepa xAv utio ABA, ABE ywviAv. xal enel eic 
■n:apaXXf]Xouc; xdc AB, FA eu-dela ejjLneTixoxev -f) BA, al dpa 
UTio ABA, FAB ywviai 6ualv op-dalc ’(aai eiaiv. op-df) 8e -f) 
UTio ABA- op-df) dpa xal f) uxo FAB- f) FA dpa xpoc xfjv BA 
op-df) eaxiv. xal exel ’lar) eaxlv f) AB xfj AE, xoivf) 8e f) BA, 


(plane), such as EGF. And let a plane have been drawn 
through EGF. So it will make a straight cutting in the 
reference plane [Prop. 11.3]. Let it make EE. Thus, two 
straight-lines (with the same end-points), EGF and EE, 
will enclose an area. The very thing is impossible. Thus, 
the straight-line joining E to E is not in a more elevated 
plane. The straight-line joining E to F is thus in the plane 
through the parallel (straight-lines) AB and GD. 

Thus, if there are two parallel straight-lines, and ran¬ 
dom points are taken on each of them, then the straight- 
line joining the two points is in the same plane as the 
parallel (straight-lines). (Which is) the very thing it was 
required to show. 

Proposition 8 

If two straight-lines are parallel, and one of them is at 
right-angles to some plane, then the remaining (one) will 
also be at right-angles to the same plane. 


A C 



Let AB and GD be two parallel straight-lines, and let 
one of them, AB, be at right-angles to a reference plane. 
I say that the remaining (one), GD, will also be at right- 
angles to the same plane. 

For let AB and GD meet the reference plane at points 
B and D (respectively). And let BD have been joined. 
AB, GD, and BD are thus in one plane [Prop. 11.7]. 
Let DE have been drawn at right-angles to BD in the 
reference plane, and let DE be made equal to AB, and 
let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference 
plane, AB is thus also at right-angles to all of the 
straight-lines joined to it which are in the reference plane 
[Def. 11.3]. Thus, the angles ABD and ABE [are] each 
right-angles. And since the straight-line BD has met the 
parallel (straight-lines) AB and GD, the (sum of the) 
angles ABD and CDB is thus equal to two right-angles 
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5 uo 6f) al AB, BA 6ual Tctlg EA, AB laai eiaiv xal ywvia 
f) U7 i6 aba ywviqc xf) uxo EAB larj- op'df) yap exaxepa- 
pdaig dpa fj AA pdaei xfj BE larj. xal exel larj eaxlv rj 
[iev AB xfi AE, fj 5 e BE xfj AA, 6uo 5 t) ai AB, BE 6ual 
xalc; EA, AA laai elalv exaxepa exaxepa. xal pdaig auxwv 
xoivf) f) AE- ywvla dpa rj 0 x 6 ABE ywvia xfj 0 x 6 EAA 
caxiv lar). opilr) 5 e 0 x 6 ABE- op-df) dpa xal rj 0 x 6 EAA- 
f) EA dpa xp6<; xf]v AA opDr] eaxiv. eaxi 6e xal xp6<; xf]v 
AB op-dr]- fi EA dpa xal xcb Bid xwv BA, AA exixeBw op-di^ 
eaxLv. xal xp6i; koloolq dpa xd<; dxxo(jeva<; aOx-r^c eO-deiac xal 
ouaoLQ ev xA Bid xAv BAA exixeBa) op-ddc; xoirjaei ywviat; 
EA. ev Be xA Bid xAv BAA exixeBo eaxlv fj AE, exeiBrjxep 
ev xA Bid xAv BAA exixeBw eaxlv al AB, BA, ev S Be 
al AB, BA, ev xoOxo eaxl xal f] AE. fj EA dpa xfj AE 
xp6c; op-ddc; eaxiv- Aaxe xal fj EA xfj AE xp6c; op-ddc; eaxiv. 
eaxi Be xal f] EA xfj BA xpd? op-ddc. EA dpa BOo eO-deiaic 
xetxvoOaaic dXXfjXac xdic AE, AB dx6 x-ljc xaxd x6 A xop-ljc 
xp6c op-ddc ecpeaxrjxev- Aaxe f] EA xal xA Bid xAv AE, AB 
exixeBo xp6c op-ddc eaxiv. x6 Be Bid xAv AE, AB exiKeBov 
x6 Oxoxelpevov eaxiv- -rj EA dpa xA 07 i;oxei(ievw exiKeBw 
7 ip 6 c op-ddc eaxiv. 

’Edv dpa Aai BOo eO-delai xapdXXrjXoi, f] Be pila auxAv 
cnixeBa) xivl iip6c opddc fj, xal -r) Xoixf] xA aOxA exiKeBw 
iip6c op-ddc eaxai- oxep cBei Bel^ai. 


Al xfj aOxfj eO-dela xapdXXrjXoi xal ^.f) ouaai aOxfj ev xA 
aOxA exiTicBcp xal dXXfjXaic eial xapdXXrjXoi. 

B 0 A 



Tlaxw ydp exaxepa xov AB, EA xfj EZ xapdXXrjXoc 
[if] ouaai aOxfj ev xA aOxA exixeBcp- Xeyw, 6xi xapdXXrjXoc 


[Prop. 1.29]. And ABD (is) a right-angle. Thus, CDB 
(is) also a right-angle. CD is thus at right-angles to BD. 
And since AB is equal to DE, and BD (is) common, 
the two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And angle 
ABD (is) equal to angle EDB. For each (is) a right- 
angle. Thus, the base AD (is) equal to the base BE 
[Prop. 1.4]. And since AB is equal to DE, and BE to 
AD, the two (sides) AB, BE are equal to the two (sides) 
ED, DA, respectively. And their base AE is common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. 
And ABE (is) a right-angle. EDA (is) thus also a right- 
angle. Thus, ED is at right-angles to AD. And it is also 
at right-angles to DB. Thus, ED is also at right-angles 
to the plane through BD and DA [Prop. 11.4]. And 
ED will thus make right-angles with all of the straight¬ 
lines joined to it which are also in the plane through 
BDA. And DC is in the plane through BDA, inas¬ 
much as AB and BD are in the plane through BDA 
[Prop. 11.2], and in which(ever plane) AB and BD (are 
found), DC is also (found). Thus, ED is at right-angles 
to DC. Hence, CD is also at right-angles to DE. And 
CD is also at right-angles to BD. Thus, CD is standing 
at right-angles to two straight-lines, DE and DB, which 
meet one another, at the (point) of section, D. Hence, 
CD is also at right-angles to the plane through DE and 
DB [Prop. 11.4]. And the plane through DE and DB is 
the reference (plane). CD is thus at right-angles to the 
reference plane. 

Thus, if two straight-lines are parallel, and one of 
them is at right-angles to some plane, then the remain¬ 
ing (one) will also be at right-angles to the same plane. 
(Which is) the very thing it was required to show. 

Proposition 9 

(Straight-lines) parallel to the same straight-line, and 
which are not in the same plane as it, are also parallel to 
one another. 


B HA 



For let AB and CD each be parallel to EE, not being 
in the same plane as it. I say that AB is parallel to CD. 
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eaxLv f) AB FA. 

EiXr^cp'dw yap exl Tfji; EZ xu^ov arijielov x6 H, xal an 
aOxoO xfj EZ ev psv xA 8i.a xwv EZ, AB eTiLTisBo) npoz op'daz 
r^x'dw f) H0, ev 5e xw 8ia xwv ZE, FA xfj EZ TidXiv xpog 
opildt; HK. 

Kofl exel fj EZ xpoc exaxepav xwv H0, F[K op'dr] eaxiv, 
f) EZ dpa xal xG 8id xwv FE0, FIK e7i;i7i;e8w npoc; op'ddc; 
eaxiv. xa[ eaxiv rj EZ xfj AB napdXXrjXoc;' xal fj AB dpa 
xw 8id xwv 0HK ciiiiie8cp npoc opildc; eaxiv. 6id xd aOxd 
8f) xal f) FA xw 8id xwv 0FIK e'n:i'n:c8w upoc; opildt; eaxiv 
cxaxepa dpa xwv AB, FA xw 8id xwv 0FIK ciiiiie8cp npoc; 
opfldt; eaxiv. cdv 8e 8uo eMelai xw auxw e'n:i'n:c8cp npog 
opDdt; Saiv, napdXXrjXoi eiaiv ai eMelai- xapdXXrjXot; dpa 
eaxiv f) AB xfj FA- oxep e8ei 8el^ai. 


/ 

i. 

’Edv 8uo euiSeTai d-n:x6(jevai dXXrjXwv Kapd 80o eOiSeiac; 
diixo(ieva<; dXXf]X(£)v Sai pf) ev xw auxA eTiixeSo, l'aa<; 
ywviac xepie^ouaiv. 



Auo ydp eOilelai ai AB, BF dxxoiievai dXXrjXwv Tiapd 
8uo euileiai; xdi; AE, EZ dKxopevai; dXXrjXwv eaxwaav (if) 
ev xw auxw e7i;i7i;e8w' Xeyw, 6xi lar) eaxiv f) unb ABF yovia 
xfj Otio AEZ. 

AxeiXficpilwaav ydp ai BA, BF, EA, EZ laai dXXf]Xai<;, 
xal e-n:eCeOx'®“CJ°‘'^ AA, FZ, BE, AF, AZ. 

Kal eTiel f) BA xfj EA lar) eaxl xal TiapdXXrjXoi;, xal f) 
AA dpa xfj BE lar) eaxl xal TiapdXXrjXoc;. 8id xd auxd 8f) 
xal f) FZ xfj BE lar) eaxl xal napdXXrjXoc;- exaxepa dpa xGv 

AA, FZ xfj BE lar) eaxl xal TiapdXXrjXoc;. ai 8e xfj aOxfj 
eOileia xapdXXrjXoi xal (if) ouaai auxfj ev xo auxo e7i;i7i;e8w 
xal dXXfjXaic; eial 7i;apdXXr)Xoi' TiapdXXi^Xoc; dpa eaxiv f) AA 
xfj FZ xal lar). xal eKi^euyvuouaiv aOxd<; ai AF, AZ- xal 
f) AF dpa xfj AZ lar) eaxl xal 7i;apdXXr)Xo<;. xal exel 8uo ai 

AB, BF 6ual xdic; AE, EZ laai eiaiv, xal pdaic f) AF pdaei 
xfj AZ lar), ywvia dpa f) unb ABF ywvia xfj Oko AEZ eaxiv 


For let some point G have been taken at random on 
EF. And from it let GH have been drawn at right-angles 
to EF in the plane through EF and AB. And let GK 
have been drawn, again at right-angles to EF, in the 
plane through EE and GD. 

And since EF is at right-angles to each of GH and 
GK, EF is thus also at right-angles to the plane through 
GH and GK [Prop. 11.4]. And EF is parallel to AB. 
Thus, AB is also at right-angles to the plane through 
HGK [Prop. 11.8]. So, for the same (reasons), GD is 
also at right-angles to the plane through HGK. Thus, 
AB and CD are each at right-angles to the plane through 
HGK. And if two straight-lines are at right-angles 
to the same plane then the straight-lines are parallel 
[Prop. 11.6]. Thus, AB is parallel to CD. (Which is) 
the very thing it was required to show. 

Proposition 10 

If two straight-lines joined to one another are (respec¬ 
tively) parallel to two straight-lines joined to one another, 
(but are) not in the same plane, then they will contain 
equal angles. 



For let the two straight-lines joined to one another, 
AB and BC, be (respectively) parallel to the two 
straight-lines joined to one another, DE and EF, (but) 
not in the same plane. I say that angle ABC is equal to 
(angle) DEE. 

For let BA, BC, ED, and EF have been cut off (so 
as to be, respectively) equal to one another. And let AD, 
CF, BE, AC, and DF have been joined. 

And since BA is equal and parallel to ED, AD is thus 
also equal and parallel to BE [Prop. 1.33]. So, for the 
same reasons, CF is also equal and parallel to BE. Thus, 
AD and CF are each equal and parallel to BE. And 
straight-lines parallel to the same straight-line, and which 
are not in the same plane as it, are also parallel to one an¬ 
other [Prop. 11.9]. Thus, AD is parallel and equal to CF. 
And AC and DF join them. Thus, AC is also equal and 
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laT). 

’Eav apa 6uo eO'dsTai aKTopisvai dXXrjXwv iiapd 6uo 
eMeiat; d7iTO(ieva<; dXXr]Xwv Sai tJi'H auxw emneSco, 

laoLQ YCiviaQ nepie^ouaiv onep eSei 5el^ai. 


la'. 

’Ako toO So'devToc ar]pisbu piSTewpou etiI to Bo'dev 
enineSov xaiSexov eOiDelav Ypa(j^i^v dyaYew. 

A 



TilaTW TO ^sv 6o'dsv arjiJelov ^STSwpov to A, to 5e Boilev 
euLTieSov to UTioxeipisvov Bel 5i^ dxo toD A arj^xebu ex'i to 
UKO xsipisvov exLxsSov xdileTov eO'dsTav ypaH^lj^^v dyays^'^- 

Airixilw ydp tlc ev tw Oxoxsipisvw SKixeBcp suilela, (bg 
etuxe^) t BT, xai r]X'0“ toO A arj^Eiou sra Tf]v BE 
xaiSETOC f] AA. eI pisv ouv fj AA xdilETo^ eoti xal sxl to 
OnoxEipiEvov ekikeBov, yEyovoc dv eTt) to sxi.Tax'dsv. eI Be 
ou, f]X'dw dxo Toij A arj^Eiou Tfj BE ev tA ukoxei^evw 
exlxeBo npoQ op'ddc fj AE, xai fixilo dxo toO A sxl Tf]v AE 
xadETOC f] AZ, xai Bid too Z arj^xEiou Tfj BE xapdXXrjXot; 
fixiSw 'h H0. 

Kai exeI f) BE ExaTspa tAv AA, AE npoc, opiSdc eotiv, 
f] BE dpa xai tA Bid tAv EAA exikeBw xpoc; opildc; eotiv. 
xai EOTiv auTf) xapdXXrjXoc; f] E[0- sdv Be Sai Buo EuiSElai 
xapdXXr]Xoi, f) Be piia auTAv exixeBw tivi xpoc; opildi; fj, xai f) 
Xoixf] tA auTA ekixeBw xp6<; op'ddc soTar xai f] E[0 dpa tA 
Bid tAv EA, AA exixeBw xp6<; op-ddc eotiv. xal xpoc; koloolq 
dpa Td<; dxTopiEvac; auTfjc; EUilEiat; xal ouaaz ev tA Bid tAv 
EA, AA exixeBo opilf] eotiv fj H0. dxTETai Be auTfji; f) AZ 
ouaa EV tA Bid tAv EA, AA exixeBw' f] EE0 dpa opDf] eoti 
xpoc; Tf)v ZA- Aote xal f) ZA opDf] eoti xp6<; Tf]v 0H. eoti 


parallel to DF [Prop. 1.33]. And since the two (straight¬ 
lines) AB and BC are equal to the two (straight-lines) 
DE and EF (respectvely), and the base AC (is) equal to 
the base DF, the angle ABC is thus equal to the (angle) 
DEE [Prop. 1.8]. 

Thus, if two straight-lines joined to one another are 
(respectively) parallel to two straight-lines joined to one 
another, (but are) not in the same plane, then they will 
contain equal angles. (Which is) the very thing it was 
required to show. 


Proposition 11 

To draw a perpendicular straight-line from a given 
raised point to a given plane. 

A 



Let A be the given raised point, and the given plane 
the reference (plane). So, it is required to draw a perpen¬ 
dicular straight-line from point A to the reference plane. 

Let some random straight-line BC have been drawn 
across in the reference plane, and let the (straight-line) 
AD have been drawn from point A perpendicular to BC 
[Prop. 1.12]. If, therefore, AD is also perpendicular to 
the reference plane then that which was prescribed will 
have occurred. And, if not, let DE have been drawn in 
the reference plane from point D at right-angles to BC 
[Prop. 1.11], and let the (straight-line) AF have been 
drawn from A perpendicular to DE [Prop. 1.12], and let 
CH have been drawn through point F, parallel to BC 
[Prop. 1.31]. 

And since BC is at right-angles to each of DA and 
DE, BC is thus also at right-angles to the plane through 
EDA [Prop. 11.4]. And GH is parallel to it. And if two 
straight-lines are parallel, and one of them is at right- 
angles to some plane, then the remaining (straight-line) 
will also be at right-angles to the same plane [Prop. 11.8]. 
Thus, GH is also at right-angles to the plane through 
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5s f] AZ xal Tipoc; ti^v AE op'd/]' f) AZ apa npbz sxaTspav 
tAv H0, AE op-dri saxiv. sav 5s suilsla Sualv sMsiaic; 
TStxvouaaLc; dXXr]Xac; etiI Tf)<; TO(ifjc; npbz op-ddc STH.axa'dfj, 
xai xA 5i’ aOxAv E7ii.7iE5a) npbq op'ddc saxar f) ZA dpa xA 
5i.d xAv EA, H0 E'n:i'n:E5w xpog opildt; saxiv. x6 6 e 5id 
xAv EA, H0 E7 i[7ie56v saxi x6 uxoxsijisvov r\ AZ dpa xA 
uiioxEi(iEvw eiuxeSw xpoc; opildt; saxiv. 

Axo xou dpoi 5o^evxo<; arijisiou (lExsApou xoO A sxi x6 
uxoxEi^Evov ExixsSov xd'dsxoi; suTlsIa rjxxai rj AZ- 

oxsp e5ei xoifjaai. 


iP'. 

TA 5o1>evxi exixe5w dxo xou xpoc; auxA 5o'dEvxoc; 
ar)(iEiou xpoc; op-ddc; su-dsTav Ypatx(ir]v dvaaxfjaai. 

B 



Tilaxw x6 (JEv 5o'dEv exixe5ov x 6 Oxoxsitxsvov, x6 5 e 
xpoc; auxA arjiisTov x6 A- 5e'i 5i^ dxo xou A ar)(JEiou xA uxo- 
XEi(iEvw ExixE5a) xpoc; op-ddi; su-dsTav Ypa^(jf]v dvaaxrjaai. 

NEvoy^a-dw xi arjiisTov (jsxswpov x6 B, xai dxo xou B sxl 
x6 uxoxEi(iEvov exixe5ov xd-dsxoc; f] BE, xai 5id xou 

A arj^Eiou xfj BE xapdXXrjXoc t XA. 

’Exs'i ouv 5uo EU-dsIai xapdXXrjXoi siaiv at AA, EB, fj 5e 
piia auxAv fj BE xA uxoxEip,Ev(j sxixsScp xpoc; op-ddc; saxiv, 
xai f) XoixiQ dpa f) AA xA uxoxsitxsvw ExixE5fc) xp6<; op-ddc; 
saxiv. 

TA dpa 5oil)evxi exixe5w dxo xou xpoc; auxA ar)p.E[ou 
xou A xpoc; op-ddc; dvsaxaxai f) AA- oxsp e5ei xoifjaai. 


ED and DA. And GH is thus at right-angles to all of 
the straight-lines joined to it which are also in the plane 
through ED and AD [Def. 11.3]. And AE, which is in the 
plane through ED and DA, is joined to it. Thus, GH is at 
right-angles to EA. Hence, FA is also at right-angles to 
HG. And AE is also at right-angles to DE. Thus, AE is 
at right-angles to each of GH and DE. And if a straight- 
line is set up at right-angles to two straight-lines cutting 
one another, at the point of section, then it will also be 
at right-angles to the plane through them [Prop. 11.4]. 
Thus, FA is at right-angles to the plane through ED and 
GH. And the plane through ED and GH is the refer¬ 
ence (plane). Thus, AE is at right-angles to the reference 
plane. 

Thus, the straight-line AE has been drawn from the 
given raised point A perpendicular to the reference plane. 
(Which is) the very thing it was required to do. 

Proposition 12 

To set up a straight-line at right-angles to a given 
plane from a given point in it. 

B 



Let the given plane be the reference (plane), and A a 
point in it. So, it is required to set up a straight-line at 
right-angles to the reference plane at point A. 

Let some raised point B have been assumed, and let 
the perpendicular (straight-line) BG have been drawn 
from B to the reference plane [Prop. 11.11]. And 
let AD have been drawn from point A parallel to BG 
[Prop. 1.31]. 

Therefore, since AD and GB are two parallel straight¬ 
lines, and one of them, BG, is at right-angles to the refer¬ 
ence plane, the remaining (one) AD is thus also at right- 
angles to the reference plane [Prop. 11.8]. 
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ly'. 

’Ako toO aOxoO arj^ieiou tw ocutw eniTCeBw 6uo eMelai 
npog op-dac oOx dvaaTr]aovTai era xd auxd (jepr). 

B 



Ei Y“P Suvaxov, duo xou auxoO arj^eiou xoO A xO 
0-n:oxei.tJiev« exiKeBw 5uo eOiSelai ai AB, BE npbz dp'da.z 
dveaxdxwaav era xd auxd piepr], xal Birixilw x6 6id xwv 
BA, Ar eraxeBov xo^iqv 6f] xoi.r]aei. 6id xou A ev xO uko- 
xei^evw exiTieSw euilelav. Koieixw xi^v AAE' ai dpa AB, 
AT, AAE eu-delai ev evi eiaiv exiTieBcp. xai exel fj FA xA 
uiioxei(ievw exmcStp xpoc op'ddc; caxiv, xal xpoc; xdaac; dpa 
xdc dxxolievac auxfjc; euileiat; xai ouaaz ev xA U7i;oxei(ievw 
e-raxeSo opiSdc KoiTjaei ywviat;. dxxexai. 6e auxfji; f) AAE 
ouaa ev xA uxoxei^evw eTiLTieSw' f) dpa 0x6 EAE 
dp’&T] eaxiv. 6id xd auxd 6f] xai f) 0x6 BAE op'dr) eaxiv Xot] 
dpa f) 0x6 EAE xfj 0x6 BAE xai eiaiv ev evi exixeBw' oxep 
eaxiv dSOvaxov. 

OOx dpa dx6 xou auxou arj^eiou xA aOxA exixeSo) 8uo 
eOiSeTai xp6i; op'ddc dvaaxa'drjaovxai exl xd aOxd (uepr)' oxep 
e5ei 8eT^ai. 


l6'. 

np6<; d exixeBa fj aOxf] eODela opDr] eaxiv, xapdXXrjXa 
caxai xd exixeSa. 

Euilela ydp xi<; fj AB xp6i; exdxepov xAv EA, EZ 
cxixeSwv xpOg opDdi; eaxw Xeyw, 6xi xapdXXrjXd eaxi xd 
exixeSa. 


Thus, AD has been set up at right-angles to the given 
plane, from the point in it, A. (Which is) the very thing it 
was required to do. 

Proposition 13 

Two (different) straight-lines cannot be set up at the 
same point at right-angles to the same plane, on the same 
side. 


B 



For, if possible, let the two straight-lines AB and AC 
have been set up at the same point A at right-angles 
to the reference plane, on the same side. And let the 
plane through BA and AC have been drawn. So it will 
make a straight cutting (passing) through (point) A in 
the reference plane [Prop. 11.3]. Let it have made DAE. 
Thus, AB, AC, and DAE are straight-lines in one plane. 
And since CA is at right-angles to the reference plane, it 
will thus also make right-angles with all of the straight¬ 
lines joined to it which are also in the reference plane 
[Def. 11.3]. And DAE, which is in the reference plane, is 
joined to it. Thus, angle CAE is a right-angle. So, for the 
same (reasons), BAE is also a right-angle. Thus, CAE 
(is) equal to BAE. And they are in one plane. The very 
thing is impossible. 

Thus, two (different) straight-lines cannot be set up 
at the same point at right-angles to the same plane, on 
the same side. (Which is) the very thing it was required 
to show. 

Proposition 14 

Planes to which the same straight-line is at right- 
angles will be parallel planes. 

For let some straight-line AB be at right-angles to 
each of the planes CD and EF. I say that the planes 
are parallel. 
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El yap [iT], expaXX6(i£va aupiKsaoOvTai. au(i7ii.7i:TST- 
waav 7ioi.r]aouai 6f) xoivrjv Topirjv eu^eiocv. xoielxcoaav xrjv 
H0, xai eiXrjcp'dw exl xfjc; H0 xuxov arjpielov x6 K, xal 
exs^eux'dwaav ai AK, BK. 

Kai exel f) AB opilr] eaxi xpoc; x6 EZ exlxeSov, xal xpog 
xf)v BK apa euDelav ouaav ev xw EZ expXrj'dsvxi eKixeBw 
opDr] eaxLv f) AB- ir) apa bnb ABK ywvla op-dr] eaxiv. 5i.a 
xa auxa 6ir] xai f] uko BAK opdr] eaxiv. xpiycdvou 5ir] xoO 
ABK at 5uo ywviai. at bnb ABK, BAK 5uaiv opdaTc eiaiv 
laar oxep eaxlv d5uvaxov. oux dpa xd FA, EZ eKiKsBa 
exPaXXopisva aupixeaoOvxar xapdXXrjXa dpa eaxl xd FA, 
EZ eKiKsBa. 

FEpoc; d exlTisda dpa ir] auxir] eudsTa opdi^ eaxiv, xapdXXrjXd 
eaxi. xd enineha.- bnep edei BeT^ai.. 


is'. 

’Edv 6uo eudsTai dxxoiJevai dXXrjXwv xapd 60o eudelai; 
diixo(ieva<; dXXy]Xa)v Sai pir) ev xG auxw eKixeBcp ouaai, 
xapdXXrjXd eaxi xd 6i’ auxwv enlxeda. 

Auo ydp eudelai dxxopievai dXXrjXwv al AB, BF xapd 
5uo eudeiac d-xxopievat; dXXrjXwv xd<; AE, EZ eaxwaav [if] 
ev xw aOxw eKixeBcp ouaar Xeyw, 6xi expaXX6[ieva xd 5id 
xAv AB, BF, AE, EZ exiTieBa oO au[i'n:eae'ixai dXXfjXoi(;. 

T®P toD B ar][ielou era x6 6id xAv AE, EZ 
eTilxedov xddexoc f] BH xal au[iPaXXexw xA exiKeBw xaxd 
x6 H ar)[ieTov, xal 6id xoO H xfj [lev EA xapdXXrjXoc f]xdw 
f] H0, xfj Be EZ f] HK. 



For, if not, being produced, they will meet. Let them 
have met. So they will make a straight-line as a common 
section [Prop. 11.3]. Let them have made GH. And let 
some random point K have been taken on GH. And let 
AK and BK have been joined. 

And since AB is at right-angles to the plane EF, AB 
is thus also at right-angles to BK, which is a straight-line 
in the produced plane EF [Def. 11.3]. Thus, angle ABK 
is a right-angle. So, for the same (reasons), BAK is also 
a right-angle. So the (sum of the) two angles ABK and 
BAK in the triangle ABK is equal to two right-angles. 
The very thing is impossible [Prop. 1.17]. Thus, planes 
CD and EF, being produced, will not meet. Planes CD 
and EF are thus parallel [Def. 11.8]. 

Thus, planes to which the same straight-line is at 
right-angles are parallel planes. (Which is) the very thing 
it was required to show. 

Proposition 15 

If two straight-lines joined to one another are parallel 
(respectively) to two straight-lines joined to one another, 
which are not in the same plane, then the planes through 
them are parallel (to one another). 

For let the two straight-lines joined to one another, 
AB and BC, be parallel to the two straight-lines joined to 
one another, DE and EF (respectively), not being in the 
same plane. I say that the planes through AB, BC and 
DE, EF will not meet one another (when) produced. 

For let BC have been drawn from point B perpendic¬ 
ular to the plane through DE and EF [Prop. 11.11], and 
let it meet the plane at point G. And let GH have been 
drawn through G parallel to ED, and GK (parallel) to 
EF [Prop. 1.31]. 
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B 



Kai enel f) BH op'dr] eaxi npoc; to dia xwv AE, EZ 
exltisBov, xal xpoc Tiaaac; apa xac; a-n:xo(J£va<; auxfjc euilsLac; 
xai ouaa<; ev xw 8i.a xAv AE, EZ etiltisBo) 6p'da<; xoLi^asi. 
yoviac. axxsxai. 6s aOxfjc; sxaxspa xwv H0, HK ouaa sv 
xo 8i.a xwv AE, EZ £'n:i.7T:£6fc)' opilf] apa saxlv sxaxspa xAv 
und BH0, BHK yoviAv. xai sxsl KapaXXrjXoc saxiv fj BA 
xfj H0, a'l apa vko HBA, BH0 yoviai. 8uaiv opiDaTc laai. 
siaiv. opilf] Be f] uxo BH0- opilf] apa xai f) Oxo HBA- f) HB 
apa xfj BA xp6<; 6pi8a<; saxiv. 6ia xa aOxa 6f] f) HB xai xfj 
BE saxi xpoc; opildc;. sxs'i ouv suilsla f) HB 6uaiv suilsiaK; 
xaXt; BA, BE xspvouaaic dXX'qXac; xp6<; opildc; scpsaxrjxsv, f) 
HB dpa xal xA 6id xAv BA, BE sxixsBw xp6<; 6pild<; saxiv. 
[6id xd auxd Bf) f) BH xai xA Bid xAv H0, HK skixeBw 
xpoc; op-ddc saxiv. x6 8s Bid xAv H0, HK skikeBov saxi x6 
Bid xAv AE, EZ- f) BH dpa xA Bid xAv AE, EZ sxixsBw 
saxi Kpoc op-ddc. sBsix-dr] 8s f] HB xal xA Bid xAv AB, BE 
sxixsBo) KpoQ opildc]. KpoQ d Be sxixsBa f] auxf] sOilsIa opilf) 
saxiv, xapdXXr]Xd saxi xd SKiKsBa- xapdXXr^Xov dpa saxi x6 
Bid xAv AB, BE etiitisBov xA Bid xAv AE, EZ. 

’Edv dpa Buo suilsTai dxxopsvai dXXfjXwv xapd Buo 
sOilsiai; d7ixo(i£va<; dXXf]Xov Aai t^f) sv xA auxA etiixeBo, 
napdXXrjXd saxi xd Bi’ aOxAv sxiTisBa- oxsp sBsi BsT^ai. 


If'. 

’Edv Buo sninsBa xapdXXii^Xa uxo sxixsBou xiv6<; x£p.vir]xai, 
ai xoivai auxAv xojiai xapdXXirjXoi siaiv. 

Auo ydp sxixsBa xapdXXrjXa xd AB, EA uxo sxixsBou 
xou EZH0 xEpivsa-do, xoivai Be auxAv xo(iai saxwaav ai 
EZ, H0- Xsyo), oxi xapdXXr]X6c; saxiv f) EZ xfj H0. 


B 



And since BG is at right-angles to the plane through 
DE and EF, it will thus also make right-angles with all 
of the straight-lines joined to it, which are also in the 
plane through DE and EF [Def. 11.3]. And each of 
GH and GK, which are in the plane through DE and 
EF, are joined to it. Thus, each of the angles BGEL and 
BGK are right-angles. And since BA is parallel to GEl 
[Prop. 11.9], the (sum of the) angles GBA and BGH is 
equal to two right-angles [Prop. 1.29]. And BGH (is) 
a right-angle. GBA (is) thus also a right-angle. Thus, 
GB is at right-angles to BA. So, for the same (reasons), 
GB is also at right-angles to BC. Therefore, since the 
straight-line GB has been set up at right-angles to two 
straight-lines, BA and BG, cutting one another, GB is 
thus at right-angles to the plane through BA and BC 
[Prop. 11.4]. [So, for the same (reasons), BG is also 
at right-angles to the plane through GH and GK. And 
the plane through GH and GK is the (plane) through 
DE and EF. And it was also shown that GB is at right- 
angles to the plane through AB and BG.'\ And planes 
to which the same straight-line is at right-angles are par¬ 
allel planes [Prop. 11.14]. Thus, the plane through AB 
and BG is parallel to the (plane) through DE and EF. 

Thus, if two straight-lines joined to one another are 
parallel (respectively) to two straight-lines joined to one 
another, which are not in the same plane, then the planes 
through them are parallel (to one another). (Which is) 
the very thing it was required to show. 

Proposition 16 

If two parallel planes are cut by some plane then their 
common sections are parallel. 

For let the two parallel planes AB and CD have been 
cut by the plane EFGH. And let EF and GH be their 
common sections. I say that EF is parallel to GH. 
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El yap exPaXXopiEvai ai EZ, H0 t]toi enl toc Z, 0 
piepr) r] era toc E, H au^TieaoOvTai. expepXr^a'dwaav cbc; exl 
TOC Z, 0 [iepr] xal auji-raxTeTwaocv xpoTspov xoctoc to K. xal 
exel f) EZK ev tw AB sotiv exixeSco, xocl xocvTa apoc toc exl 
Tfjc; EZK arijiela ev tw AB eoTiv exmeStp. ev 6e twv exl Tiii; 
EZK euDelocc; arjjielwv eara to K' to K ocpa ev tw AB eoTiv 
excxeSo. 8cqc toc ocOtoc 6f) to K xocl ev tw FA eoTcv excxeSo' 
TOC AB, FA apa exlxe8a expocXXojievoc aup,xeaouvToci. ou 
au(jLx[xTouai 6e 5c6c to xapdcXXrjXoc OxoxeTa'docr oux apoc 
a! EZ, F[0 eOilelac expaXXopievac exl toc Z, 0 ^epr) aup- 
xeaoOvTac. opococ 5r) Bei^opev, otc oc! EZ, FE0 eOileToci 
o08e exl toc E, FE pepr] exPaXXopevai aupxeaoOvToci. at 
8e exl (irjBeTepoc toc pepr] aupxixTouaac xocpciXXrjXol elacv. 
xapdcXXrjXoi; ocpa earav fj EZ Tfj H0. 

’Eocv apoc 8uo exlxeBa xapciXXrjXa 0x6 excxeSou tcvoc; 
TepvrjTai, at xoival auTWv Topal xapdcXXrjXol elacv oxep e8ec 
8eT^ac. 


iC'. 

’Eocv 5uo eO^elac 0x6 xapaXXrjXtov exixeBtov Tep,v6ovTac, 
el<; Touc; auxobz Xoyouc; T(ir)iL)r]aovTai. 

Auo yap eO^elac al AB, FA 0x6 xapaXXr^Xwv excxeScov 
Tov H0, KA, MN TepiveaDwaav xaxoc toc A, E, B, F, Z, 
A arjiJela- Xeyoo, otc eoTiv A<; f) AE euDela xp6c; Tr)v EB, 
oOtoc f) FZ xp6<; ttjv ZA. 

’Exe^euxilwaav yocp al AF, BA, AA, xal au^paXXeTW f) 
AA tA KA exixeBcp xaToc t6 S ar]peTov, xal exe^eOxiSwaav 
al E5, SZ. 

Kal exel 60o exlxe5a xapdXXrjXa toc KA, MN 0x6 
excxeSou toO EBAS Tepcvexai, al xoival auTWv Topal al 
ES, BA xapciXXrjXol elacv. 6cd toc auTa 6r) exel 60o exlxeBa 
xapdXXr]Xa toc H0, KA 0x6 exixeBou toO ASZF Tepcvexai, 
al xocval aOxAv TO(ial al AF, SZ xapdXXrjXoc elacv. xal exel 
TpcyAvou ToO ABA xapd pcav tAv xXeupAv TTjv BA eOHeTa 
rjxTai f) ES, dvciXoyov dpa eaxlv Ac; f) AE xp6c; EB, oOtox; 


B 



For, if not, being produced, EF and GH will meet ei¬ 
ther in the direction of F, H, or of E, G. Let them be 
produced, as in the direction of F, FI, and let them, first 
of all, have met at K. And since EFK is in the plane 
AB, all of the points on EFK are thus also in the plane 
AB [Prop. 11.1]. And K is one of the points on EFK. 
Thus, K is in the plane AB. So, for the same (reasons), 
K is also in the plane CD. Thus, the planes AB and CD, 
being produced, will meet. But they do not meet, on ac¬ 
count of being (initially) assumed (to be mutually) paral¬ 
lel. Thus, the straight-lines EF and GH, being produced 
in the direction of F, H, will not meet. So, similarly, we 
can show that the straight-lines EF and GH, being pro¬ 
duced in the direction of E, G, will not meet either. And 
(straight-lines in one plane which), being produced, do 
not meet in either direction are parallel [Def. 1.23]. EF 
is thus parallel to GH. 

Thus, if two parallel planes are cut by some plane then 
their common sections are parallel. (Which is) the very 
thing it was required to show. 

Proposition 17 

If two straight-lines are cut by parallel planes then 
they will be cut in the same ratios. 

For let the two straight-lines AB and CD be cut by the 
parallel planes GH, KL, and MN at the points A, E, B, 
and C, F, D (respectively). I say that as the straight-line 
AE is to EB, so CF (is) to ED. 

For let AC, BD, and AD have been joined, and let 
AD meet the plane KL at point O, and let EG and OF 
have been joined. 

And since two parallel planes KL and MN are cut 
by the plane EBDO, their common sections EO and BD 
are parallel [Prop. 11.16]. So, for the same (reasons), 
since two parallel planes GH and KL are cut by the 
plane AOFC, their common sections AC and OF are 
parallel [Prop. 11.16]. And since the straight-line EO 
has been drawn parallel to one of the sides BD of trian- 
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f) AS npoQ SA. KciXiv etisI TpLyovou toD A AT Tiapa piiav 
xAv xXeupAv xrjv AF eMela rjxxai f) SZ, dvaXoyov eaxiv 
Ac; T) AS Tipoi; SA, ouxwc; fj FZ xpoc; ZA. eSeixTlr) 6e xal 
Ac; T) AS Tipoi; SA, ouxwc; fj AE xpoc; EB- xal Ac; dpa fj AE 
xpoc; EB, ouxcoc; fj FZ xpoc; ZA. 


0 



’Ecdv dpa 5uo eODsTai uxo xapaXXr^Xcov exixe5wv xs(ivwv- 
xai, eic; xouc; auxouc; Xoyouc; xp.rj'driaovxar oxep eSei 5ei^ai. 

11 ^'. 

’Edv euDela exixe5cp xivl xpoc; opildc; fj, xal xdvxa xd 6i’ 
auxfjc; exlxeSa xA auxA exixeBtp xpoc; opDdc; saxai. 

EODela ydp xlc; f) AB xA Oxoxei(jevw exi.xs6a> xpoc; opildc; 
eaxw Xeyw, 6xi xal xdvxa xd 6id xfjc; AB exixeBa xA Oxo- 
xeipievtp exixeBw xpoc; opDdc; eaxiv. 

’ExpepXr^a'dw ydp 5id xfjc; AB exlxeSov x6 AE, xal eaxco 
xoivr) xopif] xoO AE exixeBou xal xoO uxoxeipievou fj FE, xal 
eiXTicpilw exl xfjc; FE xuxdv arjpieTov x6 Z, xal dxo xou Z xfj 
FE xpoi; op-ddc; fjxilw ev xA AE exixeScp fj ZR. 

Kal exel f) AB xpoc; x6 uxoxeljievov ex[xe5ov opDf] 
eaxiv, xal xpoc; xdaac; dpa xdc; dxxo(jevac; auxfjc; eufleiac; xal 
ouaac; ev xA uxoxeijievcp exixe5w opflf] eaxiv f) AB- Aaxe 
xal xpoc; xf)v FE opDf] eaxiv f) dpa uxo ABZ ycovia opDf] 
eaxiv. eaxi 5e xal f) uxo FIZB opTlf)- xapdXXrjXoc; dpa eaxiv 
f) AB xfj ZFI. f) 5e AB xA uxoxeipievcp exixeScp xpoc; opfldc; 
eaxiv xal f) ZFI dpa xA uxoxeipievtp exixeSw xpoc; opfldc; 
eaxiv. xal exixeSov xpoc; exixeSov op-dov eaxiv, oxav ai xfj 
xoivfj xopifj xAv exixeSwv xpoc; op-ddc; dy6(jevai euileTai ev 
evl xAv exixeSwv xA XoixA exixeBw xpoc; op-ddc; Aaiv. xal 
xfj xoivfj xo(ifj xAv exixeSwv xfj FE ev evl xAv exixeSov 


gle ABD, thus, proportionally, as AE is to EB, so AO 
(is) to OD [Prop. 6.2]. Again, since the straight-line OE 
has been drawn parallel to one of the sides AC of trian¬ 
gle ADC, proportionally, as AO is to OD, so CE (is) to 
ED [Prop. 6.2]. And it was also shown that as AO (is) 
to OD, so AE (is) to EB. And thus as AE (is) to EB, so 
CE (is) to ED [Prop. 5.11]. 


H 



Thus, if two straight-lines are cut by parallel planes 
then they will be cut in the same ratios. (Which is) the 
very thing it was required to show. 

Proposition 18 

If a straight-line is at right-angles to some plane then 
all of the planes (passing) through it will also be at right- 
angles to the same plane. 

For let some straight-line AB be at right-angles to 
a reference plane. I say that all of the planes (pass¬ 
ing) through AB are also at right-angles to the reference 
plane. 

For let the plane DE have been produced through 
AB. And let CE be the common section of the plane 
DE and the reference (plane). And let some random 
point E have been taken on CE. And let EG have been 
drawn from F, at right-angles to CE, in the plane DE 
[Prop. 1.11]. 

And since AB is at right-angles to the reference plane, 
AB is thus also at right-angles to all of the straight¬ 
lines joined to it which are also in the reference plane 
[Def. 11.3]. Hence, it is also at right-angles to CE. Thus, 
angle ABF is a right-angle. And CEB is also a right- 
angle. Thus, AB is parallel to EG [Prop. 1.28]. And AB 
is at right-angles to the reference plane. Thus, EG is also 
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TO AE npbz opilat; dx'delaa fj ZH eBeix'dr) to UKoxeipievo 
emneSo Tipoc; op'ddc;- to dpa AE enineSov opilov eoTi Tipoc; 
TO U7i;ox£i(J£vov. 6(ioiO(; 6i^ 6£i.x'0>lo£Tai xai xdvTa Td 5i.d 
Tfjc AB £-n:L7i:£6a op'dd TuyxavovTa npbz to 07i;ox£i(i£vov 
£IllIl£6ov. 


AH A 



’Edv dpa £U'd£la exixeBo tivI xpoc; op'ddc; fj, xal xdvTa Td 
61 .’ auTfjc; £-n:L7i£6a to auTO etilteBo npbz opDdc; EOTai.' oxEp 
eBel BEl^ai. 

’Edv 6 uo ETiLTiESa T£(JvovTa dXXrjXa exikeSo tivI xpoc; 
opildi; fj, xal fj xoivf) auTOv Tojif) to auTO etiteSo xpog 
opDai; EOTai. 



Auo ydp ETixEBa Td AB, BE to UKoxEipiEvo ekikeSo 
T ipoc; op-ddc; eoto, xoivr) §£ auTOv TO(if] eoto fj BA- Xsyo, 
OTi f) BA TO 07iox£i(i£vo etiitieBo Tipoi; op-ddc; eotiv. 


at right-angles to the reference plane [Prop. 11.8]. And 
a plane is at right-angles to a(nother) plane when the 
straight-lines drawn at right-angles to the common sec¬ 
tion of the planes, (and lying) in one of the planes, are 
at right-angles to the remaining plane [Def 11.4]. And 
FG, (which was) drawn at right-angles to the common 
section of the planes, CE, in one of the planes, DE, was 
shown to be at right-angles to the reference plane. Thus, 
plane DE is at right-angles to the reference (plane). So, 
similarly, it can be shown that all of the planes (passing) 
at random through AB (are) at right-angles to the refer¬ 
ence plane. 


D G A 



Thus, if a straight-line is at right-angles to some plane 
then all of the planes (passing) through it will also be at 
right-angles to the same plane. (Which is) the very thing 
it was required to show. 

Proposition 19 

If two planes cutting one another are at right-angles 
to some plane then their common section will also be at 
right-angles to the same plane. 



For let the two planes AB and BC be at right-angles 
to a reference plane, and let their common section be 
BD. I say that BD is at right-angles to the reference 
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Mi^ yap, xal r^x'dwaav aizb toO A arjpebu ev piev tA 
AB emneBcp AA eMeia xpoi; opilac; f) AE, ev 6e xA BE 
exmeScp xfj FA npoQ op'dac f) AZ. 

Kal exel x 6 AB eniTCeSov opilov eaxi xpog x 6 Onoxeipevov, 
xal xfj xoivf) auxAv xopifj xrj AA xpog opilat; ev xA 
AB cxmeSw rjxxai fj AE, f) AE apa opilr] eaxi xpoc x 6 
uxoxei(ievov exlxeSov. opioltx; 5e(^op,ev, 6 xi xal rj AZ 
opDr] eaxi npoQ x 6 07i;oxei(jevov exlxeSov. anb xoO aOxou 
apa arjpieiou xoO A xA UTioxeipevtp exixeSw 60o euiSeTa 
xpog opDac; dveaxapievai elalv cxl xd auxd [iepr]' oxep eaxlv 
dBuvaxov. oux dpa xA UTCOxeipievtp enixcStL) dxo xou A 
arjpiebu dvaaxa'drjaexai xpoc; opildg xXrjv xfjc; AB xoivfji; 
xopiTji; xAv AB, BF cxmeSwv. 

’Edv dpa 6uo cxixeSa xejivovxa dXXrjXa exmeSw xivl xpog 
opDdt; fi, xal fj xoivf) auxAv xojif) xA auxA cxmeSco xpog 
opfldi; eaxai- oxep c5ei Sel^ai. 


/ 

X . 

’Edv axeped ywvla 0x6 xpiAv ywviAv exixeSwv xepiexT)- 
xai, 8 uo oxoiaioOv xfjc; Xoixfjc; [iei^oveg elai xdvxrj piexaXaji- 
Pavopievai. 


A 



B E r 


Sxeped ydp ywvia f) xpoc; xA A 0x6 xpiAv ytoviAv 
cxixeScov xAv 0x6 BAF, FAA, AAB xepiexeaDw Xeyw, 
6 x 1 xAv 0x6 BAF, FAA, AAB ywviAv 50o oxoiaiouv xfji; 
Xoixfjc; pei^ovec; elai xdvxr) [iexaXapPavopievai. 

El piev ouv ai 0x6 BAF, FAA, AAB ywviailaai dXXfjXaic; 
eiaiv, cpavepov, 6 xi 6 uo oxoiaiouv xfjc; Xoixfjc; piei^ovec; eiaiv. 
ei 8 e ou, eaxw pei^cov f) 0x6 BAF, xal auveaxdxw xp 6 c; xfj 
AB eOfleia xal xA xp 6 (; aOxfj ari(ieicp xA A xfj 0x6 AAB 
ywvia ev xA 8 id xAv BAF cxixe 8 w lar) f) 0x6 BAE, xal 
xeiaffto xfj AA lar) f) AE, xal 8 id xou E arjpieiou 8 ia)(T[)e'iaa 
f) BEF xe(ivcxw xdc; AB, AF eOfleiac; xaxd xd B, F aripiela, 
xal cxe^euxllwaav al AB, AF. 

Kal cxel larj eaxlv fj A A xfj AE, xoivf) 8 e f) AB, 8 uo 
8 ualv laai' xal ycovia f) 0x6 AAB ytovicx xfj 0x6 BAE lar)' 
pdaic; dpa f) AB pdaei xfj BE caxiv lar). xal exel 8 uo ai BA, 
AF xfjc; BF pei^ovei; eiaiv, Av f) AB xfj BE e 8 eix'dT) lar), 


plane. 

For (if) not, let DE also have been drawn from point 
D, in the plane AB, at right-angles to the straight-line 
AD, and DF, in the plane BC, at right-angles to CD. 

And since the plane AB is at right-angles to the refer¬ 
ence (plane), and DE has been drawn at right-angles to 
their common section AD, in the plane AB, DE is thus at 
right-angles to the reference plane [Def. 11.4]. So, simi¬ 
larly, we can show that DF is also at right-angles to the 
reference plane. Thus, two (different) straight-lines are 
set up, at the same point D, at right-angles to the refer¬ 
ence plane, on the same side. The very thing is impossible 
[Prop. 11.13]. Thus, no (other straight-line) except the 
common section DB of the planes AB and BC can be set 
up at point D, at right-angles to the reference plane. 

Thus, if two planes cutting one another are at right- 
angles to some plane then their common section will also 
be at right-angles to the same plane. (Which is) the very 
thing it was required to show. 

Proposition 20 

If a solid angle is contained by three plane angles then 
(the sum of) any two (angles) is greater than the remain¬ 
ing (one), (the angles) being taken up in any (possible 
way). 


D 



B EC 


For let the solid angle A have been contained by the 
three plane angles BAC, CAD, and DAB. I say that (the 
sum of) any two of the angles BAC, CAD, and DAB 
is greater than the remaining (one), (the angles) being 
taken up in any (possible way). 

For if the angles BAC, CAD, and DAB are equal to 
one another then (it is) clear that (the sum of) any two 
is greater than the remaining (one). But, if not, let BAC 
be greater (than CAD or DAB). And let (angle) BAE, 
equal to the angle DAB, have been constructed in the 
plane through BAC, on the straight-line AB, at the point 
A on it. And let AE be made equal to AD. And BEC be¬ 
ing drawn across through point E, let it cut the straight¬ 
lines AB and AC at points B and C (respectively). And 
let DB and DC have been joined. 

And since DA is equal to AE, and AB (is) common. 
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XoiKi^ apa f) Ar XoiKfjc; Tfjc EF (lei^wv eaxiv. xai ensl lar] 
eaxlv f) AA xfj AE, xoivf] Be f] AF, xal pAaic; fj AF pdaecoi; 
Tfjc; EF (lei^wv eaxlv, y^^via dpa f) bnb AAF Y^vdic; xfjc; 0x6 
EAF ^cl^wv eaxlv. eBelx'dr) Be xai f) 0x6 AAB xfj 0x6 BAE 
lar]- a'l dpa 0x6 AAB, AAF xfji; 0x6 BAF ^el^ove? eiaiv. 
ojiolwc; Bf) Bel^ojiev, oxi. xai ai Xoixal aOvBuo Xa(iPav6(jevai 
xfji; Xoixfjc; p-el^ovec; elaiv. 

’Edv dpa axeped yoiivia 0x6 xpiwv ytoviwv cxixeBcov 
xepiexTjxai, BOo oxoiaioOv xfjc Xoixfjc; p,el^ovec; eiai xdvxrj 
[iexaXap,pav6[ievai- oxep eBei Bel^ai. 


xa'. 

"Axaaa axeped ywvla 0x6 eXaaaovwv [fj] xeaadpwv 
opilAv ytoviwv exixcBwv xepiexexai. 

r 



B 


Tilaxw axeped ywvla f] xp6(; xw A xepiexop,evr) 0x6 
exixeBwv ywviAv xAv 0x6 BAF, FAA, AAB' Xeyw, 6xi at 
0x6 BAF, FAA, AAB xeaadpwv opilAv eXdaaovec; eiaiv. 

EiXijcp'dw ydp ecp’ exdaxrjc; xAv AB, AF, AA xuxovxa 
arj^ela xd B, F, A, xal exeCeOxiSwaav ai BF, FA, AB. xal 
exel axeped ywvla f] npoQ xA B 0x6 xpiAv ywviAv exixeBov 
xepiexsxai xAv 0x6 FBA, ABA, FBA, BOo oxoiaioOv xfjc; 
Xoixfjc; ^el^ove; eiaiv ai dpa 0x6 FBA, ABA xfj; 0x6 FBA 
^xel^ove; eiaiv. Bid xd aOxd Bf) xal ai )xcv 0x6 BFA, AFA 
xfj; 0x6 BFA )xcl^ove; eiaiv, ai Be 0x6 FAA, AAB xfj; 0x6 
FAB )jiel^ove; eiaiv ai §5 dpa yovlai ai 0x6 FBA, ABA, 
BFA, AFA, FAA, AAB xpiAv xAv 0x6 FBA, BFA, FAB 
)jiel^ove; eiaiv. dXXd ai xpeT; ai 0x6 FBA, BAF, BFA Bualv 
opTlaT; laai eiaiv ai §5 dpa ai 0x6 FBA, ABA, BFA, AFA, 
FAA, AAB BOo opilAv )iel^ove; eiaiv. xal exel cxdaxou xAv 
ABF, AFA, AAB xpiyAvtov ai xpel; ytovlai Bualv opTlal; 
laai eiaiv, ai dpa xAv xpiAv xpiyAvwv evvca ywvlai ai 0x6 


the two (straight-lines AD and AB are) equal to the 
two (straight-lines EA and AB, respectively). And an¬ 
gle DAB (is) equal to angle BAE. Thus, the base DB 
is equal to the base BE [Prop. 1.4]. And since the (sum 
of the) two (straight-lines) BD and DC is greater than 
BC [Prop. 1.20], of which DB was shown (to be) equal 
to BE, the remainder DC is thus greater than the re¬ 
mainder EC. And since DA is equal to AE, but AC 
(is) common, and the base DC is greater than the base 
EC, the angle DAC is thus greater than the angle EAC 
[Prop. 1.25]. And DAB was also shown (to be) equal to 
BAE. Thus, (the sum of) DAB and DAC is greater than 
BAC. So, similarly, we can also show that the remain¬ 
ing (angles), being taken in pairs, are greater than the 
remaining (one). 

Thus, if a solid angle is contained by three plane an¬ 
gles then (the sum of) any two (angles) is greater than 
the remaining (one), (the angles) being taken up in any 
(possible way). (Which is) the very thing it was required 
to show. 

Proposition 21 

Any solid angle is contained by plane angles (whose 
sum is) less [than] four right-angles.1 

c 



B 


Let the solid angle A be contained by the plane angles 
BAC, CAD, and DAB. I say that (the sum of) BAC, 
CAD, and DAB is less than four right-angles. 

For let the random points B, C, and D have been 
taken on each of (the straight-lines) AB, AC, and AD 
(respectively). And let BC, CD, and DB have been 
joined. And since the solid angle at B is contained 
by the three plane angles CBA, ABD, and CBD, (the 
sum of) any two is greater than the remaining (one) 
[Prop. 11.20]. Thus, (the sum of) CBA and ABD is 
greater than CBD. So, for the same (reasons), (the sum 
of) BCA and ACD is also greater than BCD, and (the 
sum of) CDA and ADB is greater than CDB. Thus, 
the (sum of the) six angles CBA, ABD, BCA, ACD, 
CDA, and ADB is greater than the (sum of the) three 
(angles) CBD, BCD, and CDB. But, the (sum of the) 
three (angles) CBD, BDC, and BCD is equal to two 
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LBA, ALB, BAB, ATA, TAA, BAA, AAB, ABA, BAA e? 
opilalt; laoLi eiaiv, Sv ai uno ABB, BBA, ABA, BAA, AAB, 
ABA 6 uo optev elai [ieiJ^ovec;- XoiKai apa at bnb 

BAB, BAA, AAB xpelt; [ywviai] nepiexouaai xfjv axepeav 
Ywvictv xeaaapcov op'dAv eXdaaovec; elaiv. 

"ATiaaoc dpa axeped ywvia bnb eXaoaovtov [fj] xeaadpwv 
opilAv ytoviAv eniiieBcov nepiexe™!'' oxep eSei 5el^ai. 


right-angles [Prop. 1.32]. Thus, the (sum of the) six an¬ 
gles CBA, ABD, BCA, ACD, CD A, and ADB is greater 
than two right-angles. And since the (sum of the) three 
angles of each of the triangles ABC, ACD, and ADB 
is equal to two right-angles, the (sum of the) nine angles 
CBA, ACB, BAC, ACD, CD A, CAD, ADB, DBA, and 
BAD of the three triangles is equal to six right-angles, of 
which the (sum of the) six angles ABC, BCA, ACD, 
CD A, ADB, and DBA is greater than two right-angles. 
Thus, the (sum of the) remaining three [angles] BAC, 
CAD, and DAB, containing the solid angle, is less than 
four right-angles. 

Thus, any solid angle is contained by plane angles 
(whose sum is) less [than] four right-angles. (Which is) 
the very thing it was required to show. 


t This proposition is only proved for the case of a solid angle contained by three plane angles. However, the generalization to a solid angle 
contained by more than three plane angles is straightforward. 


x(3'. 

’Edv Sai. xpsTc; ywviai S 7 ti 7 te 5 oi., 6 v ai 60o xfjc XoiTtfjc; 
psi^ovEc; eiai Ttdvxrj psxaXapPavopEvai., TtEpisxwai. Be auxdc; 
laai EuflEfai, Suvaxov saxiv ex xAv sm^EuyvuouaAv xdg Ioolq 
EudEiat; xpiywvov auaxrjaaa'dai. 



Tilaxwaav xpEli; ywviai ETtixEBoi ai bnb ABB, AEZ, 
H0K, Av ai Buo xfjc; Xoixfjc; pEi^ovsc; Eiai xdvxr) pExa- 
XapPavopEvai, ai psv uito ABB, AEZ xfjc; uito H0K, ai 
Be uxo AEZ, H0K xfji; 0x6 ABB, xal sxi ai 0x6 H0K, 
ABB xfjc; 0x6 AEZ, xal saxmaav laai ai AB, BB, AE, 
EZ, H0, 0K EudElai, xal sxE^EUxflwCTav ai AB, AZ, HK- 
Xsyto, 6 x 1 Buvaxov saxiv ex xAv latov xdic; AB, AZ, HK 
xpiywvov auaxqaaa'dai, xouxsaxiv 6 xi xAv AB, AZ, HK 
Buo oxoiaiouv xfjc; Xoixfjc; psi^ovEc; slaiv. 

El pEv ouv ai 0x6 ABB, AEZ, H0K ytovlai laai 
dXXqXaic; slaiv, cpavspov, 6 xi xal xAv AB, AZ, HK latov 
yivopEvtov Buvaxov saxiv ex xAv laov xdr(; AB, AZ, HK 
xpiytovov auaxqaaadai. si Be ou, Eaxwaav dviaoi, xal au- 
vsaxdxco xp 6 <; xfj 0K sOflEia xal xA xp 6 <; aOxfj arjpEitp xA 
0 xfj 0x6 ABB yovia larj f] 0x6 K0A- xal XEiadco pid xAv 
AB, BB, AE, EZ, H0, 0K lar) f] 0A, xal sxsCEUX'dwaav 
ai KA, HA. xal exeI Buo ai AB, BB Bual xdic K0, 0A laai 
slaiv, xal ytovia f) xp 6 <; xA B ywvia xfj 0x6 K0A larj, pdaic; 
dpa f) AB pdasi xrj KA far], xal exeI ai 0x6 ABB, H0K xfjc 


Proposition 22 

If there are three plane angles, of which (the sum of 
any) two is greater than the remaining (one), (the an¬ 
gles) being taken up in any (possible way), and if equal 
straight-lines contain them, then it is possible to construct 
a triangle from (the straight-lines created by) joining the 
(ends of the) equal straight-lines. 



Let ABC, DEF, and GHK be three plane angles, of 
which the sum of any) two is greater than the remain¬ 
ing (one), (the angles) being taken up in any (possible 
way)—(that is), ABC and DEF (greater) than CFIK, 
DEF and GHK (greater) than ABC, and, further, GHK 
and ABC (greater) than DEF. And let AB, BC, DE, 
EF, GH, and HK he equal straight-lines. And let AC, 
DF, and GK have been joined. I say that that it is possi¬ 
ble to construct a triangle out of (straight-lines) equal to 
AC, DF, and GK —that is to say, that (the sum of) any 
two of AC, DF, and GK is greater than the remaining 
(one). 

Now, if the angles ABC, DEF, and GHK are equal 
to one another then (it is) clear that, (with) AC, DF, 
and GK also becoming equal, it is possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK. 
And if not, let them be unequal, and let KHL, equal to 
angle ABC, have been constructed on the straight-line 
HK, at the point H on it. And let HL he made equal to 
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uno AEZ [le'iCovec. eiaiv, larj 6e rj utco ABF xf) uxo K0A, 
f) apa 0x6 H0A Tfji; 0x6 AEZ eaxiv. xal exel 60o 

ai H0, 0A 6uo xaic; AE, EZ lacti eiaiv, xal ywvia fj 0x6 
H0A ywviac; xfjc; 0x6 AEZ ^ei^wv, pdaic; dpa fj HA pdaecoc; 
xfji; AZ p,e[^cov eaxiv. dXXd ai HK, KA xfjc; HA [iei^ovec; 
eiaiv. xoXXw dpa ai HK, KA xfjc; AZ [iei^ovcc; eiaiv. larj 5e 
f) KA xfj AF- ai AF, HK dpa xfjc; Xoixfji; xfjc; AZ pei^ovei; 
eiaiv. otioiwc; Sf) 5ei^o^iev, 6xi xai ai ^ev AF, AZ xfjc; HK 
[ieii^ovcc; eiaiv, xal exi ai AZ, HK xfjc; AF [ieii^ovcc; eiaiv. 
5uvax6v dpa eaxiv ex xwv lacov xaTc; AF, AZ, HK xpiywvov 
auaxfjaaaDai- oxep e6ei 5el^ai. 


xy'- 

’Ex xpiwv ywviwv exixc5tov, Sv ai 50o xfjc; Xoixfji; 
[iei^ovec; eiai xdvxr) (jexaXapPavopevai, axepedv ywviav 
auaxf]aaa'dai- 8eT 8f) xdc; xpeTc; xeaadpwv opDov eXdac;- 
ovac; elvai. 



’Taxwaav ai SoDelaai xpeTc; ywviai exixeSoi al 0x6 
ABF, AEZ, H0K, Sv ai 80o xfjc Xoixfjc ^ei^ovec; eaxwaav 
xdvxr) (jexaXapPavopevai, exi 6e al xpeTc; xeaadpov opDAv 
eXdaaovec;- 6eT 6f) ex xov ’iawv xdic; 0x6 ABF, AEZ, H0K 
axepedv ywviav auaxfjaaa'dai. 

’AxeiXfjcpflcoaav ’iaai ai AB, BF, AE, EZ, H0, 0K, xal 
cxe^euy'dtoaav al AF, AZ, HK' 6uvax6v dpa eaxiv ex xAv 
’iacov xdic; AF, AZ, HK xpiywvov auaxfjaaaiLlai. auveaxdxw 
x6 AMN, Aaxe ’iarjv elvai xfjv p,ev AF xfj AM, xfjv 5e AZ 
xfj MN, xal exi xf)v HK xfj NA, xal xepiyeypdcpiSw xepl 
x6 AMN xpiywvov xOxXoc; 6 AMN, xal eiXficpiSw aOxou x6 
xevxpov xal eaxo x6 5, xal exe^eOxilwaav ai AS, MS, NS- 


one of AB, BC, DE, EF, GH, and EIK. And let KL 
and GL have been joined. And since the two (straight¬ 
lines) AB and BC are equal to the two (straight-lines) 
KEI and EIL (respectively), and the angle at B (is) equal 
to KHL, the base AC is thus equal to the base KL 
[Prop. 1.4]. And since (the sum of) ABC and GHK 
is greater than DEE, and ABC equal to KHL, GHL 
is thus greater than DEE. And since the two (straight¬ 
lines) GH and HL are equal to the two (straight-lines) 
DE and EF (respectively), and angle GHL (is) greater 
than DEE, the base GL is thus greater than the base DE 
[Prop. 1.24]. But, (the sum of) GK and KL is greater 
than GL [Prop. 1.20]. Thus, (the sum of) GK and KL is 
much greater than DE. And KL (is) equal to AC. Thus, 
(the sum of) AC and GK is greater than the remaining 
(straight-line) DE. So, similarly, we can show that (the 
sum of) AC and DE is greater than GK, and, further, 
that (the sum of) DE and GK is greater than AC. Thus, 
it is possible to construct a triangle from (straight-lines) 
equal to AC, DE, and GK. (Which is) the very thing it 
was required to show. 

Proposition 23 

To construct a solid angle from three (given) plane 
angles, (the sum of) two of which is greater than the re¬ 
maining (one, the angles) being taken up in any (possible 
way). So, it is necessary for the (sum of the) three (an¬ 
gles) to be less than four right-angles [Prop. 11.21]. 



Let ABC, DEE, and GHK be the three given plane 
angles, of which let (the sum of) two be greater than the 
remaining (one, the angles) being taken up in any (pos¬ 
sible way), and, further, (let) the (sum of the) three (be) 
less than four right-angles. So, it is necessary to construct 
a solid angle from (plane angles) equal to ABC, DEE, 
and GHK. 

Let AB, BC, DE, EF, GH, and HK he cut off (so 
as to be) equal (to one another). And let AC, DE, and 
GK have been joined. It is, thus, possible to construct a 
triangle from (straight-lines) equal to AC, DE, and GK 
[Prop. 11.22]. Let (such a triangle), LMN, have be con¬ 
structed, such that AC is equal to LM, DE to MN, and, 
further, GK to NL. And let the circle LMN have been 
circumscribed about triangle LMN [Prop. 4.5]. And let 
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Asyw, oTi f] AB eaxl Tfjc AS. ei yap pirj, t]tol 

Tar) eaxlv fj AB xfj AS r] eXdxxcov. eaxco xpoxepov larj. xal 
exel larj eaxlv fj AB xfj AS, dXXoc f) piev AB xfj BF eaxiv 
laT), f) 8s SA xfj SM, 8uo 8f) ai AB, BF 6uo xalt; AS, SM 
laai slalv exaxspa sxaxepqc xal pdaic; fj AF pdaei xfj AM 
UTioxsixai ’{ary yovia dpa f] bnb ABF ywvla xfj Oxo ASM 
saxLv lar]. Bid xd auxd Bf) xal f] ptsv 0x6 AEZ xfj 0x6 MSN 
saxLv lar), xal sxi. f] 0x6 H0K xfj 0x6 NSA- at dpa xpsTc at 
0x6 ABF, AEZ, H0K ywviai. xpial xaT(; 0x6 ASM, MSN, 
NSA Eiaiv laai. dXXd ai xpsTc at 0x6 ASM, MSN, NSA 
xExxapaiv opilaTc slaiv laai.- xal al xpsTt; dpa al 0x6 ABF, 
AEZ, F[0K xExxapaiv opilaTc laai siaiv. OxoxEivxai Be xal 
xsaadpwv opilAv sXdaGovEc;' oxsp dxoxov. oOx dpa f] AB 
xfj AS lor] Eoxiv. Xsyw 8f), 6xi oOBe sXdxxwv saxlv f) AB xfjc 
AS. eI ydp Buvaxov, saxo- xal xslailo xfj ptsv AB lar] f] SO, 
xfj Be BF larj f] SB, xal exe^eOx'Ow f) OFI. xal exeI lor] saxlv 
f] AB xfj BF, XoTi saxl xal f) SO xfj SFI- Aaxs xal Xoixf] f) 
AO xfj FIM EOXIV lor). xapdXXr]Xo(; dpa saxlv f) AM xfj OFI, 
xal laoyAviov x6 AMS xA OFIS' saxiv dpa A<; f] SA xp6i; 
AM, oOxoc f] SO xp6<; OFI- svaXXd^ cdc, f) AS xp6<; SO, 
ouxwc f) AM xp6<; OFI. ptsl^wv Be fj AS xfji; SO- pisl^wv dpa 
xal f] AM xrjc OFI. dXXd f] AM xsTxai xfj AF laiy xal f] AF 
dpa x-Ijc OFI pisl^wv saxlv. exeI ouv BOo al AB, BF Bual xaTc 
OS, SFI laai slalv, xal pdai<; f) AF ^aaec^c, xfji; OFI ptsl^wv 
saxlv, ywvla dpa -f) 0x6 ABF ywvlac; xfjc; 0x6 OSFI ptsT^wv 
saxlv. 6piolc£)<; Bf) Bsl^opiEv, 6xi xal -f) (iev 0x6 AEZ xfjc; 0x6 
MSN pisl^wv saxlv, f] Be 0x6 FI0K xfjc; 0x6 NSA. al dpa 
xpsTc; ywvlai al 0x6 ABF, AEZ, FI0K xpiAv xAv 0x6 ASM, 
MSN, NSA ptsl^ovEc; slow. dXXd al 0x6 ABF, AEZ, H0K 
xEoadpwv op-dAv sXdaaovEi; Oxoxsivxai.- xoXXA dpa al 0x6 
ASM, MSN, NSA xsaadpov op-dAv sXdaaovEc; slaiv. dXXd 
xal laar oxsp saxlv dxoxov. oOx dpa -f) AB sXdaawv saxl 
xfj? AS. EBslx-Or) Be, oxl oOBe lar)- pisl^wv dpa f] AB xfjc; AS. 

Avsaxdxw Bf] dx6 xoO S arjpLslou xA xoO AMN xOxXou 
exlxeBo xp6c; opDdc; f] SP, xal S (ieT^ov saxi x6 dx6 xfjc; 
AB xExpdywvov xoO dx6 xfjc; AS, exeIvw laov saxw x6 dx6 


its center have been found, and let it be (at) O. And let 
LO, MO, and NO have been joined. 



I say that AB is greater than LO. For, if not, AB is 
either equal to, or less than, LO. Let it, first of all, be 
equal. And since AB is equal to LO, but AB is equal to 
BC, and OL to OM, so the two (straight-lines) AB and 
BC are equal to the two (straight-lines) LO and OM, re¬ 
spectively. And the base AC was assumed (to be) equal 
to the base LM. Thus, angle ABC is equal to angle 
LOM [Prop. 1.8]. So, for the same (reasons), DEF is 
also equal to MON, and, further, CHK to NOL. Thus, 
the three angles ABC, DEF, and CHK are equal to the 
three angles LOM, MON, and NOL, respectively. But, 
the (sum of the) three angles LOM, MON, and NOL is 
equal to four right-angles. Thus, the (sum of the) three 
angles ABC, DEF, and CHK is also equal to four right- 
angles. And it was also assumed (to be) less than four 
right-angles. The very thing (is) absurd. Thus, AB is 
not equal to LO. So, I say that AB is not less than LO 
either. For, if possible, let it be (less). And let OP be 
made equal to AB, and OQ equal to BC, and let PQ 
have been joined. And since AB is equal to BC, OP 
is also equal to OQ. Hence, the remainder LP is also 
equal to (the remainder) QM. LM is thus parallel to PQ 
[Prop. 6.2], and (triangle) LMO (is) equiangular with 
(triangle) PQO [Prop. 1.29]. Thus, as OL is to LM, so 
OP (is) to PQ [Prop. 6.4]. Alternately, as LO (is) to OP, 
so LM (is) to PQ [Prop. 5.16]. And LO (is) greater than 
OP. Thus, LM (is) also greater than PQ [Prop. 5.14]. 
But LM was made equal to AC. Thus, AC is also greater 
than PQ. Therefore, since the two (straight-lines) AB 
and BC are equal to the two (straight-lines) PO and OQ 
(respectively), and the base AC is greater than the base 
PQ, the angle ABC is thus greater than the angle POQ 
[Prop. 1.25]. So, similarly, we can show that DEF is 
also greater than MON, and CHK than NOL. Thus, 
the (sum of the) three angles ABC, DEF, and CHK is 
greater than the (sum of the) three angles LOM, MON, 
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Tfjc SP, xal eKE^suxilwaav ai PA, PM, PN. 

Kai exei f] PS op-di^ eaxi to toO AMN xuxXou 
exms6ov, xai npoQ exdaxrjv dpa twv AS, MS, NS op'dr) 
eaxiv f) PS. xal exei lar) eaxiv fj AS xfj SM, xoivi^ 6e xal 
Tipoc; opDac; f) SP, pdaic; dpa f) PA pdaei xf) PM eaxiv lar). 
Bid xd aOxd 5i^ xal f) PN sxaxspa xwv PA, PM eaxiv lar)- 
al xpelc dpa ai PA, PM, PN laai dXXr)Xai.(; eiaiv. xal exd 
& t^el^ov eaxi x6 dxo xrjc AB xoO dxo xfjc; AS, sxslvw laov 
O-Koxsixai x6 dxo xfjc; SP, x6 dpa cxko xfjc; AB laov eaxl xoTc; 
duo xwv AS, SP. xoTc 6s dxo xwv AS, SP laov saxl x6 cxko 
xfjc; AP- opDf) ydp f) uxo ASP- x6 dpa dxo xfjc; AB laov 
saxl xw dxo xfj? PA- larj dpa f) AB xfj PA. dXXd xfj ^sv AB 
lar] saxlv sxdaxr] xwv BP, AE, EZ, H0, 0K, xfj 8s PA lar] 
sxaxspa xwv PM, PN- sxdaxr] dpa xov AB, BP, AE, EZ, 
H0, 0K sxdaxr] xAv PA, PM, PN lar] saxiv. xal sxsl 8uo 
al AP, PM 8ual xdlc AB, BP laai sialv, xal pdaic; f) AM 
pdasi. xfj AP uxoxsixai. lar), ywvia dpa f] uxo APM y^^vicx 
xfj 0x6 ABP saxiv larj. 8id xd aOxd Bf) xal f] ^rsv 0x6 MPN 
xfj 0x6 AEZ saxiv larj, fj 8s 0x6 APN xfj 0x6 H0K. 

’Ex xpiAv dpa ywviAv sxixe8wv xAv 0x6 APM, MPN, 
APN, al slaiv ’(aai xpial xalc; 8oDsiaaic; xalc; 0x6 ABP, AEZ, 
H0K, axspsd yovia auvsaxaxai -f) xp6c; xA P xspisxo^Jisvr] 
0x6 xAv APM, MPN, APN ywviAv- oxsp s6si xoifjaai. 


and NOL. But, (the sum of) ABC, DEF, and GHK was 
assumed (to be) less than four right-angles. Thus, (the 
sum of) LOM, MON, and NOL is much less than four 
right-angles. But, (it is) also equal (to four right-angles). 
The very thing is absurd. Thus, AB is not less than LO. 
And it was shown (to be) not equal either. Thus, AB (is) 
greater than LO. 

So let OR have been set up at point O at right- 
angles to the plane of circle LMN [Prop. 11.12]. And 
let the (square) on OR be equal to that (area) by which 
the square on AB is greater than the (square) on LO 
[Prop. 11.23 lem.]. And let RL, RM, and RN have been 
joined. 

And since RO is at right-angles to the plane of cir¬ 
cle LMN, RO is thus also at right-angles to each of LO, 
MO, and NO. And since LO is equal to OM, and OR 
is common and at right-angles, the base RL is thus equal 
to the base RM [Prop. 1.4]. So, for the same (reasons), 
RN is also equal to each of RL and RM. Thus, the three 
(straight-lines) RL, RM, and RN are equal to one an¬ 
other. And since the (square) on OR was assumed to 
be equal to that (area) by which the (square) on AB is 
greater than the (square) on LO, the (square) on AB 
is thus equal to the (sum of the squares) on LO and 
OR. And the (square) on LR is equal to the (sum of 
the squares) on LO and OR. For LOR (is) a right-angle 
[Prop. 1.47]. Thus, the (square) on AB is equal to the 
(square) on RL. Thus, AB (is) equal to RL. But, each 
of BC, DE, EF, GH, and HK is equal to AB, and each 
of RM and RN equal to RL. Thus, each of AB, BC, 
DE, EF, GH, and HK is equal to each of RL, RM, 
and RN. And since the two (straight-lines) LR and RM 
are equal to the two (straight-lines) AB and BC (respec¬ 
tively), and the base LM was assumed (to be) equal to 
the base AC, the angle LRM is thus equal to the angle 
ABC [Prop. 1.8]. So, for the same (reasons), MRN is 
also equal to DEF, and LRN to GHK. 

Thus, the solid angle R, contained by the angles 
LRM, MRN, and LRN, has been constructed out of 
the three plane angles LRM, MRN, and LRN, which 
are equal to the three given (plane angles) ABC, DEF, 
and GHK (respectively). (Which is) the very thing it was 
required to do. 
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"Ov 8s xpoKov, S (jeT^ov sail to duo Tfjc; AB xou dKo 
xfjt; AS, exEivcp laov Xapslv eaxi x6 duo xfji; SP, Ssi^opiev 
ouxw<;. EXXEio'dwaav ai AB, AS suiSsTai, xal soxo pisi^wv f) 
AB, xal Ysypdcp'dw in’ auxfjc fjpiixuxXLov x6 ABF, xai sic, x6 
ABF fjpiixuxXLov EvrippioaiSw xfj AS sOilEia pif] ptsiCovi ouar] 
xfji; AB BiapiExpou lor) r) AF, xal exsCeOxiSw fj FB. skeI ouv 
£v fjpiLxuxXicp xw AFB yovia soxlv f) uko AFB, opilf) dpa 
Eoxlv f) uxo AFB. x6 dpa dxo xfjc; AB loov soxl xolg dxo 
xwv AF, FB. d)axE x6 dxo xfjc; AB xou dxo xfjc; AF pisl^ov 
£ 0 X 1 xw dxo xfjc; FB. lor) Se fj AF xfj AS. x6 dpa dxo xfji; 
AB xou dxo xfj; AS jisl^ov soxi xw dxo xfj; FB. sdv ouv 
xfj BF Torjv xfjv SP dxoXdpwpiEv, soxai x6 dxo xfj; AB xou 
dxo xfj; AS ptsT^ov xw dxo xfj; SP- oxsp xpoEXSixo xoLfjoai.. 


x6'. 

’Edv oxspEov uxo xapaXXfjXwv exixeBwv xEpisxrjxai, xd 
dxEvavxiov auxou sxlxsBa loa xe xal xapaXXrjXoYpapiiid 

EOXLV. 



SxspEov ydp x6 rA0H 0x6 xapaXXfjXwv exixeSwv xe- 
pLEXSoDw xwv AF, HZ, A0, AZ, BZ, AE' Xeyw, oxi xd dxs- 
vavxiov auxou sxlxsSa loa xe xal xapaXXr)X6Ypapt(jd eoxlv. 

’ExeI y“P Suo ExixsSa xapdXXrjXa xd BH, FE 0x6 
exlxeBou xou AF xspLVExaL, ai xoLval auxwv xop,al xapdXXrjXoi 
EioLv. xapdXXrjXo; dpa soxlv f) AB xfj AF. xdXLv, exeI 
8uo ExixsSa xapdXXrjXa xd BZ, AE 0x6 exlxeSou xou 
AF xspLVExaL, ai xoLval auxwv xojial xapdXXrjXoi elolv. 



And we can demonstrate, thusly, in which manner to 
take the (square) on OR equal to that (area) by which 
the (square) on AB is greater than the (square) on LO. 
Let the straight-lines AB and LO be set out, and let AB 
be greater, and let the semicircle ABC have been drawn 
around it. And let AC, equal to the straight-line LO, 
which is not greater than the diameter AB, have been 
inserted into the semicircle ABC [Prop. 4.1]. And let 
CB have been joined. Therefore, since the angle ACB 
is in the semicircle ACB, ACB is thus a right-angle 
[Prop. 3.31]. Thus, the (square) on AB is equal to the 
(sum of the) squares on AC and CB [Prop. 1.47]. Hence, 
the (square) on AB is greater than the (square) on AC 
by the (square) on CB. And AC (is) equal to LO. Thus, 
the (square) on AB is greater than the (square) on LO 
by the (square) on CB. Therefore, if we take OR equal 
to BC then the (square) on AB will be greater than the 
(square) on LO by the (square) on OR. (Which is) the 
very thing it was prescribed to do. 

Proposition 24 

If a solid (figure) is contained by (six) parallel planes 
then its opposite planes are both equal and parallelo- 
grammic. 



by the parallel planes AC, GF, and AH, DF, and BF, 
AE. I say that its opposite planes are both equal and 
parallelogrammic. 

For since the two parallel planes BC and CE are 
cut by the plane AC, their common sections are parallel 
[Prop. 11.16]. Thus, AB is parallel to DC. Again, since 
the two parallel planes BF and AE are cut by the plane 
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napaXXrjXoc; apoc eaxlv f) BF xf) AA. eBsLX'Or) Be xai f] AB 
xfj AF TiapdXXriXoi;' xapaXXrjXoypaiipiov dpa eaxl x6 AF. 
opioicoi; 6f] Bei^opiev, oxi xal exctaxov xwv AZ, ZH, HB, BZ, 
AE xapaXXrjXoypapipLov eaxiv. 

’Exe^euxilwaav at A0, AZ. xal exei xapdXXrjXoc eaxiv f) 
piev AB xfj AF, f] Be B0 xfj FZ, BOo Brj ai AB, B0 dxxopievai 
dXXf]Xwv xapd BOo eOileiac; xdc; AF, FZ dxxo(jeva<; dXXfjXwv 
eiaiv oOx ev xA aOxA exixeBw' laac; dpa ywviai; xepie^ouaiv 
larj dpa f] 0x6 AB0 ywvia xfj 0x6 AFZ. xal exel BOo ai AB, 
B0 Bual xdlc; AF, FZ laai eiaiv, xal ywvia f) 0x6 AB0 ywvia 
xfj 0x6 AFZ eaxiv larj, pdaic; dpa f) A0 pdaei xfj AZ eaxiv 
lar], xal x6 AB0 xpiywvov xA AFZ xpiyAvw laov eaxiv. xai 
eaxi xoO piev AB0 BixXdaiov x6 BH xapaXXr)X6ypapi(iov, 
xoO Be AFZ BixXdaiov x6 FE xapaXXrjXoypapipiov laov 
dpa x6 BH xapaXXrjXoypapipiov xA FE xapaXXrjXoypdpipifc)' 
opioiwi; Bf] Bei^opiev, 6xi xal x6 piev AF xA HZ eaxiv laov, 
x6 Be AE xA BZ. 

’Edv dpa axepe6v 0x6 xapaXXf]Xwv exixeBwv xepiexrjxai, 
xd dxevavxiov aOxoO exixeBa laa xe xal xapaXXr]X6ypa(jpid 
eaxiv oxep eBei BeT^ai. 


xs'. 

’Edv axepe6v xapaXXrjXexixeBov exixcBco xpiirdfj xa- 
paXXfjXtp ovxi Toiz dxevavxiov exixeBoic;, eaxai A<; f) pdai<; 
xp6(; xf)v pdaiv, ouxwc; x6 axepe6v xp6<; x6 axepeov. 



Sxepe6v ydp xapaXXrjXexixeBov x6 ABFA exixcBw xA 
ZH xex(if]a'dto xapaXXfjXco ovxi xoTc dxevavxiov exixeBoK; 
xoTc; PA, A0- Xeyw, 6xi eaxiv Ac; f) AEZ<I) pdaic xp6c; xf]v 
E0FZ pdaiv, ouxwc x6 ABZT axepe6v xp6c; x6 EHFA 
axepeov. 

’ExpepXf]a'dw ydp fj A0 ecp’ exdxepa xd pepr), xal 
xeiaDwaav xfj piev AE ’iaai oaaiBrjxoxouv ai AK, KA, xfj Be 
E0 ’iaai oaaiBrjxoxoOv ai 0M, MN, xal aupixexXrjpAa'dw 
xd AO, K<1), 0X, MS xapaXXrjXoypajipia xal xd AH, KP, 


AC, their common sections are parallel [Prop. 11.16]. 
Thus, BC is parallel to AD. And AB was also shown (to 
be) parallel to DC. Thus, AC is a parallelogram. So, sim¬ 
ilarly, we can also show that DF, FC, GB, BF, and AE 
are each parallelograms. 

Let AH and DF have been joined. And since AB is 
parallel to DC, and BH to CF, so the two (straight-lines) 
joining one another, AB and BH, are parallel to the two 
straight-lines joining one another, DC and CF (respec¬ 
tively), not (being) in the same plane. Thus, they will 
contain equal angles [Prop. 11.10]. Thus, angle ABH 
(is) equal to (angle) DCF. And since the two (straight¬ 
lines) AB and BH are equal to the two (straight-lines) 
DC and CF (respectively) [Prop. 1.34], and angle ABH 
is equal to angle DCF, the base AH is thus equal to the 
base DF, and triangle ABH is equal to triangle DCF 
[Prop. 1.4]. And parallelogram BG is double (triangle) 
ABH, and parallelogram CE double (triangle) DCF 
[Prop. 1.34]. Thus, parallelogram BG (is) equal to paral¬ 
lelogram CE. So, similarly, we can show that AC is also 
equal to CF, and AE to BE. 

Thus, if a solid (figure) is contained by (six) parallel 
planes then its opposite planes are both equal and paral- 
lelogrammic. (Which is) the very thing it was required to 
show. 

Proposition 25 

If a parallelipiped solid is cut by a plane which is par¬ 
allel to the opposite planes (of the parallelipiped) then as 
the base (is) to the base, so the solid will be to the solid. 



For let the parallelipiped solid ABCD have been cut 
by the plane FG which is parallel to the opposite planes 
RA and DH. I say that as the base AEFV (is) to the base 
EHCF, so the solid ABFU (is) to the solid EGCD. 

For let AH have been produced in each direction. And 
let any number whatsoever (of lengths), AK and KL, 
be made equal to AE, and any number whatsoever (of 
lengths), HM and MN, equal to EH. And let the paral¬ 
lelograms LP, KV, HW, and MS have been completed. 
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AM, MT aTsped. 

Kal eKEi loai eia'iv al AK, KA, AE eMelai dXXr^Xaic;, Xaa. 
eaxl xal xd ^ev AO, K<1>, AZ KapaXXrjXoypapi^a dXXrjXoi.(;, xd 
8s KS, KB, AH dXXr]Xoi<; xal sxi. xd A^, KH, AP dXXr)Xoi.(;- 
dxsvavxlov ydp. 5id xd auxd 6i^ xai xd pisv EP, 0X, ME 
7iapaXXr]X6Ypa(Jt^a laa slalv dXXr)Xoi.(;, xd 5 e 0H, 01, IN laa 
Eiaiv dXXr]Xoi<;, xal sxi. xd A0, MO, NT- xpia dpa EKiKsBa 
xov AH, KP, AT axspsAv xpialv exltieBok; saxlv laa. dXXd 
xd xpla xpial xoT(; dxsvavxiov saxlv laa- xd dpa xpla axspsd 
xd AH, KP, AT laa dXXr]Xoi<; saxiv. 6i.d xd aOxd 8i^ xal xd 
xpla axspsd xd EA, AM, MT laa dXXr]Xoi<; saxlv- oaa- 
TiXaalwv dpa saxlv ir) AZ pdai<; xfjc AZ pdaswc;, xoaau- 
xaxXdaiov saxi. xal x6 AT axspsov xoO AT axspsou. 8i.d 
xd auxd 8i^ oaaxXaalwv saxlv ir) NZ pdai<; x-r^c Z0 pdaswc;, 
xoaauxa7i;Xdai.6v saxi. xal x6 NT axspsov xou 0T axspsou. 
xal si lar] saxlv f) AZ pdaic; xfj NZ pdasi., laov saxi xal x6 
AT axspsov xw NT axspsA, xal si UKEpsxsi. AZ pdaic x-l^c 
NZ pdaswc;, UKspsxsi. xal x6 AT axspsov xou NT axspsou, 
xal El eXXeIkei, sXXslxsi. xsaadpwv 8i^ ovxwv (jsys'dwv, 8uo 
^xsv pdaswv xwv AZ, Z0, 8uo 8s axspswv xAv AT, T0, 
slXrjKxai iadxi<; xoXXaxXdaia xfjc; (jsv AZ pdaswc; xal xou 
AT axspsou -rj xs AZ pdaic xal x6 AT axspsov, x-l^c 8 e 0Z 
pdaEW(; xal xou 0T axspsou xs NZ pdaic xal x6 NT 
axspsov, xal 8s6Eixxai, 6xi si UKspsxsi AZ pdai<; xfjc; ZN 
pdaswc;, UKspsxsi xal x6 AT axspsov xou NT [axspsou], xal 
El lar), laov, xal si eXXeIkei, sXXslxsi. saxiv dpa Ac; -f) AZ 
pdaic xpoc; xf)v Z0 pdaiv, ouxoc; x6 AT axspsov xpoc; x6 
T0 axspsov- oKsp e8ei Ssl^ai- 


and the solids LQ, KR, DM, and MT. 

And since the straight-lines LK, KA, and AE are 
equal to one another, the parallelograms LP, KV, and 
AF are also equal to one another, and KO, KB, and AG 
(are equal) to one another, and, further, LX, KQ, and 
AR (are equal) to one another. For (they are) opposite 
[Prop. 11.24]. So, for the same (reasons), the parallelo¬ 
grams EC, HW, and MS are also equal to one another, 
and TIG, EtI, and IN are equal to one another, and, 
further, DH, MY, and NT (are equal to one another). 
Thus, three planes of (one of) the solids LQ, KR, and 
AU are equal to the (corresponding) three planes (of the 
others). But, the three planes (in one of the soilds) are 
equal to the three opposite planes [Prop. 11.24]. Thus, 
the three solids LQ, KR, and AU are equal to one an¬ 
other [Def. 11.10]. So, for the same (reasons), the three 
solids ED, DM, and MT are also equal to one another. 
Thus, as many multiples as the base LF is of the base AF, 
so many multiples is the solid LU also of the the solid AU. 
So, for the same (reasons), as many multiples as the base 
NF is of the base FH, so many multiples is the solid NU 
also of the solid HU. And if the base LF is equal to the 
base NF then the solid LU is also equal to the solid NU.'^ 
And if the base LF exceeds the base NF then the solid 
LU also exceeds the solid NU. And if {LF) is less than 
{NF) then {LU) is (also) less than {NU). So, there are 
four magnitudes, the two bases AF and FH, and the two 
solids AU and UH, and equal multiples have been taken 
of the base AF and the solid AU — (namely), the base 
LF and the solid LU —and of the base HF and the solid 
HU —(namely), the base NF and the solid NU. And it 
has been shown that if the base LF exceeds the base FN 
then the solid LU also exceeds the [solid] NU, and if 
{LF is) equal (to FN) then {LU is) equal (to NU), and 
if {LF is) less than {FN) then {LU is) less than {NU). 
Thus, as the base AF is to the base FH, so the solid AU 
(is) to the solid UH [Def. 5.5]. (Which is) the very thing 
it was required to show. 


t Here, Euclid assumes that LF = NF implies LU = NU. This is easily demonstrated. 


XT'. 

Hpoc; xf) 801 )^ 07 ) suAsla xal xA Ttpoc; auxfj arjpslcp xf) 
801 )^ 07 ) axspsa ywvlcx larjv axspsav ywvlav auax-fjaaaAai. 

Tlaxa) f) psv 8 oAE'iaa suAsla f) AB, x 6 8 e Ttpoc; auxfj 
8 o'dEv aripslov x 6 A, f) 8 e SodsTaa axspsa ywvla f) Ttpoc; 
xA A TtEpiExopsvr) UTto xAv UTto EAE, EAZ, ZAE ywviAv 
STtiTtsSov- Ssl 8 f) Ttpoc; xfj AB sudslcx xal xA Ttpoc; auxfj 
arjpslw xA A xfj Ttpoc; xA A axspsa ywvla larjv axspsav 
ywvlav auaxfiaaadai. 


Proposition 26 

To construct a solid angle equal to a given solid angle 
on a given straight-line, and at a given point on it. 

Let AB be the given straight-line, and A the given 
point on it, and D the given solid angle, contained by the 
plane angles EDC, EDF, and FDC. So, it is necessary 
to construct a solid angle equal to the solid angle D on 
the straight-line AB, and at the point A on it. 
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EiXricp'dw yap em Tfjc; AZ xu^ov arjpieiov to Z, xal fixilw 
duo ToO Z enl to 5id xwv EA, AE exiiieSov xd'dexoc; f) ZH, 
xal aupipaXXexco xw emxeScp xaxd x6 H, xal exe^eux'dw rj 
AH, xal auveaxdxw xpot; xfj AB euDeia xal xG xpoc; auxfj 
arjpieltp xw A xfj [iev uxo EAF ywvia larj f) 0x6 BAA, xfj 5e 
0x6 EAH loT) f) 0x6 BAK, xal xeiailco xfj AH larj rj AK, xal 
dvsaxdxw dx6 xoO K ar)(ieiou xw 5i.d xAv BAA exi.xs6o xp6c; 
opildi; f) K0, xal xeiaiSw lor] xfj HZ f] K0, xal exeCeOxiSw 
f] 0A- Xeyw, 6xi f] xp6c; xA A axsped ywvia xepiexoiJisvr] 
0x6 xAv BAA, BA0, 0AA ywviAv Tar) eaxl xfj xp6i; xA A 
axspea ywvla xfj xspisxopievr) 0x6 xAv EAF, EAZ, ZAF 
yoviAv. 

AxeiXficpilwaav ydp laai at AB, AE, xal exs^eOx'Owaav 
al 0B, KB, ZE, HE. xal exel f) ZH op'df) saxi xp6<; x6 
Oxoxslpisvov exixeBov, xal xp6c; xdaa<; dpa xd<; dxxopisvac; 
aOxfjc; sOileiac xal ouoolq ev xA 0xoxei(ievw exixeBw opildc; 
xoi.f]aei. ywviat;- opDf) dpa eaxlv exaxepa xAv 0x6 ZHA, 
ZHE ycoviAv. Bid xd aOxd 6f) xal exaxspa xAv 0x6 0KA, 
0KB ywvi.Av opDf] eaxiv. xal exsl 60o al KA, AB 50o 
xalc HA, AE laai elalv exaxepa exaxepa, xal ywviat; Ioolq 
xepiexouaiv, pdai<; dpa f] KB pdaei. xfj HE lax] eaxlv. eaxi 
Be xal f] K0 xfj HZ laiy xal ywvlac; opiSdc xepiexouaiv lar] 
dpa xal f) 0B xfj ZE. xdXiv exel BOo al AK, K0 Bual xaTc 
AH, HZ laai eialv, xal ywvlac; opildc; xepiexouaiv, pdaic dpa 
f] A0 pdaei xfj ZA larj eaxlv. eaxi Be xal f] AB xfj AE larj- 
Buo Bf) al 0A, AB Buo xaTc AZ, AE laai elalv. xal pdaic f) 
0B pdaei xfj ZE larj- ywvla dpa f] 0x6 BA0 ywvla xfj 0x6 
EAZ eaxiv lar]. Bid xd aOxd Bf] xal f] 0x6 0AA xfj 0x6 ZAF 
eaxiv lar). eaxi Be xal f] 0x6 BAA xfj 0x6 EAF lar). 

np6c; dpa xfj BoDelar) eODela xfj AB xal xA xp6<; auxfj 
ar](jelw xA A xfj BoDelar] axeped ywvla xfj xp6c; xA A lar] 
auveaxaxai- oxep eBei xoifjaai. 



For let some random point F have been taken on DF, 
and let FG have been drawn from F perpendicular to 
the plane through ED and DC [Prop. 11.11], and let it 
meet the plane at G, and let DG have been joined. And 
let BAL, equal to the angle EDC, and BAK, equal to 
EDG, have been constructed on the straight-line AB at 
the point A on it [Prop. 1.23]. And let AK be made equal 
to DG. And let KK have been set up at the point K 
at right-angles to the plane through BAL [Prop. 11.12]. 
And let KH he made equal to GE. And let HA have 
been joined. I say that the solid angle at A, contained by 
the (plane) angles BAL, BAH, and HAL, is equal to the 
solid angle at D, contained by the (plane) angles EDC, 
EDE, and EDC. 

For let AB and DE have been cut off (so as to be) 
equal, and let HB, KB, FE, and GE have been joined. 
And since FG is at right-angles to the reference plane 
{EDG), it will also make right-angles with all of the 
straight-lines joined to it which are also in the reference 
plane [Def. 11.3]. Thus, the angles EGD and FGE 
are right-angles. So, for the same (reasons), the an¬ 
gles HKA and HKB are also right-angles. And since 
the two (straight-lines) KA and AB are equal to the two 
(straight-lines) CD and DE, respectively, and they con¬ 
tain equal angles, the base KB is thus equal to the base 
GE [Prop. 1.4]. And KH is also equal to GE. And they 
contain right-angles (with the respective bases). Thus, 
HB (is) also equal to FE [Prop. 1.4]. Again, since the 
two (straight-lines) AK and KH are equal to the two 
(straight-lines) DG and GE (respectively), and they con¬ 
tain right-angles, the base AH is thus equal to the base 
FD [Prop. 1.4]. And AB (is) also equal to DE. So, 
the two (straight-lines) HA and AB are equal to the two 
(straight-lines) DF and DE (respectively). And the base 
HB (is) equal to the base EE. Thus, the angle BAH is 
equal to the angle EDE [Prop. 1.8]. So, for the same 
(reasons), HAL is also equal to FDC. And BAL is also 
equal to EDC. 

Thus, (a solid angle) has been constructed, equal to 
the given solid angle at D, on the given straight-line AB, 
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xC'. 

’Ako Tfjc; So'dsLarjc; euileiac; xw So'devxi axepew xapaXXrj- 
XexixeScp opioiov xe xai opioiwc x£i(J£vov ax£p£6v xapaXXrj- 
X£xm£6ov dvaypacl^ai. 

Tilaxw f] pi£v 6o'd£Taa £U'd£Ta f] AB, x6 §£ BoiSev ax£p£6v 
xapaXXriX£xix£ 5 ov x6 FA- 8£'i 8i^ dxo xfjc; 5 o^£[ari(; £U'd£ia(; 
xfjt; AB xw So'dEvxi ax£p£w xapaXXr)X£xi7i£8cp xw FA 
ojioiov x£ xal opioiwt; x£[pi£vov axEpEov xapaXXriX£x(x£8ov 
dvaypacj^ai. 

SuvEaxdxw yap npoQ xfj AB eutIeicx xal xw xpog auxfj 
arjpiEitp xw A xfj xpot; xw F ax£p£a ywvia larj fj xEpiExojiEvr) 
uxo xwv BA 0 , 0 AK, KAB, waxE larjv Elvai xrjv piEv 0 x 6 
BA 0 ywviav xf) 0 x 6 EFZ, xf)v 86 0 x 6 BAK xfj 0 x 6 EFFI, 
xi^v 86 0 x 6 KA 0 xfj 0 x 6 FIFZ- xal yEyovExw (be; pi6v fj EF 
xp6(; xrjv FFI, ouxtoe; rj BA xp6c; xf)v AK, (bg 86 f) FIF xp6<; 
xf]v FZ, ouxcoc; f) KA xp6c; xf]v A 0 . xal 8i’ laou dpa saxlv 
Ac f) EF xp6c xi^v FZ, oOxcoc f] BA xp6<; xf]v A 0 . xal aupi- 
xExXrjpAaTloj x6 0 B xapaXXr]X6ypa(ipiov xal x6 AA axEpEov. 


A 



A 



Kal EXEi saxLv Ac; f) EF xp6c; xi^v FH, oOxcoc f) BA xp6c; 
xrjv AK, xal xEpl laac; ycovlac; xdc; 0 x 6 EFFI, BAK al xXEupal 
(xvdXoyov Eiaiv, ojioiov dpa saxl x6 FIE xapaXXrjXoypapijiov 
xA KB xapaXXrjXoypdpijitp. 8id xd aOxd 8f) xal x6 pi6v K 0 
xapaXXr)X6ypap.(iov xA HZ xapaXXr)Xoypdp.(i(j 6(ioi6v saxi 
xal Exi x6 ZE xA 0 B' xpia dpa xapaXXrjXoypapijia xoO FA 
axEpEou xpial xapaXXr)Xoypd(ipioi<; xoO AA axEpEoO opioid 
saxiv. dXXd xd (j6v xpia xpial xoTc dxEvavxiov laa xe eoxi 
xal opioia, xd 86 xpia xpial xoTc; dxEvavxiov laa xe saxi xal 
opioia' oXov dpa x6 FA axspEdv oXco xA AA axEpEA opioiov 
saxiv. 

Ax6 xfjc; 8o'd£iar)<; dpa sOilEiac; xfjc AB xA 8o'd£vxi 
axspsA xapaXXr)X£xix£8cp xA FA opioiov xe xal opioicoc 
X£i(J£vov dvaysypaxxai x6 AA- oxsp £8£i xoifjaai. 


XT)'. 

’Edv axspsdv xapaXXirjXExixESov 6x1x68(0 x(i-r)T[)f) xaxd 


at the given point A on it. (Which is) the very thing it 
was required to do. 

Proposition 27 

To describe a parallelepiped solid similar, and simi¬ 
larly laid out, to a given parallelepiped solid on a given 
straight-line. 

Let the given straight-line be AB, and the given par¬ 
allelepiped solid CD. So, it is necessary to describe a 
parallelepiped solid similar, and similarly laid out, to the 
given parallelepiped solid CD on the given straight-line 
AB. 

For, let a (solid angle) contained by the (plane angles) 
BAH, HAK, and KAB have been constructed, equal to 
solid angle at C, on the straight-line AB at the point A on 
it [Prop. 11.26], such that angle BAH is equal to ECF, 
and BAK to ECG, and KAH to GCE. And let it have 
been contrived that as EC (is) to CG, so BA (is) to AK, 
and as GC (is) to CE, so KA (is) to AH [Prop. 6.12]. 
And thus, via equality, as EC is to CF, so BA (is) to AH 
[Prop. 5.22]. And let the parallelogram HB have been 
completed, and the solid AL. 


D 



L 



And since as EC is to CG, so BA (is) to AK, and 
the sides about the equal angles ECG and BAK are 
(thus) proportional, the parallelogram GE is thus simi¬ 
lar to the parallelogram KB. So, for the same (reasons), 
the parallelogram KH is also similar to the parallelogram 
GF, and, further, EE (is similar) to HB. Thus, three 
of the parallelograms of solid CD are similar to three of 
the parallelograms of solid AL. But, the (former) three 
are equal and similar to the three opposite, and the (lat¬ 
ter) three are equal and similar to the three opposite. 
Thus, the whole solid CD is similar to the whole solid 
AL [Def. 11.9]. 

Thus, AL, similar, and similarly laid out, to the given 
parallelepiped solid CD, has been described on the given 
straight-lines AB. (Which is) the very thing it was re¬ 
quired to do. 

Proposition 28 

If a parallelepiped solid is cut by a plane (passing) 
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xac; 6i.aYWv(ou<; twv aKSvavTiov eTimsBov, T(ir]'dr)a£Tai 
TO axspeov bnb toD eniTCeBou. 


B Z 



A A 


STspeov Y«P 'KapaXXrjXeTiLTieBov to AB eTiLTisBo) tw 
BAEZ T£T^r]a'dw xaxa Tag BiaY^vioug twv dcKEvavTiov 
e7i:i.7is6wv Tag EZ, AE- Xsyw, oti. 6ixa T^xirdriasTai. to AB 
oTspeov UKo ToO EAEZ etilteBou. 

’Ekei y®P ’foov EOTi TO (JEv FHZ TpiYWvov tA FZB 
TpiYAvo), TO Be AAE tA AE0, eoti. Be xai to (jev FA na- 
paXXr)X6Ypapi(iov tA EB laov aKEvavTiov y^P' "co Be HE 
tA F0, xal TO Tipia^xa apa to KEpiExopiEvov 0x6 Buo (jev 
TpiYAvwv tAv FHZ, AAE, xpiAv Be xapaXXrjXoYpapiptwv 
tAv he, AF, FE laov eotI tA 7ip[ap,aTi tA 7T:EpiExo(J£vw 
uto Buo p,£v TpiY^vtov tAv FZB, AE0, xpiAv Be TiapaX- 
XriXoYpap.[iwv tAv F0, BE, FE- uno y^P ’ictwv etiteBcov 
TEpiExovTai tA te tXtitIei xal tA (iEYSilei- Aote oXov to 
AB oTEpEov Bixoc T£Tp.riTai uno toO FAEZ etiitieBou- onEp 
eBei BEl^ai. 


through the diagonals of (a pair of) opposite planes then 
the solid will be cut in half by the plane. 


B F 



For let the parallelepiped solid AB have been cut by 
the plane CDEF (passing) through the diagonals of the 
opposite planes CF and DF^ I say that the solid AB will 
be cut in half by the plane CDEF. 

For since triangle CGF is equal to triangle CFB, and 
ADE (is equal) to DEH [Prop. 1.34], and parallelo¬ 
gram CA is also equal to EB —for (they are) opposite 
[Prop. 11.24]—and GE (equal) to CH, thus the prism 
contained by the two triangles CGF and ADE, and the 
three parallelograms GE, AC, and CE, is also equal to 
the prism contained by the two triangles CFB and DEH, 
and the three parallelograms CH, BE, and CE. For they 
are contained by planes (which are) equal in number and 
in magnitude [Def. 11.10].! Thus, the whole of solid AB 
is cut in half by the plane CDEF. (Which is) the very 
thing it was required to show. 


t Here, it is assumed that the two diagonals lie in the same plane. The proof is easily supplied, 
t However, strictly speaking, the prisms are not similarly arranged, being mirror images of one another. 


xd'. 


Proposition 29 


Ta Era Tfjg auTfjg pdaEcog ovra OTEpcd itapaXXrjXETtlitEBa 
xal UTto TO auTo u(J;og, Sv ai scpEaTAaai Era tAv auxAv Eiaiv 
eu-OeiAv, laoL dXXr]Xoig eotIv. 

A E 0 E 



TlaTW Era Tfjg auTfjg pdoEog Tfjg AB oTEpsa TtapaXXrj- 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are on the same straight-lines, 
are equal to one another. 


D E H K 



For let the parallelepiped solids CM and CN be on 
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XeniTieSa xa FM, FN Oko to aOxo Sv at ecpsaxSaai 

ai AF[, AZ, AM, AN, FA, FE, B0, BK em xwv aOxwv 
eu'deiwv eaxcoaav xwv ZN, AK' Xeyco, 6xi laov eaxl x6 FM 
axepeov xw FN axspeA. 

’EtcsI yap iictpaXXr)X6Ypocp,[i6v eaxiv exdxepov xwv F0, 
FK, lar) eaxlv fj FB exaxepqc xwv A0, EK- waxe xal f) 
A0 XT) EK eaxiv larj. xoivf) dcprjpr^ailco fj E0- Xomi^ dpa 
f) AE Xomfi xfi 0K eaxiv larj. waxe xoil x6 ^lev AFE 
xpiywvov xw 0BK xpiytovw laov eaxiv, x6 5e AH xapaX- 
XriX6ypap,[iov xw 0N xapaXXr)Xoypd[ip,cp. 6id xd auxd hr] xai 
x6 AZH xpiycovov xw MAN xpiytovw laov eaxiv. caxi 5e xtx'i 
x6 p,ev FZ xapctXXr)X6ypa[ip,ov xw BM iiapaXXr)Xoypdp,[i(j 
laov, x6 6c FH xw BN- dxevavxiov ydp- xal x6 xpiajia dpa 
x6 xcpicxojievov uxo 6uo [icv xpiywvtov xwv AZH, AFE, 
xpiwv 6e xapaXXr)Xoypd[ip,a)v xwv AA, AH, FH laov eaxl 
xw xpiap,axi xw xepie)(op,cv(j uxo 6uo [iev xpiytovwv xwv 
MAN, 0BK, xpiwv 5c xapaXXr)Xoypd(ip.wv xwv BM, 0N, 
BN. xoivov xpoaxeiailco x6 axepeov, ou pdaii; p.cv x6 AB 
xapaXXr)X6ypap.(iov, dxcvavxiov 5e x6 HE0M- oXov dpa x6 
FM axepeov xapaXXrjXexixcBov oXw xC3 FN axcpcw xapaX- 
XrjXcxixcBw laov eaxiv. 

Td dpa cxl xfjc; auxfjc; pdaetoc ovxa axepcd xapaXXrj- 
Xcxixe5a xal 0x6 x6 auxo u(J;oc;, 6v ai ccpcaxwaai exl xwv 
auxwv ciaiv cu-deifiv, laa dXXrjXoic; eaxiv oxcp c5ei 5c'i^ai. 


X'. 

Td exl xfjc aOxfjc pdaccoc; ovxa axepcd xapaXXrjXcxixcBa 
xal 0x6 x6 a0x6 ui|;o(;, Sv at ccpcaxwaai oOx eialv cxl xwv 
aOxwv cO-deifiv, laa dXXrjXoic; eaxiv. 


NO K P 



Tilaxw cxl xrjc aOxfjc pdacoc xfjc AB axepcd xapaXXrj- 
Xcxixe5a xd FM, FN 0x6 x6 a0x6 utjiot;, 5v ai ecpeaxwaai ai 
AZ, AH, AM, AN, FA, FE, B0, BK p.r) eaxwaav cxl xwv 


the same base AB, and (have) the same height, and let 
the (ends of the straight-lines) standing up in them, AG, 
AF, LM, LN, CD, CE, BH, and BK, be on the same 
straight-lines, FN and DK. I say that solid CM is equal 
to solid CN. 

For since CH and CK are each parallelograms, CB 
is equal to each of DFl and EK [Prop. 1.34]. Hence, 
DF[ is also equal to EK. Let EFI have been subtracted 
from both. Thus, the remainder DE is equal to the re¬ 
mainder HK. Hence, triangle DCE is also equal to tri¬ 
angle FIBK [Props. 1.4, 1.8], and parallelogram DC to 
parallelogram HN [Prop. 1.36]. So, for the same (rea¬ 
sons), traingle AFC is also equal to triangle MEN. And 
parallelogram CF is also equal to parallelogram BM, 
and CG to BN [Prop. 11.24]. For they are opposite. 
Thus, the prism contained by the two triangles AFC and 
DCE, and the three parallelograms AD, DC, and CG, is 
equal to the prism contained by the two triangles MEN 
and FIBK, and the three parallelograms BM, ELN, and 
BN. Let the solid whose base (is) parallelogram AB, and 
(whose) opposite (face is) GEFIM, have been added to 
both (prisms). Thus, the whole parallelepiped solid CM 
is equal to the whole parallelepiped solid CN. 

Thus, parallelepiped solids which are on the same 
base, and (have) the same height, and in which the 
(ends of the straight-lines) standing up (are) on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 

Proposition 30 

Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are not on the same straight¬ 
lines, are equal to one another. 


N P K R 



Let the parallelepiped solids CM and CN be on the 
same base, AB, and (have) the same height, and let the 
(ends of the straight-lines) standing up in them, AF, AG, 
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auTWv eO'dsi.wv Xsyw, oti. laov eaxl to FM axepeov xw FN 
axEpeO. 

’ExpspXrja'dwaav yap ai NK, A0 xai aupiTiLTixExwaav 
dXXr]Xai<; xaxd x6 P, xal exl sxpEpXrja'dwaav at ZM, HE 
ETil xd O, n, xal EXE^eux'^^'^^'^ XS, AO, FH, BP. laov 
5r) saxi. x6 FM axEpEov, ou pdaic ptsv x6 AFBA xapaX- 
Xr]X6Ypa(jptov, dxEvavxlov Be to ZAOM, xA FO axEpEA, ou 
pdaii; (i£v x6 AFBA KapaXXrjXoypapilJov, dxEvavxiov Be to 
SHPO- EKi XE ydp xfj<; aOxfji; pdaEW^ eIol xfji; AFBA xal 
UTio x6 aOxo u^ioi;, 6v at EcpEoxAaai ai AZ, AS, AM, AO, 
FA, FH, BO, BP Exl xAv auxAv eIolv eu'Bei.Av xAv ZO, AP. 
dXXd x6 FO axspEov, ou pdaic pisv saxi. x6 AFBA xapaX- 
Xr]X6Ypa(ipiov, aKEvavxiov Be to SHPO, laov saxi xA FN 
axspEA, ou pdaic (jev x6 AFBA KapaXXrjXoypapilJov, dxE- 
vavxiov Be to HEKN- etiI xe ydp xdXi.v xfjc auxfjc pdaEA<; 
Eiai xfjc; AFBA xal utio x6 auxo utjioc, Av at scpEaxAaai at 
AH, AS, FE, FH, AN, AO, BK, BP ekI xAv auxAv Eiaiv 
euAelAv xAv HH, NP. Aqxe xal x6 FM axEpEov laov saxi 
xA FN axEpEA. 

Td dpa Era xfjc; auxfjc; pdaEwc; axEpEd TiapaXXrjXExlxEBa 
xal UKO x6 auxo ucj^oc;, Sv ai scpEaxAaai. oux Eiaiv sra xAv 
auxAv euDelAv, laa dXXr)Xoi.(; saxiv oxEp eBei BEl^ai.. 


Xa'. 

Td Era lawv pdaEwv ovxa axEpEd xapaXXrjXEiiiiiEBa xal 
uxo x6 auxo ucj^oc; laa dXXr)Xoi.c; saxiv. 

Tiaxw £xl lawv pdaswv xAv AB, FA axspsd xapaXXrj- 
XsxixsBa xd AE, FZ uxo x6 auxo ucj^oc;. XEyw, 6xi laov saxi 
x6 AE axEpsdv xA FZ axEpsA. 

’TaTwaav Bf] xpoxspov al EcpsaxrjxuTai al OK, BE, AH, 
AM, OH, AZ, FS, PE xpoc; opAdc; xalc; AB, FA pdasaiv, 
xal £xp£pXf]aAw ex’ EuDsiai; xfj FP EuAsla f] PT, xal au- 
vsaxdxw xpoc; xfj PT euAeicx xal xA xpoc; auxfj ar)(J£icp xA 
P xfj 0x6 AAB ywvicx ’iarj f] 0x6 TPT, xal XEiaDw xfj pisv 
AA ’iar) fj PT, xfj Be AB ’iarj f] PT, xal aupixExXrjpAa'dw f] 
XE PX pdaic; xal x6 'FT axspEov. 


LM, LN, CD, CE, BH, and BK, not be on the same 
straight-lines. I say that the solid CM is equal to the 
solid CN. 

For let NK and DH have been produced, and let 
them have joined one another at R. And, further, let FM 
and GE have been produced to P and Q (respectively). 
And let AO, LP, CQ, and BR have been joined. So, solid 

CM, whose base (is) parallelogram ACBL, and oppo¬ 
site (face) FDHM, is equal to solid CP, whose base (is) 
parallelogram ACBL, and opposite (face) OQRP. For 
they are on the same base, ACBL, and (have) the same 
height, and the (ends of the straight-lines) standing up in 
them, AF, AO, LM, LP, CD, CQ, BH, and BR, are on 
the same straight-lines, FP and DR [Prop. 11.29]. But, 
solid CP, whose base is parallelogram ACBL, and oppo¬ 
site (face) OQRP, is equal to solid CN, whose base (is) 
parallelogram ACBL, and opposite (face) GEKN. For, 
again, they are on the same base, ACBL, and (have) 
the same height, and the (ends of the straight-lines) 
standing up in them, AG, AO, CE, CQ, LN, LP, BK, 
and BR, are on the same straight-lines, GQ and NR 
[Prop. 11.29]. Hence, solid CM is also equal to solid 

CN. 

Thus, parallelepiped solids (which are) on the same 
base, and (have) the same height, and in which the (ends 
of the straight-lines) standing up are not on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 

Proposition 31 

Parallelepiped solids which are on equal bases, and 
(have) the same height, are equal to one another. 

Let the parallelepiped solids AE and CF be on the 
equal bases AB and CD (respectively), and (have) the 
same height. I say that solid AE is equal to solid CF. 

So, let the (straight-lines) standing up, HK, BE, AG, 
LM, PQ, DF, CO, and RS, first of all, be at right-angles 
to the bases AB and CD. And let RT have been produced 
in a straight-line with CR. And let (angle) TRU, equal 
to angle ALB, have been constructed on the straight-line 
RT, at the point R on it [Prop. 1.23]. And let RT be 
made equal to AL, and RU to LB. And let the base RW, 
and the solid XU, have been completed. 
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Kofi ETiel 5uo ofi TP, PT 5ual xoac; AA, AB laai. elaiv, 
xal ytoviofc; laac; Tispisxouaiv, Taov Spa xal opioiov to PX 
■KapaXXrjXoYpaiJ^ov xw 0A KapaXXrjXoypa^^w. xal etisI 
KaXiv lOT) p,£v f) AA xfi PT, rj 8 e AM xfj PS, xal ytoviac; 
op'dac op.oi 6 v eaxi x 6 P'l' napaX- 

Xr]X 6 ypa(i^ov xw AM 7 i;apaXXr)Xoypa^(JO. 6 i.a xa aOxa 6 f) 
xal x 6 AE xw ST laov xe eaxi xal ojioiov xpia Spa na- 
paXXr)X 6 ypatx(ia xoO AE axepsoO xpial xapaXXr)Xoypa(i^oi.c; 
xoD ^'T axspeoO laa xe eaxi. xal o^toia. SXXS xa (lev xpia 
xpial xoTc aKevavxiov laa xe eaxi xal o[jLoia, xa 6 e xpia 
xpial xoTc; dxevavxiov oXov Spa x 6 AE axepeov xapaXXr]- 
XeTiixeSov 6 X 0 xw 'PT axepew KapaXXrjXeKiKeBw Taov eaxiv. 

NT xal au^Kixxexwaav aXXr]Xai<; xaxS 
x6 fl, xal 6ia xoD T xfj All 7iapaXXr]Xoc; fixTlw f] aTA, xal 
expepXria'dw fj OA xaxS x6 a, xal au^KeTxXrjpAa'dw xa fl'P, 
PI axepea. Taov 8r) eaxi x6 'Pli axepeov, ou pSaii; (Jev 
eaxi x6 P^" 7i;apaXXr)X6ypa^(Jov, aKevavxiov 8e x6 rih, "cA 
^'T axepeA, ou pSaic ^Jiev x6 P^* KapaXXrjXoypa^lJov, Ske- 
vavxiov 6e x6 T<I>- exi xe yap xfjc auxfjc; pSaeAc; eiai xf)<; 
P^' xal UTio x6 auxo ui|jo<;, Sv al ecpeaxAaai al Pli, PT, 
TA, TX, S 9 , So, 'Ph, sra "cAv auxAv eiaiv eODeiAv xAv 
nX, 9<P. SXXS x6 'PT axepeov xA AE eaxiv Taov xal x6 ^'12 
Spa axepeov xA AE axepeA eaxiv Taov. xal exel Taov eaxi 
x6 PTXT 7i;apaXXr)X6ypa^(Jov xA flT KapaXXrjXoypS^^W' 
exi xe yap xfjc auxfji; pSaeAc eiai xfjc; PT xal ev xaT<; auxoic; 
7iapaXXr]Xoi<; xaT<; PT, flX' SXXS x6 PTXT xA PA eaxiv 
Taov, exel xal xA AB, xal x6 flT Spa 7iapaXXr]X6ypa(j^ov 



K E 



And since the two (straight-lines) TR and RU are 
equal to the two (straight-lines) AL and LB (respec¬ 
tively), and they contain equal angles, parallelogram 
RW is thus equal and similar to parallelogram HL 
[Prop. 6.14]. And, again, since AL is equal to RT, 
and LM to RS, and they contain right-angles, paral¬ 
lelogram RX is thus equal and similar to parallelogram 
AM [Prop. 6.14]. So, for the same (reasons), LE is also 
equal and similar to SU. Thus, three parallelograms of 
solid AE are equal and similar to three parallelograms 
of solid XU. But, the three (faces of the former solid) 
are equal and similar to the three opposite (faces), and 
the three (faces of the latter solid) to the three opposite 
(faces) [Prop. 11.24]. Thus, the whole parallelepiped 
solid AE is equal to the whole parallelepiped solid XU 
[Def. 11.10]. Let DR and WU have been drawn across, 
and let them have met one another at Y. And let aTb 
have been drawn through T parallel to DY. And let PD 
have been produced to a. And let the solids YX and 
RI have been completed. So, solid XY, whose base is 
parallelogram RX, and opposite (face) Tc, is equal to 
solid XU, whose base (is) parallelogram RX, and oppo¬ 
site (face) UV. For they are on the same base RX, and 
(have) the same height, and the (ends of the straight¬ 
lines) standing up in them, RY, RU, Tb, TW, Se, Sd, 
Xc and XV, are on the same straight-lines, YW and 
eV [Prop. 11.29]. But, solid XU is equal to AE. Thus, 
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TO FA eaxiv Xaov. aXko 8s to AT' sotiv apa f] FA 
pdai.(; upoc; Tf]v AT, outoc; f] ilT npoQ ti^v AT. xal etisI 
OTspsov KotpaXXrjXsKiKsBov to FI STimeSo to PZ TeTp,r)Tai 
napaXXr^Xo ovti toIc; dmsvavTiov emneSoic;, sotiv oc if) FA 
pdaig Tipoc; ttjv AT pdaiv, outoc; to FZ aTspeov upoc; to PI 
aTspeov. 8id xa auTd 8r], ensl OTspeov napaXXrjXeiiiiiEBov 
TO HI stiiieSo to P'I' TSTjirjTai TKxpocXX'rjXo ovti toIc; dne- 
vavTiov emnsBoic;, sotiv oc; fj liT pdaic; npog ttjv TA pdoiv, 
OUTOC TO 17^' oTspsov Kpoc TO PL dXX’ oc f) LA pdaic 
Tipoc TTjv AT, OUTOC T) HT Tipoc Tifjv AT' xal oc dpa to 
rz GTSpSOV Tipoc TO PI GTSpSOV, OUTOC TO il'I' GTSpSOV 
Tipoc TO PL sxdTspov dpa tov LZ, il'I' oTspsov xpoc to 
PI TOV auTov Exei Xoyov laov dpa egtI to FZ oTspsov to 
lAE' GTspso. dXXd to IAE' to AE sBsix'dr) laov xal to AE 
dpa TO FZ EGTiv Xaov. 



solid XY is also equal to solid AE. And since parallel¬ 
ogram RUWT is equal to parallelogram YT. For they 
are on the same base RT, and between the same par¬ 
allels RT and YW [Prop. 1.35]. But, RUWT is equal 
to CD, since (it is) also (equal) to AB. Parallelogram 
YT is thus also equal to CD. And DT is another (par¬ 
allelogram). Thus, as base CD is to DT, so YT (is) to 
DT [Prop. 5.7]. And since the parallelepiped solid Cl 
has been cut by the plane RF, which is parallel to the 
opposite planes (of Cl), as base CD is to base DT, so 
solid CF (is) to solid RI [Prop. 11.25]. So, for the same 
(reasons), since the parallelepiped solid YI has been cut 
by the plane RX, which is parallel to the opposite planes 
(of YI), as base YT is to base TD, so solid YX (is) to 
solid RI [Prop. 11.25]. But, as base CD (is) to DT, so 
YT (is) to DT. And, thus, as solid CF (is) to solid RI, 
so solid YX (is) to solid RI. Thus, solids CF and YX 
each have the same ratio to RI [Prop. 5.11]. Thus, solid 
CF is equal to solid YX [Prop. 5.9]. But, YX was show 
(to be) equal to AE. Thus, AE is also equal to CF. 


Q F 



Mr) EOTwaav 5f) al scpsaTqxulai al AH, 0K, BE, AM, 
FS, on, AZ, PE Tipoc op'ddc Talc AB, FA pdasaiv Xeyo 
TidXiv, oTilaov TO AE oTspsov tw FZ aTspsw. Y“P 

aTio tAv K, E, H, M, n, Z, 5, S aqpsiwv etiI to UTioxEipEvov 
£ti[tie5ov xd'dETOi al KN, ET, HT, M<I>, HX, Z'F, SB, El, 
xal aupPaXXsTwaav tA etiitieScp xaTa Ta N, T, T, $, X, 'F, 
H, I ar)pEla, xal ETiE^EUxdwaav al NT, NT, T<I>, T<I>, N'T, 
XH, HI, I'F. laov Bi) eoti to K$ oTEpEov tA HI oTEpEA' 
ETii TE Y“P lawv pdaEwv Eiai tAv KM, HE xal utio to auTo 
uijToc, Sv al EcpEOTAaai Tipoc opildc Eiai Talc pdoEaiv. dXXd 
TO psv K<I> oTEpEov tA AE oTEpEA EOTiv laov, TO 8 e hi tA 
FZ' ETii TE yap T'rjc auTfjc pdaEWc Eiai xal utio to auTO uijroc, 
Av al EcpEaTAaai oux Eiaiv etiI tAv auTAv euOeiAv. xal to 
AE dpa oTEpEov tA FZ oTEpEA eotiv laov. 

Td dpa ETil lacov pdaEwv ovTa OTEpEa TiapaXXqXETiiTiEBa 
xal UTIO TO auTO uilroc Xaa dXXr^Xoic eotIv oTiEp eSei SEl^ai. 


And so let the (straight-lines) standing up, AG, HK, 
BE, LM, CO, PQ, DF, and RS, not be at right-angles 
to the bases AB and CD. Again, I say that solid AE 
(is) equal to solid CF. For let KN, ET, CU, MV, QW, 
FX, OY, and SI have been drawn from points K, E, 
C, M, Q, F, O, and S (respectively) perpendicular to 
the reference plane (i.e., the plane of the bases AB and 
CD), and let them have met the plane at points N, T, 
U, V, W, X, Y, and I (respectively). And let NT, NU, 
UV, TV, WX, WY, YI, and IX have been joined. So 
solid KV is equal to solid QI. For they are on the equal 
bases KM and QS, and (have) the same height, and the 
(straight-lines) standing up in them are at right-angles 
to their bases (see first part of proposition). But, solid 
KV is equal to solid AE, and QI to CF. For they are 
on the same base, and (have) the same height, and the 
(straight-lines) standing up in them are not on the same 
straight-lines [Prop. 11.30]. Thus, solid AE is also equal 
to solid CF. 

Thus, parallelepiped solids which are on equal bases. 
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X( 3 '. 

Toe uno TO auTo utjioe; ovxa axepea napaXXrjXeTieTisBa 
npog aXXrjXa eaxiv (be; at paaei<;. 



TilaTCO UKO TO ocuTO u(J;oc; aTspeoc napaXXrjXeTCmeBa toc 
AB, FA' Xeyco, oti. tol AB, FA oTepsa TiapaXXrjXeTiLTieBa 
Tipoc; aXXrjXa eoTiv &>q oci paaeie;, TouxeaTiv oti. eaxlv Ac; f) 
AE pciaic; Tipoc; ti^v FZ pciaiv, outwc; to AB oTspsov iipoc; 
TO FA OTEpEOV. 

napQcpEpXr]a'd(o yap Tiapa ti^v ZH tA AE laov to Z0, 
XQCi oLTzb pcxoEcoc; piEv Tfji; Z0, ucjjouc; Be toO auTou tA FA 
OTEpEov TiapaXXr]XETi(7iE6ov au(iTiE7iXr)pAa'dco to HK. laov 
8rj EOTi TO AB axEpEov tA HK axEpEA' etii te yap latov 
PcxoeAv Eiai tAv AE, Z0 xal 0x6 to auTO ucjeoc;. xal exeI 
OTEpEov xapaXXrjXExixESov to FK exixeBco tA AH TSTpirjTai 
xapaXXrjXcp ovti toIc; cxxEvavTiov exixeBoic;, eotiv apa Ac; rj 
FZ pdoic; xpoc; ttqv Z0 pcxaiv, outooc; to FA axEpEov xpoc; to 
A 0 GTEpEov. larj Be rj pisv Z0 pcxan; Tfj AE pcxaEi, to Be HK 
OTEpEov tA AB oTEpEA' EQTiv dpa xal Ac; f) AE pcxaic; xpoc; 
TTjv FZ pcxaiv, oUTtoc; to AB axEpEov xpoc; to FA aTEpEov. 

Td dpa 0x6 t 6 aOT6 ucjToc; ovxa axEpEa xapaXXrjXExixEBa 
xp6c; dXXrjXcx saxiv Ac; al pdaEic;- oxEp eBei BEl^ai. 

Xy'. 

Td op-oia axEpsd xapaXXrjXExixEBa xp6c; dXXrjXa sv xpi- 
xXaaiovi Xoyto Eial xAv ojioXoytov xXEupAv. 

TilaTW opLoia axEpsd xapaXXrjXExixEBa xd AB, FA, 
opioXoyoc; Be saxto f) AE xf) FZ' XEyto, oxi t 6 AB axEpEdv 
xp6c; t6 fa axEpEdv xpixXaaiova Xoyov Eyeo TlxEp AE 
xp6c; Ti^v FZ. 

’ExpEpXrja'dwaav ydp ex’ EUiSEiai; xdic AE, HE, 0E at 
EK, EA, EM, xal xsia'dco xfj pisv FZ ’(arj f) EK, xfj Be ZN 
’I'aT) f) EA, xal eti xf) ZP ’larj rj EM, xal aupixExXrjpAa'dto t 6 
KA xapaXXr)X6ypa(i[iov xal t 6 KO axEpEov. 


and (have) the same height, are equal to one another. 
(Which is) the very thing it was required to show. 

Proposition 32 

Parallelepiped solids which (have) the same height 
are to one another as their bases. 

B D K 



Let AB and CD be parallelepiped solids (having) the 
same height. I say that the parallelepiped solids AB and 
CD are to one another as their bases. That is to say, as 
base AE is to base CF, so solid AB (is) to solid CD. 

For let FH, equal to AE, have been applied to FG (in 
the angle FGH equal to angle LCG) [Prop. 1.45]. And 
let the parallelepiped solid GK, (having) the same height 
as CD, have been completed on the base FF[. So solid 
AB is equal to solid GK. For they are on the equal bases 
AE and FH, and (have) the same height [Prop. 11.31]. 
And since the parallelepiped solid CK has been cut by 
the plane DC, which is parallel to the opposite planes (of 
CK), thus as the base CF is to the base FH, so the solid 
CD (is) to the solid DH [Prop. 11.25]. And base FH (is) 
equal to base AE, and solid GK to solid AB. And thus 
as base AE is to base CF, so solid AB (is) to solid CD. 

Thus, parallelepiped solids which (have) the same 
height are to one another as their bases. (Which is) the 
very thing it was required to show. 

Proposition 33 

Similar parallelepiped solids are to one another as the 
cubed ratio of their corresponding sides. 

Let AB and CD be similar parallelepiped solids, and 
let AE correspond to CF. I say that solid AB has to solid 
CD the cubed ratio that AE (has) to CF. 

For let EK, EL, and EM have been produced in a 
straight-line with AE, GE, and HE (respectively). And 
let EK be made equal to CF, and EL equal to FN, and, 
further, EM equal to FR. And let the parallelogram KL 
have been completed, and the solid KP. 
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Kai enel 8uo ai KE, EA 8uai xaTc EZ, ZN laai. sIglv, 
ctXXoL xocl ytovia f] utio KEA ycovia tt) utio EZN sgtiv Igt), 
eneiSr^Tiep xal f) uxo AEH tt) uxo EZN sgtiv igt) 6 ia xfjv 
ojioioTTjxa Twv AB, EA Gxepewv, Igov apa sgxI [xal ojioiov] 
x6 KA xapaXXrjXoypapijiov xw EN xapaXXrjXoypapijitp. 6ia 
xa auxoc 5f) xal x6 piev KM xapaXXrjXoypajipiov igov sgxI xal 
ojioiov xw EP [xapaXXrjXoypdjipicp] xal exi x6 EO xw AZ' 
xpia dpa xapaXXr)X6ypa(ipia xoO KO Gxepeou xpiGl xapaX- 
Xr)Xoypdp.(ioi(; xoO EA Gxepeou iGa egxI xal 6(ioia. dXXd xd 
[iev xpia xpiGl xolc; dxevavxiov iGa egxI xal opioia, xd 8e xpla 
xpiGl xolc; dxevavxiov Xoa egxI xal opioia- oXov dpa x6 KO 
Gxepeov oXtp xw EA Gxepew Igov egxI xal opioiov. GU(ixe- 
xXrjpcoG'dw x6 HK xapaXXrjXoypajipiov, xal dxo pdGEWv piev 
xwv HK, KA xapaXXrjXoypajipiwv, uij/oui; 6e xou auxou xw 
AB Gxeped GupixexXripwGDco xd ES, AH. xal exel 6id xrjv 
ojioioxrjxa xwv AB, EA Gxepewv egxiv f) AE xpog xrjv 
EZ, ouxwt; f) EH xpoc xf)v ZN, xal rj E0 xpog xrjv ZP, Igt) 
5e T) piev EZ xfj EK, rj Se ZN xfj EA, fj Se ZP xf) EM, egxiv 
dpa cdQ f) AE xpoc; xrjv EK, ouxwi; rj HE xpoi; xf)v EA xal rj 
0E xpoc TTjv EM. dXX’ (be piev rj AE xpoc xf)v EK, ouxtoc x6 
AH [xapaXXr)X6ypapi(iov] xpoc "cd HK xapaXXr)X6ypa(ip.ov, 
(be 5e f) HE xpoc xrjv EA, oux(oc to HK xpoc x6 KA, (be 
5e T) 0E xpoc EM, ouxtoc "cd HE xpdc xd KM' xal (be dpa 
xd AH xapaXXrjXoypajipiov xpdc xd HK, oux(oc "cd HK xpdc 
xd KA xal xd HE xpdc td KM. dXX’ (be [iev xd AH xpdc 
xd HK, ouxtoc xd AB Gxepedv xpdc xd ES Gxepeov, (be 5e 
xd HK xpdc xd KA, oux(oc xd SE Gxepedv xpdc xd HA 
Gxepedv, (be 5e xd HE xpdc xd KM, oux(oc xd HA Gxepedv 
xpdc xd K0 Gxepeov xal (be apa xd AB Gxepedv xpdc xd 
ES, ouxtoc xd ES xpdc xd HA xal xd HA xpdc xd K0. 
eav 8e xEGGapa [xeyeilr] xaxa xd Guvexec dvciXoyov fj, xd 
xpwxov xpdc xd xexapxov xpixXaGiova Xoyov exei '([xep xpdc 
xd 8euxepov' xd AB dpa Gxepedv xpdc xd K0 xpixXaGiova 
Xoyov exei 'r]xep xd AB xpdc xd ES. dXX’ (be xd AB xpdc 
xd ES, ouxtoc xd AH xapaXXr)X6ypa[i[iov xpdc xd HK xal rj 
AE eODela xpdc xrjv EK- Agxe xal xd AB Gxepedv xpdc xd 
KO xpixXaGiova Xoyov exei T]xep f] AE xpdc xf]v EK. igov 
8 e xd [[iev] KO Gxepedv x(5 EA Gxepeo, fj 8e EK eOiSeTa 
xfj rZ- xal xd AB dpa Gxepedv xpdc xd FA Gxepedv xpi- 



And since the two (straight-lines) KE and EL are 
equal to the two (straight-lines) CF and FN, but angle 
KEL is also equal to angle CFN, inasmuch as AEG is 
also equal to CFN, on account of the similarity of the 
solids AB and CD, parallelogram KL is thus equal [and 
similar] to parallelogram CN. So, for the same (reasons), 
parallelogram KM is also equal and similar to [parallel¬ 
ogram] CR, and, further, EP to DF. Thus, three par¬ 
allelograms of solid KP are equal and similar to three 
parallelograms of solid CD. But the three (former par¬ 
allelograms) are equal and similar to the three opposite 
(parallelograms), and the three (latter parallelograms) 
are equal and similar to the three opposite (parallelo¬ 
grams) [Prop. 11.24]. Thus, the whole of solid KP is 
equal and similar to the whole of solid CD [Def. 11.10]. 
Let parallelogram GK have been completed. And let the 
the solids EO and LQ, with bases the parallelograms GK 
and KL (respectively), and with the same height as AB, 
have been completed. And since, on account of the sim¬ 
ilarity of solids AB and CD, as AE is to CF, so EG (is) 
to FN, and EH to FR [Defs. 6.1, 11.9], and CF (is) 
equal to EK, and FN to EL, and FR to EM, thus as 
AE is to EK, so GE (is) to EL, and HE to EM. But, 
as AE (is) to EK, so [parallelogram] AG (is) to paral¬ 
lelogram GK, and as GE (is) to EL, so GK (is) to KL, 
and as HE (is) to EM, so QE (is) to KM [Prop. 6.1]. 
And thus as parallelogram AG (is) to GK, so GK (is) 
to KL, and QE (is) to KM. But, as AG (is) to GK, so 
solid AB (is) to solid EO, and as GK (is) to KL, so solid 
OE (is) to solid QL, and as QE (is) to KM, so solid QL 
(is) to solid KP [Prop. 11.32]. And, thus, as solid AB 
is to EO, so EO (is) to QL, and QL to KP. And if four 
magnitudes are continuously proportional then the first 
has to the fourth the cubed ratio that (it has) to the sec¬ 
ond [Def 5.10]. Thus, solid AB has to NP the cubed 
ratio which AB (has) to EO. But, as AB (is) to EO, so 
parallelogram AG (is) to GK, and the straight-line AE 
to EK [Prop. 6.1]. Hence, solid AB also has to KP the 
cubed ratio that AE (has) to EK. And solid KP (is) 
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nXaaiova Xoyov e)(£i T]7i;ep f) oiioXoyoi; otUToO TiXeupa f) AE 
npog TTjv opioXoyov nXeupav xrjv FZ. 


B 


\ 

^_ 

\ 

n 


H 






\ 

\ 



\ 



-- 



A 

E 


A 




M 

J 




O 

Ta apoc ojioia axepea TiapaXXrjXeKiTieSa ev xpmXaaiovi 
Xoycp eaxl xwv 6(ioX6ywv xXeupwv oxep eBei 5el^ai. 

n6pia[Jia. 

’Ex 61^ xouxou cpavepov, 6x1 eav xeaaapsc euiDeTai 
dvaXoyov waiv, eaxoci (be; fj xpwxr) npoQ xf]v xsxdpxrjv, ouxw 
x6 duo xfjt; xpeoxT)!; axepeov xapocXXrjXexmeBov xpoc; x6 dxo 
xfje Seuxepac; x6 opoiov xai 6(io(coc; dvaypacpoptsvov, exsixsp 
xal f) xpwxr) xp6<; xf]v xsxdpxrjv xpixXaafova Xoyov e)(£i. f^Ksp 
xpog xi^v deuxepav. 

X8'. 

Twv ’(acov axepewv xapctXXrjXexixeBwv dvxixexovTlaaiv 
ai pda£i<; toXq uc|j£aiv xai SSv ax£p£Ov xapaXXr)X£xix£5wv 
dvxi.x£x6v'daai.v at pda£i<; toXq uc|j£aiv, laa Eaxlv £X£Tva. 

’Elaxw ’(aa ax£p£d xo(paXXr)X£xix£ 5 a xd AB, FA' XEyw, 
oxi xov AB, FA ax£p£c 5 v xapaXXr]X£xi.x£6ov dvxixExovdaaiv 
ai pdoEic; xoTc; u(J;eCTiv, xoti £axiv (bg fj E 0 pdon; xpoc; xf]v 
NB pdaiv, ouxW(; x6 xoO FA ax£p£oO u^ioi; xp6(; x6 xoO AB 
ax£p£oO ucjjoc- 

’Elaxwaav ydp xpoxEpov ai EcpEaxrjxutai. at AH, EZ, AB, 
0 K, FM, NS, OA, HP xpoc; op'dde xaTc pdoEaiv aOxAv 
XEyw, 0x1. Eaxlv A<; f) E 0 pdai.(; xpoc; xiQv NH pdaiv, ouxwe 
f) FM xp6<; xi^v AH. 

El piEv ouv ’larj saxiv f) E 0 pdaiv xfj NH pdoEi, saxi Be 
xai x6 AB axEpEov xA FA axEpEW ’(aov, saxai xal fj FM xfj 
AH ’lar). xd ydp 0 x 6 x6 aOxo 0 i|>O(; axEpEd xapaXXrjXExlxEBa 
xpoc; dXXrjXd saxiv &>q at pdasii;. xal saxai A<; f) E 0 pdai<; 
xpoc; xr)v NH, oOxwe f) FM xp6<; xr)v AH, xal epavspov, 6x1 


equal to solid CD, and straight-line EK to CF. Thus, 
solid AB also has to solid CD the cubed ratio which its 
corresponding side AE (has) to the corresponding side 

CF. 


B O 



Thus, similar parallelepiped solids are to one another 
as the cubed ratio of their corresponding sides. (Which 
is) the very thing it was required to show. 

Corollary 

So, (it is) clear, from this, that if four straight-lines are 
(continuously) proportional then as the first is to the 
fourth, so the parallelepiped solid on the first will be to 
the similar, and similarly described, parallelepiped solid 
on the second, since the first also has to the fourth the 
cubed ratio that (it has) to the second. 

Proposition 34^ 

The bases of equal parallelepiped solids are recip¬ 
rocally proportional to their heights. And those paral¬ 
lelepiped solids whose bases are reciprocally proportional 
to their heights are equal. 

Let AB and CD be equal parallelepiped solids. I say 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights, and (so) as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB. 

For, first of all, let the (straight-lines) standing up, 
AG, EE, LB, HK, CM, NO, PD, and QR, be at right- 
angles to their bases. I say that as base EH is to base 
NQ, so CM (is) to AG. 

Therefore, if base EH is equal to base NQ, and solid 
AB is also equal to solid CD, CM will also be equal to 
AG. For parallelepiped solids of the same height are to 
one another as their bases [Prop. 11.32]. And as base 
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Twv AB, FA aTspewv nctpaXXrjXemneBcov avTinsTCOvTlaaiv at 
pdaeic; xoiQ ucj^eaiv. 



Mi^ eaxw 5i^ larj f] E0 pdai<; Tfj Nil pdaei, dXX’ eaxw 
[iSL^wv f] E0. eaxi 5e xal x6 AB axspeov xA FA axepeA 
laov ^lei^wv dpa eaxl xal fj FM xfji; AH. xeiaDco ouv xfj 
AH lar) f] FT, xal aupxexXripAa'da) dxo pdasw(; pev xfjc 
NH, uc|jou<; 6e xoO FT, axspeov xapaXXr]Xex[xs6ov x6 <I>F. 
xal exel laov eaxl x6 AB axspeov xA FA axepeA, c^wDev 5e 
x6 F<I>, xd 5e laa xpog x6 auxo xov auxov cxei Xoyov, eaxiv 
dpa Ac; x6 AB axspeov xpoc; x6 F<i> axspeov, ouxcoc; x6 FA 
axspeov xpoc; x6 F$ axspeov. dXX’ Ac; [iev x6 AB axspeov 
xpoc; x6 F<I> axspeov, ouxcoc; fj E0 pdaic; xpoc; xrjv NH pdaiv 
laout|;f) ydp xd AB, F<I> axeped' Ac; 5e x6 FA axspeov xpoc; 
x6 F<I> axspeov, ouxwc; fj MH pdaic; xpoc; xrjv TH pdaiv 
xal T) FM xpoc; xf)v FT- xal Ac; dpa rj E0 pdaic; xpoc; xrjv 
NH pdaiv, ouxwc; rj MF xpoc; xf)v FT. larj 6e rj FT xfj AH- 
xal Ac; dpa rj E0 pdaic; xpoc; xrjv NH pdaiv, ouxwc; f) MF 
xpoi; xf]v AH. xAv AB, FA dpa axepsAv KapaXXrjXsKiKeBwv 
cxvxixsKov-daaiv at pdaeic; xoTc; ucjisaiv. 

HdXiv 6f] xAv AB, FA axspsAv TiapaXXrjXeTii'KeBov cxvxi- 
xsKov-dexwaav at pdasic; xoTc; ucjisaiv, xal eaxw Ac; fj E0 
pdaic; Tipoc; xf]v NH pdaiv, ouxoc; x6 xoO FA axepsoO uil>oc; 
xpoc; x6 xoO AB axepsoO ui|;oc;- Xeyw, 6xi laov eaxl x6 AB 
axspeov xA FA axspsA. 

’Tlaxwaav [ydp] xdXiv at ecpeaxrjxuTai xpoc; opDdc; xaTc; 
pdasaiv. xal ei pcv lar) eaxiv fj E0 pdaic; xfj NH pdasi, xai 
eaxiv Ac; -f) E0 pdaic; xpoc; xf)v NH pdaiv, ouxoc; x6 xoO 
FA axepsoO ui|>oc; xpoc; x6 xoO AB axepsoO uijjoc;, laov dpa 
eaxl xal x6 xoO FA axepsoO ucjioc; xA xoO AB axepsoO ucjisi. 
xd 6e era lawv pdaswv axeped KapaXXrjXsKiKeBa xal 0x6 x6 
aOxo uijjoc; laa dXXf]Xoic; eaxiv- laov dpa eaxl x6 AB axspeov 
xA FA axepsA. 

Mf) eaxw 6f) fj E0 pdaic; xfj NH [pdasi] larj, dXX’ eaxw 
psi^wv f] E0- ^sT^ov dpa eaxl xal x6 xoO FA axepsoO uil^oc; 
xoO xoO AB axepsoO ucjiouc;, xouxeaxiv f] FM xfjc; AH. 
xeia-dw xfj AH larj xdXiv f] FT, xal aupxexXrjpAa'dw o^oiox; 
x6 F<I> axspeov. exei eaxiv Ac; -f) E0 pdaic; xpoc; xf)v NH 
pdaiv, ouxwc; f] MF xpoi; xfjv AH, larj 8e f] AH xfj FT, 


ER (is) to NQ, so CM will be to AG. And (so it is) clear 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights. 

R D 




So let base EH not be equal to base NQ, but let EH 
be greater. And solid AB is also equal to solid CD. Thus, 
CM is also greater than AG. Therefore, let CT be made 
equal to AG. And let the parallelepiped solid VC have 
been completed on the base NQ, with height CT. And 
since solid AB is equal to solid CD, and CV (is) extrinsic 
(to them), and equal (magnitudes) have the same ratio to 
the same (magnitude) [Prop. 5.7], thus as solid AB is to 
solid CV, so solid CD (is) to solid CV. But, as solid AB 
(is) to solid CV, so base EH (is) to base NQ. For the 
solids AB and CV (are) of equal height [Prop. 11.32]. 
And as solid CD (is) to solid CV, so base MQ (is) to base 
TQ [Prop. 11.25], and CM to CT [Prop. 6.1]. And, thus, 
as base EH is to base NQ, so MC (is) to AG. And CT 
(is) equal to AG. And thus as base EH (is) to base NQ, 
so MC (is) to AG. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepipid solids AB 
and CD be reciprocally proportional to their heights, and 
let base EH be to base NQ, as the height of solid CD (is) 
to the height of solid AB. I say that solid AB is equal to 
solid CD. [For] let the (straight-lines) standing up again 
be at right-angles to the bases. And if base EH is equal 
to base NQ, and as base EH is to base NQ, so the height 
of solid CD (is) to the height of solid AB, the height of 
solid CD IS thus also equal to the height of solid AB. 
And parallelepiped solids on equal bases, and also with 
the same height, are equal to one another [Prop. 11.31]. 
Thus, solid AB is equal to solid CD. 

So, let base EH not be equal to [base] NQ, but let 
EH be greater. Thus, the height of solid CD is also 
greater than the height of solid AB, that is to say CM 
(greater) than AG. Let CT again be made equal to AG, 
and let the solid CV have been similarly completed. 
Since as base EH is to base NQ, so MC (is) to AG, 
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eaxLv apa dx; fj E0 pdaig Tipoi; xrjv Nil pdaiv, outW(; rj FM 
npog TTjv FT. dXX’ (be; (lev f) E0 [pdaie;] Tipoc; Tf]v Nil pdaiv, 
ouTOe; TO AB oTEpsov xpdz TO F<I> aTEpEov iaou(|ifi yap 
eoTi Ta AB, F$ aTEpsa- (b(; Be f) FM Kpoc ti^v FT, ouTcoe; 
f] TE MB pdaie; Tipoe; Tf]v FIT pdaiv xa'i to FA oTspEov 
npoe; TO F<I> OTEpEov. xal (be; dpex to AB axEpEov xpoe; to 
F(I> OTEpEOV, OUTCOe; TO FA OTEpEOV Xpoe; TO F<I> OTEpEOV 
ExexTEpov dpa twv AB, FA xpoe; to F(I> tov auTov £)(ei. 
Xoyov. laov dpa eoti to AB oTEpsov tA FA oTEpEA. 


K B 




Mi^ eaTCoaav 8-q ai EcpEaTTjxuIai al ZE, BA, HA, K0, 
SN, AO, MF, PH xpoe; opDde; TaT(; pdoEaiv auxAv, xal 
fixiSwaav (xxo tAv Z, H, B, K, S, M, P, A arjpLEiajv sxl 
TOC Bid tAv E0, NH ExlxEBa xdDsToi xai auiipaXXsTcoaav 
Tole; £7i;i7i;£Boi.e; xaxd toc S, T, T, <!>, X, 'F, 0, c, xal aupi- 
xExXrjpAa'dco xd Z<I>, 50 axEpEd' XEyco, oxi. xal ouxcoi; lacov 
ovTCOv tAv AB, FA axEpsAv dvxi.xEKov'daai.v al pdoEie; xoTe; 
ucl>£ai.v, xal saxiv Ac; f) E0 pdaiv xpoe; xrjv NH pdaiv, ouxcoe; 
TO TOO FA aXEpEoO UejlOe; Xpoe; TO ToO AB OTEpEoO Utj^Oi;. 

’EkeI laov £0x1 TO AB oxEpEov xA FA oxEpEA, dXXd to 
ptEv AB tA BT EOTiv loov sxi te ydp xfje; auxfje; pdoEAe; 
Eioi xfje; ZK xal 0x6 to aOxo Oc|>oe;- to Be FA oxEpEov xA 
A'F EOTIV loov £xi TE ydp xdXi.v xfje; auTfje; pdosAe; eioi xfje; 
PS xal 0x6 t6 aOT6 0c|>O(;' xal t6 BT dpa oxEpEdv xA A^c 
OTEpEA loov EOTIV. EOT 1 .V dpa Ae; f) ZK pdoie; xpdz xrjv 5P 
pdoLV, oUTCOe; t6 tou A'F oxEpEoO ucjjoe; xp6e; t6 tou BT 
OTEpEoO uejioe;. lor] Be f] pisv ZK pdoie; xfj E0 pdosi, f] Be 
5P pdoie; xfj NH pdoEr Eoxiv dpa Ae; f] E0 pdoie; xp6e; xfjv 
NH pdoiv, ouTcoe; t6 tou AH' oTEpsoO utj;o(; xp6(; t6 tou BT 
OTEpEou uil>oe;. xd B’ aOxd ui|>r) eotI tAv AH', BT oxEpEAv 
xal tAv AF, BA- eotiv dpa A(; f] E0 pdoie; xpdz xi^v NH 


and AG (is) equal to CT, thus as base EH (is) to base 
NQ, so CM (is) to CT. But, as [base] EH (is) to base 
NQ, so solid AB (is) to solid CV. For solids AB and CV 
are of equal heights [Prop. 11.32]. And as CM (is) to 
CT, so (is) base MQ to base QT [Prop. 6.1], and solid 
CD to solid CV [Prop. 11.25]. And thus as solid AB (is) 
to solid CV, so solid CD (is) to solid CV. Thus, AB and 
CD each have the same ratio to CV. Thus, solid AB is 
equal to solid CD [Prop. 5.9]. 


K B 



So, let the (straight-lines) standing up, EE, BL, CA, 
KH, ON, DP, MC, and RQ, not be at right-angles to 
their bases. And let perpendiculars have been drawn to 
the planes through EH and NQ from points E, C, B, K, 
O, M, R, and D, and let them have joined the planes at 
(points) S, T, U, V, W, X, Y, and a (respectively). And 
let the solids EV and OY have been completed. In this 
case, also, I say that the solids AB and CD being equal, 
their bases are reciprocally proportional to their heights, 
and (so) as base EH is to base NQ, so the height of solid 
CD (is) to the height of solid AB. 

Since solid AB is equal to solid CD, but AB is equal 
to BT. For they are on the same base EK, and (have) the 
same height [Props. 11.29, 11.30]. And solid CD is equal 
is equal to DX. For, again, they are on the same base RO, 
and (have) the same height [Props. 11.29, 11.30]. Solid 
BT is thus also equal to solid DX. Thus, as base EK (is) 
to base OR, so the height of solid DX (is) to the height 
of solid BT (see first part of proposition). And base EK 
(is) equal to base EH, and base OR to NQ. Thus, as 
base EH is to base NQ, so the height of solid DX (is) to 
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pdaiv, ouTWc; to toO AF aTspeoO uc|jo<; Tipoc; to toO AB ots- 
psoO uc|jo<;. Twv AB, FA dpa oTepewv TiapocXXrjXeTCiTCeBwv 
dvTi.TiSKOv'daai.v at pdaen; toXq utjisaiv. 

F[dXi.v 6f] Twv AB, FA aTspeSv TiapaXXrjXeTii.TisBov dvTi.- 
TieKovdeTwaav at pdasic toXq ucjjsaiv, xai eotw (be; f) E0 
pdaic; Tipoc; Tf]v NF[ pdaiv, out( 0 <; to tou FA oTepsou u(|>oc; 
Tipoc; TO TOU AB aTEpsoO u(|;oc;- Xsyw, oti laov soti to AB 
aTspeov Tcb FA aTepew. 

T(bv ydp auTWv xaTaaxeuaa'devTWv, enei eotiv Ac; f) E0 
pdaii; xpoc; Tf]v NF[ pcxaiv, outcoc; to tou FA oTepsoO uclroc; 
xpoi; TO TOU AB aTspeou utj;o(;, far) 6e f] ^ev E0 pcxaic; Tfj 
ZK pciaei, f) 8s NB Tfj SP, sotiv dpa Ac; fj ZK pdaic; xpoc; 
Tf]v SP pdaiv, ouTcoc; to tou FA oTspsou ui|toc; Tipoc; to 
TOU AB oTspsou ui|toc;. toi 8’ auTd ui^ir) eotI tAv AB, FA 
OTspsAv xal tAv BT, A^'- eotiv dpa Ac; f) ZK pdai(; xpoc; 
Tf]v SP pdaiv, ouTCOc; to tou A'F aTspsou uij^oc; xpoc; to tou 
BT aTspsoO ui|toi;. tAv BT, A'F dpa aTspsAv TiapaXXrjXs- 
xixeScov dvTiTiExovdaaiv ai pdasic toTc; uilrsaiv laov dpa saTi 
TO BT aTspsov tA A^' aTspsA. dXXd to (iev BT tA BA 
laov saTiv tni te ydp Tfjc; auTfjc; pdaswe; [siai] Tfjc; ZK xal 
0x6 TO auTO ucjioc;. to Se A^' aTspsov tA AF aTspsA laov 
saTiv. xal TO AB dpa aTspsov tA FA aTspsA saTiv laov 
oxEp £8 ei SsT^ai- 


the height of solid BT. And solids DX, BT are the same 
height as (solids) DC, BA (respectively). Thus, as base 
EH is to base NQ, so the height of solid DC (is) to the 
height of solid AB. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepiped solids 
AB and CD be reciprocally proportional to their heights, 
and (so) let base EH be to base NQ, as the height of 
solid CD (is) to the height of solid AB. I say that solid 
AB is equal to solid CD. 

For, with the same construction (as before), since as 
base EH is to base NQ, so the height of solid CD (is) to 
the height of solid AB, and base EH (is) equal to base 
EK, and NQ to OR, thus as base EK is to base OR, 
so the height of solid CD (is) to the height of solid AB. 
And solids AB, CD are the same height as (solids) BT, 
DX (respectively). Thus, as base EK is to base OR, so 
the height of solid DX (is) to the height of solid BT. 
Thus, the bases of the parallelepiped solids BT and DX 
are reciprocally proportional to their heights. Thus, solid 
BT is equal to solid DX (see first part of proposition). 
But, BT is equal to BA. For [they are] on the same base 
EK, and (have) the same height [Props. 11.29, 11.30]. 
And solid DX is equal to solid DC [Props. 11.29, 11.30]. 
Thus, solid AB is also equal to solid CD. (Which is) the 
very thing it was required to show. 


t This proposition assumes that (a) if two parallelepipeds are equal, and have equal bases, then their heights are equal, and (b) if the bases of 
two equal parallelepipeds are unequal, then that solid which has the lesser base has the greater height. 


Xs'. 

’Eav Aai 6uo ywviai £x[x£8oi laai, sxl 86 tAv xo- 
puepAv auTAv pETStopoi EudElai ExiaTaOAaiv laac; ytoviac; 
xEpiEyouaai pETa tAv e^ euOeiAv sxaTspav sxaTspex, 

£xi 86 tAv pETEAptov XTicpOf) Tuxovra arjpEla, xal an aurAv 
6x1 Ta 6xix£8a, ev oTc; Eiaiv ai 6? “PXil? ywviai, xcihEToi 
dxdAaiv, dxo 86 tAv yEvopEveuv arjpEicov 6v toTc; £xix£8oic; 
6x1 Tac; 65 dpxfjc; ycoviac; Exi^suxUAaiv EuOElai, laac; ycuviac; 
xEpiE^ouai pExd tAv pETEApeov. 

TilaTCuaav 6uo yorviai Euhuypappoi laai ai uxo BAF, 
EAZ, dxo 86 tAv A, A aqpEicuv pETScopoi EuilElai sepEaxaT- 
(oaav ai AH, AM laac; ycuviac; xEpiEXOUaiv pExd tAv 65 
dpyfji; euOeiAv sxaxspav ExaTspa, ttjv p6v 0x6 MAE tt) 
0x6 HAB, TTjv 86 0x6 MAZ Tfj 0x6 HAF, xal EiXfjcpOto 
6x1 tAv ah, am TUxovTa arjpEla xd H, M, xal fjyOtoaav 
dx6 tAv H, M arjpEicov 6x1 xd 6id xAv BAF, EAZ £xix£8a 
xahETOi ai HA, MN, xal aupPaXXsToraav xoTc; £xix£8oi(; 
xaxd xd A, N, xal EXE^sOxiltoaav ai AA, NA- XEyco, oxi lar] 
6aTlv f) 0x6 HAA ytovia xf) 0x6 MAN yovicx. 


Proposition 35 

If there are two equal plane angles, and raised 
straight-lines are stood on the apexes of them, containing 
equal angles respectively with the original straight-lines 
(forming the angles), and random points are taken on 
the raised (straight-lines), and perpendiculars are drawn 
from them to the planes in which the original angles are, 
and straight-lines are joined from the points created in 
the planes to the (vertices of the) original angles, then 
they will enclose equal angles with the raised (straight¬ 
lines). 

Let BAC and EDF be two equal rectilinear angles. 
And let the raised straight-lines AC and DM have been 
stood on points A and D, containing equal angles respec¬ 
tively with the original straight-lines. (That is) MDE 
(equal) to GAB, and MDE (to) GAC. And let the ran¬ 
dom points G and M have been taken on AG and DM 
(respectively). And let the GL and MN have been drawn 
from points G and M perpendicular to the planes through 
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KeiaiSw xfj AM lar) fj A0, xal fixilw Bia toO 0 arj^eiou 
Tfj HA napaXXrjXot; rj 0K. f) 5s HA xailexoi; eaxiv exl to 
5i.a xAv BAT exlxsBov xal f) 0K apa xaiSexoc eoxiv exl x6 
5i.a xwv BAT skikeBov. fix'dwaav dxo xAv K, N ar)(J£iwv 
£xl xd<; Ar, AZ, AB, AE EuilEiat; xaiSExoi. al KF, NZ, KB, 
NE, xal EKE^EUX'dwaav ai 0r, FB, MZ, ZE. Exd x6 dxo 
xfjc; 0A laov saxl xoTc; dxo xAv 0K, KA, xA Be dxo xf)<; KA 
Xaa. £0x1 xd dxo xAv KF, FA, xal x6 dxo xfjc 0A dpa loov 
£0x1 xoTc dxo xAv 0K, KF, FA. xoTc Be dxo xAv 0K, KF 
loov £0x1 x6 dxo xfjc 0F- x6 dpa dxo xfjc 0A loov eoxI xoTc 
dxo xAv 0F, FA. opDf) dpa eoxIv f] Oko 0FA ywvia. Bid xd 
auxd 5f] xal f] 0x6 AZM ywvia opDfj eoxlv. Tor] dpa Eoxlv 
f] UKO AF0 ywvla xfj 0x6 AZM. eoxi Be xal f] Otio 0AF 
xfj UKo MAZ Tor]. BOo Bf] xplywvd eoxi xd MAZ, 0AF Buo 
ywviac Buol yoviaic loac Exovxa ExaxEpav ExaxEpa xal plav 
xXEupdv pid TiXEupd lorjv xf)v uxoxElvouoav uko (iiav xAv 
loov ywvi.Av xf]v 0A xfj MA- xal xdc Xoixdc dpa TiXEupdc 
xaTc XoixaTc xXEupaTc loac e^ei. sxaxspav Exapspa. lor) dpa 
Eoxlv f) AF xfj AZ. opoloc Bf) BeI^o^ev, 6 xi xal f) AB xfj 
AE EOXIV lor). ekeI ouv lor) soxlv f) psv AF xfj AZ, f) Be 
AB xfj AE, Buo Bf) at FA, AB Buol xalc ZA, AE loai. eIoIv. 
dXXd xal ywvia f) 0x6 FAB ywvia xfj uxo ZAE eoxiv lor)' 
pdoLC dpa f) BF pdoEi. xfj EZ lor) soil xal x6 xpiywvov xA 
xpiyAvw xal at Xoixal ywviai. xdlc XoltioIc yov(ai.c' lor) dpa f) 
0x6 AFB ywvia xfj 0x6 AZE. eoxl Be xal opDf) f) 0x6 AFK 
op'dfj xfj 0x6 AZN lor)' xal Xoixf) dpa f) 0x6 BFK Xoixfj xfj 
0x6 EZN EOXLV lor). Bid xd aOxd Bf) xal f) 0x6 FBK xfj 0x6 
ZEN EOXIV lor). Buo Bf) xpiywvd eoxi. xd BFK, EZN [xdc] 
Buo ywvlac Buol ywvlaic loac sxovxa sxaxspav sxaxspa xal 
plav xXsupdv pid xXsupd lor)v xf)v xp6c xalc loaic ywvlaic 
xf)v BF xfj EZ' xal xdc Xoixdc dpa xXsupdc xalc XoLxdlc 
xXsupalc loac e^ouolv. lor) dpa soxlv f) FK xfj ZN. eoxi Be 


BAC and EOF (respectively). And let them have joined 
the planes at points L and N (respectively). And let LA 
and ND have been joined. I say that angle GAL is equal 
to angle MDN. 



Let AH be made equal to DM. And let HK have been 
drawn through point H parallel to GL. And GL is per¬ 
pendicular to the plane through BAG. Thus, HK is also 
perpendicular to the plane through BAG [Prop. 11.8]. 
And let KG, NF, KB, and NE have been drawn from 
points K and N perpendicular to the straight-lines AG, 
DF, AB, and DE. And let HC, GB, MF, and FE have 
been joined. Since the (square) on HA is equal to the 
(sum of the squares) on HK and KA [Prop. 1.47], and 
the (sum of the squares) on KG and CA is equal to the 
(square) on KA [Prop. 1.47], thus the (square) on HA 
is equal to the (sum of the squares) on HK, KG, and 
GA. And the (square) on HC is equal to the (sum of 
the squares) on HK and KG [Prop. 1.47]. Thus, the 
(square) on HA is equal to the (sum of the squares) 
on HC and CA. Thus, angle HCA is a right-angle 
[Prop. 1.48]. So, for the same (reasons), angle DFM 
is also a right-angle. Thus, angle ACH is equal to (an¬ 
gle) DFM. And HAG is also equal to MDF. So, MDF 
and HAG are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), that subtending one of the equal angles —(that 
is), HA (equal) to MD. Thus, they will also have the re¬ 
maining sides equal to the remaining sides, respectively 
[Prop. 1.26]. Thus, AC is equal to DF. So, similarly, we 
can show that AB is also equal to DE. Therefore, since 
AC is equal to DF, and AB to DE, so the two (straight¬ 
lines) CA and AB are equal to the two (straight-lines) 
FD and DE (respectively). But, angle CAB is also equal 
to angle FDE. Thus, base BC is equal to base EF, and 
triangle {ACB) to triangle {DFE), and the remaining 
angles to the remaining angles (respectively) [Prop. 1.4]. 
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xal f) AT xfj AZ larj- 6uo Srj al AF, FK 6ual xoic; AZ, ZN 
laai siaiv xai op-dat; ywviat; Tispisxouaiv. pdaic; dpa fj AK 
pdasL xfj AN lar] eaxiv. xal exei lar] eaxlv fj A0 xfj AM, 
laov saxi xal x6 duo xfjg A0 xw duo xfjg AM. dXXd xG p,£v 
d-KO xfji; A0 Xaa eaxi xd duo xGv AK, K0- opilf] ydp f] bnb 
AK0- xG 6e dxo xfjc; AM Xaa xd dxo xGv AN, NM- opDf) 
ydp f) UKO ANM' xd dpa dxo xGv AK, K0 laa eaxl toXq 
and xGv AN, NM, Gv x6 anb xfjc AK laov eaxl xG anb xfjc 
AN- XoLTiov dpa x6 duo xfjc K0 laov eaxl xG duo xfjc NM- 
lar] dpa f) 0K xfj MN. xal exel 8uo ai 0A, AK 8ual xalc 
MA, AN laai eialv exaxcpa exaxepa, xal pdaic f) 0K pdaei. 
xfj MN eSeix-dr] larj, ywvla dpa f) bnb 0AK ywvia xfj bnb 
MAN eaxLv lar]. 

’Edv dpa fiai. 8uo ywvlai enlxeSoi laai xal xd e^fjc tfjc 
upoxdaewc [oTiep e6ei BeT^ai]. 


Hopiapa. 

’Ex 6f] xoOxou cpavepov, oxi, edv 6ai 6uo ywviai eniTieSoi 
’laai, exiaxaDGai 6c en’ auxGv [icxetopoi euDclai ’laai ’laac 
ywvlac Kcpicxouaai (jcxd xGv e? dpxfjc cMeiGv cxaxcpav 
exaxcpa, ai dx’ auxGv xd-dcxoi dyopcvai exl xd ex[xc6a, cv 
olc e’laiv ai c^ ywvlai, ’laai dXXfjXaic c’lalv. oxcp c5ci 

6 eT^ai. 


X9. 

’Edv xpcTc euDcTai dvdXoyov Gaiv, x6 ex xGv xpiGv 
axcpcov xapaXXriXcxlxe6ov ’laov eaxl xG dxo xfjc [icarjc 
axcpcG xapaXXr]Xcxixc6a) iaoxXcupw picv, iaoywvlw 6c xG 
xpocipr]picvo. 


Thus, angle ACB (is) equal to DFE. And the right-angle 
ACK is also equal to the right-angle DFN. Thus, the 
remainder BCK is equal to the remainder EFN. So, 
for the same (reasons), CBK is also equal to FEN. 
So, BCK and EFN are two triangles having two an¬ 
gles equal to two angles, respectively, and one side equal 
to one side—(namely), that by the equal angles—(that 
is), BC (equal) to EF. Thus, they will also have the re¬ 
maining sides equal to the remaining sides (respectively) 
[Prop. 1.26]. Thus, CK is equal to FN. And AC (is) also 
equal to DF. So, the two (straight-lines) AC and CK are 
equal to the two (straight-lines) DF and FN (respec¬ 
tively). And they enclose right-angles. Thus, base AK is 
equal to base DN [Prop. 1.4]. And since AH is equal to 
DM, the (square) on AH is also equal to the (square) on 
DM. But, the the (sum of the squares) on AK and KH 
is equal to the (square) on AH. For angle AKH (is) a 
right-angle [Prop. 1.47]. And the (sum of the squares) 
on DN and NM (is) equal to the square on DM. For an¬ 
gle DNM (is) a right-angle [Prop. 1.47]. Thus, the (sum 
of the squares) on AK and KH is equal to the (sum of 
the squares) on DN and NM, of which the (square) on 
AK is equal to the (square) on DN. Thus, the remaining 
(square) on KH is equal to the (square) on NM. Thus, 
HK (is) equal to MN. And since the two (straight-lines) 
HA and AK are equal to the two (straight-lines) MD 
and DN, respectively, and base HK was shown (to be) 
equal to base MN, angle HAK is thus equal to angle 
MDN [Prop. 1.8]. 

Thus, if there are two equal plane angles, and so on 
of the proposition. [(Which is) the very thing it was re¬ 
quired to show]. 

Corollary 

So, it is clear, from this, that if there are two equal 
plane angles, and equal raised straight-lines are stood 
on them (at their apexes), containing equal angles re¬ 
spectively with the original straight-lines (forming the 
angles), then the perpendiculars drawn from (the raised 
ends of) them to the planes in which the original angles 
lie are equal to one another. (Which is) the very thing it 
was required to show. 

Proposition 36 

If three straight-lines are (continuously) proportional 
then the parallelepiped solid (formed) from the three 
(straight-lines) is equal to the equilateral parallelepiped 
solid on the middle (straight-line which is) equiangular 
to the aforementioned (parallelepiped solid). 
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M A Z E 


A- 

B- 

r- 

TilaTwaav Tpelc eOilsTai dvaXoyov ai A, B, F, «<; f) A 
Tipoc; Tf]v B, ouTWc f) B npoQ Tf]v F- Xeyw, oti to ex xwv 

A, B, F oTepeov laov eaxl tG duo Tfjc; B aTepew laoxXeupcp 
txcv, iaoywvicp 6e tw 7ipoeipr]tJievfc). 

’Exxeiailco OTeped ywvia f) xpoi; xO E x8pi8xo(ievr) 0x6 
xwv uxo AEF[, HEZ, ZEA, xal xeiailw xfj [iev B larj exdaxr) 
xAv AE, F[E, EZ, xal au^xexXrjpwa'dw x6 EK axepeov xa- 
paXXr)Xexixe5ov, xfj Be A lar) f] AM, xai auveaxdxw xpoc; 
xfj AM eOileia xai xA xp6<; aOxfj arj^xelw xA A xfj xpoc; xA 
E axeped ytovia larj axeped ycovia f) xepeixojievr) uxo xAv 
NAS, SAM, MAN, xal xeia-do) xfj ^ev B larj f] AS, xfj Be 
F larj f] AN. xal exel eoxiv Ac; f] A xpoc; xfjv B, ouxox; f] B 
xpoi; xf]v F, larj Be f) ytev A xfj AM, fj Be B exaxepcx xAv AS, 
EA, f) Be F xfj AN, eaxiv dpa Ac; fj AM xpoc; xf]v EZ, ouxwc; 
f) AE xpoc; xf)v AN. xal xepl laac; ywvlac; xdc; 0x6 NAM, 
AEZ al xXeupal dvxi.xexovdaai.v laov dpa eaxl x6 MN xa- 
paXXr)X6ypa^^ov xA AZ xapaXXr]Xoypa(id^(ja). xal exel Buo 
ywviai. exixeBoi. eO'duypa^(ioi laai eialv al 0x6 AEZ, NAM, 
xal ex’ aOxAv [iexetopoi euDelai cqjeaxaaiv al AS, EH ’(aai 
xe dXXfjXaLc; xal laac; ywviac; xepiexouaai ^Jiexd xAv e^ dp)(fjc; 
eOileiAv exaxcpav exaxepcx, al dpa dx6 xAv H, S ar)p,e[tov 
xdilexoi. dy6(ievai. exl xd Bid xAv NAM, AEZ exlxeBa taai 
dXXf]Xaic; elaiv Aaxe xd A0, EK axeped 0x6 x6 a0x6 ucjioc; 
eaxiv. xd Be exl ’(awv pdaewv axeped xapaXXrjXexlxeBa xal 
0x6 x6 a0x6 ucjioc; ’laa dXXf]Xoic; eaxiv laov dpa eaxl x6 0A 
ax8pe6v xA EK axepeA. xal eaxi x6 ^Jiev A0 x6 ex xAv A, 

B, F axepeov, x6 Be EK x6 dx6 xfji; B axepeov x6 dpa ex 
xAv A, B, F axepe6v xapaXXrjXexlxeBov ’laov eaxl xA dx6 
xfjc; B axepeA laoxXeupw p,ev, laoytovlcp Be xA xpoeiprijievcp- 
oxep eBei. Bel^ai- 


XC. 

’Edv xeaaapei; eODelai. dvdXoyov Aaiv, xal xd dx’ auxAv 


H K 



M L F E 


A- 

B- 

C- 

Let A, B, and C be three (continuously) proportional 
straight-lines, (such that) as A (is) to B, so B (is) to C. 
I say that the (parallelepiped) solid (formed) from A, B, 
and C is equal to the equilateral solid on B (which is) 
equiangular with the aforementioned (solid). 

Let the solid angle at E, contained by DEG, GEE, 
and FED, be set out. And let DE, GE, and EE each 
be made equal to B. And let the parallelepiped solid 
EK have been completed. And (let) LM (be made) 
equal to A. And let the solid angle contained by NLO, 
OEM, and MEN have been constructed on the straight- 
line EM, and at the point E on it, (so as to be) equal 
to the solid angle E [Prop. 11.23]. And let EG be made 
equal to B, and EN equal to C. And since as A (is) 
to B, so B (is) to G, and A (is) equal to EM, and B 
to each of EO and ED, and C to EN, thus as EM (is) 
to EE, so DE (is) to EN. And (so) the sides around 
the equal angles NEM and DEE are reciprocally pro¬ 
portional. Thus, parallelogram MN is equal to parallel¬ 
ogram DE [Prop. 6.14]. And since the two plane recti¬ 
linear angles DEE and NEM are equal, and the raised 
straight-lines stood on them (at their apexes), EO and 
EG, are equal to one another, and contain equal angles 
respectively with the original straight-lines (forming the 
angles), the perpendiculars drawn from points G and O 
to the planes through NEM and DEE (respectively) are 
thus equal to one another [Prop. 11.35 corn]. Thus, the 
solids EEl and EK (have) the same height. And paral¬ 
lelepiped solids on equal bases, and with the same height, 
are equal to one another [Prop. 11.31]. Thus, solid HE 
is equal to solid EK. And EH is the solid (formed) from 
A, B, and G, and EK the solid on B. Thus, the par¬ 
allelepiped solid (formed) from A, B, and G is equal to 
the equilateral solid on B (which is) equiangular with the 
aforementioned (solid). (Which is) the very thing it was 
required to show. 

Proposition 37^ 

If four straight-lines are proportional then the similar. 
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OTspea KapaXXrjXsKiKsBa o(jLoia ts xai 6(jLoia)c; dvcxYpacpojieva 
dvaXoYov eaxai' xal edv xd dx’ auxwv axeped xapaXXrj- 
XexmeSa 6p,oid xe xal 6p,o[w(; dvaYpacpop-Sva dvdXoYov fj, 
xal auxal al eOilelai dvdXoYov eoovxai. 



A B r A 



TilaxwGav xeaaapsc sOileiai. dvdXoYov al AB, FA, EZ, 
H0, (bi; T) AB xpoc xrjv FA, ouxcoc; rj EZ xpog xrjv H0, xal 
avoLYSYpa.if’Qc^aoLv dxo xwv AB, FA, EZ, H0 ojioid xe xal 
ojiolcoi; xe[p,eva axeped xapaXXrjXexlxeSa xd KA, AF, ME, 
NH' XeYW, 6 x 1 caxlv dx; x 6 KA xpot; x 6 AF, ouxtog x 6 ME 
xpog x 6 NH. 

’Exel Ydp 6 p.oi 6 v caxi x 6 KA axepeov xapaXXrjXexlxeBov 
xw AF, x 6 KA dpa xpoc; x 6 AF xpixXaalova Xoyov e)(ei fjxep 
f) AB xpoc; xrjv FA. 5id xd auxd xal x 6 ME xpot; x 6 NH 
xpixXaalova Xoyov exei fjxep rj EZ xpoc; xiqv H0. xal eaxiv 
(be; T) AB xpoc; xrjv FA, ouxcoc; fj EZ xpoc; xiqv H0. xal cbc; 
dpa x 6 AK xpoc; x 6 AF, ouxcoc; x 6 ME xpoc; x 6 NH. 

AXXd 5f) caxco cbc; x 6 AK axepeov xpoi; x 6 AF axepeov, 
ouxcoc; x 6 ME axepeov xpoc; x 6 NH- XeYCo, 6 xi caxlv cbc; rj 
AB euilcla xpoi; xrjv FA, ouxcoc; rj EZ xpoc; xrjv H0. 

’Excl Ydp TidXiv x 6 KA xpoc; x 6 AF xpmXaalova Xoyov 
cxei fjxep f) AB xpoc; xrjv FA, cxei 8 e xal x 6 ME xpoc; x 6 
NH xpixXaalova Xoyov fjxep f) EZ xpoc; xcqv H0, xal eaxiv 
(be; x 6 KA Tipoc; x 6 AF, ouxcoc; x 6 ME 7 ip 6 <; x 6 NH, xal (be; 
dpa f) AB xpoc; xrjv FA, ouxcoc; rj EZ xpoc; xf)v H0. 

’Edv dpa xeaaapcc; cu-delai dvdXoYov coai xal xd c^fjc; 
xfje; xpoxdaccoc;- oxep e5ci 5el^ai. 


and similarly described, parallelepiped solids on them 
will also be proportional. And if the similar, and similarly 
described, parallelepiped solids on them are proportional 
then the straight-lines themselves will be proportional. 



A B CD 



Let AB, CD, EF, and GH, be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, par¬ 
allelepiped solids KA, LC, ME and NG have been de¬ 
scribed on AB, CD, EF, and GH (respectively). I say 
that as KA is to LC, so ME (is) to NG. 

For since the parallelepiped solid KA\s similar to LC, 
KA thus has to LC the cubed ratio that AB (has) to CD 
[Prop. 11.33]. So, for the same (reasons), ME also has to 
NG the cubed ratio that EF (has) to GH [Prop. 11.33]. 
And since as AB is to CD, so EF (is) to GH, thus, also, 
as AK (is) to LC, so ME (is) to NG. 

And so let solid AK be to solid LC, as solid ME (is) 
to NG. 1 say that as straight-line AB is to CD, so EF (is) 
to GH. 

For, again, since KA has to LC the cubed ratio that 
AB (has) to CD [Prop. 11.33], and ME also has to AG 
the cubed ratio that EF (has) to GH [Prop. 11.33], and 
as AT A is to LC, so ME (is) to NG, thus, also, as AB (is) 
to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, and so 
on of the proposition. (Which is) the very thing it was 
required to show. 


t This proposition assumes that if two ratios are equal then the cube of the former is also equal to the cube of the latter, and vice versa. 


M- 

’Edv xu[3ou xebv dxcvavxlov eTii7tc6cPv al itXcupal 8lxa 
xpridcbaiv, 6id 6e xebv xopcbv cxlxeSa cxpXri'df), f) xoivf) xopr) 
xebv e7U7tc5cpv xal f) xou xu[3ou Bidpcxpoc; Blya xcpvouaiv 
dXXfjXac;. 


Proposition 38 

If the sides of the opposite planes of a cube are cut 
in half, and planes are produced through the pieces, then 
the common section of the (latter) planes and the diam¬ 
eter of the cube cut one another in half. 
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Kupou Y«p TOU AZ Twv dmevavTiov emneScov xwv FZ, 
A0 at TiXeupal hl)(a TSTiiriailwaav xaxa xa K, A, M, N, S, 
n, O, P aripLEla, 6ia 6e xwv xopiGv exiTisBa expe^Xi^ailo xa 
KN, SP, xoivi^ 8s xopif] xwv skikeBwv saxw f) TS, xoO Be 
AZ xOpou BiaywvLOi; f] AH. Xsyw, oxi far) saxlv fj ^ev TT 
xfj TE, f) Be at xfj TH. 

’ExE^EUX'dwaav yap ai AT, TE, BE, EH. xai exeI 
xapdXXrjXoc; saxiv f) AS xfj OE, at svaXXd^ 

AST, TOE laai. dXXrjXai.(; slaE. xai exeI lar) saxlv f) (iev 
AS xfj OE, f] Be ST xfj TO, xai ywviat; Ioolq xspisxouaiv, 
pdaic; dpa f) AT xfj TE saxiv lar), xai x6 AST xpiyovov xA 
OTE xpiyAvw saxlv laov xai at Xoixal ywviai xaT<; Xoixoic 
ycoviaic; laai- lar) dpa f) 0x6 STA ywvia xfj 0x6 OTE ywvia. 
8id Bf) xoOxo eODeToi saxiv f] ATE. Bid xd aOxd Bf] xai BEH 
EODsTd saxiv, xai lar] f] BE xfj EH. xai exeI f] PA xfj AB 
lar] saxl xai xapdXXr]Xo<;, dXXd f] PA xai xfj EH lar] xs 
saxi xai xapdXXrjXoc, xai f) AB dpa xfj EH lar] xs saxi 
xai xapdXXr)Xo<;. xai Exi^suyvOouaiv aOxdc; sODsTai al AE, 
BH- xapdXXrjXoc dpa saxlv f] AE xfj BH. lar) dpa f] pisv 0x6 
EAT ywvia xfj 0x6 BHT- svaXXd^ ydp' f] Be 0x 6 ATT xfj 
0x6 HTE. Buo Bf) xpiywvd saxi xd ATT, HTE xdc; Buo 
ywviac xdic; Bual ywvian; laac; £)(ovxa xai (iiav xXsupdv ^la 
xXsupa lar)v xf]v Oxoxsivouaav 0x6 piiav xAv lawv ywviAv 
xf)v AT xfj HE- fipLiasiai ydp siai xAv AE, BH- xai xd<; 
Xoixdc; xXsupdc; xdic; Xoixalc xXsupdic; Ioolq e^ei. lar) dpa f) 
piEv AT xfj TH, f) Be TT xfj TE. 

’Edv dpa xOpou xAv dxsvavxiov exixeBov ai xXsupal Bixa 
xpiriilAaiv, 8id Be xAv xopiAv sxixsBa £xpXr]'dfj, fj xoivf) xo^f) 
xAv exixeBwv xai f) xoO xOpou Bid(i£xpo<; Bixa x£(jLvouaiv 
dXXrjXaz' oxsp eBei Bsl^ai- 



For let the opposite planes CF and AR of the cube 
AF have been cut in half at the points K, L, M, N, O, 
Q, P, and R. And let the planes KN and OR have been 
produced through the pieces. And let US he the common 
section of the planes, and DG the diameter of cube AF. 
I say that UT is equal to TS, and DT to TG. 

For let DU, UE, BS, and SG have been joined. And 
since DO is parallel to PE, the alternate angles DOU and 
UPE are equal to one another [Prop. 1.29]. And since 
DO is equal to PE, and OU to UP, and they contain 
equal angles, base DU is thus equal to base UE, and tri¬ 
angle DOU is equal to triangle PUE, and the remaining 
angles (are) equal to the remaining angles [Prop. 1.4]. 
Thus, angle OUD (is) equal to angle PUE. So, for this 
(reason), DUE is a straight-line [Prop. 1.14]. So, for 
the same (reason), BSG is also a straight-line, and BS 
equal to SG. And since GA is equal and parallel to DB, 
but GA is also equal and parallel to EG, DB is thus also 
equal and parallel to EG [Prop. 11.9]. And the straight¬ 
lines DE and BG join them. DE is thus parallel to BG 
[Prop. 1.33]. Thus, angle EDT (is) equal to BGT. For 
(they are) alternate [Prop. 1.29]. And (angle) DTU (is 
equal) to GTS [Prop. 1.15]. So, DTU and GTS are two 
triangles having two angles equal to two angles, and one 
side equal to one side—(namely), that subtended by one 
of the equal angles—(that is), DU (equal) to GS. For 
they are halves of DE and BG (respectively). (Thus), 
they will also have the remaining sides equal to the re¬ 
maining sides [Prop. 1.26]. Thus, DT (is) equal to TG, 
and UT to TS. 

Thus, if the sides of the opposite planes of a cube are 
cut in half, and planes are produced through the pieces, 
then the common section of the (latter) planes and the 
diameter of the cube cut one another in half (Which is) 
the very thing it was required to show. 
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Proposition 39 


’Eav fj 8uo Tipia^xaTa iaou^ifj, xal to (jev e)(fj pdaiv na- 
paXkrik6xpa\i\io\), to 5e xpiycovov, 5i.7iXdaiov 6e fj to napaX- 
XrjXoYpapiiov toO Tpiytovou, laa eoToci toc npia^aTa. 



E Z H K 


TilaTW 6uo TipiapiaTa iaouc|jf) Td ABFAEZ, H0KAMN, 
xai TO (lev eyexcT) pdaiv to AZ TiapaXXrjXoypaiJ^ov, to 
5s TO H0K Tpiywvov, 6i7i;Xdai.ov 6e sotw to AZ xapaX- 
Xr]X6ypa(j^ov too H0K TpiyAvou- Xsyw, oti. Taov eotI to 
ABFAEZ xpia^a tA H0KAMN xpiapiaTi.. 

Eu(J7i:E7i;Xr]pAa'dw ydp Td AS, HO aTEpsd. etieI 5i.7iXdai6v 
EOTi. TO AZ 7iapaXXr]X6ypa(jpiov toO H0K TpiyAvou, eoti 
Se xal TO 0K TCapaXXrjXoypajipov 6i7i;Xdai.ov tou H0K 
Tpiyovou, laov dpa eotI to AZ xapaXXrjXoypa^^ov tA 0K 
7iapaXXr]Xoypd(jpiw. Td Be exI lawv pdaswv ovTa oTEpsd 
xapaXXr]XEx[xE6a xal 0x6 to auTo utjiot; laa dXXrjXoic; eotiv 
laov dpa eotI to AS oTEpsov tA HO aTspsA. xal eoti 
TOO (i£v AS oTEpsou to ABFAEZ xpia^xa, too Be 

HO aTspsoO fipii.au to H0KAMN xpiapia' Taov dpa eotI to 
ABFAEZ xpiapia tA H0KAMN xpiapiaTi. 

’Edv dpa fj Buo xpiapiaTa laoO(J;fj, xal to jisv cxfj pdaiv 
xapaXXrjXoypapipiov, to Be Tpiycovov, BixXdaiov Be fj to xa- 
paXXrjXoypajipiov tou TpiyAvou, Taa eotI Td xpiajiaTa' oxsp 
eBei Bsl^ai. 


If there are two equal height prisms, and one has a 
parallelogram, and the other a triangle, (as a) base, and 
the parallelogram is double the triangle, then the prisms 
will be equal. 



E F G K 


Let ABCDEF and GHKLMN be two equal height 
prisms, and let the former have the parallelogram AF, 
and the latter the triangle GFIK, as a base. And let par¬ 
allelogram AF be twice triangle GFIK. I say that prism 
ABGDFF is equal to prism GFIKLMN. 

For let the solids AO and GP have been com¬ 
pleted. Since parallelogram AF is double triangle GFIK, 
and parallelogram FIK is also double triangle GFIK 
[Prop. 1.34], parallelogram AF is thus equal to paral¬ 
lelogram HK. And parallelepiped solids which are on 
equal bases, and (have) the same height, are equal to 
one another [Prop. 11.31]. Thus, solid AO is equal to 
solid GP. And prism ABGDFF is half of solid AO, and 
prism GHKFMN half of solid GP [Prop. 11.28]. Prism 
ABGDFF is thus equal to prism GHKFMN. 

Thus, if there are two equal height prisms, and one 
has a parallelogram, and the other a triangle, (as a) base, 
and the parallelogram is double the triangle, then the 
prisms are equal. (Which is) the very thing it was re¬ 
quired to show. 
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tThe novel feature of this book is the use of the so-called method of exhaustion (see Prop. 10.1), a precursor to integration which is generally 
attributed to Eudoxus of Cnidus. 
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OL. 

Ta ev \d\Q xuxXoic; 6[ioia noXuytovoc upoc; aXXrjXd saxiv 
oc; xd duo xwv Biapiexptov xexpdycova. 




Tilaxwaav xOxXoi oi ABF, ZH0, xal ev auxolg opioia 
TioXuywva eaxw xd ABFAE, ZH0KA, Bidpiexpoi 6e xwv 
xOxXwv eaxwaav BM, HN- Xeyw, oxi. eaxiv dx; x6 dTio xfjc 
BM xexpdywvov Kpoc x6 duo xfjc HN xexpdywvov, ouxwc 
x6 ABFAE KoXuywvov Tipoi; x6 ZH0KA xoXuyovov. 

’Exe^cuxilwaav ydp at BE, AM, HA, ZN. xal enel 
opioLov x6 ABFAE TioXuywvov xA ZH0KA KoXuyAvo, lar] 
eaxl xal fj 0x6 BAE ytovia xfj 0x6 HZA, xal eaxiv At; fj BA 
xp6(; xf)v AE, ouxwc; fj HZ xp6c; xi^v ZA. 60o 6f] xpiywvd 
caxi xd BAE, HZA piiav ywviav piid ywvia larjv e^ovxa xrjv 
0x6 BAE xfj 0x6 HZA, xepl 5e xdc; laac; ycoviac; xdc; xXeupdc; 
dvdXoyov laoyAviov dpa eaxl x6 ABE xpiytovov xA ZHA 
xpiyAvcp. I'ar) dpa eaxiv f) 0x6 AEB ywvia xf) 0x6 ZAH. dXX’ 
f) piev 0x6 AEB xf) 0x6 AMB eaxiv lar)- cxl ydp xfji; aOxfjt; 
xepicpepeiac; (3epf]xaaiv fj 5e 0x6 ZAH xfj 0x6 ZNH- xal f) 
0x6 AMB dpa xfj 0x6 ZNH eaxiv lar). eaxi 6c xal opDf) 
f) 0x6 BAM opDf) xf) 0x6 HZN lar)- xal f) Xoixf) dpa xfj 
Xoixf) eaxiv lar). laoyAviov dpa eaxl x6 ABM xpiywvov xA 
ZHN xpiytovw. dvdXoyov dpa eaxiv Ac; f) BM xp6(; xf)v 
HN, ouxwc; f) BA xpdc; xf)v HZ. dXXd xoO (iev xfjc; BM 
xp6(; xf)v HN Xoyov 5ixXaa[tov eaxiv 6 xoO dx6 xfjc; BM 
xcxpayAvou xp6(; x6 dx6 xfjc; HN xcxpdytovov, xoO 5c xfjc; 
BA xp6<; xf)v HZ BixXaaicov eaxiv 6 xoO ABFAE xoXuyAvou 
xp6c; x6 ZH0KA xoXuywvov xal Ac; dpa x6 dx6 xfjc; BM 
xcxpdytovov xp6c; x6 dx6 xfjc; HN xcxpdywvov, ouxtoc; x6 
ABFAE xoXOycovov xp6c; x6 ZH0KA xoXOywvov. 

Td dpa ev xolc; xuxXoic; opioia xoXOycova xp6c; dXXrjXd 
eaxiv Ac; xd dx6 xAv 5ia[iexpwv xcxpdywva' oxcp e5ci Ocl^ai. 


P- 

Oi xOxXoi xp6c; dXXfjXouc; cialv Ac; xd dx6 xAv 5iapicxp«v 
xcxpdywva. 

Tilaxwaav xOxXoi oi ABFA, EZH0, 6idpicxpoi 6c aOxAv 


Proposition 1 


Similar polygons (inscribed) in circles are to one an¬ 
other as the squares on the diameters (of the circles). 




Let ABC and FGH be circles, and let ABODE and 
FGHKL be similar polygons (inscribed) in them (re¬ 
spectively), and let BM and GN be the diameters of the 
circles (respectively). I say that as the square on HM is to 
the square on GN, so polygon ABODE (is) to polygon 
FGHKL. 

For let BE, AM, GL, and FN have been joined. And 
since polygon ABODE (is) similar to polygon FGHKL, 
angle BAE is also equal to (angle) GFL, and as BA 
is to AE, so GE (is) to FL [Def. 6.1]. So, BAE and 
GEL are ttvo triangles having one angle equal to one 
angle, (namely), BAE (equal) to GFL, and the sides 
around the equal angles proportional. Triangle ABE is 
thus equiangular with triangle FGL [Prop. 6.6]. Thus, 
angle AEB is equal to (angle) ELG. But, AEB is equal 
to AMB, and ELG to ENG, for they stand on the same 
circumference [Prop. 3.27]. Thus, AMB is also equal 
to ENG. And the right-angle BAM is also equal to the 
right-angle GEN [Prop. 3.31]. Thus, the remaining (an¬ 
gle) is also equal to the remaining (angle) [Prop. 1.32]. 
Thus, triangle ABM is equiangular with triangle FGN. 
Thus, proportionally, as BM is to GN, so BA (is) to GE 
[Prop. 6.4]. But, the (ratio) of the square on BM to the 
square on GN is the square of the ratio of BM to GN, 
and the (ratio) of polygon ABODE to polygon EGHKL 
is the square of the (ratio) of BA to GE [Prop. 6.20]. 
And, thus, as the square on BM (is) to the square on 
GN, so polygon ABODE (is) to polygon EGHKL. 

Thus, similar polygons (inscribed) in circles are to one 
another as the squares on the diameters (of the circles). 
(Which is) the very thing it was required to show. 


Proposition 2 

Circles are to one another as the squares on (their) 
diameters. 

Let ABCD and EFGH be circles, and [let] BD and 
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[soTwaav] at BA, Z0- Xeyw, oti eaxiv (be; 6 ABBA xOxXoc; 
xpoc; Tov EZH0 xuxXov, outcoc; to dxo Tf)<; BA xsTpdywvov 
xpoc; TO duo Tfjc; Z0 TSTpdycovov. 



s 


T 




Ei ydp sotiv (be; 6 ABFA xuxXoe; xpoe; tov EZH0, 
oUTOJe; TO dxo Tfje; BA TSTpdyoJvov xpoe; to dxo Trje; Z0, 
eoTai. (be; to duo Tfje; BA xpoe; to dxo Tfje; Z0, ouTtoe; 6 
ABFA xOxXoe; f]Toi. xpoe; eXaaaov ti. too EZH0 xuxXou 
)((op(ov f] xpoe; (jeT^ov. eaT(o xpoTspov xpoe; eXaaaov to 
E. xai. eyyeypdcpiloj sie; tov EZH0 xuxXov TSTpdycovov to 
EZH0. TO 6f) eyyeypa[ip,£vov TeTpdy(ovov (jeT^ov eotiv fj to 
fj^JKou ToO EZH0 xOxXou, EXELBrjKEp sdv 6id tAv E, Z, H, 0 
ari^Ei(ov EcpaxTo^iEvai; [EUilEiae;] toO xOxXou dydyoi^Ev, too 
xEpiypacpo^Evou xEpl tov xuxXov TETpayovou fitJii.au eoti 
TO EZH0 TETpdy(ovov, tou Be KEpiypacpEVTOi; TETpaywvou 
sXdTTOJv eotIv 6 xuxXoe;- Aote to EZH0 syyEypoctijiEvov 
TETpdytovov (iEl^ov EGTi. TOU f]tX(aE(oe; tou EZH0 xuxXou. 
TETtJir)a'd(oaav §[)(« ai EZ, ZH, H0, 0E KEpLcpspEiai xaTd 
Td K, A, M, N arjtJiEla, xal £7T:E(^EUxf>(<^aav al EK, KZ, 
ZA, AH, HM, M0, 0N, NE' xal sxaaTov dpa tAv EKZ, 
ZAH, HM0, 0NE TpiyAvtov (ueII^ov eotiv fj to fjjiiau tou 
xaD’ sauTo T(if]tiaToe; tou xuxXou, EXEiBrjUEp sdv Bid tAv 
K, A, M, N arjtiEitov sepaxTopiEvae; tou xuxXou dydyo^tiev 
xal dvanXripAatotiEv Td sxl tAv EZ, ZH, H0, 0E eu^IeiAv 
xapaXXr]X6ypa(it.ta, sxaoTov tAv EKZ, ZAH, HM0, 0NE 
TpiyAv(uv fjiJiau soTai tou xaD’ sauTO 7i;apaXXr)XoypdtJi(Jou, 
dXXd TO xaD’ sauTO TtJif)(ia sXaTTOv eoti tou xapaXXr]- 
Xoypd(Jt.tou' Aote sxaoTov tAv EKZ, ZAH, HM0, 0NE 
TpiyAvojv (ieT^ov eoti tou f)(iiaE( 0 (; tou xaD’ sauTo T[if]tJiaTO(; 
TOU xuxXou. T£(ivovTEi; Bf] Tde; uxoX£ixo(i£va(; xEpicpEpEiae; 
Bixa xal Exi^EuyvuvTEe; EuDEiai; xal touto dsl xoioOvTEe; xa- 
TaX£((|jo(i£v Tiva d7i;oTtJir)(iaTa tou xuxXou, d soTai sXdaaova 
Tfji; UKEpoxfj-;, fi uxEpExei o EZH0 xuxXoe; tou E x«piou. 


FH [be] their diameters. I say that as circle ABCD is to 
circle EFGH, so the square on BD (is) to the square on 
FH. 



For if the circle ABCD is not to the (circle) EFGH, 
as the square on BD (is) to the (square) on FH, then as 
the (square) on BD (is) to the (square) on FH, so circle 
ABCD will be to some area either less than, or greater 
than, circle EFGH. Let it, first of all, be (in that ratio) to 
(some) lesser (area), S. And let the square EFGH have 
been inscribed in circle EFGH [Prop. 4.6]. So the in¬ 
scribed square is greater than half of circle EFGH, inas¬ 
much as if we draw tangents to the circle through the 
points E, F, G, and H, then square EFGH is half of the 
square circumscribed about the circle [Prop. 1.47], and 
the circle is less than the circumscribed square. Hence, 
the inscribed square EFGH is greater than half of cir¬ 
cle EFGH. Let the circumferences EF, FG, GH, and 
HE have been cut in half at points K, L, M, and N 
(respectively), and let EK, KE, FL, LG, GM, MH, 
HN, and NE have been joined. And, thus, each of 
the triangles EKF, ELG, GMH, and HNE is greater 
than half of the segment of the circle about it, inasmuch 
as if we draw tangents to the circle through points K, 
L, M, and N, and complete the parallelograms on the 
straight-lines EE, EG, GH, and HE, then each of the 
triangles EKF, FLG, GMH, and HNE will be half 
of the parallelogram about it, but the segment about it 
is less than the parallelogram. Hence, each of the tri¬ 
angles EKF, FLG, GMH, and HNE is greater than 
half of the segment of the circle about it. So, by cutting 
the circumferences remaining behind in half, and joining 
straight-lines, and doing this continually, we will (even- 
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eSsLX'dr) y«P Tiptoxw 'detopr^piaxi xou 5exaxou pi^Xbu, 

6 x 1 6 uo pisys'dov dvbwv sxxsipisvwv, edv dxo xou pisi^ovoc; 
dcpaipe'dfj piei^ov t] x6 fjpiiau xal xou xaxaXemojievou piei^ov 
Y] x 6 fipii.au, xctl xouxo del Yiyvrixai., XeicpDriaexal xi. (leYsfloi;, 
6 eaxai eXaaaov xou exxeijievou eXdaaovoc piSYSilouc;. 
XeXeicpflw ouv, xal eaxto xd exl xc5v EK, KZ, ZA, AH, 
HM, M0, 0N, NE xpirijiaxa xou EZH0 xuxXou eXdxxova 
xfjt; uxepoxfjc;, fj uxepexei 6 EZH0 xuxXoc xou E x^P^o'^- 
Xoixov dpa x 6 EKZAHM0N xoXuywvov jiel^ov eaxi xou E 
Xwpbu. eYY£YP“'?^w "'^ov ABEA xuxXov xw EKZ- 

AHM0N koXuyAvo) opioiov koXuy^vov x6 AEiBOrHAP' 
eaxiv dpa dx; x 6 dxo xfjc; BA xexpdYOvov xpoc; x 6 dxo xfj<; 
Z0 xexpdywvov, ouxtog x 6 ASBOEHAP xoXuywvov xpoi; 
x 6 EKZAHM0N KoXuywvov. dXXd xal (b(; x 6 dxo xfji; BA 
xexpdywvov npoQ x 6 dxo xfjc; Z0, ouxwc; 6 ABPA xuxXoc; 
xpoc; x 6 E x^plov xal (be; dpa 6 ABPA xuxXoc; xpoc; x 6 E 
Xwplov, ouxcoc x 6 ASBOPHAP xoXuycovov xpoi; x 6 EKZ- 
AHM0N KoXuyeuvov evaXXd^ dpa (be; 6 ABPA xuxXoe; 
Tipoe; x 6 ev aux(5 KoXuyeuvov, ouxeue; x 6 E xt>^plov xpoe; 
x 6 EKZAHM0N xoXuyojvov. ptc[^(ov 6 e 6 ABPA xuxXoe; 
xou cv auxA xoXuY(bvou' ptcT^ov dpa xal x 6 E x^pbv xou 
EKZAHM0N xoXuY(bvou. dXXd xal eXaxxov oxep eaxiv 
dBuvaxov. oux dpa eaxiv (be; x 6 dxo xfjc; BA xexpdyojvov 
xpoe; x 6 aKO xfje; Z0, oux(Ue; 6 ABPA xuxXoe; xpoe; eXaaaov 
XI xou EZH0 xuxXou x^^pbv. 6 pLoi( 0 (; Bf) Bei^opiev, 6 x( ou 6 e 
Ae; x 6 aKo Z0 xpoe; x 6 aKo BA, ouxoje; 6 EZH0 xuxXoe; 
Tipoi; eXaaaov xi. xou ABPA xuxXou yupioM. 

Aeyco Bf], 6 xi ouBc Ae; x 6 duo xfje; BA xpoe; x 6 duo 
xfje; Z0, oux(oe; 6 ABPA xuxXoe; xpoe; piel^ov xi xou EZH0 
xuxXou x^piov. 

Ei ydp Buvaxov, eax(o xpoe; (jel^ov x 6 E. dvdxaXiv dpa 
[eaxiv] Ae; x 6 duo xfje; Z0 xexpdycovov xpoe; x 6 duo xfje; AB, 
oux(uc; x 6 E x^piov xpoe; xov ABPA xuxXov. dXX’ Ae; x 6 
E x^pbv xpoe; xov ABPA xuxXov, oux(Oi; 6 EZH0 xuxXo^ 
xpoe; cXaxxov xi xou ABPA xuxXou xt<^pbv xal Ae; dpa x 6 
duo xfje; Z0 xpoe; x 6 duo xfje; BA, ouxoje; 6 EZH0 xuxXoe; 
xpoe; eXaaaov xi xou ABPA xuxXou x<^pbv oxep dBuvaxov 
cBeixAr). oux dpa eaxiv Ac; x 6 duo xfje; BA xexpdyo^vov xpoe; 
x 6 duo xfje; Z0, ouxcoe; 6 ABPA xuxXoe; xpoe; piel^ov xi xou 
EZH0 xuxXou x^piov. eBelxArj Be, 6 xi ouBc xpoe; eXaaaov 
eaxiv dpa Ae; x 6 duo xfje; BA xexpdyeavov xpoe; x 6 duo xfje; 
Z0, oux(Oi; 6 ABPA xuxXoe; xpoe; xov EZH0 xuxXov. 

01 dpa xuxXoi xpoe; dXXfjXoue; elalv Ae; xd duo xAv 
Biajiexpojv xexpdycova' oxep eBei Bel^ai. 


tually) leave behind some segments of the circle whose 
(sum) will be less than the excess by which circle EFGH 
exceeds the area S. For we showed in the first theo¬ 
rem of the tenth book that if two unequal magnitudes 
are laid out, and if (a part) greater than a half is sub¬ 
tracted from the greater, and (if from) the remainder (a 
part) greater than a half (is subtracted), and this hap¬ 
pens continually, then some magnitude will (eventually) 
be left which will be less than the lesser laid out mag¬ 
nitude [Prop. 10.1]. Therefore, let the (segments) have 
been left, and let the (sum of the) segments of the circle 
EFGH on EK, KF, EL, LG, GM, MH, HN, and NE 
be less than the excess by which circle EFGH exceeds 
area S. Thus, the remaining polygon EKFLGMHN is 
greater than area S. And let the polygon AOBPGQDR, 
similar to the polygon EKFLGMHN, have been in¬ 
scribed in circle ABGD. Thus, as the square on BD is 
to the square on EH, so polygon AOBPGQDR (is) to 
polygon EKFLGMHN [Prop. 12.1]. But, also, as the 
square on BD (is) to the square on EH, so circle ABGD 
(is) to area S. And, thus, as circle ABGD (is) to area S, 
so polygon AOBPGQDR (is) to polygon EKFLGMHN 
[Prop. 5.11]. Thus, alternately, as circle ABGD (is) to 
the polygon (inscribed) within it, so area S (is) to poly¬ 
gon EKFLGMHN [Prop. 5.16]. And circle ABGD (is) 
greater than the polygon (inscribed) within it. Thus, area 
S is also greater than polygon EKFLGMHN. But, (it is) 
also less. The very thing is impossible. Thus, the square 
on HP) is not to the (square) on EH, as circle ABGD (is) 
to some area less than circle EFGH. So, similarly, we can 
show that the (square) on EH (is) not to the (square) on 
BD as circle EFGH (is) to some area less than circle 
ABGD either. 

So, I say that neither (is) the (square) on BD to 
the (square) on EH, as circle ABGD (is) to some area 
greater than circle EFGH. 

For, if possible, let it be (in that ratio) to (some) 
greater (area), S. Thus, inversely, as the square on EH 
[is] to the (square) on DB, so area S (is) to circle ABGD 
[Prop. 5.7 corn]. But, as area S (is) to circle ABGD, so 
circle EFGH (is) to some area less than circle ABGD 
(see lemma). And, thus, as the (square) on FH (is) to 
the (square) on BD, so circle EFGH (is) to some area 
less than circle ABGD [Prop. 5.11]. The very thing was 
shown (to be) impossible. Thus, as the square on BD is 
to the (square) on FH, so circle ABGD (is) not to some 
area greater than circle EFGH. And it was shown that 
neither (is it in that ratio) to (some) lesser (area). Thus, 
as the square on BD is to the (square) on FH, so circle 
ABGD (is) to circle EFGH. 

Thus, circles are to one another as the squares on 
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Asyw 5r], oti toO S x<^piou [iei^ovot; ovxoc; toO EZH0 
xOxXou eax'iv (be; x6 E T^poQ xov ABFA xOxXov, 

ouxoc 6 EZH0 xuxXoc xpoc; eXaxxov xi. xoO ABFA xuxXou 
Xopiov. 

Feyovexco yap &>q to E x^piov xpoc xov ABFA xOxXov, 
ouxoc 6 EZH0 xuxXoc xpoc; x6 T x^piov. Xeyw, 6xi 
eXaxxov eaxi. x6 T x^piov xoO ABFA xuxXou. exsl ydp 
eaxLv A(; x6 E x^p^ov xpoe; xov ABFA xuxXov, ouxcoe; 6 
EZH0 xuxXoc; xpoe; x6 T x^pfov, evaXXd^ eaxiv A<; x6 E 
Xwpiov xpoi; xov EZH0 xuxXov, ouxcoc 6 ABFA xoxkoc, 
npbc, TO T xt>^pfo^- ptsT^ov 6e x6 E y^crtpiov xoO EZH0 
xuxXou- t^SL^cov dpa xai 6 ABFA xuxXoc xou T x^piou. 
Aaxe eaxlv to E x^P^o''^ xpoc; xov ABFA xuxXov, 
ouxoe; 6 EZH0 xuxXoe; xpoc; eXaxxov xi. xou ABFA xuxXou 
Xopiov oxep eBei. 5eT^ai.. 

y'- 

Ilaaa xupaiJic; xpiytovov exouaa pdaiv Biaipelxai. ei<; 6uo 
xupa[i(5a<; Ioolq xe xal opioiac; dXX-r]Xaic; xal [ojioiae;] xfj oXfj 
xpiyovouc; exouaac; pdaeic xal etc; 5uo xpiapiaxa Xoa- xal xd 
8uo xpiapiaxa [iet^ovd eaxiv fj x6 -r^pnau xfjc; oXr)<; 7i;upa(i(6oc;. 


A 



A E B 


Ttaxco xupa^tc;, ■?)<; pdaic; piev eaxi. x6 ABF xptywvov, xo- 
puepf) 8c x6 A arijielov Xeyco, oxi. ir) ABFA 7i;upa(ilc; 8iaipelxai 
cl<; 8uo xupa[it8ac; Xoolq dXX-r]Xai.c; xpiyAvouc; pdaeic; exouaac; 
xal b\ioioLz xf) oXfj xal etc; 8uo 7i;p[a(jaxa laa- xal xd 8uo 
xpiapiaxa [ict^ovd eaxiv fj x6 -fjiJiau x-fje; okr]Q xupapi[8o(;. 

TexpLija-doaav ydp at AB, BF, FA, AA, AB, AF 8[xa 
xaxd xd E, Z, H, 0, K, A arjiicTa, xal exe^eux-dwaav at 
0E, EH, H0, 0K, KA, A0, KZ, ZH. exel lar) eaxlv f) picv 
AE xfj EB, f) 8e A0 xfj A0, xapdXXrjXoc; dpa eaxlv f) E0 
xfj AB. 8(d xd auxd 8fi xal f) 0K xfj AB xapdXXrjXoi; caxiv. 


(their) diameters. (Which is) the very thing it was re¬ 
quired to show. 

Lemma 

So, I say that, area S being greater than circle EFGH, 
as area S is to circle ABCD, so circle EFGH (is) to some 
area less than circle ABGD. 

For let it have been contrived that as area S (is) to 
circle ABGD, so circle EFGH (is) to area T. I say that 
area T is less than circle ABGD. For since as area S is 
to circle ABGD, so circle EFGH (is) to area T, alter¬ 
nately, as area S is to circle EFGH, so circle ABGD (is) 
to area T [Prop. 5.16]. And area S (is) greater than circle 
EFGH. Thus, circle ABGD (is) also greater than area 
T [Prop. 5.14]. Hence, as area S is to circle ABGD, so 
circle EFGH (is) to some area less than circle ABGD. 
(Which is) the very thing it was required to show. 


Proposition 3 

Any pyramid having a triangular base is divided into 
two p 3 n:amids having triangular bases (which are) equal, 
similar to one another, and [similar] to the whole, and 
into two equal prisms. And the (sum of the) two prisms 
is greater than half of the whole pyramid. 


D 



A E B 


Let there be a p 3 n:amid whose base is triangle ABG, 
and (whose) apex (is) point D. I say that p 3 n:amid 
ABGD is divided into two pyramids having triangular 
bases (which are) equal to one another, and similar to 
the whole, and into two equal prisms. And the (sum of 
the) two prisms is greater than half of the whole pyramid. 

For let AB, BG, GA, AD, DB, and DG have been 
cut in half at points E, F, G, H, K, and L (respectively). 
And let HE, EG, GH, HK, KL, LH, KF, and EG have 
been joined. Since AE is equal to EB, and AH to DH, 
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napaXXrjXoypaiJ^ov apa eaxl to 0EBK' larj apa eaxlv fj 0K 
xfj EB. dXXa rj EB xfj EA eaxiv lor)' xal rj AE otpa xfj 0K 
eaxLv lar]. eaxi 6e xal f) A0 xfj 0A Tar)- 8uo Bf) ai EA, A0 
5ual xdlc K0, 0A laai eiaiv exaxspa exaxEpqc xai ywvia f) 
uxo EA0 ywvia xfj uxo K0A larj- pdan; dpa f) E0 [3daei xf) 
KA eaxLv lar). laov dpa xal 6(ioi6v eaxi. x6 AE0 xpiywvov 
xA 0KA xpiywvw. 5i.d xd auxd 5f) xal x6 A0H xpiywvov 
xA 0AA xpiyAvw laov xs eaxi xal 6(ioiov. xal exel 5uo 
euDelai dxxopisvai dXXfjXwv ai E0, 0H xapd 6uo euDelac; 
dxxopLevac dXXfjXwv xd? KA, AA eiaiv oux sv xA auxA 
exi.xs6a) ouaai, laac; ywv(a<; xepie^ouaiv. lar) dpa eaxlv f) uxo 
E0H yovia xfj 0x6 KAA ywvla. xal exel 60o eODelai at E0, 
0H 6ual xdlc; KA, A A laai. eiaiv exaxepa exaxepa, xal ywvia 
f] 0x6 E0H yovia xfj 0x6 KAA eaxiv larj, pdaic dpa f) EH 
pdaei xfj KA [eaxiv] laiy laov dpa xal 6(ioi6v eaxi x6 E0H 
xpiywvov xA KAA xpiyAvw. 6id xd auxd 6f] xal x6 AEH 
xpiyovov xA 0KA xpiyAvw laov xe xal 6[jLoi6v eaxiv. f] dpa 
xupapiic;, fjc pdaic; piev eaxi x6 AEH xpiywvov, xopucpf) 6e x6 
0 arjiJeTov, lar) xal opioia eaxi xupa(Ji6i, fjc; pdai<; piev eaxi x6 
0KA xpiywvov, xopucpf] 6e x6 A arujelov. xal exel xpiyAvou 
xou AAB xapd (iiav xAv xXeupAv xf]v AB fjxxai f] 0K, 
iaoyAviov eaxi x6 AAB xpiyovov xA A0K xpiyAvw, xal 
xdi; xXeupdi; dvdXoyov e^ouaiv opioiov dpa eaxi x6 AAB 
xpiywvov xA A0K xpiyAvo. 6id xd aOxd 8f] xal x6 (lev 
ABE xpiyovov xA AKA xpiyAvw opioiov eaxiv, x6 6e AAE 
xA AA0. xal exel 60o euilelai dxx6(jevai dXXfjXwv at BA, 
Ar xapd 60o eODeiai; dxxo(ieva<; dXXfjXwv xd<; K0, 0A eiaiv 
oOx ev xA auxA exixeSo, laac ywviac; xepie^ouaiv. lar] dpa 
eaxlv f] 0x6 BAE ywvia xfj 0x6 K0A. xai eaxiv A<; f] BA 
xp6c; xf]v AE, ouxw<; f] K0 xp6c; xf]v 0A- opioiov dpa eaxi 
x6 ABE xpiywvov xA 0KA xpiyAvw. xal xupa(jl<; dpa, fjc 
pdaic; piev eaxi x6 ABE xpiywvov, xopucpf] 8e x6 A ar]pieTov, 
opioia eaxi xupa(ji6i, fjc pdaic IJisv eaxi x6 0KA xpiywvov, 
xopucpf) 8e x6 A ar]pieTov. dXXd xupapiic, fjc pdaic pi£v [eaxi] 
x6 0KA xpiywvov, xopucpf) 6e x6 A ar]pieTov, opioia eSeixilr] 
xupapiiBi, fjc pdaic ^Jisv eaxi x6 AEH xpiywvov, xopucpf) 8e 
x6 0 ar)pieTov. exaxepa dpa xAv AEH0, 0KAA xupa(ji6ov 
opioia eaxi xfj oXr) xfj ABEA xupapiiBi. 

Kal exel lar) eaxlv f) BZ xfj ZE, 8ixXdai6v eaxi x6 
EBZH xapaXXr)X6ypa(ipiov xou HZE xpiyAvou. xal exel, 
edv f) 60o xpiapiaxa iaouc[)fj, xal x6 piev exT) pdaiv xapaX- 
Xr)X6ypa(jpiov, x6 6e xpiywvov, BixXdaiov 6e fj x6 xapaX- 
Xr)X6ypa(jpiov xou xpiyAvou, laa eaxi xd xpiapiaxa, laov 
dpa eaxi x6 xpiapia x6 xepiex6(ievov 0x6 8uo piev xpiyAvwv 
xAv BKZ, E0H, xpiAv 8e xapaXXr)Xoypdpi(iwv xAv EBZH, 
EBK0, 0KZH xA xpiapiaxi xA xepiexo(jevw 0x6 60o (lev 
xpiyAvwv xAv HZE, 0KA, xpiAv 6e xapaXXrjXoypdpipiwv 
xAv KZEA, AEH0, 0KZH. xal cpavepov, 6xi exdxpov xAv 
xpiapidxwv, ou xe pdaic t 6 EBZH xapaXXr)X6ypa(jpiov, dxe- 
vavxiov 8e f) 0K euDeTa, xal oO pdaic t 6 HZE xpiywvov, 
dxevavxiov 6e x6 0KA xpiywvov, (jeT^ov eaxiv exaxepac 


EiJ is thus parallel to BB [Prop. 6.2]. So, for the same 
(reasons), BK is also parallel to AB. Thus, HEBK is 
a parallelogram. Thus, HK is equal to EB [Prop. 1.34]. 
But, EB is equal to EA. Thus, AE is also equal to ElK. 
And AEl is also equal to HD. So the two (straight-lines) 
EA and AH are equal to the two (straight-lines) KH 
and HD, respectively. And angle EAH (is) equal to an¬ 
gle KHD [Prop. 1.29]. Thus, base EH is equal to base 
KD [Prop. 1.4]. Thus, triangle AEH is equal and simi¬ 
lar to triangle HKD [Prop. 1.4]. So, for the same (rea¬ 
sons), triangle AHG is also equal and similar to trian¬ 
gle HLD. And since EH and HG are two straight-lines 
joining one another (which are respectively) parallel to 
two straight-lines joining one another, KD and DL, not 
being in the same plane, they will contain equal angles 
[Prop. 11.10]. Thus, angle EHG is equal to angle KDL. 
And since the two straight-lines EH and HG are equal 
to the two straight-lines KD and DL, respectively, and 
angle EHG is equal to angle KDL, base EG [is] thus 
equal to base KL [Prop. 1.4]. Thus, triangle EHG is 
equal and similar to triangle KDL. So, for the same (rea¬ 
sons), triangle AEG is also equal and similar to triangle 
HKL. Thus, the pyramid whose base is triangle AEG, 
and apex the point H, is equal and similar to the pyra¬ 
mid whose base is triangle HKL, and apex the point D 
[Def. 11.10]. And since HK has been drawn parallel to 
one of the sides, AB, of triangle ADB, triangle ADB 
is equiangular to triangle DHK [Prop. 1.29], and they 
have proportional sides. Thus, triangle ADB is similar to 
triangle DHK [Def. 6.1]. So, for the same (reasons), tri¬ 
angle DBG is also similar to triangle DKL, and ADG to 
DLH. And since two straight-lines joining one another, 
BA and AG, are parallel to two straight-lines joining one 
another, KH and HL, not in the same plane, they will 
contain equal angles [Prop. 11.10]. Thus, angle BAG is 
equal to (angle) KHL. And as BA is to AG, so KH (is) 
to HL. Thus, triangle ABG is similar to triangle HKL 
[Prop. 6.6]. And, thus, the p 3 n:amid whose base is trian¬ 
gle ABG, and apex the point D, is similar to the pyra¬ 
mid whose base is triangle HKL, and apex the point D 
[Def. 11.9]. But, the pyramid whose base [is] triangle 
HKL, and apex the point D, was shown (to be) similar 
to the pyramid whose base is triangle AEG, and apex the 
point H. Thus, each of the pyramids AEGH and HKLD 
is similar to the whole p 3 n:amid ABGD. 

And since BE is equal to EC, parallelogram EBEG 
is double triangle GEC [Prop. 1.41]. And since, if two 
prisms (have) equal heights, and the former has a par¬ 
allelogram as a base, and the latter a triangle, and the 
parallelogram (is) double the triangle, then the prisms 
are equal [Prop. 11.39], the prism contained by the two 


476 




STOIXEION ip'. 


ELEMENTS BOOK 12 


Twv Kupa^iBov, Sv paaen; pisv tol AEH, 0KA xpiywva, xo- 
pucpal, Be xa 0, A orjpieTa, eTieiBriKep [xai] eav exiCeu^wpiev 
xai; EZ, EK eOileiac, x6 (jev Tipiapia, ou pdaic x6 EBZH na- 
paXXr)X6Ypapi(iov, dnevavxbv Be f] 0K euiSela, picT^ov eaxi 
xfjt; xupajiiBoc;, f\Q pdaic; x6 EBZ xpiywvov, xopucpf] Be x6 
K aripteTov. dXX’ f) 7i;upa(iii;, fjt; pdaic to EBZ xpiywvov, 
xopucpi^ Be x6 K arijielov, lar) eaxl nupapiiBi, fjc pdaic to 
AEH xpiyovov, xopucpf] Be to 0 aripietov uko ydp lawv 
xal ojioiwv eniTCcBtov nepie^ouxai. waTe xal x6 xpiajia, ou 
pdaic piev x6 EBZH xapaXXrjXoypcxpijiov, dnevavxiov Be f] 
0K euilela, pieT^ov eaTi xupapiiBoc, fjc pdaic piev x6 AEH 
xpiywvov, xopucpf] Be to 0 ar]pieTov. laov Be to piev npiapia, 
ou pdaic TO EBZH 7i;apaXXr)X6ypapi(iov, dxevavxiov Be f] 0K 
euiSela, tA Tipiapiaxi, ou pdaic (uev x6 HZE xpiywvov, dTie- 
vavxiov Be to 0KA xpiywvov f) Be nupapiic, fjc pdaic to 
AEH xpiyovov, xopucpf) Be to 0 ar]pieTov, lar) eaTi 7i;upa(iiBi, 
fjc pdaic TO 0KA xpiywvov, xopucpf] Be to A ar]picTov. xd 
dpa eipr)(jeva Buo 7i;pia(jaxa (Jei^ovd eaxi xwv eipr]picv63v Buo 
TiupapiiBwv, 6v pdaeic (uev xd AEH, 0KA xpiywva, xopucpal 
Be xd 0, A ariptela. 

'H dpa oXr] xupapiiC, fjc pdaic x6 ABE xpiywvov, xo¬ 
pucpf) Be x6 A ar]pieTov, 8if]pr)xai eic xe Buo 7i;upa(JiBac laac 
dXXf]Xaic [xal opioiac xfj oXr)] xal eic Buo xpiapiaxa laa, xal xd 
Buo xpiapiaxa piei^ovd eaxiv fj x6 fjpiiau xfjc oXrjc 7i;upa(iiBoc' 
oTiep eBei Bel^ai- 


6 '. 

’Edv 6ai Buo xupapiiBec uxo x6 auxo uc|>oc xpiyAvouc 
exouaai pdaeic, Biaipeilfj Be exaxepa auxwv eic Te Buo 
KupajiiBac laac dXXf]Xaic xal opioiac xfj oXrj xal eic Buo 
xpiapiaxa laa, eaxai cBc f) xfjc [iiac xupapiiBoc pdaic xpoc xfjv 
xfjc exepac xupapiiBoc pdaiv, ouxwc xd ev xfj piid xupapiiBi 
xpiapiaxa xdvxa xpoc xd ev xfj exdpqi xupapiiBi xpiapiaxa 
Tidvxa iaoTiXri'df). 

Tiaxwaav Buo TiupapiiBec uxo x6 auxo uc|>oc xpiyovouc 
exouaai pdaeic Tac ABE, AEZ, xopucpdc Be xd H, 0 ar)(jela, 
xal 8inpf]a'dw exaxepa auxAv eic Te Buo xupa(jiBac laac 
dXXf]Xaic xal 6[Joiac Tfj oXr] xal eic Buo xpia(iaTa laa- Xeyw, 


triangles BKF and EHG, and the three parallelograms 
EBFG, EBKH, and FI KEG, is thus equal to the prism 
contained by the two triangles GFG and HKL, and 
the three parallelograms KFGL, LGGH, and HKFG. 
And (it is) clear that each of the prisms whose base (is) 
parallelogram EBFG, and opposite (side) straight-line 
HK, and whose base (is) triangle GFG, and opposite 
(plane) triangle HKL, is greater than each of the pyra¬ 
mids whose bases are triangles AEG and HKL, and 
apexes the points H and D (respectively), inasmuch as, 
if we [also] join the straight-lines EE and EK then the 
prism whose base (is) parallelogram EBFG, and oppo¬ 
site (side) straight-line HK, is greater than the pyramid 
whose base (is) triangle EBF, and apex the point K. But 
the p 3 n:amid whose base (is) triangle EBF, and apex the 
point K, is equal to the pyramid whose base is triangle 
AEG, and apex point H. For they are contained by equal 
and similar planes. And, hence, the prism whose base 
(is) parallelogram EBFG, and opposite (side) straight- 
line HK, is greater than the p 3 n:amid whose base (is) 
triangle AEG, and apex the point H. And the prism 
whose base is parallelogram EBEG, and opposite (side) 
straight-line HK, (is) equal to the prism whose base (is) 
triangle GFG, and opposite (plane) triangle HKL. And 
the p 3 n:amid whose base (is) triangle AEG, and apex the 
point H, is equal to the pyramid whose base (is) trian¬ 
gle HKL, and apex the point D. Thus, the (sum of the) 
aforementioned two prisms is greater than the (sum of 
the) aforementioned two pyramids, whose bases (are) tri¬ 
angles AEG and HKL, and apexes the points H and D 
(respectively). 

Thus, the whole p 3 n:amid, whose base (is) triangle 
ABG, and apex the point D, has been divided into two 
P3n:amids (which are) equal to one another [and similar 
to the whole], and into two equal prisms. And the (sum 
of the) two prisms is greater than half of the whole pyra¬ 
mid. (Which is) the very thing it was required to show. 

Proposition 4 

If there are two pyramids with the same height, hav¬ 
ing trianglular bases, and each of them is divided into two 
pyramids equal to one another, and similar to the whole, 
and into two equal prisms then as the base of one pyra¬ 
mid (is) to the base of the other p 3 n:amid, so (the sum of) 
all the prisms in one p 3 n:amid will be to (the sum of all) 
the equal number of prisms in the other pyramid. 

Let there be two p 3 n:amids with the same height, hav¬ 
ing the triangular bases ABG and DEE, (with) apexes 
the points G and H (respectively). And let each of them 
have been divided into two pyramids equal to one an- 
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OTi eoTiv (be; f) ABF pdaic Tipoc; Tf]v AEZ pdaiv, ouTcoe; xd 
ev TT) ABFH iiupa^[6i. Tipia^xaTa Kdvxa npog xd ev xf) AEZ0 
xupa[i(8i npiap-axa iaoxXrjTlfj. 


H 0 



B - E 


’Ekei ydp Tar) eaxlv f] ^sv BS xfj SF, fj Be AA xfj AF, 
7iapdXXr]Xoi; dpa sax'iv f) AS xfj AB xal o^oiov x6 ABF 
xpiycovov xA ASF xpiyAvcp. Bid xd auxd Bf) xai x6 AEZ 
xpiycovov xA P(I>Z xpiyAvcp opioiov saxiv. xai ekei Bi- 
TiXaaicov saxlv f] ^ev BF xfj<; FS, f) Be EZ xfj<; saxiv 
dpa Ac; f] BF xpoc; xf]v FS, ouxcoc; f] EZ Tipoc; xf)v Z^. xal 
dvaysypaTixai. dxo t^Ev xAv BF, FS 6[jLoid xe xai 6(ioicoc; 
XEi(iEva EuDuypa^IJa xd ABF, ASF, dxo Be xAv EZ, Z<I> 
o^xoid XE xal o^iolojc; XEi^Eva [EuDuypa^^a] xd AEZ, P<I>Z- 
saxiv dpa Ac; x6 ABF xpiycovov xpoc; x6 ASF xpiycovov, 
ouxwc; x6 AEZ xpiycovov Tipoi; x6 P<I>Z xpiywvov svaXXd^ 
dpa saxiv Ac; x6 ABF xpiyovov xpoc; x6 AEZ [xpiycovov], 
ouxcoc; x6 ASF [xpiycovov] xpoi; x6 P<I>Z xpiywvov. dXX’ 
Ac; x6 ASF xpiycovov xpoc; x6 P<I>Z xpiycovov, ouxcoi; x6 
xpiatJia, ou pdaic; (isv [saxi] x6 ASF xpiycovov, dxsvavxiov Be 
x6 OMN, xpoc; x6 xpia^xa, ou pdaic; ^xev x6 P^Z xpiycovov, 
dxEvavxiov Be x6 ETT' xal u>c, dpa x6 ABF xpiycovov xpoi; 
x6 AEZ xpiycovov, ouxcoc; x6 7i;p[a(Ja, ou pdaic; (isv x6 ASF 
xpiywvov, dxEvavxiov Be x6 OMN, xpoc; x6 xpia^xa, ou pdaic; 
^£v x6 P<I>Z xpiywvov, dxEvavxiov Be x6 ETT. Ac; Be xd 
£ipr]tx£va Tipiatxaxa xpoc; dXXrjXa, ouxcoi; x6 7i;p[a(ja, oh pdaic; 
^Ev x6 KBSA 7i;apaXXr)X6ypa^(Jov, dxEvavxiov Be f) OM 
EuDEla, Tipoc; x6 xpiatna, ou pdaic; ^nsv x6 nE<I>P xapaX- 
Xr]X6ypa(j^ov, dxsvavxiov Be f] ET suiflETa. xal xd Buo dpa 
xpia^axa, ou x£ pdaic; ^ev x6 KBSA 7iapaXXr)X6ypa^(Jov, 
dxEvavxiov Be f) OM, xal ou pdaic; ^nsv x6 ASF, dxsvavxiov 
Be x6 OMN, xpoc; xd xp[a(iaxa, ou xe pdaic; (jev x6 nE<I>P, 
dxsvavxiov Be f) ET EuilsTa, xal o5 pdaic; pisv x6 P^Z 
xpiywvov, dxsvavxiov Be x6 ETT. xal Ac; dpa f] ABF pdaic; 
xpoc; xf]v AEZ pdaiv, ouxwc; xd £ipr)(J£va Buo xpia^Jiaxa xpoc; 
xd EiprjtXEva Buo xpia^Jiaxa. 

Kal o^xoicDc;, sdv BiaipsiSAaiv al OMNH, ETTO xu- 
pa(JiB£c; Eic; xe Buo xpia^iaxa xal Buo xupa^xiBac;, saxai Ac; f) 


other, and similar to the whole, and into two equal prisms 
[Prop. 12.3]. I say that as hase ABC is to base DEF, 
so (the sum of) all the prisms in pyramid ABCG (is) to 
(the sum of) all the equal number of prisms in pyramid 
DEFH. 


G H 



For since BO is equal to OC, and AL to LC, LO is 
thus parallel to AB, and triangle ABC similar to triangle 
LOC [Prop. 12.3]. So, for the same (reasons), triangle 
DEF is also similar to triangle RVF. And since BC is 
double CO, and EF (double) FV, thus as BC (is) to 
CO, so EF (is) to FV. And the similar, and similarly 
laid out, rectilinear (figures) ABC and LOC have been 
described on BC and CO (respectively), and the sim¬ 
ilar, and similarly laid out, [rectilinear] (figures) DEF 
and RVF on EF and FV (respectively). Thus, as tri¬ 
angle ABC is to triangle LOC, so triangle DEF (is) to 
triangle RVF [Prop. 6.22]. Thus, alternately, as trian¬ 
gle ABC is to [triangle] DEF, so [triangle] LOC (is) 
to triangle RVF [Prop. 5.16]. But, as triangle LOC 
(is) to triangle RVF, so the prism whose base [is] trian¬ 
gle LOC, and opposite (plane) PMN, (is) to the prism 
whose base (is) triangle RVF, and opposite (plane) STU 
(see lemma). And, thus, as triangle ABC (is) to trian¬ 
gle DEF, so the prism whose base (is) triangle LOC, 
and opposite (plane) PMN, (is) to the prism whose base 
(is) triangle RVF, and opposite (plane) STU. And as 
the aforementioned prisms (are) to one another, so the 
prism whose base (is) parallelogram KBOL, and oppo¬ 
site (side) straight-line PM, (is) to the prism whose base 
(is) parallelogram QEVR, and opposite (side) straight- 
line ST [Props. 11.39, 12.3]. Thus, also, (is) the (sum 
of the) two prisms—that whose base (is) parallelogram 
KBOL, and opposite (side) PM, and that whose base 
(is) LOC, and opposite (plane) PMN —to (the sum of) 
the (two) prisms—that whose base (is) QEVR, and op¬ 
posite (side) straight-line ST, and that whose base (is) 
triangle RVF, and opposite (plane) STU [Prop. 5.12]. 
And, thus, as base ABC (is) to base DEF, so the (sum 
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OMN pdaic; Tipo^ Tf]v STT pdaiv, outwc xd sv xfj OMNH 
nupajiiBi. 8uo 7i;pLa(JaTa npbz xa. tv xf) STT0 7i;upa(i(6i 5uo 
xpiapiaxot. dXX’ (be f) OMN pdaie Kpoe xf]v STT pdaiv, 
ouxoe ABF pdaie Tipoe xf]v AEZ pdaiv laov ydp exdxepov 
xOv OMN, ETT xpLyebveov sxaxspw xwv ASF, P<I>Z. xai (be 
dpa f) ABF pdaie xpoe xf]v AEZ pdaiv, ouxcoe xd xeaaapa 
xpia^Jiaxa xpoe xd xeaaapa xpiapaxa. 6[ioi(oe 5e xdv xde 
OxoXci.xo(ievae xupapi[8ae 8i.eX(£)(iev eie xe 60o 7i;upa(ii6ae 
xai eie 80o 7i;pia(iaxa, eaxai. Ae f) ABF pdaie xpoe xr)v AEZ 
pdaiv, oux(oe td ev xfj ABFH 7i;upa(Ji6i 7i;pia(iaxa xdvxa xpoe 
xd ev xf) AEZ0 xupa^xiBi 7i;pia(jaxa xdvxa iao7i;Xr]'dr)' oxep 
e8ei 8eT^ai. 


Ar^pipia. 

"Oxi 6e eaxiv Ae x6 ASF xpiy(ovov xpoe x6 P^Z 
xpiycovov, ouxcoe x6 7i;pia(ia, ou pdaie xb ASF xpiycovov, 
dxevavxiov 6e x6 OMN, xpoe x6 7i;pia(ia, ou pdaie ^Jicv x6 
P(I>Z [xpiyojvov], dxevavxiov 6e x6 ETT, ouxoj Beixxeov. 

’Era ydp xfje auxfje xaxaypacprje uevoi^ailojaav dxo xAv 
H, 0 xdiSexoi exl xd ABF, AEZ exiKeBa, ’iaai 6r]Xa8r) 
xuy)(dvouaai 6id x6 iaoOi|jeTe Oxoxe'ia'dai xde xupapiiBae. 
xai exel 6uo eOilelai f] xe HF xai f) dxo xoO H xdDexoe 
0x6 xapaXXrjX(ov exixe5(ov xAv ABF, OMN xe^vovxai, eie 
xoue aOxoOe Xoyoue x^jnrdriaovxai. xai xexpir)xai fj HF 5ixa 
0x6 xoO OMN exixc6ou xaxd x6 N- xai rj dx6 xou H dpa 
xdDexoe sxl x6 ABF exixeBov 6ixa x^jnrdriaexai 0x6 xou 
OMN exixeSou. 8id xd aOxd 6f] xai f) dx6 xou 0 xd'dexoe exl 
x6 AEZ exixeSov 6ixa x(jr]'dr)aexai 0x6 xou ETT exixeSou. 
xai eiaiv ’(aai ai dx6 xAv H, 0 xdiSexoi exl xd ABF, AEZ 
exixeSa' ’iaai dpa xai ai dx6 xAv OMN, ETT xpiyAvojv 
exl xd ABF, AEZ xd'dexoi. iaout];fj dpa [eaxl] xd xpia^iaxa, 
Av pdaeie ^tev eiai xd ASF, P<I>Z xpiyoiva, dxevavxiov 5e 
xd OMN, ETT. Aaxe xai xd axeped xapaXXr]Xexixe6a xd 
dx6 xAv eipr]txev(£)v xpiatxdx(ov dvaypacpo^ieva iaoutj>fj xai 
xp6e dXXrjXd [eiaiv] Ae ai pdaeie' xai xd fj^iar) dpa eaxiv 
Ae 1(1 ASF pdaie xp6e Xi^v P^Z pdaiv, oux(oe xa eipri^ieva 
xpiapiaxa xp6e dXXrjXa' oxep e6ei 8eT^ai. 


of the first) aforementioned two prisms (is) to the (sum 
of the second) aforementioned two prisms. 

And, similarly, if pyramids PMNG and STUH are di¬ 
vided into two prisms, and two p 3 n:amids, as base PMN 
(is) to base STU, so (the sum of) the two prisms in pyra¬ 
mid PMNG will be to (the sum of) the two prisms in 
P 3 n:amid STUH. But, as base PMN (is) to base STU, so 
base ABG (is) to base DEF. For the triangles PMN 
and STU (are) equal to LOG and RVF, respectively 
And, thus, as base ABG (is) to base DEF, so (the sum 
of) the four prisms (is) to (the sum of) the four prisms 
[Prop. 5.12]. So, similarly, even if we divide the pyra¬ 
mids left behind into two pyramids and into two prisms, 
as base ABG (is) to base DEF, so (the sum of) all the 
prisms in p 3 n:amid ABGG will be to (the sum of) all the 
equal number of prisms in pyramid DEFH. (Which is) 
the very thing it was required to show. 

Lemma 

And one may show, as follows, that as triangle LOG 
is to triangle RVF, so the prism whose base (is) trian¬ 
gle LOG, and opposite (plane) PMN, (is) to the prism 
whose base (is) [triangle] RVF, and opposite (plane) 
STU. 

For, in the same figure, let perpendiculars have been 
conceived (drawn) from (points) G and H to the planes 
ABG and DEF (respectively). These clearly turn out to 
be equal, on account of the p 3 n:amids being assumed (to 
be) of equal height. And since two straight-lines, GC 
and the perpendicular from G, are cut by the parallel 
planes ABG and PMN they will be cut in the same ra¬ 
tios [Prop. 11.17]. And GC was cut in half by the plane 
PMN at N. Thus, the perpendicular from G to the plane 
ABG will also be cut in half by the plane PMN. So, 
for the same (reasons), the perpendicular from H to the 
plane DEF will also be cut in half by the plane STU. And 
the perpendiculars from G and H to the planes ABG and 
DEF (respectively) are equal. Thus, the perpendiculars 
from the triangles PMN and STU to ABG and DEF 
(respectively, are) also equal. Thus, the prisms whose 
bases are triangles LOG and RVF, and opposite (sides) 
PMN and STU (respectively), [are] of equal height. 
And, hence, the parallelepiped solids described on the 
aforementioned prisms [are] of equal height and (are) to 
one another as their bases [Prop. 11.32]. Likewise, the 
halves (of the solids) [Prop. 11.28]. Thus, as base LOG 
is to base RVF, so the aforementioned prisms (are) to 
one another. (Which is) the very thing it was required to 
show. 
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s'. 

Ai bnb TO auTO ucl>oc; ouoai nupa^iiBet; xal xpiycovouc; 
exouooci pda£i<; npot; aXkfikaz elalv (be; ai pdaeie;. 

H e 



/ 


7 


X 


/ 


7 


TilaTCoaav uko to auTO ucj^oc; 7i;upa(ii6£i;, Sv pda£i<; (iev 
Td ABF, AEZ Tpiycova, xopucpal Be xd H, 0 arjpiETa- XEyco, 
6x1 Eaxiv (b<; f) ABF pdai<; xpoc; xf]v AEZ pcxaiv, ouxcoc; f) 
ABFH 7i;upa(ii<; xpoc; xf]v AEZ0 7i;upa(ii6a. 

El ydp piT] Eaxiv Ac; rj ABF pdaic xpoe; xi^v AEZ pdaiv, 
ouxcoc; f) ABFH Tiupapilc; xpoe; xrjv AEZ0 TiupapiiBa, saxai Ac; 
f) ABF pdaic; xpog xrjv AEZ pdaiv, ouxcoi; rj ABFH xupapLie; 
fjxoi xpoe; sXaaaov xi xfjc; AEZ0 xupajiiBoc; axEpEov t] xpog 
[iEli^ov. Eaxto xpoxEpov xpog sXaaaov x6 X, xai BirjpriaTlco 
f) AEZ0 TCupapilc; eIc; xe 8uo xupapiiBae; laac; dXXrjXaie; xai 
ojioiae; XT) oXt) xai Eic; Buo xpiajiaxa laa- xd Bf) Buo xpiaajixa 
[iEi^ovd Eaxiv T] x6 fjpiiau xfjc; oXrje; xupajiiBoc;. xal xdXiv ai ex 
xfjc; BiaipsaECiJc; yivojiEvai xupajiiBEc; ojioicoc; Bir)pr]a'dtoaav, 
xal xouxo d£l yivEaDto, scoc; ou XEicpTilAai xivEe; xupapiiBEe; duo 
xfje; AEZ0 xupajiiBoc;, ai Eiaiv sXdxxovEc; xfje; OiiEpoxfi<;, f) 
uxEpExei AEZ0 xupapile; xou X axEpEoO. XEXEicpTlc^aav xal 
saxtoaav Xoyou evexev ai AHPE, STT0' Xomd dpa xd ev 
xfi AEZ0 7i;upa(jiBi 7i;pia(Jaxa pisi^ovd saxi xou X axEpEoO. 
Birjpr^a^co xal f) ABFH Kupapile; opioicoi; xal iaoxXrjilAc; xfj 
AEZ0 7i;upa(iiBr saxiv dpa Ac; f) ABF pdaic; xpoc xf]v AEZ 
pdaiv, ouxcoc; xd £v xfj ABFH 7i;upa(iiBi 7i;pia(iaxa Tipoi; xd ev 
xfj AEZ0 7i;upa(iiBi xpiapiaxa, dXXd xal Ac; f] ABF pdaic; Tipoc; 
xfjv AEZ pdaiv, ouxcoc; fj ABFH xupajilc; xpoc; x6 X axEpsov 
xal Ac; dpa fj ABFH xupapilc; xpoc; x6 X axEpEov, ouxcoc; 
xd EV xfj ABFH xupapiiBi xpiapiaxa xpoc; xd ev xfj AEZ0 
xupajiiBi npiapiaxa- svaXXd^ dpa Ac; f) ABFH nupapilc; xpoc; 
xd EV auxfj xpiajiaxa, ouxcoc; x6 X axEpEov xpoc; xd ev xfj 
AEZ0 nupapiiBi npiapiaxa. (iEi^tov Be fj ABFH nupapilc; xAv 
EV auxfj npiapidxcov [ueI^ov dpa xal x6 X axEpEov xAv ev xfj 
AEZ0 TiupapiiBi Tipiapidxcov. dXXd xal sXaxxov oxEp saxiv 
dBuvaxov. oux dpa saxiv Ac; f) ABF pdaic; Tipoc; xf)v AEZ 
pdaiv, ouxcoc; f) ABFH 7iupa(ilc; Tipoc; sXaaaov xi xrjc; AEZ0 
iiupapiiBoc; axEpsov. 6(jLoicoc; Bf] Bsix'OfjaExai, 6xi ouBe Ac; f] 
AEZ pdaic; Tipoc; xf]v ABF pdaiv, ouxcoc f] AEZ0 nupapilc; 
Tipoc; sXaxxov xi xfjc; ABFH xupapiiBoc; axEpsov. 

Asyco Bf], 6 x 1 oux saxiv ouBs Ac f] ABF pdaic Tipoc xf]v 
AEZ pdaiv, ouxcoc f] ABFH Tiupapilc Tipoc pisT^ov xi xfjc 
AEZ0 Tiupa(jiBoc axEpsov. 


Proposition 5 

Pyramids which are of the same height, and have tri¬ 
angular bases, are to one another as their bases. 

G H 




7 
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w 

J 

7 
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Let there be pyramids of the same height whose bases 
(are) the triangles ABC and DEF, and apexes the points 
G and H (respectively). 1 say that as base ABC is to base 
DEF, so pyramid ABCG (is) to pyramid DEFH. 

For if base ABC is not to base DEF, as pyramid 
ABCG (is) to pyramid DEFH, then base ABC will be 
to base DEF, as pyramid ABCG (is) to some solid ei¬ 
ther less than, or greater than, pyramid DEFH. Let it, 
first of all, be (in this ratio) to (some) lesser (solid), W. 
And let pyramid DEFH have been divided into two pyra¬ 
mids equal to one another, and similar to the whole, and 
into two equal prisms. So, the (sum of the) two prisms 
is greater than half of the whole pyramid [Prop. 12.3]. 
And, again, let the pyramids generated by the division 
have been similarly divided, and let this be done contin¬ 
ually until some pyramids are left from pyramid DEFH 
which (when added together) are less than the excess by 
which p 3 n:amid DEFH exceeds the solid W [Prop. 10.1]. 
Let them have been left, and, for the sake of argument, 
let them be DQRS and STUH. Thus, the (sum of the) 
remaining prisms within p 3 n:amid DEFH is greater than 
solid W. Let pyramid ABCG also have been divided sim¬ 
ilarly, and a similar number of times, as pyramid DEFH. 
Thus, as base ABC is to base DEF, so the (sum of the) 
prisms within pyramid ABCG (is) to the (sum of the) 
prisms within pyramid DEFH [Prop. 12.4]. But, also, 
as base ABC (is) to base DEF, so pyramid ABCG (is) 
to solid W. And, thus, as pyramid ABCG (is) to solid 
W, so the (sum of the) prisms within pyramid ABCG 
(is) to the (sum of the) prisms within pyramid DEFH 
[Prop. 5.11]. Thus, alternately, as pyramid ABCG (is) to 
the (sum of the) prisms within it, so solid W (is) to the 
(sum of the) prisms within pyramid DEFH [Prop. 5.16]. 
And p 3 n:amid ABCG (is) greater than the (sum of the) 
prisms within it. Thus, solid W (is) also greater than the 
(sum of the) prisms within p 3 n:amid DEFH [Prop. 5.14]. 
But, (it is) also less. This very thing is impossible. Thus, 
as base ABC is to base DEF, so pyramid ABCG (is) 
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Ei yap BuvaTov, eaxw Tipoc; [iel^ov to X- dvdnaXiv dpa 
eaxlv d)<; f) AEZ pdaic; upoc; xfjv ABE pdaiv, outwc; to X 
OTEpeov npoQ ti^v ABEH Tiupa^JitSa- wc; 8s to X oTspsov 
Tipoc; Ti^v ABEH nupa^JiLBa, outwc; f) AEZ0 7iupa(Ji<; iipoc; 
sXaaaov ti. Tfjc; ABEEE 7iupa(i(5oc;, (be; s(jLTipoa'dEv sBEix'dr)' 
xai &>Q apa f] AEZ pdaic; Tipoc ti^v ABE pdaiv, outwc; f) 
AEZ0 Tiupa^xlc; Tipoc; sXaaaov ti Tfjc; ABEH Tiupa(Ji6oc;- 
OTisp dTOTiov eBeixtIt). oux dpa eotiv (be; f] ABE pcxaic; xpoc; 
Tf]v AEZ pcxaiv, outojc; f) ABEH Tiupa(ii(; xpoc; (iEl^ov ti 
T fjc; AEZ0 xupa^xiBoc; aTspsov. sBEix'dr) M, oti. ouBe xpoc; 
sXaaaov. eotiv dpa (be; fj ABE pdaic; xpoc; ttjv AEZ pdaiv, 
ouT(oc; f) ABEH Tiupaplc; xpoc; Tf)v AEZ0 TiupapiSa' oxsp 
eSei Ssl^ai. 


f'. 

At UTio TO auTO uilroc ouaai xupajiiBsc; xal xoXuycbvouc; 
EXouaai pdasic; xpoc; dXXfjXac; slalv (be; ai pdasic;. 

M N 




TilaT(oaav Otio to auTO uilroc Tiupa(i(5Ec;, Sv [at] pdasic; 
[i£v Ta ABEAE, ZH0KA xoXuyojva, xopucpai Be Td M, 
N aripisTa- XEyio, oti eotIv (be; f] ABEAE pdaic; Tipoc; Tf]v 
ZH0KA pdaiv, out(oc; f] ABEAEM xupapilc; xpoc; Tf)v ZH0- 
KAN Tiupa(Ji5a. 

’ETi£^£UX'd(i)aav ydp al AE, AA, Z0, ZK. etieI ouv 
8uo xupa(ii8Ec; Eialv ai ABEM, AEAM Tpiytovouc; sxou- 
aai pdaEic; xai uilroc; laov, xpoc; dXXfjXac; sialv (be; ai pdasic;- 
EOTiv dpa (be; f) ABE pdaic; xpoc; ttjv AEA pdaiv, out(Jc; fj 
ABEM xupa^ic; xpoc; Tfjv AEAM xupa^iSa. xal auvdsvTi 
(be; f) ABEA pdai; xpo; Tfjv AEA pdaiv, outid; f) ABEAM 


not to some solid less than p 3 n:amid DEFH. So, simi¬ 
larly, we can show that base DEF is not to base ABC, 
as pyramid DEFH (is) to some solid less than p 3 n:amid 
ABCG either. 

So, I say that neither is base ABC to base DEF, as 
P3n:amid ABCC (is) to some solid greater than p3n:amid 
DEFH. 

For, if possible, let it be (in this ratio) to some 
greater (solid), W. Thus, inversely, as base DEF 
(is) to base ABC, so solid W (is) to pyramid ABCG 
[Prop. 5.7. corn]. And as solid W (is) to pyramid ABCG, 
so pyramid DEFH (is) to some (solid) less than pyramid 
ABCG, as shown before [Prop. 12.2 lem.]. And, thus, 
as base DEF (is) to base ABC, so pyramid DEFH (is) 
to some (solid) less than pyramid ABCG [Prop. 5.11]. 
The very thing was shown (to be) absurd. Thus, base 
ABC is not to base DEF, as pyramid ABCG (is) to 
some solid greater than pyramid DEFH. And, it was 
shown that neither (is it in this ratio) to a lesser (solid). 
Thus, as base ABC is to base DEF, so pyramid ABCG 
(is) to pyramid DEFH. (Which is) the very thing it was 
required to show. 

Proposition 6 

Pyramids which are of the same height, and have 
polygonal bases, are to one another as their bases. 

M N 




Let there be pyramids of the same height whose bases 
(are) the polygons ABCDE and FGHKL, and apexes 
the points M and N (respectively). I say that as base 
ABCDE is to base FGHKL, so pyramid ABCDEM (is) 
to p 3 n:amid FGHKLN. 

For let AC, AD, FH, and FK have been joined. 
Therefore, since ABCM and ACDM are two pyramids 
having triangular bases and equal height, they are to 
one another as their bases [Prop. 12.5]. Thus, as base 
ABC is to base ACD, so pyramid ABCM (is) to pyra¬ 
mid ACDM. And, via composition, as base ABCD 
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nupa^lc Tipoi; ttjv AFAM TiupapiBa. dXXa xal (b(; f) ALA 
pdai.(; npbz ti^v AAE pdaiv, outwc; fj AFAM Tiupaplc; Tipoc; 
xrjv AAEM nupctp.iSa. 8 i’ laou dpct (ix; fj ABFA pdaic; npot; 
xrjv AAE pdaiv, ouxw<; fj ABFAM xupaplc; xpog xf)v AAEM 
iiupa[ii5oi. xal auvalevxi xdXiv, (be; f) ABFAE pdaic; xpoc; xrjv 
AAE pdaiv, ouxcoc; fj ABFAEM nupap,!); xpoc; xi^v AAEM 
7 iupap[ 5 a. o^oicoi; 81 ^ 8 eix'dr]aexai, 6 x 1 xal (be; fj ZFI0KA 
pdaie; xpoe; xiqv ZFI0 pdaiv, ouxoie; xal f] ZH0KAN xupaple; 
xpoc; xi^v ZH0N ■n:upapi[ 8 a. xal exel 860 ■n:upap[ 8 s(; elalv at 
AAEM, ZFE0N xpiY(bvou(; ^^(^oDaoLi pdaeie; xal utj^oe; laov, 
eaxiv dpa (be; f) AAE pdaie; xpoc; xf]v ZH0 pdaiv, ouxoje; 
f) AAEM xupaplc; xpoc; xi^v ZH0N xupapi[ 8 a. dXX’ Ae; f) 
AAE pdaie; xpoi; xf]v ABFAE pdaiv, ouxoje; rjv f) AAEM 
xupaplc; xpoi; xi^v ABFAEM xupap[ 8 a. xal 81 ’ laou dpa Ac; 
f) ABFAE pdaie; xpoe; xrjv ZH0 pdaiv, ouxoje; fj ABFAEM 
xupaple; xpoe; xiqv ZH0N xupa^iiSa. dXXd ^ii^v xal Ae; f) ZF[0 
pdaie; xpoe; xf)v ZFI0KA pdaiv, ouxcoe; rjv xal fj ZFI0N xu- 
pa(jle; xpoe; xrjv ZFI0KAN xupap,[ 8 a, xal 81 ’ laou dpa Ae; rj 
ABFAE pdaie; xpoe; xiQv ZFI0KA pdaiv, oux(Ue; fj ABFAEM 
xupaple; xpoe; xrjv ZFI0KAN xupa[ii 8 a' oxep e8ei 8 el^ai. 


C'. 

ndv xpiajia xpiyojvov e-)(o\) pdaiv 8iaip£'ixai eie; xpeTe; xu- 
pap.i8ai; laae; dXXr^Xaie; xpiyAvoue; pdasii; 

z 



B A 


’T;ax(o xp[a(Ja, ou pdaie; psv x6 ABF xpiy(ovov, dxe- 
vavxiov 8£ x6 AEZ' X£y(o, 6x1 x6 ABFAEZ xpiapa 8iaip£Txai 
£ie; xpEli; xupapi[8ae; laae; dXXr]Xaie; xpiyAvoue; £)(ouaae; 
pdaEie;. 

’ExE^EU^Tlojaav ydp al BA, EF, FA. £X£l xapaX- 
Xr]X6ypa(jp6v £axi x6 ABEA, 8id(i£xpoe; 8£ auxou £axiv 
f] BA, laov dpa £axi x6 ABA xpiy(ovov xA EBA xp[y(£)V(U' 


(is) to base ACD, so p 3 n:amid ABCDM (is) to pyra¬ 
mid AC DM [Prop. 5.18]. But, as base ACD (is) to 
base ADE, so pyramid ACDM (is) also to pyramid 
ADEM [Prop. 12.5]. Thus, via equality, as base ABCD 
(is) to base ADE, so pyramid ABCDM (is) to pyramid 
ADEM [Prop. 5.22]. And, again, via composition, as 
base ABCDE (is) to base ADE, so pyramid ABCDEM 
(is) to pyramid ADEM [Prop. 5.18]. So, similarly, it can 
also be shown that as base ECEIKL (is) to base ECH, 
so pyramid FGHKLN (is) also to p 3 n:amid FCHN. And 
since ADEM and FGHN are two pyramids having tri¬ 
angular bases and equal height, thus as base ADE (is) to 
base FGH, so pyramid ADEM (is) to pyramid FGHN 
[Prop. 12.5]. But, as base ADE (is) to base ABCDE, so 
P 3 n:amid ADEM (was) to pyramid ABCDEM. Thus, via 
equality, as base ABCDE (is) to base FGH, so pyramid 
ABCDEM (is) also to pyramid FGHN [Prop. 5.22]. 
But, furthermore, as base FGH (is) to base FGHKL, 
so p 5 a:amid FGHN was also to p 3 n:amid FGHKLN. 
Thus, via equality, as base ABCDE (is) to base FGHKL, 
so pyramid ABCDEM (is) also to p 3 n:amid FGHKLN 
[Prop. 5.22]. (Which is) the very thing it was required to 
show. 

Proposition 7 

Any prism having a triangular base is divided into 
three pyramids having triangular bases (which are) equal 
to one another. 


F 



B A 


Let there be a prism whose base (is) triangle ABC, 
and opposite (plane) DEE. I say that prism ABC DEE 
is divided into three pyramids having triangular bases 
(which are) equal to one another. 

For let BD, EC, and CD have been joined. Since 
ABED is a parallelogram, and BD is its diagonal, tri¬ 
angle ABD is thus equal to triangle EBD [Prop. 1.34]. 
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xal T) Kupa^ilc; apa, fjc paai<; pisv to ABA Tpiywvov, xo- 
pucpi^ Be TO r arjpieTov, far) eoTl nupapiLBi., fjc paai<; (lev 
eoTi. TO AEB Tpiyorvov, xopucpi^ Be to F arjiiefav. dXXa 
f) 7i;upa(i(<;, fjc; pdai<; piev eoTi. to AEB Tpiywvov, xopucpf) 
Be TO r arjpiefav, f) auTT) eoTi. 7i;upa(JiBi, fjc pdaic (lev eoTi 
TO EBF Tpiywvov, xopucpf) Be to A ariiiefav 0x6 ydp tAv 
auTWv eTiLTcBov nepiexsTai.. xai Tiupoipilc; dpa, fjc pdaic (Jev 
eoTi. TO ABA Tpiywvov, xopucpf) Be to F ariiiefav, far) eoTi 
TupapiLBi., fjc; pdaic; piev eoTi. to EBF Tpcywvov, xopucpf) 
Be TO A ariiiefav. xdXiv, exei 7i;apaXXr)X6ypapi(j6v eoTi. to 
ZFBE, BcdpieTpoc; Be eoTiv auTou f) FE, faov eoTl to FEZ 
Tpcywvov tA FBE TpiyAvw. xal Tiupapclc dpa, fjc pdaic 
piev eoTi TO BFE Tpiywvov, xopucpf) Be to A ai^iiefav, far) 
earl 7i;upa(i(Bi, fjc pdaic (iev eoTi to EFZ Tpiywvov, xopucpf) 
Be TO A ar)piefav. f) Be 7i;upa(i(c, fjc pdaic IJiev eaTi to BFE 
Tpiycuvov, xopucpf) Be to A arjpiefav, far) eBeixflr) nupapiiBi, fjc 
pdaic pcsv eaTi to ABA Tpiywvov, xopucpf) Be to F arjpiefav 
xai 7i;upa(iic dpa, fjc pdaic (jCEv eaTi to FEZ Tpiywvov, xo¬ 
pucpf) Be TO A ariiJefav, far) eaTi 7i;upa(iiBi, fjc pdaic pcev 
[eaTi] TO ABA Tpiywvov, xopucpf) Be to F arjpieTov Bifjpr)Tai 
dpa TO ABFAEZ Tipfapia eic Tpefa 7i;upa(iiBac faac dXXfjXaic 
TpiyAvouc exouaac pdaeic- 

Kai eTiel nupapiiC, fjc pdaic piev eaTi to ABA Tpiywvov, 
xopucpf) Be TO F ar)picfav, f) auTfj eaTi TiupapiiBi, fjc pdaic 
TO FAB Tpiywvov, xopucpf) Be to A arjpiefav utio ydp tAv 
auTAv eTiiTieBov TiepiexovTar f) Be nupapiic, fjc pdaic to 
ABA Tpiywvov, xopucpf) Be to F ariiJefav, TpiTov eBeixilr) 
Tou TipfapiaToc, o5 pdaic to ABF Tpiyovov, dnevavTiov Be 
TO AEZ, xal f) KupaiJic dpa, fjc pdaic to ABF Tpiywvov, 
xopucpf) Be TO A ariiJefav, TpiTov eaTi tou TipfapiaToc tou 
exovTOC pdaic Tf)v auTf)v to ABF Tpiywvov, dTievavTiov Be 
TO AEZ. 

Hopiapa. 

’Ex Bf) TouTou cpavepov, oti xSaa xupaplc TpiTov piepoc 
cotI tou TipiapiaTOC tou Tf)v auTf)v pdaiv exovTOC auTfj xal 
uc[ioc ’faov onep eBei Bel^ai. 

Ai 6[jLoiai nupapiiBec xal TpiyAvouc exouaai pdaeic ev 
TpmXaaiovi Xoyw efal tAv opioXoywv xXeupAv. 

’lilaTwaav opioiai xal 6(ioiwc xeipevai KupapiBec, Av 
pdaeic [Jcev eiai Ta ABF, AEZ Tpiywva, xopucpal Be Ta FL, 
0 ai^peTa- Xeyw, oti f) ABFH xupaplc Kpoc Tf)v AEZ0 
nupapiiBa TpiiiXaaiova Xoyov ex£i fjxep f) BF xpoc Tf)v EZ. 


And, thus, the pyramid whose base (is) triangle ABD, 
and apex the point C, is equal to the pyramid whose base 
is triangle DEB, and apex the point C [Prop. 12.5]. But, 
the pyramid whose base is triangle DEB, and apex the 
point C, is the same as the p 3 n:amid whose base is trian¬ 
gle EBC, and apex the point D. For they are contained 
by the same planes. And, thus, the pyramid whose base 
is ABD, and apex the point C, is equal to the p 3 n:amid 
whose base is EBC and apex the point D. Again, since 
FCBE is a parallelogram, and CE is its diagonal, trian¬ 
gle CEE is equal to triangle CBE [Prop. 1.34]. And, 
thus, the p 3 n:amid whose base is triangle BCE, and apex 
the point D, is equal to the pyramid whose base is trian¬ 
gle ECF, and apex the point D [Prop. 12.5]. And the 
P 3 n:amid whose base is triangle BCE, and apex the point 
D, was shown (to be) equal to the pyramid whose base is 
triangle ABD, and apex the point C. Thus, the p 3 n:amid 
whose base is triangle CEE, and apex the point D, is 
also equal to the pyramid whose base [is] triangle ABD, 
and apex the point C. Thus, the prism ABCDEF has 
been divided into three pyramids having triangular bases 
(which are) equal to one another. 

And since the p 3 n:amid whose base is triangle ABD, 
and apex the point C, is the same as the pyramid whose 
base is triangle CAB, and apex the point D. For they are 
contained by the same planes. And the pyramid whose 
base (is) triangle ABD, and apex the point C, was shown 
(to be) a third of the prism whose base is triangle ABC, 
and opposite (plane) DEE, thus the pyramid whose base 
is triangle ABC, and apex the point D, is also a third of 
the p 3 n:amid having the same base, triangle ABC, and 
opposite (plane) DEE. 

Corollary 

And, from this, (it is) clear that any pyramid is the 
third part of the prism having the same base as it, and an 
equal height. (Which is) the very thing it was required to 
show. 

Proposition 8 

Similar pyramids which also have triangular bases are 
in the cubed ratio of their corresponding sides. 

Let there be similar, and similarly laid out, p 3 n:amids 
whose bases are triangles ABC and DEE, and apexes 
the points G and iJ (respectively). I say that pyramid 
ABCG has to pyramid DEFH the cubed ratio of that 
BC (has) to EE. 
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SutxneuXripwa'dw yap xa BHMA, E0nO axepsa KapaX- 
XrjXexLxeBa. xai exei optoia eaxlv fj ABFH xupapik xfj AEZ0 
KupapiLBi., I'ar) otpa eaxlv f) piev uxo ABE ycovict x^ uxo AEZ 
ywvia, f) 8e uxo HBE xfj 0x6 0EZ, f) 6e 0x6 ABH xfj 0x6 
AE0, xa[ eaxLv cdc, f) AB xp6(; xf]v AE, oujc^c, f] BE xp6i; 
xf)v EZ, xai f] BH xp6<; xfjv E0. xai exel eaxiv A<; f] AB 
xp6c; xf]v AE, oOxwc f] BF xp6i; xf)v EZ, xai xepllaac; ywvlac; 
al xXeupal dvdXoyov eiaiv, 6[ioiov dpa eaxl x6 BM xapaX- 
Xr]X6ypa(jptov xw EEE xapaXXr]Xoypd(jptw. 6id xd aOxd 8f) xai 
x6 ptev BN xw EP opioiov eaxi., x6 6e BK xA ES' xd xpia 
dpa xd MB, BK, BN xpial toic, EEE, ES, EP opioid eaxiv. 
dXXd xd (lev xpia xd MB, BK, BN xpial toiq dxevavxiov laa 
xe xai opioid eaxiv, xd 8e xpia xd EB, ES, EP xpial xoT<; 
dxevavxiov laa xe xai opioid eaxiv. xd BHMA, E0nO dpa 
axeped 0x6 opioiwv exixeBwv lawv x6 xXfjDoi; xepiexsxai. 
opioiov dpa eaxl x6 BHMA axepe6v xA E0nO axepeA. xd 
8e opioia axeped xapaXXr)Xexixe8a ev xpixXaaiovi Xoyo eaxl 
xAv opioXoywv xXeupAv. x6 BHMA dpa axepe6v npbc, x6 
E0nO axepe6v xpixXaaiova Xoyov exsi fjxep f] opioXoyoc; 
xXeupd f) BE xp6<; xf)v opioXoyov xXeupdv xf)v EZ. A<; 8e x6 
BHMA axepe6v xp6<; x6 E0nO axepeov, o0xw<; f] ABFH 
xupapilc xp6c; xf]v AEZ0 xupapii8a, exei8fjxep f) xupapilc 
exxov piepoc eaxl xou axepeoO 8id x6 xai x6 xpiapia fjpiiau 
6v xoO axepeoO xapaXXr)Xexixe8ou xpixXdaiov elvai xfjc; xu- 
papii8oc;. xai f) ABFH dpa xupapilc xp6c; xf]v AEZ0 xu- 
papii8a xpixXaaiova Xoyov ex£i fjxep f] BE xp6c; xf)v EZ- 
oxep e8ei 8eT5ai- 


For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is simi¬ 
lar to pyramid DEFH, angle ABG is thus equal to angle 
DEE, and GBG to HEF, and ABG to DEH. And as AB 
is to DE, so BG (is) to EE, and BG to EH [Def. 11.9]. 
And since as AB is to DE, so BG (is) to EE, and (so) 
the sides around equal angles are proportional, parallel¬ 
ogram BM is thus similar to paralleleogram EQ. So, 
for the same (reasons), BN is also similar to ER, and 
BK to EO. Thus, the three (parallelograms) MB, BK, 
and BN are similar to the three (parallelograms) EQ, 
EO, ER (respectively). But, the three (parallelograms) 
MB, BK, and BN are (both) equal and similar to the 
three opposite (parallelograms), and the three (parallel¬ 
ograms) EQ, EO, and ER are (both) equal and simi¬ 
lar to the three opposite (parallelograms) [Prop. 11.24]. 
Thus, the solids BGML and EHQP are contained by 
equal numbers of similar (and similarly laid out) planes. 
Thus, solid BGML is similar to solid EHQP [Def. 11.9]. 
And similar parallelepiped solids are in the cubed ratio of 
corresponding sides [Prop. 11.33]. Thus, solid BGML 
has to solid EHQP the cubed ratio that the correspond¬ 
ing side BG (has) to the corresponding side EF. And as 
solid BGML (is) to solid EHQP, so p 3 n:amid ABGG (is) 
to pyramid DEFH, inasmuch as the p 3 n:amid is the sixth 
part of the solid, on account of the prism, being half of the 
parallelepiped solid [Prop. 11.28], also being three times 
the p 3 n:amid [Prop. 12.7]. Thus, pyramid ABCG also has 
to p 3 n:amid DEFH the cubed ratio that BG (has) to EF. 
(Which is) the very thing it was required to show. 


n6pia[Jia. 

’Ex 8f) xoOxou cpavEpov, 6xi xai al xoXuyAvouc 
aai paaeii; opoiai xupap[8s<; xp6<; dXXfjXac ev xpixXaaiovi 
Xoycp eial xAv opoXoycov xXeupAv. 8iaipe'deiaAv ydp auxAv 
ei<; xdc; ev aOxalc xupapi8ac; xpiyAvoui; pdaei<; exo6aa<; xA 
xai xd opoia xoXuywva xAv pdaewv eic; opoia xpiywva 
8iaipela'dai xai ’laa xA xXfj-dei xai opoXoya xolc; oXoic; eaxai 


Corollary 

So, from this, (it is) also clear that similar pyra¬ 
mids having polygonal bases (are) to one another as the 
cubed ratio of their corresponding sides. For, dividing 
them into the p 3 n:amids (contained) within them which 
have triangular bases, with the similar polygons of the 
bases also being divided into similar triangles (which are) 
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(be; [rj] ev tt) exepex p,[a nupap.lc; Tpiyc-ivov s-)(_o\jaoL pdaiv 
npoe; TTjv ev xfj exepex (iiav 7i;upa(j(6a xpiycovov exouaav 
pdaiv, ouT(£)<; xai anaaon ai ev xfj exepa 7i;upa(i(6i xupapiBec 
xpiycovouc; exouaai pdaeig xpoc; xde; ev xfj cxcpqc TiupapiBi. 
xupa[i(5a<; xpiycovoui; pdaeii; exouaac;, xouxeaxiv auxiQ f) 
xoXuywvov pdaiv exouaa nupaplc; npoQ xf]v xoXuycovov 
pdaiv exouaav xupapiBa. f) 5e xpiycovov pdaiv exouaa ku- 
pa^ic; xpoe; xf)v xpiytovov pdaiv exouaav ev xpixXaaiovi Xoyep 
caxl xwv o^oXoyov xXeupwv xal f) xoXuycovov dpa pdaiv 
exouaa xpoc; xrjv 6p,o[av pdaiv exouaav xpixXaaiova Xoyov 
cxei fjxep f) xXeupd xpoc; xf]v xXeupdv. 


Tc3v latov TCupap.iScov xai xpiytovouc; pdaeic exouawv 
dvxixexovTlaaiv ai pdaeic; xoTc; uijieaiv xal Sv 7i;upa(Ji6c£)v 
xpiycbvoui; pdaeic exouacSv dvxixexovdaaiv ai pdaeic xoTc 
ucj^eaiv, laai eialv exelvai. 



z n 


Tiaxcoaav ydp laai xupapiBec xpiycbvouc pdaeic 
xdc ABF, AEZ, xopuepdc 6e xd H, 0 arijiela- Xeyco, 6xi xwv 
ABFH, AEZ0 7i;upa(ji6(£)v dvxixexovdaaiv ai pdaeic toI<C 
uij^eaiv, xai eaxiv Ac f) ABF pdaic xpoc xrjv AEZ pdaiv, 
ouxcoc TO xfjc AEZ0 xupa^i5oc u(J;oc npoc x6 xfjc ABFFI 
xupa[ii8oc u(J;oc. 

Sup,xexXripAaTL)(o ydp xd BFIMA, E0FIO axeped xapaX- 
XrjXexixeSa. xal cxel larj eaxiv fj ABFH xupa^lc xfj AEZ0 
xupa[ii6i, xai eaxi xfjc p.£v ABFH xupajiiBoc e^axXdaiov 
x6 BHMA axepeov, xfjc 8e AEZ0 xupa[ii8oc e^axXdaiov 
x6 E0nO axepeov, laov dpa eaxl x6 BHMA axepeov xA 
E0nO axepeA. xAv 6c lacov axepcAv 7iapaXXr)Xe7ii7iA8c)3v 


both equal in number, and corresponding, to the wholes 
[Prop. 6.20]. As one pyramid having a triangular base in 
the former (pyramid having a polygonal base is) to one 
pyramid having a triangular base in the latter (pyramid 
having a polygonal base), so (the sum of) all the pyra¬ 
mids having triangular bases in the former pyramid will 
also be to (the sum of) all the p 3 n:amids having triangu¬ 
lar bases in the latter pyramid [Prop. 5.12]—that is to 
say, the (former) p 3 n:amid itself having a polygonal base 
to the (latter) pyramid having a polygonal base. And a 
pyramid having a triangular base is to a (pyramid) hav¬ 
ing a triangular base in the cubed ratio of corresponding 
sides [Prop. 12.8]. Thus, a (p 3 n:amid) having a polygonal 
base also has to to a (p 3 n:amid) having a similar base the 
cubed ratio of a (corresponding) side to a (correspond¬ 
ing) side. 


Proposition 9 


The bases of equal pyramids which also have trian¬ 
gular bases are reciprocally proportional to their heights. 
And those pyramids which have triangular bases whose 
bases are reciprocally proportional to their heights are 
equal. 



F Q 



M 


For let there be (two) equal pyramids having the tri¬ 
angular bases ABC and DEF, and apexes the points G 
and H (respectively). I say that the bases of the p 3 n:amids 
ABCG and DEFH are reciprocally proportional to their 
heights, and (so) that as base ABC is to base DEF, so 
the height of pyramid DEFH (is) to the height of pyra¬ 
mid ABCG. 

For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is 
equal to pyramid DEFH, and solid BGML is six times 
pyramid ABCG (see previous proposition), and solid 
EHQP (is) six times p 3 n:amid DEFH, solid BGML is 
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dvTi.-n:s 7 i; 6 vTL>aaiv at pdaen; toIc ucJ^ectiv eaxiv dpa (be; f) BM 
pdaig Tipoe; TTjv EH pdaiv, outcoc; to toO E0nO aTspeoO 
ucj^oc; npbz to toO BHMA oTepsou utj;oc;. dXX’ (be; f) BM 
Pcxaie; npoe; ttjv EH, ouTCOe; to ABE Tpiyoivov Kpoe; to AEZ 
Tpiyoivov. xai (b(; dpa to ABE Tp(y(ovov Tipoi; to AEZ 
Tptyojvov, ouTOie; to tou E0E[O OTepeou uej^oe; xpoe; to tou 
BEEMA oTEpsou u(|>oe;. exXXd to (iev toO E0EEO oTEpEou 
u(l>oe; TO auTO eoti tA Tfje; AEZ0 7 iupa^[ 6 oe; u(|>ei, to Be 
TOU BHMA oTEpsoO ucjjoe; to auTo eoti. tA Tfje; ABEH ku- 
pa(i( 6 oe; utj;Er eotiv dpa Ae; f] ABE pdate; xpoe; Tf)v AEZ 
pdatv, oUTOJe; to Tfje; AEZ0 7 i;upa(i( 6 oe; utj;oe; Tipoe; to Tfje; 
ABEH 7 i;upa(i( 6 oi; u(l>oi;. tAv ABEH, AEZ0 dpa 7 i;upa(Ji 6 (Ov 
dvTi.TEKOV'daai.v at pdoEie; Tote; uejiEoiv. 

AXXd Bf) tAv ABEH, AEZ0 7 i;upa(i( 8 (ov avTiKETiovdsT- 
(oaav ai pdoEie; Tole; u(l>Eai.v, xal eotoj Ae; f) ABE pdate; xpoe; 
Tf]v AEZ pdatv, oUTOJe; to Tfji; AEZ0 xupa^EBoe; uejioe; xpoe; 
TO Tfji; ABEH xupa^iBo^ utjioe;- X£y(o, 6t( Tar] eotiv f) ABEH 
xupa^tk Tfj AEZ0 xupa^iBi. 

TAv ydp auTAv xaTaoxEuaefEEVTOiv, exel eotiv Ae; f) 
ABE pdote; xpoe; Tf]v AEZ pdoiv, oUT(oe; to Tfje; AEZ0 xu- 
pa(JiBoe; ucjjoe; xpoe; to Tfje; ABEH xupa^EBoe; ucjjoe;, dXX’ Ae; 
f] ABE pdoi.(; xpoe; Tf]v AEZ pdotv, ouT(oe; to BM xapaX- 
Xr]X 6 ypa(j^ov xpoe; to EH xapaXXr]X 6 ypa(j^ov, xai A(; dpa 
TO BM xapaXXrjXoypa^^ov xpoe; to EH xapaXXr)X 6 ypa^(Jov, 
ouT( 0 (; TO Tfj? AEZ0 xupa^xiBoe; ucjjoe; xp 6 (; to Tfje; ABEH 
xupa^xiBoe; u(l>oi;. dXXd to [^jisv] Tfje; AEZ0 xupa^iBoe; u(l>oi; 
TO auTo EOTi. tA tou E0nO xapaXXrjXExixsBou uejisi., to Be 
Tfje; ABEH xupa(Ji 8 oe; utjioe; to auTO eoti. tA tou BHMA 
xapaXXrjXEXLXsBou u(|jec eotiv dpa Ae; f) BM pdoie; xpoe; 
Tf]v EH pdoiv, ouTOie; to tou E0nO xapaXXrjXExixsBou 
ui^ioi; xpoe; to tou BHMA xapaXXrjXExixsBou u(l;o(;. Av 
Be OTEpEAv xapaXXr]X£xix£ 8 ( 0 v dvTixExovdaoiv at pdosie; 
ToIe; uejiEoiv, loa eotiv Exslva' loov dpa eoti to BHMA 
OTEpEov xapaXXr)X£x(x£ 8 ov tA E0nO oTEpEA xapaXXrjXE- 
xix£ 8 (p. xa[ EOTI TOU ^£v BHMA extov ^spoe; f) ABEH 
xupa^ie;, TOU Be E0nO xapaXXrjXExixsBou extov ^spoe; f) 
AEZ0 xupa^ie;- Tor] dpa f] ABEH xupa(iie; Tfj AEZ0 xu- 
pa(iiBi. 

TAv dpaiooiv xupa^[ 8 (ov xai TpiyAvoU(; pdoEie; e^duoAv 
dvTixExovdaoiv ai pdoEie; ToIe; uejiEoiv xai Av xupa(Ji 8 ( 0 v 
TpiyAvoue; pdoEie; sxouoAv dvTixExovdaoiv ai pdosie; ToIe; 
uil>£oiv, loai Eiolv EXElvai- oxsp eBei BeT^oii- 


1 . 

Hae; xAvoe; xuXivBpou xpiTov ^Jispoe; eoti tou ttjv auTrjv 
pdoiv E^ovToe; auTA xal u(J;oe; loov. 

’Ex£T(o ydp xAvoe; xuXivBpA pdoiv te Tf]v auTf)v tov 


thus equal to solid EHQP. And the bases of equal par¬ 
allelepiped solids are reciprocally proportional to their 
heights [Prop. 11.34]. Thus, as base BM is to base EQ, 
so the height of solid EEIQP (is) to the height of solid 
BGML. But, as base BM (is) to base EQ, so triangle 
ABC (is) to triangle DEE [Prop. 1.34]. And, thus, as 
triangle ABC (is) to triangle DEE, so the height of solid 
EEIQP (is) to the height of solid BCML [Prop. 5.11]. 
But, the height of solid EEIQP is the same as the height 
of pyramid DEPH, and the height of solid BCML is 
the same as the height of p 3 n:amid ABCC. Thus, as base 
ABC is to base DEE, so the height of p 3 n:amid DEEP! 
(is) to the height of pyramid ABCC. Thus, the bases 
of p 3 n:amids ABCC and DEE El are reciprocally propor¬ 
tional to their heights. 

And so, let the bases of p 3 n:amids ABCC and DEFH 
be reciprocally proportional to their heights, and (thus) 
let base ABC be to base DEE, as the height of p 3 n:amid 
DEEH (is) to the height of p 3 n:amid ABCC. I say that 
P 3 n:amid ABCC is equal to pyramid DEFH. 

For, with the same construction, since as base ABC 
is to base DEE, so the height of pyramid DEFH (is) to 
the height of p 3 n:amid ABCC, but as base ABC (is) to 
base DEE, so parallelogram BM (is) to parallelogram 
EQ [Prop. 1.34], thus as parallelogram BM (is) to paral¬ 
lelogram EQ, so the height of p 3 n:amid DEFH (is) also 
to the height of pyramid ABCC [Prop. 5.11]. But, the 
height of pyramid DEFH is the same as the height of 
parallelepiped EHQP, and the height of pyramid ABCC 
is the same as the height of parallelepiped BCML. Thus, 
as base BM is to base EQ, so the height of parallelepiped 
EHQP (is) to the height of parallelepiped BCML. And 
those parallelepiped solids whose bases are reciprocally 
proportional to their heights are equal [Prop. 11.34]. 
Thus, the parallelepiped solid BCML is equal to the par¬ 
allelepiped solid EHQP. And p 3 n:amid ABCC is a sixth 
part of BCML, and p 3 n:amid DEFH a sixth part of par¬ 
allelepiped EHQP. Thus, p 3 n:amid ABCC is equal to 
P 3 n:amid DEFH. 

Thus, the bases of equal pyramids which also have 
triangular bases are reciprocally proportional to their 
heights. And those pyramids having triangular bases 
whose bases are reciprocally proportional to their heights 
are equal. (Which is) the very thing it was required to 
show. 

Proposition 10 

Every cone is the third part of the cylinder which has 
the same base as it, and an equal height. 

For let there be a cone (with) the same base as a cylin- 
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ABFA xuxXov xai u(J;oi; laov Xeyw, oxi 6 xwvot; xou 
xuXivSpou xp[xov eax'i (lepoc, xouxeaxi.v 6xi 6 xuXiv6po<; xoD 
xcovou xpiTiXaaiwv eaxiv. 

A 



Ei yap [iT] eaxiv 6 xuXivSpoc; xou xwvou xpixXaaiwv, 
eaxai 6 xuXiv6po<; xou xwvou f]xoi. f] xpixXaaLWv 

f] eXdaawv f\ xpmXaaiwv. eaxw xpoxepov [iei^tov t] xpi- 
xXocaiwv, xal eyyeypdcpila) eiz xov ABFA xuxXov xexpdywv- 
ov x6 ABFA' x6 6i^ ABFA xexpdywvov piei^ov eoxiv t] x 6 
■ripiLau xou ABFA xuxXou. xai dvsaxdxw axo xou ABFA xe- 
xpaywvou 7i;pLa(Ja iaoutj;ei; xA xuX[v5pa). x6 6i^ dvi.axd(jevov 
Tipiapia pisT^ov eaxLv x6 T](iiau xou xuX(v6ou, e-n:Ei.6r)7i;£p 
xdv xEp'i xov ABFA xuxXov xexpdytovov 7i£piypdc|;wpt£v, 
x6 eyyeypa(jpi£vov sic; xov ABFA xuxXov xsxpdywvov 
fipti.au saxt xou Ksptysypaptptsvou' xal saxi xd dx’ auxAv 
dvtaxdpLsva axspsd KotpaXXrjXsKiKsBa xpiaptaxa laoutjif)' xd 
5s uxo x6 auxo utjjoc; ovxa axspsd xo(paXXr)Xsxlxs5a xpoc; 
dXXr]Xd saxiv Ac; at pdastc xai x6 sxi xou ABFA dpa xs- 
xpayAvou dvaoxaiSEv xpiapia fiptiau saxi xou dvaaxaiSsvxoc; 
xpiapiaxoc; dxo xou xspl xov ABFA xuxXov xspiypacpsvxoc; 
xsxpayAvou' xal saxiv 6 xuXivBpoc; sXdxxwv xou xplapiaxoc; 
xou dvaxpa'dsvxoc; dxo xou xsp'i xov ABFA xuxXov xEpi- 
ypacpsvxoi; xsxpayAvou- x6 dpa xplapia x6 dvaaxa'dEv dxo 
xou ABFA xExpayAvou laoui|j£c; xA xuX[v5ptp (isl^ov saxi 
xou f]pila£W(; xou xuX[v5pou. xsxpuiailwaav al AB, BF, 
FA, AA xspicpspEiai 6lxa xaxd xd E, Z, FE, 0 arjiisla, xal 
STis^EUX'dwaav al AE, EB, BZ, ZF, FH, HA, A0, 0A' 
xai sxaaxov dpa xAv AEB, BZF, FHA, A0A xpiyAvwv 
pisi^ov saxiv f] x6 fipiiau xou xa'd’ sauxo xr]f]piaxoc; xou 
ABFA xuxXou, Ac sptxpoa'dsv sSslxvupiEv. dvsaxdxo scp’ 
Exdaxou xAv AEB, BZF, FHA, A0A xpiyAvwv xplapiaxa 
iaout];fj xA xuXlv6pw' xal sxaaxov dpa xAv dvaaxa'dsvxwv 
xpiapidxwv pisT^ov saxiv '1] x6 fipiiau (jspoc; xou xail’ sauxo 
xpir)(iaxoc; xou xuXlv6pou, SKEiBiiTisp sdv 5id xAv E, Z, H, 
0 arjpislwv TiapaXXliXouc xaTc; AB, BF, FA, AA dydywptsv, 
xal auptxXrjpAawptsv xd sxl xAv AB, BF, FA, AA xapaX- 


der, (namely) the circle ABCD, and an equal height. I 
say that the cone is the third part of the cylinder—that is 
to say, that the cylinder is three times the cone. 

A 



C 


For if the cylinder is not three times the cone then the 
cylinder will be either more than three times, or less than 
three times, (the cone). Let it, first of all, be more than 
three times (the cone). And let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. So, square 
ABCD is more than half of circle ABCD [Prop. 12.2]. 
And let a prism of equal height to the cylinder have been 
set up on square ABCD. So, the prism set up is more 
than half of the cylinder, inasmuch as if we also circum¬ 
scribe a square around circle ABCD [Prop. 4.7] then the 
square inscribed in circle ABCD is half of the circum¬ 
scribed (square). And the solids set up on them are par¬ 
allelepiped prisms of equal height. And parallelepiped 
solids having the same height are to one another as their 
bases [Prop. 11.32]. And, thus, the prism set up on 
square ABCD is half of the prism set up on the square 
circumscribed about circle ABCD. And the cylinder is 
less than the prism set up on the square circumscribed 
about circle ABCD. Thus, the prism set up on square 
ABCD of the same height as the cylinder is more than 
half of the cylinder. Let the circumferences AB, BC, 
CD, and DA have been cut in half at points E, F, G, 
and H. And let AE, EB, BF, EC, CG, CD, DH, and 
HA have been joined. And thus each of the triangles 
AEB, BFC, CCD, and DHA is more than half of the 
segment of circle ABCD about it, as was shown pre¬ 
viously [Prop. 12.2]. Let prisms of equal height to the 
cylinder have been set up on each of the triangles AEB, 
BFC, CCD, and DHA. And each of the prisms set up is 
greater than the half part of the segment of the cylinder 
about it—inasmuch as if we draw (straight-lines) parallel 
to AB, BC, CD, and DA through points E, F, G, and H 
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XrjXoYpa^ijia, xal dm’ auxwv dvaaTr]awp,£v axepedc xctpaXXr)- 
XexixeSa iaou(J;f) xG xuXivSptp, exdaou xwv dtvaaxa'dsvxwv 
fijiiar) eaxl xdc npiapiaxa xd enl xwv AEB, BZF, FHA, A0A 
xpiycdvcov xai eaxi xd xou xuX(v 8 pou x[ir]p,axa eXdxxovct 
xAv dvaaxa'dsvxwv axspeAv KapaXXrjXsKixeBwv Aaxe xal 
xd era xAv AEB, BZF, FHA, A0A xpiyAvcov xpiaptaxa 
piel^ovd eaxLv f] x 6 fipti.au xAv xaD’ eauxd xou xuXtvBpou 
xptri(idxwv. xepivovxei; Bf) xd<; unoXetTioptevai; xepicpepeiai; 
Btxa xal ent^euyvuvxei; euileiai; xal dviaxdvxec ecp’ exdaou 
xAv xptyAvwv xpiapiaxa iaout|;fj xA xuX(v 6 pw xal xouxo del 
Kotouvxei; xaxaXettj^opiev xiva duoxptripiaxa xou xuX(v 6 pou, 
d eaxai eXdxxova xfj<; UKepoxfji;, fj unepexei 6 xuX(v 6 po<; 
xou xptxXaaiou xou xAvou. XeXeicpilw, xal eaxw xd AE, 
EB, BZ, ZF, FH, HA, A0, 0A' Xotnov dpa x 6 xplapta, ou 
pdati; piev x 6 AEBZFHA0 xoXuyovov, utj;oc; 6 e x 6 auxo 
xA xuXtvBpA, pieT^ov eaxlv f] xptnXdaiov xou xAvou. dXXd 
x 6 Tipiapta, o5 pdatc ptev eaxl x 6 AEBZFHA0 xoXuyovov, 
utl>oc; 5e x 6 auxo xA xuXtvBpo, xpixXdatov eaxi xfjc; ku- 
paptiBoc, fji; pdatc; piev eaxt x 6 AEBZFHA0 xoXuywvov, 
xopucpf) 8 e f] auxf] xA xAvw- xal f) xupaptli; dpa, fjc; pdai<; 
ptev [eaxt] x 6 AEBZFHA0 xoXuyovov, xopucpf) 6 e f] auxf] 
xA xAvo), ptei^wv eaxl xou xAvou xou pdatv exovxec xov 
ABFA xuxXov. dXXd xal eXdxxwv eptKeptexexai ydp On:’ 
aOxou' onep eaxlv dBuvaxov. oux dpa eaxlv 6 xuXiv 6 po<; 
xou xAvou pteT^wv f] xpinXdatoi;. 

Aeyw Bfj, oxt oOBe eXdxxwv eaxlv fj xpinXdatoc; 6 
xuXiv 6 po<; xou xAvou. 

Et ydp 6 uvax 6 v, eaxw eXdxxwv fj xptnXdaioc 6 xuXiv 6 po<; 
xou xAvou' dvdnaXtv dpa 6 xAvoi; xou xuXtv5pou pteT^wv 
eaxlv fj xpixov ptepoi;. eyyeypdcp'dw Bf) etc xov ABFA xuxXov 
xexpdywvov x 6 ABFA' x 6 ABFA dpa xexpdywvov pteT^ov 
eaxtv fj x 6 fjpttau xou ABFA xuxXou. xal dveaxdxw dno xou 
ABFA xexpayAvou 'n:upaptl(; xfjv auxfjv xopucpfjv e^ouaa xA 
xAvo)' rj dpa dvaaxaDeTaa nupaptlc; ptet^wv eaxlv fj x 6 fjpttau 
ptepoc; xou xAvou, en;ei 6 f]n:ep, A<; eptnpoa'dev eBetxvuptev, 
6 x 1 edv nepl xov xuxXov xexpdywvov neptypdcjjwptev, eaxat 
x 6 ABFA xexpdywvov fjpttau xou nepl xov xuxXov nept- 
yeypaptptevou xexpayAvou' xal edv dno xAv xexpayAvwv 
axeped n:apaXXr]Xen:tn:e 6 a dvaaxijawptev taoucjjfj xA xAvo, d 
xal xaXeTxai npiaptaxa, eaxai x 6 dvaaxaffev dno xou ABFA 
xexpayAvou fjpttau xou dvaaxailevxoi; dno xou nepl xov 
xuxXov nepiypacpevxoc xexpayAvou' npoc; dXXrjXa ydp eiaiv 
Ac al pdaeic- Aaxe xal xd xptxa' xal nupaptlc dpa, fjc 
pdatc TO ABFA xexpdywvov, fjpttau eaxt xfjc nupapitBoc xfjc 
dvaoxafletarjc dno xou nepl xov xuxXov neptypacpevxoc xe¬ 
xpayAvou. xat eaxt piet^wv f] nupapilc f] dvaaxafleTaa dno 
xou nepl xov xuxXov xexpayAvou xou xAvou- epmepiexst 
ydp auxov. f] dpa Kupaptlc, fjc pdaic x 6 ABFA xexpdywvov, 
xopucpf) 8 e f] auxf] xA xAvo, piet^wv eaxlv fj x 6 fjpttau xou 
xAvou. xexptfjaDwaav al AB, BF, FA, AA neptcpepetai 
5txa xaxd xd E, Z, H, 0 ar)pteTa, xal ene^euxflwaav al 


(respectively), and complete the parallelograms on AB, 
BC, CD, and DA, and set up parallelepiped solids of 
equal height to the cylinder on them, then the prisms on 
triangles AEB, BFC, CGD, and DBA are each half of 
the set up (parallelepipeds). And the segments of the 
cylinder are less than the set up parallelepiped solids. 
Hence, the prisms on triangles AEB, BFC, CGD, and 
DBA are also greater than half of the segments of the 
cylinder about them. So (if) the remaining circumfer¬ 
ences are cut in half, and straight-lines are joined, and 
prisms of equal height to the cylinder are set up on each 
of the triangles, and this is done continually, then we will 
(eventually) leave some segments of the cylinder whose 
(sum) is less than the excess by which the cylinder ex¬ 
ceeds three times the cone [Prop. 10.1]. Let them have 
been left, and let them be AE, EB, BF, EC, CG, CD, 
DB, and BA. Thus, the remaining prism whose base 
(is) polygon AEBFCGDB, and height the same as the 
cylinder, is greater than three times the cone. But, the 
prism whose base is polygon AEBFCGDB, and height 
the same as the cylinder, is three times the pyramid whose 
base is polygon AEBFCGDB, and apex the same as the 
cone [Prop. 12.7 corn]. And thus the p 3 n:amid whose 
base [is] polygon AEBFCGDB, and apex the same as 
the cone, is greater than the cone having (as) base circle 
ABCD. But (it is) also less. For it is encompassed by it. 
The very thing (is) impossible. Thus, the cylinder is not 
more than three times the cone. 

So, I say that neither (is) the cylinder less than three 
times the cone. 

For, if possible, let the cylinder be less than three times 
the cone. Thus, inversely, the cone is greater than the 
third part of the cylinder. So, let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. Thus, square 
ABCD is greater than half of circle ABCD. And let a 
P3n:amid having the same apex as the cone have been set 
up on square ABCD. Thus, the pyramid set up is greater 
than the half part of the cone, inasmuch as we showed 
previously that if we circumscribe a square about the cir¬ 
cle [Prop. 4.7] then the square ABCD will be half of the 
square circumscribed about the circle [Prop. 12.2]. And 
if we set up on the squares parallelepiped solids—which 
are also called prisms—of the same height as the cone, 
then the (prism) set up on square ABCD will be half 
of the (prism) set up on the square circumscribed about 
the circle. For they are to one another as their bases 
[Prop. 11.32]. Hence, (the same) also (goes for) the 
thirds. Thus, the p 3 n:amid whose base is square ABCD 
is half of the p 3 n:amid set up on the square circumscribed 
about the circle [Prop. 12.7 corn]. And the pyramid set 
up on the square circumscribed about the circle is greater 
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AE, EB, BZ, Zr, EH, HA, A0, 0A' xal exaoTov apa 
xAv AEB, BZr, EHA, A0A xpiyAvcov (jeT^ov eaxiv fj to 
^spo(; xou xa'd’ eauxo T^r]t^aTO<; xoD ABEA xuxXou. 
xai dvsaxdxwaav ecp’ sxdaxou xAv AEB, BZE, EHA, A0A 
xpiyAvtov 7i;upa(Ji6£i; xf]v aOxiQv xopucpfjv exovaai xA xAv«- 
xai exdaxr] dpa xAv dvaaxa'dei.aAv 7i;upa(Ji6wv xaxd xov 
auxov xpoxov saxiv f] x6 fitJii.au ^Jispoc; xou xa'd’ 

eauxfjv xtxriiiaxoc; xou xAvou. x£t.tvovxe<; Bf) xd<; uhoXei.- 
■n:o(j£va<; nEpicpEpEiat; Bixa xai EKi^EuyvuvxEc; £U'd£ia<; xal 
dviaxdvxEc Ecp’ Exdaxou xAv xpiyAvwv 7i;upa(Ji6a xf]v auxfiv 
xopucpfjv £)(ouaav xA xAvw xai xouxo dd koiouxec; xa- 
xaXEii|jo(i£v xiva duoxtifitJicaJ^ uou xAvou, d saxai sXdxxova 
xfjc; UKEpoxfjc, fi UKEpsxsi 6 xAvoc xou xpixou (ispouc xou 
xuXiv6pou. XEXEicp'dw, xai saxo xd sd xAv AE, EB, BZ, ZE, 
EH, HA, A0, 0A- Xoixf] dpa f] Kupatiic, fjc; fidaic; ^Jisv saxi 
x6 AEBZEHA0 KoXuyovov, xopucpf] Be f) auxf] xA xAvw, 
tJiEi^wv E 0 XIV f] xpixov tJispoc; xou xuXivBpou. dXX’ f] 7i;upa(Ji<;, 
fjc; pdaii; t^sv saxi x6 AEBZEHA0 TioXuywvov, xopucpf] Be 
f] auxf] xA xAvo, xpixov saxi (ispoc xou Tipiapiaxoc, o5 pdaic 
tJiEv saxi x6 AEBZEHA0 xoXuywvov, uc|jo<; Be x6 auxo xA 
xuXivBpw' x6 dpa xpiapia, ou pdaic piEv saxi x6 AEBZEHA0 
KoXuywvov, uc|jo<; Be x6 auxo xA xuXivBpo), (ieT^ov saxi xou 
xuXivBpou, ou pdaic saxiv 6 ABEA xuxXo<;. dXXd xal sXax- 
xov EiinEpiExsxai ydp Ok’ auxou' OKsp saxiv dBuvaxov. oux 
dpa 6 xuXivBpoc xou xAvou sXdxxwv saxiv f] xpiKXdaioi;. 
EBsix'O'n Be, 6x1 ouBe ^jisi^wv f] xpiKXdaioc xpiKXdaioc dpa 6 
xuXivBpoc xou xAvou- Aaxs 6 xAvo<; xpixov saxi (i£po<; xou 
xuXivBpou. 

Hat; dpa xAvoc; xuXivBpou xpixov (ispoc saxi xou xf]v 
auxf]v pdaiv sxovxoc; auxA xal ucIjoc; ’(aov oKsp eBei BsT^ai. 


la'. 

Oi UKO x6 auxo uc|jo<; ovxec xAvoi xal xuXivBpoi Kpoc; 
dXXfjXouc; Eialv Ac; ai pdasic;. 

’Taxwaav uko x6 auxo ucjjo^ xAvoi xal xuXivBpoi, Av 
pdasii; tJiEv [siaiv] oi ABEA, EZH 0 xuxXoi, d^ovsc; Be oi 
KA, MN, BidpiExpoi Be xAv pdaswv ai AE, EH- Xsya), 6xi 
saxiv Ac; 6 ABEA xuxXoc; Kpoc; xov EZH 0 xuxXov, ouxcoc; 
6 A A xAvoc; Kpoi; xov EN xAvov. 


than the cone. For it encompasses it. Thus, the p 3 n:amid 
whose base is square ABCD, and apex the same as the 
cone, is greater than half of the cone. Let the circum¬ 
ferences AB, BC, CD, and DA have been cut in half 
at points E, F, G, and H (respectively). And let AE, 
EB, BE, EC, CG, GD, DEI, and HA have been joined. 
And, thus, each of the triangles AEB, BEG, CGD, and 
DHA is greater than the half part of the segment of cir¬ 
cle ABCD about it [Prop. 12.2]. And let pyramids having 
the same apex as the cone have been set up on each of the 
triangles AEB, BEG, CGD, and DHA. And, thus, in the 
same way, each of the pyramids set up is more than the 
half part of the segment of the cone about it. So, (if) the 
remaining circumferences are cut in half, and straight¬ 
lines are joined, and pyramids having the same apex as 
the cone are set up on each of the triangles, and this is 
done continually, then we will (eventually) leave some 
segments of the cone whose (sum) is less than the excess 
by which the cone exceeds the third part of the cylinder 
[Prop. 10.1]. Let them have been left, and let them be 
the (segments) on AE, EB, BE, EC, CG, GD, DH, and 
HA. Thus, the remaining p 3 n:amid whose base is poly¬ 
gon AEBFCGDH, and apex the same as the cone, is 
greater than the third part of the cylinder. But, the pyra¬ 
mid whose base is polygon AEBFCGDH, and apex the 
same as the cone, is the third part of the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder [Prop. 12.7 corn]. Thus, the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder, is greater than the cylinder whose base is 
circle ABCD. But, (it is) also less. For it is encompassed 
by it. The very thing is impossible. Thus, the cylinder is 
not less than three times the cone. And it was shown that 
neither (is it) greater than three times (the cone). Thus, 
the cylinder (is) three times the cone. Hence, the cone is 
the third part of the cylinder. 

Thus, every cone is the third part of the cylinder which 
has the same base as it, and an equal height. (Which is) 
the very thing it was required to show. 

Proposition 11 

Cones and cylinders having the same height are to one 
another as their bases. 

Let there be cones and cylinders of the same height 
whose bases [are] the circles ABCD and EFGH, axes 
KL and MN, and diameters of the bases AC and EG (re¬ 
spectively). I say that as circle ABCD is to circle EFGH, 
so cone AL (is) to cone EN. 
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A 



Ei Y«p PT eaxai tx; 6 ABFA xuxXoc; xpoc tov EZH0 
xuxXov, ouTCog 6 AA xCSvoc, y]T 0 i npoc, eXocaaov xi xoO EN 
xcovou axepeov t] xpoc; piei^ov. eaxw xpoxepov xpog eXaa- 
aov x6 S, xctl 5 eXaaaov eaxi x6 S axepeov xou EN xcovou, 
cxeivwlaov eaxw x6 axepeov 6 EN xwvoc; dpalaoc; eaxl 
xoTi; S, ']/ axepeoTi;- eyTEYP^T'^^ xov EZH0 xuxXov 
xexpotYWvov x6 EZH0' x6 dpa xexpdY^''^ov piel^ov eaxiv 
f] TO fjpiiau xou xuxXou. dveaxdxto axo xou EZH0 xe- 
xpaYtovou xupocpilc; iaou(|ir)(; xw xwvw' r\ dpa dvaaxa'delaa 
iiupa(il(; [iei^tov eaxiv r] x6 fjpiiau xou xcovou, exeiSr^xep cdv 
7iepiYpdc|xo(jev xepi xov xuxXov xexpdYWvov, xal an auxou 
dvaaxr]awpiev 7i;upa(Ji6a iaoucj;/) xw xwvo, fj eYYP“’?£l^'^“ 
pa(ii(; fjjiiau eaxi xfjc; nepiYpacpeiarjc;' npoQ dXXr]Xac; Ydp elaiv 
dx; ai pdaeii;' eXdxxwv 6e 6 xwvo<; xfjc; KepiYpotcpslarjc; ku- 
pa(i(6oc;. xexiii^ailwaav at EZ, ZH, H0, 0E 7i;epi.(pepei.ai 
8[xa xaxd xd O, 11, P, E arjiiela, xal exe^euxilwaav al 
00, OE, EH, nZ, ZP, PH, HE, E0. exaaxov dpa xCiv 
0OE, EHZ, ZPH, HZ0 xpiYWvwv (jeT^ov eaxiv f] x6 f](iiau 
xou xaD’ eauxo xpir)(iaxoc; xou xuxXou. dveaxdxw ecp’ 
exdaxou xwv 0OE, EHZ, ZPH, HE0 xpiYWvwv xupaptlc; 
iaouc|>f]c; xw xwvw- xal exdaxr) dpa xfiv dvaaxaDeiaov ku- 
papiiBwv piel^cov eaxiv fj x6 f]pLiau xou xail’ eauxfjv xpLf]ptaxo(; 
xou xwvou. xepivovxec; 5f) xdc; unoXeixoiievac; xepicpepeiac; 
5ixa xal exi^euYvuvxec; euilelac; xal cxviaxdvxec; cxl exdaxou 
xwv xpiYWvwv TCupapiiSac; iaoucl^elc; xw xtovw xal del xouxo 
xoiouvxec; xaxaXeitjiojiev xiva diioxp,ir][iaxa xou xwvou, d 
caxai cXdaaova xou axepeou. XeXeicp'dw, xal eaxco xd 
cxl xwv 0OE, EHZ, ZPH, HE0- Xomf) dpa f) xupapiii;, fji; 
pdaic; x6 OOEHZPHE tioXuywvov, u(J;o<; 5e x6 auxo xw 
xcovcp, (iei^tov eaxi xou S axepeou. exYETP^'P’^^to xal elc; xov 
ABPA xuxXov xw OOEHZPHE xoXuYtovtp opioiov xe xal 
6(ioicoc; xeijievov tioXuywvov x6 ATATB$rX, xal dveaxdxto 
ex’ auxou xupapilc; laou(J;f)c; xw AA xwvcp. exel ouv eaxiv wc; 
x6 dxo xfjc; AP xpoc; x6 dxo xfjc; EH, ouxtoc; x6 ATATB<i>rX 
xoXuYtovov xpoc; x6 OOEHZPHE xoXuywvov, wc; 6e x6 
dxo xfjc; AP xpoc; x6 dxo xfjc; EH, ouxwc; 6 ABPA xuxXoc; 
xpoc; xov EZH0 xuxXov, xal cbc; dpa 6 ABFA xuxXoi; xpoc; 
xov EZH0 xuxXov, ouxwc; x6 ATATB<I)PX xoXuywvov 
xpoc; x6 OOEHZPHE xoXuywvov. cbc; 6c 6 ABPA xuxXoc; 
xpoc; xov EZH0 xuxXov, ouxwc; 6 AA xwvoc; xpoc; x6 5 
axepeov, Ac; 6e x6 ATATB<I>PX xoXuywvov xpoi; x6 00- 
EHZPHE xoXuYWvov, ouxwc f] xupapik, fjc; pdaic; picv x6 
ATATB<I)PX xoXuYWvov, xopucpf) 6c x6 A arjpicTov, xpoc; 



For if not, then as circle ABCD (is) to circle EFGH, 
so cone AL will be to some solid either less than, or 
greater than, cone EN. Let it, first of all, be (in this ra¬ 
tio) to (some) lesser (solid), O. And let solid X be equal 
to that (magnitude) by which solid O is less than cone 
EN. Thus, cone EN is equal to (the sum of) solids O 
and X. Let the square EFGEl have been inscribed in cir¬ 
cle EFGEl [Prop. 4.6]. Thus, the square is greater than 
half of the circle [Prop. 12.2]. Let a pyramid of the same 
height as the cone have been set up on square EFGH. 
Thus, the pyramid set up is greater than half of the cone, 
inasmuch as, if we circumscribe a square about the cir¬ 
cle [Prop. 4.7], and set up on it a pyramid of the same 
height as the cone, then the inscribed pyramid is half 
of the circumscribed pyramid. For they are to one an¬ 
other as their bases [Prop. 12.6]. And the cone (is) less 
than the circumscribed p 3 n:amid. Let the circumferences 
EE, EG, GH, and HE have been cut in half at points 
P, Q, R, and S'. And let HP, PE, EQ, QF, FR, RG, 
GS, and SH have been joined. Thus, each of the trian¬ 
gles HPE, EQF, ERG, and GSH is greater than half 
of the segment of the circle about it [Prop. 12.2]. Let 
pyramids of the same height as the cone have been set up 
on each of the triangles HPE, EQF, ERG, and GSH. 
And, thus, each of the pyramids set up is greater than 
half of the segment of the cone about it [Prop. 12.10]. 
So, (if) the remaining circumferences are cut in half, and 
straight-lines are joined, and pyramids of equal height 
to the cone are set up on each of the triangles, and 
this is done continually, then we will (eventually) leave 
some segments of the cone (the sum of) which is less 
than solid X [Prop. 10.1]. Let them have been left, and 
let them be the (segments) on HPE, EQF, ERG, and 
GSH. Thus, the remaining pyramid whose base is poly¬ 
gon HPEQFRGS, and height the same as the cone, is 
greater than solid O [Prop. 6.18]. And let the polygon 
DTAUBVGW, similar, and similarly laid out, to polygon 
HPEQFRGS, have been inscribed in circle ABGD. And 
on it let a p 3 n:amid of the same height as cone AL have 
been set up. Therefore, since as the (square) on AC is 
to the (square) on EG, so polygon DTAUBVGW (is) to 
polygon HPEQFRGS [Prop. 12.1], and as the (square) 
on AG (is) to the (square) on EG, so circle ABGD (is) 
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Tf]v TCupa^iiSa, fji; pdaic pisv to ©OEHZPHS KoXuycovov, 
xopucpi^ Be TO N arjpieTov. xal &>q dpa 6 AA xwvoc; npoQ to 
S oTepeov, oujc^c, f) xupapik, f^c, pdan; piev to ATATB<I>rX 
xoXuywvov, xopucpf) Be to A arjpieTov, xpoc; Tf]v xupapiiBa, 
ff, pdaic; (jev to ©OEIIZPHS xoXuywvov, xopucpi^ Be to N 
arjiielov evotXkoL^ dpa eoTiv b A A xwvo<; xpoi; Tf]v ev 
auTW xupaptiBa, outo<; to S oTepeov xpoc; Tf]v ev tO EN 
xwvq) xupaptiBa. [iei^cov Be 6 AA xwvot; Tfjc; ev auTW xu- 
papiiBo^' piel^ov dpa xal to S oTepeov Trjc ev tw EN xwvw 
xupapilBoc. dXXd xal eXaaaov oxep aToxov. oux dpa eaxlv 
d)<; 6 ABPA xuxXoc xp6<; tov EZH© xuxXov, outo<; 6 AA 
xGvoc; xpoc; eXaaaov ti. too EN xAvou OTepeov. 6(jLoia)c; 
Be 8e[^o(jev, oti. oOBe eoTiv Ac; 6 EZH© xuxXoc xpoc; tov 
ABPA xuxXov, ouTWc; 6 EN xovoc; xpoi; eXaaaov ti tou 
AA xAvou aTepeov. 

Aeyw Br], oti oOBc eaTiv Ac; 6 ABPA xuxXoi; xpoc; tov 
EZH© xuxXov, ouTCoc; 6 AA xAvoc; xpoc; piel^ov ti tou EN 
xAvou aTepeov. 

El ydp BuvaTov, caTW xpoc; [iel^ov to S- cxvdxaXiv dpa 
cotIv Ac; 6 EZH© xuxXoc; xpoc; tov ABPA xuxXov, outwc; 
TO E! aTepeov xpoc; tov AA xAvov. dXX’ Ac; to 5 aTepeov 
xpoc; TOV AA xAvov, outwc; 6 EN xAvoi; xpoc; eXaaaov ti 
TOU AA xAvou aTepeov xal Ac; dpa 6 EZH© xuxXoc; xpoc; 
TOV ABPA xuxXov, outwc; 6 EN xAvoc; xpoc; eXaaaov ti 
TOU AA xAvou aTepeov oxep dBuvaTov eBelxDr). oux dpa 
cotIv Ac; 6 ABPA xuxXoc xpoc; tov EZH© xuxXov, outwc; 6 
AA xAvoc; xpoc piel^ov ti tou EN xAvou aTepeov. eBelxllri 
Be, OTI ouBe xpoc eXaaaov eaxiv dpa Ac 6 ABPA xuxXoc 
xpoc TOV EZH© xuxXov, outcoc 6 AA xAvoc xpoc tov EN 
xAvov. 

AXX’ Ac 6 xAvoc xpoc tov xAvov, 6 xuXivBpoc xpoc 
TOV xuXivBpov TpixXaalov ydp exdTepoc exaTepou. xal Ac 
dpa 6 ABPA xuxXoc xpoc tov EZH© xuxXov, outwc ol ex’ 
auxAv laoucj^eTc- 

Ol dpa uxo TO auTO ucjioc ovTec xAvoi xal xuXivBpoi. 
xpoc dXXrjXouc elalv Ac al pdaeic' oxep eBei BeT^ai. 


lP'. 

Ol opioioi xAvoi. xal xuXivBpoi xpoc dXXr]Xouc ev Tpi- 
xXaalovi Xoytp elal tAv cv xaTc pdaeai BiapieTpwv. 

TilaTwaav o(jLoioi. xAvoi. xal xuXivBpoi, Av pdaeic l^ev 
ol ABPA, EZH© xuxXoi, Bid(jeTpoi. Be tAv pdaeov al BA, 
Z©, d^ovec Be tAv xAvtov xal xuXlvBptov ol KA, MN- Xeyw, 


to circle EFGH [Prop. 12.2], thus as circle ABCD (is) 
to circle EFGH, so polygon DTAUBVGW also (is) to 
polygon HPEQFRGS. And as circle ABGD (is) to cir¬ 
cle EFGH, so cone AL (is) to solid O. And as poly¬ 
gon DTAUBVGW (is) to polygon HPEQFRGS, so the 
P 3 n:amid whose base is polygon DTAUBVGW, and apex 
the point L, (is) to the p 3 n:amid whose base is polygon 
HPEQFRGS, and apex the point N [Prop. 12.6]. And, 
thus, as cone AL (is) to solid O, so the p 3 n:amid whose 
base is DTAUBVGW, and apex the point L, (is) to the 
P 3 n:amid whose base is polygon HPEQFRGS, and apex 
the point N [Prop. 5.11]. Thus, alternately, as cone AL 
is to the p 3 n:amid within it, so solid O (is) to the p 3 n:amid 
within cone EN [Prop. 5.16]. But, cone AL (is) greater 
than the pyramid within it. Thus, solid O (is) also greater 
than the pyramid within cone EN [Prop. 5.14]. But, (it 
is) also less. The very thing (is) absurd. Thus, circle 
ABGD is not to circle EFGH, as cone AL (is) to some 
solid less than cone EN. So, similarly, we can show that 
neither is circle EFGH to circle ABGD, as cone EN (is) 
to some solid less than cone AL. 

So, I say that neither is circle ABGD to circle EFGH, 
as cone AL (is) to some solid greater than cone EN. 

For, if possible, let it be (in this ratio) to (some) 
greater (solid), O. Thus, inversely, as circle EFGH is to 
circle ABGD, so solid O (is) to cone AL [Prop. 5.7 corn]. 
But, as solid O (is) to cone AL, so cone EN (is) to some 
solid less than cone AL [Prop. 12.2 lem.]. And, thus, as 
circle EFGH (is) to circle ABGD, so cone EN (is) to 
some solid less than cone AL. The very thing was shown 
(to be) impossible. Thus, circle ABGD is not to circle 
EFGH, as cone AL (is) to some solid greater than cone 
EN. And, it was shown that neither (is it in this ratio) to 
(some) lesser (solid). Thus, as circle ABGD is to circle 
EFGH, so cone AL (is) to cone EN. 

But, as the cone (is) to the cone, (so) the cylin¬ 
der (is) to the cylinder. For each (is) three times each 
[Prop. 12.10]. Thus, circle ABGD (is) also to circle 
EFGH, as (the ratio of the cylinders) on them (having) 
the same height. 

Thus, cones and cylinders having the same height are 
to one another as their bases. (Which is) the very thing it 
was required to show. 

Proposition 12 

Similar cones and cylinders are to one another in the 
cubed ratio of the diameters of their bases. 

Let there be similar cones and cylinders of which the 
bases (are) the circles ABGD and EFGH, the diameters 
of the bases (are) BD and EH, and the axes of the cones 
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OTi 6 xwvoc, ofj pdaic ^Jisv [eaxiv] 6 ABFA xuxXoc, xopucpf] 
6s TO A arjiisTov, npoq tov xwvov, ou pdai<; (isv [saxiv] 
6 EZH0 xuxXoi;, xopucpi^ 6s to N arjpisTov, TpixXaabva 
Xoyov Exei fj-rsp f) BA xpoc; Tf]v Z0. 


and cylinders (are) KL and MN (respectively). I say 
that the cone whose base [is] circle ABCD, and apex the 
point L, has to the cone whose base [is] circle EFGH, 
and apex the point N, the cubed ratio that BD (has) to 
FH. 



Ei ydp pr) sysi 6 ABEAA xAvoc; xpoc; tov EZH0N 
xAvov xpLxXaaiova Xoyov r]xsp f] BA xp6<; Tr)v Z0, s^si. 
6 ABEAA xAvoc f] xpoc; sXaaaov ti. toO EZH0N xAvou 
OTspsov TpixXaaiova Xoyov t] xpoc; psT^ov. sysTW xpoTspov 
xpoc; sXaaaov to S, xai Eyysypdcpdw sic; tov EZH0 xuxXov 
TETpdywvov TO EZH0' to dpa EZH0 TSTpdywvov psT^ov 
saTLv f] TO f^piau toD EZH0 xuxXou. xai dvEOTaTO sxl 
ToO EZH0 TETpayAvou xupapic; Tf]v cxOTf]v xopucprjv syouGoc 
tA xAvo- f) dpa dvaaTadsIaa xupapic; psi^wv eotIv f] to 
fipiau pspoc; Tou xAvou. TSTpyjodwaav 6f] ai EZ, ZH, 
H0, 0E Tspicpspsiai 6[xa xaTd Td O, 11, P, E aripsla, xai 
ExsCeuxdwaav ai EO, OZ, ZB, IIH, HP, P0, 0E, EE. xai 
ExaoTov dpa tAv EOZ, ZHH, HP0, 0EE TpiyAvwv psT^ov 
EOTiv T] TO T]piau pspoc; TOU xad’ sauTO Tpr]paToc; tou EZH0 
xuxXou. xai dvsaTdTW scp’ sxdoTou tAv EOZ, ZHH, HP0, 
0EE TpiyAvwv xupapic; Tr)v auTrjv xopucprjv sxouaa tA 
xAvcp- xai ExdoTT] dpa tAv dvaaTadsiaAv xupap[6a)v psi^wv 
eotIv f] TO fjpiau pspoc; tou xad’ sauTrjv TprjpaTOi; tou 
xAvou. TspvovTEc; 6i^ Tac; uxoXsixopsvac; xEpKpspsiac; 6[xa 
xai Exi^EuyvuvTEc; sudsiac; xai dvioTavTSc; scp’ sxdoTou tAv 
TpiyAvwv xupap[6ac; Tf]v auTrjv xopucpi^v sxouaac; tA xAvw 
xai TOUTO dsl xoioOvTEc; xaTaXsicjiopEv Tiva dxoTpr]paTa tou 
xAvou, d EOTai sXdaaova Tfjc; uxEpoxi]c;, fj uxspsxei d 
EZH0N xAvoc; tou S aTspsoO. XsXsicpdo), xai eotw Td 
sxl tAv EO, OZ, Zn, HH, HP, P0, 0E, EE' Xoixr) dpa f) 
xupapic;, fjc; pdaic; psv eoti to EOZHHPOE xoXuywvov, 
xopucpr) 6e to N arjpsTov, psi^wv eotI tou S oTspsou. 
syysypdcpdw xai sic; tov ABFA xuxXov tA EOZHHPOE 
xoXuyAvw opoiov te xai opoioc; xsipsvov xoXuywvov to 
AtbtF<1>AX, xai dvEOTaTW sxl tou ATBTr<I>AX xo- 
XuyAvou xupapic; t'tjv auT'rjv xopucp-rjv sxouaa tA xAvo, 
xai tAv psv xspiExdvTWv t'tjv xupapi6a, 'tjc; pdaic; psv eoti 
TO ATBTF^AX xoXuywvov, xopucp'r) 6e to A arjpsTov, 
Ev Tpiywvov EOTW TO ABT, tAv 6e xspsixdvTWv Tf]v xu- 
papi6a, fjc; pdaic; psv saxi to EOZHHPOE xoXuywvov, 


For if cone ABCDL does not have to cone EFGFIN 
the cubed ratio that BD (has) to FBI then cone ABGDL 
will have the cubed ratio to some solid either less than, or 
greater than, cone EFGFIN. Let it, first of all, have (such 
a ratio) to (some) lesser (solid), O. And let the square 
EFGF[ have been inscribed in circle EFGFl [Prop. 4.6]. 
Thus, square EFGF[ is greater than half of circle EFGFl 
[Prop. 12.2]. And let a pyramid having the same apex 
as the cone have been set up on square EFGH. Thus, 
the p 3 n:amid set up is greater than the half part of the 
cone [Prop. 12.10]. So, let the circumferences EF, FG, 
GH, and HE have been cut in half at points P, Q, R, 
and S (respectively). And let EP, PF, FQ, QG, GR, 
RH, HS, and SE have been joined. And, thus, each 
of the triangles EPF, FQG, GRH, and HSE is greater 
than the half part of the segment of circle EFGH about it 
[Prop. 12.2]. And let a p 3 n:amid having the same apex as 
the cone have been set up on each of the triangles EPF, 
FQG, GRH, and HSE. And thus each of the p 3 n:amids 
set up is greater than the half part of the segment of the 
cone about it [Prop. 12.10]. So, (if) the the remaining cir¬ 
cumferences are cut in half, and straight-lines are joined, 
and pyramids having the same apex as the cone are set 
up on each of the triangles, and this is done continu¬ 
ally, then we will (eventually) leave some segments of the 
cone whose (sum) is less than the excess by which cone 
EFGHN exceeds solid O [Prop. 10.1]. Let them have 
been left, and let them be the (segments) on EP, PF, 
FQ, QG, GR, RH, HS, and SE. Thus, the remaining 
pyramid whose base is polygon EPFQGRHS, and apex 
the point N, is greater than solid O. And let the polygon 
ATBUGVDW, similar, and similarly laid out, to poly¬ 
gon EPFQGRHS, have been inscribed in circle ABGD 
[Prop. 6.18]. And let a pyramid having the same apex 
as the cone have been set up on polygon ATBUGVDW. 
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xopucpi^ 8s TO N ariptsTov, sv Tpiywvov saxw to NZO, xal 
ETisCsux'Owaav at KT, MO. xal eiiel opioioc; sotiv 6 ABFAA 
xOvoi; tO EZH0N xAvq), eoTiv apa (8<; fj BA npbz Tf]v 
Z0, ouTWc; 6 KA a^ov Tipoc; tov MN a^ova. A<; 5e f) BA 
Tipoi; Ti^v Z0, ouTOc f) BK Kpoc Tf]v ZM' xal A<; apa f) BK 
Tipoi; Ti^v ZM, ouTOx; f) KA Tipoi; ti^v MN. xal svaXXa^ &>c, 
f) BK Tipoi; Ti^v KA, ouTtx; f] ZM Kpoc ti^v MN. xal xspl 
Xaaz ywvlai; Ta<; 0x6 BKA, ZMN at KXsupal dvaXoyov slaw 
opioLov dpa eotI to BKA Tpiywvov tw ZMN TpiyAvo). KaXiv, 
etieI EOTiv cdz f) BK Kpoc Ti^v KT, oujc^c, fj ZM Tipoi; Tf]v 
MO, xal Kspl Xaaz ywviat; Td<; Oko BKT, ZMO, £7i;Ei5r]7iEp, 
6 (i£po<; eotIv f) UKO BKT ywvla twv Tipoc; tw K xsvTpw 
Tsaadpwv op'dwv, to auTo (j£po<; eotI xal f) 0x6 ZMO ywvia 
tAv Tipoi; tA M XEVTpq) Tsaadpwv opDAv ekeI ouv TiEpl Xoolz 
y«v(a<; at TxXsupal dvdXoyov siaiv, opioiov dpa eoti to BKT 
Tplywvov tA ZMO TpiyAvw. TidXi.v, etieI EBsix'dr) A<; f) BK 
Tipoi; Ti^v KA, ouTOc f] ZM iipoi; ti^v MN, larj Be f) pisv 
BK Tfj KT, f) Be ZM Tfj OM, eotiv dpa A<; f) TK Tipoc; 
Tf]v KA, ouTOc; f) OM Tipoc; ti^v MN. xal Tispl Xoolq ywvlai; 
Tdi; UTio TKA, OMN- opilal ydp' al TiXsupal dvcxXoyov slaiv 
opioiov dpa eotI to AKT Tplyovov tA NMO TpiyAvw. xal 
ETisl Bid Ti^v 6pioi6Tr]Ta tAv AKB, NMZ TpiyAvwv eotIv 
A c; f) AB Tipoi; Tf]v BK, outwc f) NZ Tipoc; Tf]v ZM, Bid Be 
TC^ v opioioTrjTa tAv BKT, ZMO TpiyAvwv eotIv Ac; f) KB 
Tipoc; Tf]v BT, OUTWC f) MZ Tipoc; ti^v ZO, 8i’ laou dpa Ac; 
f) AB Tipoc; Ti^v BT, ouTWc; fj NZ Tipoc; ti^v ZO. iidXiv, etieI 
8id Tf]v opLoioTTjTa tAv ATK, NOM TpiyAvwv eotIv o^c, f) 
AT Tipoc; Ti^v TK, outW(; f) NO Tipoi; ti^v OM, Bid Be Tf]v 
opLoioTrjTa tAv TKB, OMZ TpiyAvwv eotIv o^c, f) KT iipoi; 
Tf]v TB, ouTWc; f) MO Tipoc; Tf]v OZ, 8i’ loou dpa Ac; f) AT 
Tipoc; Ti^v TB, ouTWc; fj NO Tipoc; ti^v OZ. sBEiXTlr] Be xal 
Ac; f) TB Tipoc; ti^v BA, outwc; f) OZ Tipoc; ti^v ZN. Bi’ loou 
dpa Ac; f) TA Tipoc; ttjv AB, outwc; fj ON Tipoc; tiqv NZ. 
tAv ATB, NOZ dpa TpiyAvwv dvdXoyov sioiv al TiXsijpai' 
looyAvia dpa eotI Ta ATB, NOZ Tpiywva' Aote xal opioia. 
xal Tiupa(ilc; dpa, fjc; pdoic; piEv to BKT Tpiywvov, xopucpc^ 
Be to a orjiJElov, 6(jLoia eotI Tiupa(Ji8i, fjc; pdoic; pisv to 
ZMO Tpiywvov, xopucpf) Be to N orjiisTov Otio ydp 6 [jLoiwv 
etiitieBov TispiExovTai lowv to TiXfiiloc;. al Be opioiai tiu- 
pa(il8£c; xal TpiyAvouc; sxouoai pdosic; sv TpiTiXaolovi Xoyw 
Eiol tAv 6[jLoX6yt)v TiXsupAv. f] dpa BKTA Tiupa(ilc; Tipoc; Tf]v 
ZMON Tiupa(jlBa TpiTiXaolova Xoyov sxei f]Ti£p f) BK Tipoc; 
Tf]v ZM. opLolwc; Bf) ETiiCeuyvuvTEc; dTio tAv A, X, A, $, F, T 
ETil TO K EUilElac; xal diio tAv E, E, 0, P, H, FE etiI to M xal 
dvioTavTEc; scp’ sxdoTou tAv TpiyAvwv nupapiiBac; Tf]v auTfjv 
xopucpfjv Exouoac; toTc; xAvoic; Bsl^opiEv, oti xal sxdoTT] tAv 
opioTayAv nupapiiBwv Tipoc; sxdoTrjv 6(iOTayfj Tiupa(ilBa Tpi¬ 
TiXaolova Xoyov E^Ei f]Ti£p f] BK 6(jL6Xoyoc; TiXsupd Tipoc; Tf]v 
ZM opioXoyov TiXsupdv, touteotiv f]Ti£p f) BA Tipoc; Tf)v Z0. 
xal Ac; £v tAv fjyoupiEvov Tipo; £v tAv £Tio(i£vwv, outw; 
dTiavTa Td f]yo0pi£va Tipo; duavTa Ta £Ti6(i£va- eotiv dpa 


And let LBT be one of the triangles containing the pyra¬ 
mid whose base is polygon ATBUCVDW, and apex the 
point L. And let NFP be one of the triangles containing 
the p 3 n:amid whose base is triangle EPFQGRHS, and 
apex the point N. And let KT and MP have been joined. 
And since cone ABCDL is similar to cone EFGHN, thus 
as BD is to FFl, so axis KL (is) to axis MN [Def. 11.24]. 
And as BB (is) to FK, so BK (is) to FM. And, thus, as 
BK (is) to FM, so KL (is) to MN. And, alternately, as 
BK (is) to KL, so FM (is) to MN [Prop. 5.16]. And 
the sides around the equal angles BKL and FMN are 
proportional. Thus, triangle BKL is similar to triangle 
FMN [Prop. 6.6]. Again, since as BK (is) to KT, so 
FM (is) to MP, and (they are) about the equal angles 
BKT and FMP, inasmuch as whatever part angle BKT 
is of the four right-angles at the center K, angle FMP is 
also the same part of the four right-angles at the cen¬ 
ter M. Therefore, since the sides about equal angles 
are proportional, triangle BKT is thus similar to train- 
gle FMP [Prop. 6.6]. Again, since it was shown that 
as BK (is) to KL, so FM (is) to MN, and BK (is) 
equal to KT, and FM to PM, thus as TK (is) to KL, 
so PM (is) to MN. And the sides about the equal angles 
TKL and PMN —for (they are both) right-angles—are 
proportional. Thus, triangle LKT (is) similar to triangle 
NMP [Prop. 6.6]. And since, on account of the similarity 
of triangles LKB and NMF, as LB (is) to BK, so NF 
(is) to FM, and, on account of the similarity of triangles 
BKT and FMP, as KB (is) to BT, so MF (is) to FP 
[Def. 6.1], thus, via equality, as LB (is) to BT, so NF 
(is) to FP [Prop. 5.22]. Again, since, on account of the 
similarity of triangles LTK and NPM, as LT (is) to TK, 
so NP (is) to PM, and, on account of the similarity of 
triangles TKB and PMF, as KT (is) to TB, so MP (is) 
to PF, thus, via equality, as LT (is) to TB, so NP (is) 
to PF [Prop. 5.22]. And it was shown that as TB (is) 
to BL, so PF (is) to FN. Thus, via equality, as TL (is) 
to LB, so PN (is) to NF [Prop. 5.22]. Thus, the sides 
of triangles LTB and NPF are proportional. Thus, tri¬ 
angles LTB and NPF are equiangular [Prop. 6.5]. And, 
hence, (they are) similar [Def. 6.1]. And, thus, the pyra¬ 
mid whose base is triangle BKT, and apex the point L, 
is similar to the pyramid whose base is triangle FMP, 
and apex the point N. For they are contained by equal 
numbers of similar planes [Def. 11.9]. And similar pyra¬ 
mids which also have triangular bases are in the cubed 
ratio of corresponding sides [Prop. 12.8]. Thus, p 3 n:amid 
BKTL has to p 3 n:amid FMPN the cubed ratio that BK 
(has) to FM. So, similarly, joining straight-lines from 
(points) A, W, D, V, C, and U to (center) K, and from 
(points) E, S, F[, R, G, and Q to (center) M, and set- 
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xal CK T) BKTA nupct^lc; npot; xfjv ZMON nupocpiiSa, outcoc; 
f) oXt) TCupctpiic;, ff, pdaic; to ATBTF^AX ToXuywvov, xo- 
pucpi^ 6e TO A arjpisTov, Kpoc ti^v oXrjv 7i;upa(ii6a, fjc pdaic 
pi£v TO EOZnHPOE KoXuywvov, xopucpf] 6s to N arjpLsTov 
WOTS xai TiupapiiC, fjc pdaic to ATBTF^AX, xopucpf] 8s 
TO A, Tipoc TTjv KupapiiBa, fjc pdaic [pisv] to EOZFIHP0E 
TioXuYWvov, xopucpf] 6 e to N arjiisTov, TpixXaaiova Xoyov 
Exei f]7i;Ep f) BA Tipoc Tf)v Z0. UTioxsiTai 8 e xal 6 xovoc, ou 
pdaic [piEv] 6 ABFA xuxXoc, xopucpf] 6 e to A ariptsTov, iipoc 
TO S aTspsov TpiTiXaaiova Xoyov sx^v f]7iEp f] BA upoc Tf]v 
Z0' saTiv dpa Ac 6 xAvoc, ou pdaic (usv saTiv 6 ABFA 
xuxXoc, xopucpf) 8 e to A, Tipoc to S aTspsov, outwc f] tiu- 
papiic, fjc pdaic IJisv to ATBTF<I)AX [TioXuywvov], xopucpf] 
8 e to a, Tipoc Tf]v Tiupa(Ji6a, fjc pdaic (uev saTi to EOZ- 
FIHP0E TioXuywvov, xopucpf) 6 e to N- svaXXd^ dpa, Ac 6 
xAvoc, ou pdaic y^sv 6 ABFA xuxXoc, xopucpf] 6 e to A, 
Tipoc Tfjv Ev auTA TiupapLi6a, fjc pdaic pi£v to ATBTF<I)AX 
TioXuywvov, xopucpf) Be to A, outwc to 5 [aTspsov] Tipoc Tf]v 
TiupapiiBa, fjc pdaic (uev eoti to EOZFEFEP0E TioXuywvov, 
xopucpf) Be to N. pisi^wv Be 6 sipripiEvoc xAvoc Tfjc ev auTA 
TiupapiiBoc £[jiTiEpi£xei ydp auTf]v. (jLeT^ov dpa xal to S 
aTspsov Tfjc Tiupa(iiBoc, fjc pdaic (uev eoti to EOZnHP0S 
TioXuywvov, xopucpf] Be to N. dXXd xal sXaTTOv oTisp eotIv 
dBuvaTov. oux dpa 6 xAvoc, ou pdaic o ABFA xuxXoc, xo¬ 
pucpf) Be to a [arjpiE'iov], npoc sXaTTov ti tou xAvou aTspsov, 
ou pdaic l^ev 6 EZH0 xuxXoc, xopucpf] Be to N arjpiElov, Tpi¬ 
TiXaaiova Xoyov EXEi fjTiEp f) BA Tipoc Tfjv Z0. ojioicoc Bf) 
Bsi^opiEv, oTi ouBe 6 EZFI0N xAvoc upoc sXaTTov ti tou 
ABFAA xAvou aTspsov TpiTiXaaiova Xoyov £)(£i rjusp f] Z0 
Tipoc Tf)V BA. 

Asyw Bfj, OTi ouBe 6 ABFAA xAvoc Tipoc ptslCdv ti tou 
EZFE0N xAvou aTspsov TpiTiXaaiova Xoyov £)(£i rjusp f] BA 
Tipoc Tf)V Z0. 

El ydp BuvaTov, £)(£tw Tipoc (islCov to S. dvdnaXiv dpa 
TO S aTspsov Tipoc Tov ABFAA xAvov TpiTiXaaiova Xoyov 
EXei fjTisp f) Z0 Tipoc Tf)v BA. Ac Be to 5 aTspsov Tipoc 
TOV ABFAA xAvov, outwc 6 EZFE0N xAvoc Tipoc sXaTTov 
Ti TOU ABFAA xAvou aTspsov. xal 6 EZH0N dpa xAvoc 
Tipoc sXaTTOv Ti TOU ABFAA xAvou aTspsov TpiTiXaaiova 
Xoyov E^ei fjiisp f] Z0 Tipoc Tf]v BA- oTisp dBuvaTov eBeix-Ot). 
oux dpa 6 ABFAA xAvoc Tipoc (isTCov ti tou EZH0N 
xAvou aTspsov TpiTiXaaiova Xoyov exei rjusp f] BA Tipoc 
Tf)v Z0. sBEix'dr) Be, oti ouBe Tipoc sXaTTov. 6 ABFAA dpa 
xAvoc Tipoc TOV EZFE0N xAvov TpiTiXaaiova Xoyov exei 
fjTisp f) BA Tipoc Tf]V Z0. 

'flc Be 6 xAvoc Tipoc tov xAvov, 6 xuXivBpoc Tipoc tov 
xuXivBpov TpiTiXdaioc ydp 6 xuXivBpoc tou xAvou 6 etiI Tfjc 
auTfjc pdaswc tA xAvo xal iaouilTf]c auTA. xal 6 xuXivBpoc 
dpa Tipoc TOV xuXivBpov TpiTiXaaiova Xoyov sxei rjusp f) BA 
Tipoc Tf)V Z0. 

01 dpa opioioi xAvoi xal xuXivBpoi Tipoc dXXfjXouc ev 


ting up pyramids having the same apexes as the cones 
on each of the triangles (so formed), we can also show 
that each of the p 3 n:amids (on base ABCD taken) in or¬ 
der will have to each of the pyramids (on base EFGH 
taken) in order the cubed ratio that the corresponding 
side BK (has) to the corresponding side FM —that is to 
say, that BD (has) to FFl. And (for two sets of propor¬ 
tional magnitudes) as one of the leading (magnitudes is) 
to one of the following, so (the sum of) all of the leading 
(magnitudes is) to (the sum of) all of the following (mag¬ 
nitudes) [Prop. 5.12]. And, thus, as pyramid BKTL (is) 
to pyramid FMPN, so the whole p 3 n:amid whose base 
is polygon ATBUCVDW, and apex the point L, (is) to 
the whole pyramid whose base is polygon EPFQGRHS, 
and apex the point N. And, hence, the pyramid whose 
base is polygon ATBUGVDW, and apex the point L, 
has to the p 3 n:amid whose base is polygon EPFQGRPIS, 
and apex the point N, the cubed ratio that BD (has) 
to FFl. And it was also assumed that the cone whose 
base is circle ABGD, and apex the point L, has to solid 
O the cubed ratio that BD (has) to FH. Thus, as the 
cone whose base is circle ABGD, and apex the point L, 
is to solid O, so the p 3 n:amid whose base (is) [polygon] 
ATBUGVDW, and apex the point L, (is) to the pyramid 
whose base is polygon EPFQGRHS, and apex the point 
N. Thus, alternately, as the cone whose base (is) circle 
ABGD, and apex the point L, (is) to the pyramid within 
it whose base (is) the polygon ATBUGVDW, and apex 
the point L, so the [solid] O (is) to the p 3 n:amid whose 
base is polygon EPFQGRHS, and apex the point N 
[Prop. 5.16]. And the aforementioned cone (is) greater 
than the p 3 n:amid within it. For it encompasses it. Thus, 
solid O (is) also greater than the pyramid whose base is 
polygon EPFQGRHS, and apex the point N. But, (it 
is) also less. The very thing is impossible. Thus, the cone 
whose base (is) circle ABGD, and apex the [point] L, 
does not have to some solid less than the cone whose 
base (is) circle EFGH, and apex the point N, the cubed 
ratio that BD (has) to EH. So, similarly, we can show 
that neither does cone EFGHN have to some solid less 
than cone ABGDL the cubed ratio that FH (has) to BD. 

So, I say that neither does cone ABGDL have to some 
solid greater than cone EFGHN the cubed ratio that BD 
(has) to FH. 

For, if possible, let it have (such a ratio) to a greater 
(solid), O. Thus, inversely, solid O has to cone ABGDL 
the cubed ratio that FH (has) to BD [Prop. 5.7 corn]. 
And as solid O (is) to cone ABGDL, so cone EFGHN 
(is) to some solid less than cone ABGDL [12.2 lem.]. 
Thus, cone EFGHN also has to some solid less than cone 
ABGDL the cubed ratio that FH (has) to BD. The very 
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xpLTiXaaiovi Xoyw eia'i twv ev TaT(; paaeai. 6i.apiSTpwv oTisp 
e5sL BsT^ai. 


ly'. 

’Eav xuXi.v5poc; eniTCeBw Tjirjilfi napaXXr^Xw ovti xdic ane- 
vavxiov eKiKeBoLc;, saxai o<; 6 xuXi.v5poc; xpoc; xov xOXiv5pov, 
ouxoc 6 a^ov Tipoi; xov a^ova. 


o p A H r T $ 



n S B 0 A T X 


KuXiv 6 po<; yap 6 AA exiKeBw xw H0 xsx[ir]a'dw kol- 
paXXrjXw ovxi. toXq dTisvavxbv e 7 i;i 7 i;e 8 oi.c; xoTc AB, PA, xal 
au(jLpaXXexw xw d^ovi x 6 H0 eKixeBov xaxd x 6 K orjpisTov 
Xeyw, 6 x 1 soxiv (be; 6 BH xuXivSpoc; Tipoi; xov HA xOXiv 6 pov, 
ouxcoe; 6 EK d^cov xpoi; xov KZ d^ova. 

’ExpspXrjo'dco ydp 6 EZ d^cov ecp’ exdxspa xd pispr] exl 
xd A, M arjiJela, xal exxslaDwaav xA EK d^ovi. laoi oaoi.- 
BrjKoxoOv oi EN, NA, xA 5e ZK laoi. oaoiBrjxoxoOv ol ZS, 
SM, xal voeiaAcj 6 exl xoO AM d^ovoc xuXivBpoe; 6 OX, 
ou pdaen; oi OH, <1)X xuxXoi. xal expepXr^aAto 5id xAv 
N, S arjpieitov exixeBa xapdXXrjXa xolg AB, FA xal xaTc 
pdasai xoO OX xuX[v8pou xal xoi.eixcoaav xouc; PS, TT 
xuxXoui; xspl xd N, S xsvxpa. xal exsl oi AN, NE, EK 
d^oveg laoi eialv dXXr^Xoic;, oi dpa HP, PB, BH xuXivSpoi 
xpog dXXr^Xoue; eialv Ag ai pdaeic;. laai 6e eiaiv ai pdaeic;' 
laoi dpa xal oi HP, PB, BH xOXivBpoi. dXXr]Xoi<;. exel ouv 
oi AN, NE, EK d^ovec; laoi eialv dXXr^Xoic;, elal 8c xal oi 
HP, PB, BH xuXiv8poi laoi dXXr^Xoic;, xai caxiv laov x6 
xXfjAoi; xA kX/iDci, oaaxXaaiwv dpa 6 KA d^cov xoO EK 
d^ovoc;, xoaauxaxXaaicov eaxai xal 6 HH xuXiv8poc; xou HB 
xuXiv8pou. 8id xd auxd 8 t) xal oaaxXaaitov eaxlv 6 MK d^cov 
xoD KZ d^ovoc;, xoaauxaxXaaicov eaxl xal 6 XH xuXiv8po(; 
xou HA xuX[v8pou. xal ci piev Xaoc, eaxlv 6 KA d^cov xA 
KM d^ovi, laoc; eaxai xal 6 HH xuXiv6po<; xA HX xuX[v8ptp, 


thing was shown (to be) impossible. Thus, cone ABCDL 
does not have to some solid greater than cone EFGHN 
the cubed ratio than BD (has) to FH. And it was shown 
that neither (does it have such a ratio) to a lesser (solid). 
Thus, cone ABCDL has to cone FFGHN the cubed ra¬ 
tio that BD (has) to FG. 

And as the cone (is) to the cone, so the cylinder (is) 
to the cylinder. For a cylinder is three times a cone on 
the same base as the cone, and of the same height as it 
[Prop. 12.10]. Thus, the cylinder also has to the cylinder 
the cubed ratio that BD (has) to FH. 

Thus, similar cones and cylinders are in the cubed ra¬ 
tio of the diameters of their bases. (Which is) the very 
thing it was required to show. 

Proposition 13 

If a cylinder is cut by a plane which is parallel to the 
opposite planes (of the cylinder) then as the cylinder (is) 
to the cylinder, so the axis will be to the axis. 


P R A G C T V 



Q S B H D U W 


For let the cylinder AD have been cut by the plane 
GH which is parallel to the opposite planes (of the cylin¬ 
der), AB and CD. And let the plane GH have met the 
axis at point K. I say that as cylinder HG is to cylinder 
CD, so axis FK (is) to axis KF. 

For let axis FF have been produced in each direction 
to points L and M. And let any number whatsoever (of 
lengths), FN and NL, equal to axis FK, be set out (on 
the axis FF), and any number whatsoever (of lengths), 
FO and OM, equal to (axis) FK, (on the axis KM). 
And let the cylinder PW, whose bases (are) the circles 
PQ and VW, have been conceived on axis LM. And 
let planes parallel to AB, CD, and the bases of cylinder 
PW, have been produced through points N and O, and 
let them have made the circles RS and TU around the 
centers N and O (respectively). And since axes LN, NF, 
and FK are equal to one another, the cylinders QR, RB, 
and BG are to one another as their bases [Prop. 12.11]. 
But the bases are equal. Thus, the cylinders QR, RB, 
and BG (are) also equal to one another. Therefore, since 
the axes LN, NF, and FK are equal to one another, 
and the cylinders QR, RB, and BG are also equal to one 
another, and the number (of the former) is equal to the 
number (of the latter), thus as many multiples as axis KL 
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el 6e [iel^tov 6 a^wv tou a^ovoc;, ^el^wv xai 6 xOXiv6po<; 
Tou xuXlv6pou, xocl el eXdaawv, eXdaatov. xeoadpwv Srj jie- 
ye'Owv ovTWv, d^ovwv [iev twv EK, KZ, xuXlvBpcov 5e xwv 
BH, HA, elXrjTCxai ladxic; xoXXaxXdaia, xoO [iev EK a^ovoq 
xai xoO BH xuX[v5pou 6 xe AK d^wv xal 6 HH xuXivBpog, 
xoO 5e KZ d^ovet; xocl xou HA xuXlv5pou 6 xe KM d^tov 
xal 6 HX xuXivSpoc;, xal 5e8eixxai, 6xi el unepexei 6 KA 
d^wv xou KM d^ovoc;, UTiepexei xal 6 HH xuXivBpoc; xou 
HX xuXlv8pou, xal el laoc;, laoc;, xal el eXdaawv, cXdaawv. 
caxiv dpa dx; 6 EK d^tov xpoc; xov KZ d^ova, ouxwc; 6 BH 
xuXivSpoc; xpoc; xov HA xuXivSpov oxep eSei 8el^ai. 


l6'. 

01 exl latov pdaewv ovxec; xwvoi xal xuXiv8poi xpog 
aXXr^Xouc; elalv clx; xd ucjjr). 



Tlaxwaav ydp exl latov pdaewv xwv AB, FA xuxXcov 
xuXiv8poi. ol EB, ZA- Xeyw, 6xi eaxlv A<; 6 EB xuXiv8po<; 
xpoc; xov ZA xuXiv8pov, ouxwc; 6 H0 d^wv npoQ xov KA 
d^ova. 

’ExpepXrjo'dw ydp 6 KA d^wv exl x6 N ari[ieTov, xal 
xelaDw xo H0 d^ovi laoc; 6 AN, xal xepl d^ova xov AN 
xuXiv8po<; vevor]aA6i 6 FM. exel ouv ol EB, FM xuXiv8poc 
uxo x6 auxo ucjioc; elalv, xpoc; dXXrjXouc; elalv (be; al pdaei<;. 
’laai 6c elalv al pdaeic dXXr^Xaic;- laoi dpa clal xal ol EB, FM 
xuXivSpoi. xal cxel xuXiv8po(; 6 ZM cxixeSco xex[irixai x(b 
FA xapaXXr^Xcp ovxi xolc dxcvavxlov cxixe8oic;, caxiv dpa (bg 
6 FM xuXivbpoe; xpoc; xov ZA xuXiv8pov, ouxtoe; 6 AN d^tov 
xpog xov KA d^ova. laoc; 5e eaxiv 6 [iev FM xuXiv6po(; xw 
EB xuXlv6p(j), 6 8c AN d^oov xlb H0 d^ovr caxiv dpa (bg 6 
EB xuXivBpoc; xpoc xov ZA xuXivSpov, ouxcoc; 6 H0 d^tov 
xpog xov KA d^ova. (be; 6c 6 EB xuXiv6poe; xpoe; xov ZA 


is of axis EK, so many multiples is cylinder QG also of 
cylinder GB. And so, for the same (reasons), as many 
multiples as axis MK is of axis KF, so many multiples 
is cylinder WG also of cylinder GD. And if axis KL is 
equal to axis KM then cylinder QG will also be equal 
to cylinder GW, and if the axis (is) greater than the axis 
then the cylinder (will also be) greater than the cylinder, 
and if (the axis is) less then (the cylinder will also be) 
less. So, there are four magnitudes—the axes EK and 
KF, and the cylinders BG and GD —and equal multiples 
have been taken of axis EK and cylinder BG —(namely), 
axis LK and cylinder QG —and of axis KF and cylinder 
GD —(namely), axis KM and cylinder GW. And it has 
been shown that if axis KL exceeds axis KM then cylin¬ 
der QG also exceeds cylinder GW, and if (the axes are) 
equal then (the cylinders are) equal, and if (KL is) less 
then (QG is) less. Thus, as axis EK is to axis KF, so 
cylinder BG (is) to cylinder GD [Def 5.5]. (Which is) 
the very thing it was required to show. 

Proposition 14 

Cones and cylinders which are on equal bases are to 
one another as their heights. 



For let EB and ED be cylinders on equal bases, 
(namely) the circles AB and GD (respectively). I say 
that as cylinder EB is to cylinder ED, so axis GiF (is) to 
axis KL. 

For let the axis KL have been produced to point N. 
And let LN be made equal to axis GH. And let the cylin¬ 
der CM have been conceived about axis LN. Therefore, 
since cylinders EB and GM have the same height they 
are to one another as their bases [Prop. 12.11]. And the 
bases are equal to one another. Thus, cylinders EB and 
CM are also equal to one another. And since cylinder 
FM has been cut by the plane CD, which is parallel to 
its opposite planes, thus as cylinder CM is to cylinder 
ED, so axis LN (is) to axis KL [Prop. 12.13]. And cylin¬ 
der CM is equal to cylinder EB, and axis LN to axis GH. 
Thus, as cylinder EB is to cylinder ED, so axis GH (is) 
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xuXivSpov, ouTWc 6 ABH xovo^ Tipoi; tov FAK xwvov. xal 
(be; oepa 6 H0 a^tov npog tov KA a^ova, ouTtoe; 6 ABH 
xwvoe; upoc; tov FAK xwvov xal 6 EB xuXiv5po(; npoe; tov 
ZA xuXivSpov onep eSei Sel^ai. 


to axis KL. And as cylinder EB (is) to cylinder FD, so 
cone ABG (is) to cone CDK [Prop. 12.10]. Thus, also, 
as axis GH (is) to axis KL, so cone ABG (is) to cone 
CDK, and cylinder EB to cylinder FD. (Which is) the 
very thing it was required to show. 


Proposition 15 


Tebv lacav xcbvcov xal xuXivdpcov dvTiTienovdaaiv al 
pdaeic; toIc; uc];£aiv xal cbv xebverv xal xuXivdpcav dvTi- 
TSTCOvdaaiv ai pdasic; toTc; u(J;eCTiv, laoi eialv exelvoi. 



B P T E 


TlaTCoaav laoi xAvoi xal xuXivSpoi, cbv pdasic; pev oi 
ABFA, EZH0 xuxXoi, didpcTpoi. 6e auTcbv ai AF, EH, 
a^ovee; 5e oi KA, MN, oiTivei; xal u(J;r) elal tAv xAveav f] 
xuXivSptov, xal aupnenXrjpAa'dtoaav oi AS, EO xuXivdpoi. 
Xeyco, oTi. tAv AS, EO xuXivdpcov dvTiKeTiovdaaiv ai pdasic 
Tolc u^ieaiv, xa[ eoTiv Gc, f) ABFA pda«; Tzpbz Tr]v EZH0 
pdaiv, ouTCOi; to MN u(])o<; Tipoi; to KA u(])o<;. 

To ydp AK ucj^oi; tA MN ucj^Ei f]Toi Taov sotIv t] ou. 
eoTCO TipoTEpov laov. eoti ds xal 6 AS xuXivBpoc; tA EO 
xuXivdpcp Taoc;. oi ds Ono to auTo uc|jo<; 6vte<; xAvoi xal 
xOXivdpoi. Tipoi; dXXrjXoue; Eialv A<; ai pdaEi<;' lar) dpa xal 
f] ABFA pdaic Tfj EZH0 pdaEi. Aqte xal dvTLTiSKovdEv, 
Ac f) ABFA pdaic Tipoc; Tr)v EZH0 pdaiv, outcoc to MN 
u(l>oc npoc TO KA ucj^oc. dXXd 6r] pr) egtco to AK ucj^oc 
tA MN Taov, dXX’ eotco pEl^ov to MN, xal dcpripi^adco dno 
TOO MN ucjjouc tA KA Taov to HN, xal 6i.d toO H arjpEiou 
TETpyjadco 6 EO xuXivBpoc EransBcp tA TTE napaXXrjXcp 
toTc tAv EZHO, PO xuxXcov £7i;i7i;£8oi.(;, xal dno pdoEccx; psv 
TOO EZHO xOxXou, i)(|>ouc; Be too NH xuXivBpoc; vEvoi^adco 
6 EE. xai EXElTaoc; eotIv 6 AS xuXivBpoc; tA EO xuXivBpcp, 
EaTLv dpa Ac 6 AS xuXivBpoc xpoc tov EE xuXivBpov, outcoc 
6 EO xuXivBpoc xpoc tov EE xOXivBpov. dXX’ Ac psv 6 AS 
xOXivBpoc npoc TOV EE xOXivBpov, outcoc r) ABFA pdaic 
xpoc TTjv EZHO' Oxo ydp to auTO i)(|>oc Eialv oi AS, EE 
x6Xiv6poi' Ac Be 6 EO xOXivBpoc npoc tov EE, outcoc to 
MN utjioc xpoc TO HN ui|joc' 6 ydp EO xuXivBpoc EransBcp 
TETprjTai napaXXrjXcp ovti toTc dxEvavTiov etuteBoic- eotiv 
dpa xal Ac iri ABFA pdaic xpoc Tf]v EZHO pdaiv, outcoc to 
MN ucjjoc npde to HN uil>oc. Taov Be to HN ui[)oc tA KA 
uil>£r EOTiv dpa Ac rj ABFA pdaic npde t'tjv EZHO pdaiv, 
ouTcoc TO MN uij^oc npoc to KA uijjoc. tAv dpa AS, EO 
xuXivBpcov dvTiKExovdaaiv ai pdaEic toTc ucjjEaiv. 


The bases of equal cones and cylinders are recipro¬ 
cally proportional to their heights. And, those cones and 
cylinders whose bases (are) reciprocally proportional to 
their heights are equal. 



B R U E 


Let there be equal cones and cylinders whose bases 
are the circles ABCD and EFGFl, and the diameters 
of (the bases) AC and EG, and (whose) axes (are) KL 
and MN, which are also the heights of the cones and 
cylinders (respectively). And let the cylinders AO and 
EP have been completed. I say that the bases of cylinders 
AO and EP are reciprocally proportional to their heights, 
and (so) as base ABCD is to base EFGH, so height MN 
(is) to height KL. 

For height LK is either equal to height MN, or not. 
Let it, first of all, be equal. And cylinder AO is also equal 
to cylinder EP. And cones and cylinders having the same 
height are to one another as their bases [Prop. 12.11]. 
Thus, base ABCD (is) also equal to base EFGH. And, 
hence, reciprocally, as base ABCD (is) to base EFGH, 
so height MN (is) to height KL. And so, let height LK 
not be equal to MN, but let MN he greater. And let QN, 
equal to KL, have been cut off from height MN. And 
let the cylinder EP have been cut, through point Q, by 
the plane TUS (which is) parallel to the planes of the 
circles EFGH and RP. And let cylinder ES have been 
conceived, with base the circle EFGH, and height NQ. 
And since cylinder AO is equal to cylinder EP, thus, as 
cylinder AO (is) to cylinder ES, so cylinder EP (is) to 
cylinder ES [Prop. 5.7]. But, as cylinder AO (is) to cylin¬ 
der ES, so base ABCD (is) to base EFGH. For cylinders 
AO and ES (have) the same height [Prop. 12.11]. And 
as cylinder EP (is) to (cylinder) ES, so height MN (is) 
to height QN. For cylinder EP has been cut by a plane 
which is parallel to its opposite planes [Prop. 12.13]. 
And, thus, as base ABCD is to base EFGH, so height 
MN (is) to height QN [Prop. 5.11]. And height QN 
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’AXXa 8 iq twv AS, EO xuX(v 6 pwv avTiTiSKOvdeiwaav at 
pdaeic; Tolg u^ieoiv, xal eaxw (be; f) ABFA pdaic; xpog xrjv 
EZH0 pdaiv, ouxcog x 6 MN u(J;oc; xpoc; x 6 KA ucj^oc;- Xsyw, 
6 x 1 laoQ eaxiv 6 AS xuXiv 6 po<; xc5 EO xuX(v 6 pcp. 

Tebv yap auxwv xaxtxaxeuaailevxtov exei eaxiv (be; f) 
ABFA pdaie; xpoe; xf)v EZFI0 pdaiv, ouxtoe; x 6 MN u(|> 0 (; 
xpoe; x 6 KA uijioe;, laov 8 e x 6 KA uejioe; xeb BN u(J;ei, eaxai 
dpoi (be; T) ABFA pdaie; xpoe; xf)v EZFI0 pdaiv, oux(oe; x 6 
MN uejioe; xpoe; x 6 FIN dXX’ Ae; piev f] ABFA pdaie; 

xpoe; xf]v EZFI0 pdaiv, oux(oe; 6 AS xOXivBpoe; xpoi; xov 
EE xuXiv 8 pov Oko y“P ‘'^6 auxo u(J;oe; eiaiv Ae; 6 e x 6 MN 
uil^oe; xpoe; x 6 FIN [utjioe;], ouxtoe; 6 EO xuXivSpoe; xpoe; xov 
EE xuXivSpov eaxiv dpa Ae; 6 AS xuXivSpoe; xpoi; xov EE 
xuXivSpov, oux(oe; 6 EO x 6 Xiv 6 poe; xpoe; xov EE. laoe; apex 
6 AS xuXivBpoe; xA EO xuXiv 8 p(p. Aaauxoje; 8 e xex'i exl xAv 
xAvoiv oxep eSei 8 eT^ai. 


If'. 

Auo xuxXtov xepl x 6 exOxo xevxpov ovxcov eie; xov 
[iei^ovex xOxXov xoXuytovov laoxXeupov xe xal dpxioxXeupov 
eYYP“4'“'’ ([xKUov xoO eXdaaovoe; xuxXou. 



’T;ax(oaav oi So'devxei; 6 uo xuxXoi oi ABFA, EZH0 
xepl x 6 auxo xevxpov x 6 K- 8 el 8 f) eie; xov [ieiJ^ova xuxXov 
xov ABFA xoXuytovov laoxXeupov xe xal dpxioxXeupov 
eYYpd(J;ai pii^ (jiaOov xou EZFI0 xuxXou. 

’'FIx'dw ydp 8 id xou K xcvxpou euDela rj BKA, xal 
dxo xou FI ari(ieiou xfj BA euDeicx xpoe; op^de; 

FIA xal 8 ir]X'dt>^ e™ to F- rj AF dpa cepdxxexai xou EZFI0 
xuxXou. xepivovxee; hr] xrjv BAA xepicpepeiav 81 x 01 xal xrjv 
fijiiaeiav auxfje; 8 ixa xal xouxo del xoiouvxee; xaxaXeiiJ^opiev 
xepicpepeiav cXdaaova xfje; AA. XeXeicpiiIoo, xal eaxto rj AA, 
xal dxo xou A exl xf)v BA xdDexoe; fixUoo fj AM xal 8 n]x^“ 


(is) equal to height KL. Thus, as base ABCD is to base 
EFGH, so height MN (is) to height KL. Thus, the bases 
of cylinders AO and EP are reciprocally proportional to 
their heights. 

And, so, let the bases of cylinders AO and EP be 
reciprocally proportional to their heights, and (thus) let 
base ABCD be to base EFGH, as height MN (is) to 
height KL. I say that cylinder AO is equal to cylinder 
EP. 

For, with the same construction, since as base ABCD 
is to base EFGH, so height MN (is) to height KL, and 
height KL (is) equal to height QN, thus, as base ABCD 
(is) to base EFGH, so height MN will be to height 
QN. But, as base ABCD (is) to base EFGH, so cylin¬ 
der AO (is) to cylinder ES. For they are the same height 
[Prop. 12.11]. And as height MN (is) to [height] QN, 
so cylinder EP (is) to cylinder ES [Prop. 12.13]. Thus, 
as cylinder AO is to cylinder ES, so cylinder EP (is) to 
(cylinder) ES [Prop. 5.11]. Thus, cylinder AO (is) equal 
to cylinder EP [Prop. 5.9]. In the same manner, (the 
proposition can) also (be demonstrated) for the cones. 
(Which is) the very thing it was required to show. 

Proposition 16 

There being two circles about the same center, to 
inscribe an equilateral and even-sided polygon in the 
greater circle, not touching the lesser circle. 



Let ABCD and EFGH be the given two circles, about 
the same center, K. So, it is necessary to inscribe an 
equilateral and even-sided polygon in the greater circle 
ABCD, not touching circle EFGH. 

Let the straight-line BKD have been drawn through 
the center K. And let GA have been drawn, at right- 
angles to the straight-line BD, through point G, and let it 
have been drawn through to C. Thus, AC touches circle 
EFGH [Prop. 3.16 corn]. So, (by) cutting circumference 
BAD in half, and the half of it in half, and doing this con¬ 
tinually, we will (eventually) leave a circumference less 
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enl TO N, xal ene^eux'dwaav ai AA, AN- larj apa eaxlv rj 
AA xfj AN. xal eKSi TiapdXXrjXo^ eaxiv fj AN xfj AF, fj 6 e AF 
ecpOTTSTai ToO EZFE0 xuxXou, f) AN dpa oOx ecpdKTExai xoO 
EZFE0 xuxXou- TioXXw dpa ai AA, AN oux scpdTixovxai xoO 
EZFE0 xuxXou. sdv 5 iq xfj AA EU-dEialaai; xaxd x6 auvExec 
£vap^6aa)(JEv eiz xov ABFA xuxXov, EYYpacpfjaExai eIc; xov 
ABFA xuxXov tioXuywvov laoxXEupov xe xal dpTioTiXEupov 
pif) c|;auov xou £Xdaaovo<; xuxXou xou EZFE0- oTiEp eBel 
■ n:oi.fjaai.. 


than AD [Prop. 10.1]. Let it have been left, and let it be 
LD. And let LM have been drawn, from L, perpendicu¬ 
lar to BD, and let it have been drawn through to N. And 
let LD and DN have been joined. Thus, LD is equal to 
DN [Props. 3.3, 1.4]. And since LN is parallel to AC 
[Prop. 1.28], and AC touches circle EFGH, LN thus 
does not touch circle EFGH. Thus, even more so, LD 
and DN do not touch circle EFGH. And if we continu¬ 
ously insert (straight-lines) equal to straight-line LD into 
circle ABCD [Prop. 4.1] then an equilateral and even¬ 
sided polygon, not touching the lesser circle EFGH, will 
have been inscribed in circle ABCD.'^ (Which is) the very 
thing it was required to do. 


t Note that the chord of the polygon, LN, does not touch the inner circle either. 


iC'. 

Auo acpaipwv itcpl x6 auxo XEvxpov ouawv dq xfjv 
pcl^ova acpalpav axEpEov ttoXusSpov £yyp«'|'“'- j>auov xfji; 
ekaaaovoQ acpaipac; xaxd xf)v ETUcpdvEiav. 



NEvorjoDwaav 8uo acpalpai Ttcpl x6 auxo XEvxpov x6 A- 
SeT 8f) Eic; xf)v pEi^ova acpalpav axEpEov 7toXu£8pov SYYpd'j'oC’ 
pf) (jiaOov xf)<; EXdaoovoc; acpalpac xaxd xfjv EiticpdvEiav. 

TExpijadwaav ai acpalpai £7ii7t£8a) xivl 8id xou xsvxpou- 
saovxai 8f] ai xopal xuxXoi, £7t£i8f]7t£p pEvouarjc; xfjc 
8iap£xpou xal KEpicpEpopsvou xou qpixuxXiou eyiY'^eto f) 
acpdipa- oaxE xal xad’ oia<; dv dsaEWi; STUvorjawpEv x6 
f]pixuxXiov, x6 8i’ auxou sxpaXXopEvov £7i[7i£8ov itoojaEi 
ETtl xf)<; ETUcpavEiac xfjc acpaipa? xuxXov. xal cpavEpov, 
6x1 xal psYiaxov, £7t£i8f]7t£p f] 8idp£xpo(; xfjc; acpaipac;, fjxi<; 


Proposition 17 


There being two spheres about the same center, to in¬ 
scribe a polyhedral solid in the greater sphere, not touch¬ 
ing the lesser sphere on its surface. 



Let two spheres have been conceived about the same 
center, A. So, it is necessary to inscribe a polyhedral solid 
in the greater sphere, not touching the lesser sphere on 
its surface. 

Let the spheres have been cut by some plane through 
the center. So, the sections will be circles, inasmuch 
as a sphere is generated by the diameter remaining be¬ 
hind, and a semi-circle being carried around [Def. 11.14]. 
And, hence, whatever position we conceive (of for) the 
semi-circle, the plane produced through it will make a 
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eaxl xal xou fj^ixuxXiou Bid^JiSTpoi; BrjXaSf] xai toO xuxXou, 
[iSL^wv eaxl xaawv xwv eiz xov xuxXov fj xf]v acpalpav 6i.a- 
yojisvwv [euileiwv]. eaxw ouv ev ^sv xf) p,£[^ovi. acpaipa 
xuxXoc 6 BFAE, ev Be xfj eXdaaovi acpaipa xOxXo^ 6 ZH0, 
xal fjx'dwaav auxwv Buo BLd^iexpoi npoq op'ddc a.Xkr\kou.z at 
BA, FE, xal Buo xuxXcov xepl x6 auxo xevxpov ovxwv xAv 
BFAE, ZFE0 elc; xov ^el^ova xuxXov xov BFAE xoXuywvov 
laoxXeupov xal dpxioxXeupov exYeypacpiSw c|>auov xou 
eXdaaovoc xuxXou xou ZFE0, ou xXeupal eaxwaav ev xA BE 
xexapxrj^oplw ai BK, KA, AM, ME, xal exi^euxAelaa fj KA 
Bi.r]X'®“ dveaxdxw dxo xou A ar)(jeiou xA xou 

BFAE xuxXou exmeBw xp6(; op-ddc fj AS xal au^paXXexw 
xfj exicpaveia xf)<; acpaipac; xaxd x6 S, xal Bid xfjc; AS xal 
exaxepac xAv BA, KN exlxeBa expepXf]aAw KoirjaouaL Bf) 
Bid xd eipr)(jeva exl xfjc; exicpaveiac; xfjc; acpaipac; ^eylaxouc; 
xuxXoui;. Koielxwaav, 6v fjtxcxuxXia eaxw exl xAv BA, KN 
Bcaptexpov xd BSA, KSN. xal exel f) SA opDf) eaxi. xpoc; x6 
xou BFAE xuxXou exlxeBov, xal xdvxa dpa xd Bed xfjc; SA 
exlxeBd eaxcv opAd xpoc; x6 xou BFAE xuxXou exlxeBov 
Aaxe xal xd BSA, KSN f]pti.xuxXia opAd eaxi. xpoc; x6 xou 
BFAE xuxXou exlxeBov. xal exel Xool eaxl xd BEA, BSA, 
KSN f)(iixuxXi.a' exl ydp lawv eial Bca^iexpcov xAv BA, KN- 
laa eaxl xal xd BE, BS, KS xexapxrj^Jiopia dXX'fjXoi.c;. oaai. 
dpa eialv ev xA BE xexapxr]^oplw xXeupal xou xoXuyAvou, 
xoaauxal eiai xal ev xoTc; BS, KS xexapxr)(iop[oic; laai. xaTc; 
BK, KA, AM, ME euAelaic;. eYYETpdcpAwaav xal eaxwaav 
al BO, on, nP, PS, KS, ST, TT, TS, xal exe^euxAwaav 
al SO, Tn, TP, xal dxo xAv O, S era x6 xou BFAE 
xuxXou exlxeBov xdAexoi '^)(Awaav xeaoOvxai Bf) exl xdc; 
xoivdc; xojidc; xAv exiTieBcov xdc; BA, KN, exeiB-fj-nep xal 
xd xAv BSA, KSN exlxeBa opAd eaxi xpoc; x6 xou BFAE 
xuxXou exlxeBov. xixxexwaav, xal eaxwaav al 0$, SX, 
xal exeCeuxAw f) X<I>. xal exel ev Xao\c, fjpiixuxXloic; xoTc; 
BSA, KSN laai dxeiXrjpLpievai elalv al BO, KS, xal xdAexoi 
fjypsvai elalv al 0 $, SX, lar) [dpa] eaxlv f) )X£v 0 $ xfj SX, 
f) Be B<I> xfj KX. eaxi Be xal oXr) f) BA oXr) xfj KA lar)- xal 
Xoixf) dpa f) <I>A Xoixfj xfj XA eaxiv Tar)- eaxiv dpa Ac f) B<I> 
xpoc; xf)v <I>A, ouxoc; f) KX xpoc; xf)v XA- xapdXXrjXoc; dpa 
eaxiv f) X<I> xfj KB. xal exel exaxepa xAv 0 $, SX opAfj 
eaxi xpoc; x6 xou BFAE xuxXou exiKeBov, xapdXX-rjXoc; dpa 
eaxiv f) 0$ xfj SX. eBelxAr) Be auxfj xal lar)- xal al X<I>, SO 
dpa laai elal xal xapdXXrjXoi. xal exel 7i;apdXXr)X6c; eaxiv 
f) X<I> xfj SO, dXXd f) X<I) xfj KB eaxi xapdXXrjXoc, xal 
f) SO dpa xfj KB eaxi xapdXXr)Xoc;. xal exiCeuYvuouaiv 
auxdc al BO, KS- x6 KBOS dpa xexpdxXeupov ev evl 
eaxiv exixeBo, exeiBfjxep, edv Aai Buo euAelai xapdXXrjXoi, 
xal ecp’ exaxepac auxAv Xr)(pAfj xuxovxa ar))xela, f) exl xd 
ar)(jela e7i;iCeuYvu(ievr) euAela ev xA auxA exiKeBw eaxl xalc; 
■n:apaXXf]Xoic;. Bid xd auxd Bf) xal exdxepov xAv SOHT, 
TnPT xexpaxXeupwv ev evl eaxiv exixeBw. eaxi Be xal 
x6 TPS xplyorvov ev evl exiKeBcp. edv Bf) vof)a«(iev dxo 


circle on the surface of the sphere. And (it is) clear 
that (it is) also a great (circle), inasmuch as the diam¬ 
eter of the sphere, which is also manifestly the diame¬ 
ter of the semi-circle and the circle, is greater than all 
of the (other) [straight-lines] drawn across in the cir¬ 
cle or the sphere [Prop. 3.15]. Therefore, let BCDE be 
the circle in the greater sphere, and FGH the circle in 
the lesser sphere. And let two diameters of them have 
been drawn at right-angles to one another, (namely), 
BD and CE. And there being two circles about the 
same center—(namely), BCDE and FGEl —let an equi¬ 
lateral and even-sided polygon have been inscribed in 
the greater circle, BCDE, not touching the lesser circle, 
FGEl [Prop. 12.16], of which let the sides in the quad¬ 
rant BE be BK, KL, LM, and ME. And, KA being 
joined, let it have been drawn across to N. And let AO 
have been set up at point A, at right-angles to the plane of 
circle BCDE. And let it meet the surface of the (greater) 
sphere at O. And let planes have been produced through 
AO and each of BD and KN. So, according to the afore¬ 
mentioned (discussion), they will make great circles on 
the surface of the (greater) sphere. Let them make (great 
circles), of which let BOD and KON be semi-circles on 
the diameters BD and KN (respectively). And since OA 
is at right-angles to the plane of circle BCDE, all of the 
planes through OA are thus also at right-angles to the 
plane of circle BCDE [Prop. 11.18]. And, hence, the 
semi-circles BOD and KON are also at right-angles to 
the plane of circle BCDE. And since semi-circles BED, 
BOD, and KON are equal—for (they are) on the equal 
diameters BD and KN [Def 3.1]—the quadrants BE, 
BO, and KO are also equal to one another. Thus, as 
many sides of the polygon as are in quadrant BE, so 
many are also in quadrants BO and KO equal to the 
straight-lines BK, KL, LM, and ME. Let them have 
been inscribed, and let them be BP, PQ, QR, RO, KS, 
ST, TU, and UO. And let SP, TQ, and UR have been 
joined. And let perpendiculars have been drawn from P 
and S to the plane of circle BCDE [Prop. 11.11]. So, 
they will fall on the common sections of the planes BD 
and KN (with BCDE), inasmuch as the planes of BOD 
and KON are also at right-angles to the plane of circle 
BCDE [Def. 11.4]. Let them have fallen, and let them be 
PV and SW. And let WV have been joined. And since 
BP and KS are equal (circumferences) having been cut 
off in the equal semi-circles BOD and KON [Def 3.28], 
and PV and SW are perpendiculars having been drawn 
(from them), PV is [thus] equal to SW, and BE to KW 
[Props. 3.27, 1.26]. And the whole of BA is also equal 
to the whole of KA. And, thus, as BV is to VA, so KW 
(is) to WA. WV is thus parallel to KB [Prop. 6.2]. And 
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Twv O, S, n, T, P, T arj^eiwv enl to A eTiL^suyvutJisvai; 
eO'dsLac;, auaxa'driaeTai ti. a)(f)(ja OTspsov iioXueBpov piaxa^u 
Twv BE!, KS Tiepicpepeiwv ex xupapiiBwv auyxeipievov, 5v 
Paaeig piev toc KBOS, SOIIT, TIIPT TexpanXeupa xal to 
TPS Tpiywvov, xopucpi^ 6e to A arjpieTov. eav 6e xal exl 
exdaTTjc; twv KA, AM, ME nXeupcSv xa'ddnep exl Tfji; BK toc 
auToc xaTaaxeuciawptev xal eTC twv Xoikov Tpiwv TeTapTT)- 
piopiwv, auaTaDriaeTai tc axfjpia xoXucBpov eYY£Ypa(ipi8vov 
ei<; Tf]v ocpaTpav xupapilai. Kepcexopievov, Sv pcxaiec [piev] toc 
eiprjpieva TeTpdxXeupa xal to TPS Tpcyoovov xal toc 6(jLOTaYfj 
auToTc, xopucpf] 6e to A orjpceTov. 

Asyw OTC TO 8tpr)(jevov KoXOeBpov oOx 8(pdc|j8Tac Tfjc 
eXdaaovoc acpaipac; xaToc Tf]v exccpdvecav, ecp’ fjc; eoTiv 6 
ZH0 xuxXoi;. 

’'Hx'Ow dxo TOO A arjpiecou era to tou KBOE Te- 
TpaxXeupou excTieBov xd'deToc; fj A^c xal au(jLpaXXeT60 tw 
STicxeBo xaToc to 'F arjptelov, xal exe^euxilwaav at 'PB, 'PK. 
xal exel f) A'P op'dr) eoTi xpoc; to tou KB OS TeTpaxXeupou 
encxeBov, xal xpoc xdaac; dpa tocc; dxTO(jeva<; auTfjc euHecai; 
xal ouaac; ev tw tou TeTpaxXeupou excTieSw op'dr) eoTiv. f) 
A^r dpa op'dr) eoTc xpoc; exaTspav tov B'I', 'PK. xal exel 
lar) sotIv AB Tfj AK, I'aov earl xal to dxo Tfjc AB tw 
dxo Tfjc AK. xal eoTi tw (lev dxo Tfjc AB laa Ta dxo tCSv 
A^ c, ^cB- op'dr) yap xpo? tw ^c- tw 6e dxo Tfjc AK laa Ta 
dxo Twv A'P, ^cK. Ta dpa dxo twv A^c, 'PB laa sotI toTc 
dxo Twv A^c, HrK. xocvov d(pr)pr]a'd6r to dxo Tfjc; A']/' Xoctiov 
dpa TO dxo Tfjc B^c Xocxw tw dxo Tfjc 'I'K laov eoTiv lar) 
dpa f) B'l' Tfj 'I'K. opLoiwc 8r) Bec^opiev, oti xal ai dxo tou 
era TOC O, E exc^euyvupievai eu'delac caac eialv exaTepqc twv 
B'l', 'I'K. 6 dpa xevTpw tw xal 5caaTfj(iaTi evl tSSv 'I'B, 
^rK Ypacpopievoc xuxXoc fj^sc xal 6id twv O, S, xal eoTac 
ev xuxXw TO KBOE TeTpdxXeupov. 

Kal exel pieiCwv earav f) KB Tfjc X<l>, car) 8e f) X<I> Tfj 
EO, pcei^wv dpa f) KB Tfjc EO. car) 6e f) KB exaTepqc twv 
KE, BO- xal exaTepa dpa tGv KE, BO Tfjc EO pcec^wv 
eaTcv. xal exel ev xuxXw TeTpdxXeupov eaTC to KBOE, xal 
caac ac KB, BO, KE, xal eXdTTWv f) OE, xal ex tou xevTpou 
TOU xuxXou eaTcv f) B'P, to dpa dxo Tfjc KB tou dxo Tfjc 
B'P pceT^ov eaTcv -rj BcxXdacov. K era Tf)v B<I> 

xddeTOC iq Kfl. xal exel f) BA Tfjc All eXdTTWv earav fj 
5c7iXfj, xac eaTcv Ac f) BA xpoc Tf)v Ail, outoc to Otio tAv 
AB, Bfl xpoc TO UKo [tAv] All, liB, dvaypacpoptcvou dxo 
Tfjc Bfl TeTpayAvou xal aupcxXiqpoupcevou tou era Tfjc I^A 
xapaXXr)XoYpd(ipcou xal to 0x6 AB, BIX dpa tou 0x6 Afl, 
riB eXaTTov eaxcv fj 6cxXdacov. xac eaxc Tfjc KA exc^eu- 
Yvu(jevr)c t6 pcev 0x6 AB, Bfl caov tA dx6 Tfjc BK, t6 8e 
0x6 tAv An, nB caov tA dx6 Tfjc Kli- t6 dpa dx6 Tfjc KB 
TOU dx6 Tfjc Kn eXaaaov eaTcv fj 6cxXdacov. dXXd t6 dx6 
Tfjc KB TOU dx6 Tfjc B^c pceT^ov eoTcv fj 8cxXdacov (jeT^ov 
dpa t6 dx6 Tfjc Kfl tou dx6 Tfjc B'P. xal exel car) earlv f) 
BA Tfj KA, caov eaTl t6 dx6 Tfjc BA tA dx6 Tfjc AK. xac 


since PV and SW are each at right-angles to the plane 
of circle BCDE, PV is thus parallel to SW [Prop. 11.6]. 
And it was also shown (to be) equal to it. And, thus, 
WV and SP are equal and parallel [Prop. 1.33]. And 
since WV is parallel to SP, but WV is parallel to KB, 
SP is thus also parallel to KB [Prop. 11.1]. And BP 
and KS join them. Thus, the quadrilateral KBPS is in 
one plane, inasmuch as if there are two parallel straight¬ 
lines, and a random point is taken on each of them, then 
the straight-line joining the points is in the same plane 
as the parallel (straight-lines) [Prop. 11.7]. So, for the 
same (reasons), each of the quadrilaterals SPQT and 
TQRU is also in one plane. And triangle URO is also 
in one plane [Prop. 11.2]. So, if we conceive straight¬ 
lines joining points P, S, Q, T, R, and U to A then 
some solid polyhedral figure will have been constructed 
between the circumferences BO and KO, being com¬ 
posed of pyramids whose bases (are) the quadrilaterals 
KBPS, SPQT, TQRU, and the triangle URO, and apex 
the point A. And if we also make the same construction 
on each of the sides KL, LM, and ME, just as on BK, 
and, further, (repeat the construction) in the remaining 
three quadrants, then some polyhedral figure which has 
been inscribed in the sphere will have been constructed, 
being contained by pyramids whose bases (are) the afore¬ 
mentioned quadrilaterals, and triangle URO, and the 
(quadrilaterals and triangles) similarly arranged to them, 
and apex the point A. 

So, I say that the aforementioned polyhedron will not 
touch the lesser sphere on the surface on which the circle 
FGH is (situated). 

Let the perpendicular (straight-line) AX have been 
drawn from point A to the plane KBPS, and let it meet 
the plane at point X [Prop. 11.11]. And let XB and 
XK have been joined. And since AX is at right-angles to 
the plane of quadrilateral KBPS, it is thus also at right- 
angles to all of the straight-lines joined to it which are 
also in the plane of the quadrilateral [Def. 11.3]. Thus, 
AX is at right-angles to each of BX and XK. And since 
AB is equal to AK, the (square) on AB is also equal to 
the (square) on AK. And the (sum of the squares) on AX 
and AS is equal to the (square) on AB. For the angle 
at X (is) a right-angle [Prop. 1.47]. And the (sum of 
the squares) on AX and A AT is equal to the (square) on 
AK [Prop. 1.47]. Thus, the (sum of the squares) on AA 
and AS is equal to the (sum of the squares) on AA and 
XK. Let the (square) on A A have been subtracted from 
both. Thus, the remaining (square) on BX is equal to the 
remaining (square) on XK. Thus, BX (is) equal to XK. 
So, similarly, we can show that the straight-lines joined 
from A to P and S are equal to each of PA and XK. 
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eaxi. TW ^ev duo Tfji; BA Xaa. xd dTio xwv B'P, 'PA, xw 8e dKo 
xfjc; KA Xaa xd duo xwv Kfi, JIA' xd dpa dKO xwv B^*, 'PA 
Xaa eaxl xolt; dTio xwv KH, HA, Sv x6 dKO xfjc; KH piei^ov 
xoO duo xfjc; B^' Xoixov dpa x6 dKO xfjc; HA eXaaaov saxi 
xou duo xfjc; 'PA. [iei^tov dpa f) A'P xfjc; AH- noXkCS dpa f) 
A^' piei^wv eaxl xfjc; AH. xai eaxiv f] piev A'P era ptlav xou 
TioXueSpou pdaiv, f) 6e AH era xf)v xfjc; eXdaaovoc; acpaipac; 
e-racpaveiav waxe x6 KoXueBpov ou cjiauaei xfjc; eXdaaovoc; 
acpaipac; xaxd xf]v exicpdveiav. 

Auo dpa acpaipfiv xepl x6 auxo xevxpov ouawv eic; xf]v 
piel^ova acpalpav axepeov xoXueBpov exyeypaTixai [if] cl>auov 
xfjc; eXdaaovoc; acpaipac; xaxd xf]v exicpaveiav oxep e8ei. 
xoifjaai.. 


Thus, a circle drawn (in the plane of the quadrilateral) 
with center X, and radius one of XB or XK, will also 
pass through P and S, and the quadrilateral KBPS will 
be inside the circle. 

And since KB is greater than WV, and WV (is) equal 
to SP, KB (is) thus greater than SP. And KB (is) 
equal to each of KS and BP. Thus, KS and BP are 
each greater than SP. And since quadrilateral KBPS 
is in a circle, and KB, BP, and KS are equal (to one 
another), and PS (is) less (than them), and BX is the 
radius of the circle, the (square) on ATi? is thus greater 
than double the (square) on HAT. 1 Let the perpendicular 
KY have been drawn from K to BV.^ And since BD is 
less than double DY, and as BD is to DY, so the (rect¬ 
angle contained) by DB and BY (is) to the (rectangle 
contained) by DY and YB —a square being described 
on BY, and a (rectangular) parallelogram (with short 
side equal to BY) completed on YD —the (rectangle con¬ 
tained) by DB and BY is thus also less than double the 
(rectangle contained) by DY and YB. And, KD being 
joined, the (rectangle contained) by DB and BY is equal 
to the (square) on BK, and the (rectangle contained) by 
DY and YB equal to the (square) on KY [Props. 3.31, 
6.8 corn]. Thus, the (square) on KB is less than double 
the (square) on KY. But, the (square) on KB is greater 
than double the (square) on BX. Thus, the (square) on 
KY (is) greater than the (square) on BX. And since 
BA is equal to KA, the (square) on BA is equal to the 
(square) on AK. And the (sum of the squares) on BX 
and A A is equal to the (square) on BA, and the (sum of 
the squares) on KY and YA (is) equal to the (square) on 
KA [Prop. 1.47]. Thus, the (sum of the squares) on BX 
and XAis equal to the (sum of the squares) on KY and 
YA, of which the (square) on KY (is) greater than the 
(square) on BX. Thus, the remaining (square) on FA 
is less than the (square) on XA. Thus, AX (is) greater 
than AF. Thus, AX is much greater than AG.§ And AX 
is (a perpendicular) on one of the bases of the polyhe¬ 
dron, and AG (is a perpendicular) on the surface of the 
lesser sphere. Hence, the polyhedron will not touch the 
lesser sphere on its surface. 

Thus, there being two spheres about the same cen¬ 
ter, a polyhedral solid has been inscribed in the greater 
sphere which does not touch the lesser sphere on its sur¬ 
face. (Which is) the very thing it was required to do. 


t Since KB, BP, and KS are greater than the sides of an inscribed square, which are each of length \/2 BX. 
t Note that points Y and V are actually identical. 

§ This conclusion depends on the fact that the chord of the polygon in proposition 12.16 does not touch the inner circle. 
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n6pia[Jia. 

’Eav 5e xal eiz exapav acpcxipav tw ev xf) BTAE acpaipa 
aTEpew xoXueBpw 6(ioiov axepsov xoXueSpov exypacpf), x6 
ev xfj BEAE acpaipa axepeov xoXueSpov npoQ to ev xfj 
exepa acpaipa axepeov xoXueSpov xpiTiXaaiova Xoyov exei, 
T^Tiep f] xfjc; BEAE acpotipac; 6ia(jexpo<; upoc; xi^v xf)<; exepa<; 
a(pa[pa<; 6ia(iexpov. Biaipeilevxwv yap xAv axepeov ei<; 
xac opioi.oTiXrj'de'ic xai o^ioi.oxaye'it; 7i;upa(ii6ac; eaovxai ai ku- 
pa(ii6ei; o[jLoiai.. ai 6e 6(ioiai. xupatiLBec Tipoc; dXXr]Xac; ev 
xpixXaaiovi Xoyo eia'i xov opioXoyov xXeupov fj dpa ku- 
pa(i(<;, f)<; pdaic; (lev eaxi x6 KBOE xexpdxXeupov, xopucpf] 
8e x6 A arjiJelov, xpoc; xi^v ev xfj exepa acpaipa 6(ioioxayfj 
■Kupa^xiBa xpLiiXaaiova Xoyov ex£i, f]7i;ep f] opioXoyoc xXeupd 
Tipoc; xf]v 6(i6Xoyov TiXeupciv, xouxeaxiv fjTiep f] AB ex xoO 
xevxpou xfjc; acpaipac; xfjc; Tiepl xevxpov x6 A Tipoc; xf]v ex xoO 
xevxpou xfjc; exepac; acpaipac;. 6(io(oc; xal excxaxr) Tiupa^xk 
xov ev xfj Tiepi xevxpov x6 A acpalpcx Tipoc; excxaxrjv 6[jLoxayfj 
Tiupa^[8a xov ev xfj exepcx acpaipa xpiTiXaaiova Xoyov e^ei, 
fjTiep f) AB Tipoc; xf)v ex xoO xevxpou xfjc; exepac; acpalpac;. 
xai oc; ev xov f]youpievov Tipoc; ev xov eTiopevov, ouxoc; 
dTiavxa xd f]you^eva Tipoi; dxavxa xd exopieva' oaxe oXov 
x6 ev xfj Tiepl xevxpov x6 A acpaipa axepeov noXueBpov 
Tipoc; oXov x6 ev xfj exepa [acpaipa] axepeov TioXueSpov xpi- 
TiXaaiova Xoyov e^ei, fjTiep f) AB Tipoc; xf]v ex xoO xevxpou 
xfj? exepac; acpaipac;, xouxeaxiv fjTiep f) BA 6id(iexpoc; Tipoc; 
xf]v xfjc; exepac; acpaipac; 6id(jexpov oTiep e6ei 5eT^ai. 


11 ^'. 


Ai acpalpai iipoc; dXXfjXac; ev xpiiiXaaiovi Xoyo eial xov 
i6iov Siapiexpov. 


A 



Corollary 

And, also, if a similar polyhedral solid to that in 
sphere BCDE is inscribed in another sphere then the 
polyhedral solid in sphere BCDE has to the polyhedral 
solid in the other sphere the cubed ratio that the diameter 
of sphere BCDE has to the diameter of the other sphere. 
For if the solids are divided into similarly numbered, and 
similarly situated, pyramids, then the p 3 n:amids will be 
similar. And similar p 3 n:amids are in the cubed ratio of 
corresponding sides [Prop. 12.8 corn]. Thus, the pyra¬ 
mid whose base is quadrilateral KBPS, and apex the 
point A, will have to the similarly situated pyramid in the 
other sphere the cubed ratio that a corresponding side 
(has) to a corresponding side. That is to say, that of ra¬ 
dius AB of the sphere about center A to the radius of the 
other sphere. And, similarly, each p 3 n:amid in the sphere 
about center A will have to each similarly situated pyra¬ 
mid in the other sphere the cubed ratio that AB (has) to 
the radius of the other sphere. And as one of the leading 
(magnitudes is) to one of the following (in two sets of 
proportional magnitudes), so (the sum of) all the lead¬ 
ing (magnitudes is) to (the sum of) all of the following 
(magnitudes) [Prop. 5.12]. Hence, the whole polyhedral 
solid in the sphere about center A will have to the whole 
polyhedral solid in the other [sphere] the cubed ratio that 
(radius) AB (has) to the radius of the other sphere. That 
is to say, that diameter BD (has) to the diameter of the 
other sphere. (Which is) the very thing it was required to 
show. 


Proposition 18 

Spheres are to one another in the cubed ratio of their 
respective diameters. 

A 



N 
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Nsvor^aDwaav acpaipai at ABF, AEZ, SiAp-expoi 5e 
aOxov ai BF, EZ' Xsyw, 6 xi f] ABF acpalpa xpo^ xf]v AEZ 
acpalpav xpixXctaiova Xoyov e)(£i fj-Ksp f) BF Tipoc; xf]v EZ. 

Ei yap p.f] f) ABF acpalpa Tipoc xiQv AEZ acpalpav xpi- 
nXaaiova Xoyov £)(£i. rjusp f) BF upoc xi^v EZ, e^ei apa f) 
ABF acpalpa upoc eXdaaovci xiva xrjc AEZ acpa[pa<; xpi- 
nXaaiova Xoyov r] xpoc; (jei^ova f]7i£p f) BF Tipoc; xi^v EZ. 
EXexo TipoxEpov Tipoc EXdaaova xi^v H0K, xal vEvorja'dw f) 
AEZ xf) H0K TiEpl x6 auxo XEvxpov, xal EyyEypdcp'dw eic 
xf]v pEL^ova acpalpav xf]v AEZ axEpEov TioXuEBpov (if) c|TaOov 
xfjc sXdaaovoc acpaipac xfjc H0K xaxd xi^v ETii.cpdvEi.av, 
EyyEypdcpDw Be xal eic xi^v ABF acpdlpav xw ev xfj AEZ 
acpalpa axEpEW TioXusBpw 6[ioi.ov axEpEov TioXuEBpov x6 
dpa EV xfj ABF axEpEov TioXuEBpov Tipoc x6 sv xfj AEZ 
axEpEov TioXuEBpov xpmXaalova Xoyov e^si. fjiiEp f] BF xpoc 
xfjv EZ. Exei Be xal f) ABF acpalpa xpoc xf)v H0K acpalpav 
xpixXaalova Xoyov yjxEp f) BF xpoc xfjv EZ- saxiv dpa wc 
f) ABF acpalpa xpoc xfjv H0K acpalpav, ouxwc x6 ev xfj 
ABF acpalpcx axEpEov xoXuEBpov xpoc x6 ev xfj AEZ acpalpcx 
axEpEov xoXuEBpov svaXXd? [dpa] cbc fj ABF acpalpa xpoc 
x6 EV auxfj xoXuEBpov, ouxcoc f) H0K acpalpa xpoc x6 ev xfj 
AEZ acpalpcx axEpEov xoXuEBpov. piEl^wv Be fj ABF acpalpa 
xou EV auxfj xoXusBpou- piEl^wv dpa xal f) H0K acpalpa 
xou EV xfj AEZ acpalpcx xoXusBpou. dXXd xal sXdxxtov 
EjiXEpiExexai ydp Ox’ auxou. oux dpa fj ABF acpalpa xpoc 
sXdaaova xfjc AEZ acpaipac xpixXaalova Xoyov s^ei fjxEp f) 
BF BidjiExpoc Tipoc xf)v EZ. ojiolcoc Bf) BeI^ojxev, 6xi ouBs f) 
AEZ acpalpa xpoc sXdaaova xfjc ABF acpaipac xpixXaalova 
Xoyov E^ei fjxsp f) EZ xpoc xfjv BF. 

Asyw Bfj, 6 x 1 oOBe fj ABF acpalpa xpoc piel^ovd xiva xfjc 
AEZ acpaipac xpixXaalova Xoyov s^ei fjxsp fj BF xpoc xfjv 
EZ. 

El ydp Buvaxov, s^exto xpoc [iell^ova xfjv AMN- dvdxaXiv 
dpa f) AMN acpalpa xpoc xfjv ABF acpalpav xpixXaalova 
Xoyov £)(£i fjxsp fj EZ BidpiExpoc xpoc xfjv BF BidpiExpov. 
(be Be f) AMN acpalpa xpoc xfjv ABF acpalpav, ouxcoc fj AEZ 
acpalpa xpoc sXdaaovd xiva xfjc ABF acpaipac, EXEiBfjxsp 
pisl^tov saxiv fj AMN xfjc AEZ, (be spixpoaDEv sBElx'drj. xal 
fj AEZ dpa acpalpa xpoc sXdaaovd xiva xfjc ABF acpaipac 
xpixXaalova Xoyov s^ei fjxsp fj EZ xpoc xfjv BF- oxsp 
dBuvaxov eBeIxtHtj. oux dpa fj ABF acpalpa xpoc (iel^ovd 
xiva xfjc AEZ acpaipac xpixXaalova Xoyov s^ei fjxsp fj BF 
xpoc xfjv EZ. eBeIx-Dtj Be, 6 xi ouBe xpoc sXdaaova. fj dpa 
ABF acpalpa xpoc xfjv AEZ acpalpav xpixXaalova Xoyov sxei 
fjxsp fj BF xpoc xfjv EZ- oxEp eBei Bsl^ai. 


Let the spheres ABC and DBF have been conceived, 
and (let) their diameters (be) BC and EF (respectively). 
I say that sphere ABC has to sphere DEF the cubed ratio 
that BC (has) to EF. 

For if sphere ABC does not have to sphere DEF the 
cubed ratio that BC (has) to EF then sphere ABC will 
have to some (sphere) either less than, or greater than, 
sphere DEF the cubed ratio that BC (has) to EF. Let 
it, first of all, have (such a ratio) to a lesser (sphere), 
GFIK. And let DEF have been conceived about the 
same center as CHK. And let a polyhedral solid have 
been inscribed in the greater sphere DEF, not touching 
the lesser sphere CHK on its surface [Prop. 12.17]. And 
let a polyhedral solid, similar to the polyhedral solid in 
sphere DEF, have also been inscribed in sphere ABC. 
Thus, the polyhedral solid in sphere ABC has to the 
polyhedral solid in sphere DEF the cubed ratio that BC 
(has) to EF [Prop. 12.17 corn]. And sphere ABC also 
has to sphere CHK the cubed ratio that BC (has) to EF. 
Thus, as sphere ABC is to sphere CHK, so the polyhe¬ 
dral solid in sphere ABC (is) to the polyhedral solid is 
sphere DEF. [Thus], alternately, as sphere ABC (is) to 
the polygon within it, so sphere CHK (is) to the polyhe¬ 
dral solid within sphere DEF [Prop. 5.16]. And sphere 
ABC (is) greater than the polyhedron within it. Thus, 
sphere CHK (is) also greater than the polyhedron within 
sphere DEF [Prop. 5.14]. But, (it is) also less. For it is 
encompassed by it. Thus, sphere ABC does not have to 
(a sphere) less than sphere DEF the cubed ratio that di¬ 
ameter BC (has) to EF. So, similarly, we can show that 
sphere DEF does not have to (a sphere) less than sphere 
ABC the cubed ratio that EF (has) to BC either. 

So, I say that sphere ABC does not have to some 
(sphere) greater than sphere DEF the cubed ratio that 
BC (has) to EF either. 

For, if possible, let it have (the cubed ratio) to a 
greater (sphere), LMN. Thus, inversely, sphere LMN 
(has) to sphere ABC the cubed ratio that diameter 
EF (has) to diameter BC [Prop. 5.7 corn]. And as 
sphere LMN (is) to sphere ABC, so sphere DEF 
(is) to some (sphere) less than sphere ABC, inasmuch 
as LMN is greater than DEF, as was shown before 
[Prop. 12.2 lem.]. And, thus, sphere DEF has to some 
(sphere) less than sphere ABC the cubed ratio that EF 
(has) to BC. The very thing was shown (to be) impossi¬ 
ble. Thus, sphere ABC does not have to some (sphere) 
greater than sphere DEF the cubed ratio that BC (has) 
to EF. And it was shown that neither (does it have 
such a ratio) to a lesser (sphere). Thus, sphere ABC has 
to sphere DEF the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 
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The Platonic SoZidsi 


tThe five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by 
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many 
of the theorems contained in this book—particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens. 
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OL. 

’Eav euileicx axpov xai pteaov Xoyov T(ir)iL>fi, 

TO (lelf^ov Tptr)(ja xpoaXaPov ti^v f)pt[asi.av Tfjc 6Xr]c; xsv- 
xaxXaaiov Buvaxai toO dxo Tfjc; fjpiiaeiac; Texpaytovou. 



EO'de'ia ydp ypa(ip.r) f] AB dxpov xal pieaov Xoyov 
xexpiria'dw xaxd x6 E arijielov, xai saxco pisT^ov x(jfjpia x6 
AT, xal expepXria'do ex’ euDeiat; xfj FA eODsTa fj AA, xal 
xeiaDw xfjc; AB f)(Jia£ia rj AA- Xeyw, oxi. xevxaxXaaiov eaxi 
TO dxo xfjc; FA xoO dxo xfjc; AA. 

Avayeypdcp-dwaav ydp dxo xAv AB, AF xexpdywva 
xd AE, AZ, xai xaTaysypacp-dw ev xA AZ x6 ayfjiia, xal 
BifixiSw f] ZF exl x6 H. xal exel fj AB dxpov xal pisaov 
Xoyov xexpiTjxai xaxd x6 F, x6 dpa uxo xAv ABF laov eaxl 
xA dxo xfjc; AF. xai eaxi x6 [iev uxo xAv ABF x6 FE, x6 
5e dxo xfjc; AF x6 Z0- laov dpa x6 FE xA Z0. xal exd 
5ixXfj eaxiv f) BA xfji; AA, larj 6e fj piev BA xfj KA, fj 5e 
A A xfj A0, SixXfj dpa xal f) KA xfjc; A0. Ac; Se fj KA xpoc; 
xf]v A0, ouxwc; x6 FK xpoc; x6 F0- 6ixXdaiov dpa x6 FK 
xoD F0. eial 6e xal xd A0, 0F 6ixXdaia xoO F0. laov dpa 
x6 KF xoTc; A0, 0F. eBsix-Ot) Bs xal x6 FE xA 0Z laov 
oXov dpa x6 AE xsxpdywvov laov eaxl xA MNS yvAjiovi. 
xal exel BixXfj eaxiv f] BA xfjc; AA, xexpaxXdaiov eaxi x6 
dxo xfjc BA xoO dxo xfjc AA, xouxeaxi x6 AE xoO A0. 
laov Be x6 AE xA MNS yvA(iovi- xal 6 MNS dpa yvA(it)v 
xexpaxXdaioc eaxi xoO AO- oXov dpa x6 AZ xevxaxXdaiov 
eaxi xoO AO. xai eaxi x6 (lev AZ x6 dxo xfjc AF, x6 Be AO 
x6 dxo xfjc AA- x6 dpa dxo xfjc FA xevxaxXdaiov eaxi xoD 
dxo xfjc AA. 

’Edv dpa eu-dela dxpov xal (leaov Xoyov xpi-rj-dfj, x6 (leT^ov 
xpifj(ja xpoaXapdv xf)v fjpiiaeiav xfjc oXrjc xevxaxXdaiov 
Buvaxai xoO dxo xfjc fjpiiaeiac xexpayAvou- oxep eBei Bel^ai. 


Proposition 1 

If a straight-line is cut in extreme and mean ratio 
then the square on the greater piece, added to half of 
the -whole, is five times the square on the half. 



For let the straight-line AB have been cut in extreme 
and mean ratio at point C, and let AC be the greater 
piece. And let the straight-line AD have been produced 
in a straight-line with CA. And let AD be made (equal 
to) half of AB. I say that the (square) on CD is five times 
the (square) on DA. 

For let the squares AE and DF have been described 
on AB and DC (respectively). And let the figure in DF 
have been drawn. And let FC have been drawn across to 
G. And since AB has been cut in extreme and mean ratio 
at C, the (rectangle contained) by ABC is thus equal to 
the (square) on AC [Def 6.3, Prop. 6.17]. And CE is 
the (rectangle contained) by ABC, and FFl the (square) 
on AC. Thus, CE (is) equal to FH. And since BA is 
double AD, and BA (is) equal to KA, and AD to AH, 
KA (is) thus also double AH. And as KA (is) to AH, so 
CK (is) to CH [Prop. 6.1]. Thus, CK (is) double CH. 
And LH plus HC is also double CH [Prop. 1.43]. Thus, 
KC (is) equal to LH plus HC. And CE was also shown 
(to be) equal to HF. Thus, the whole square AE is equal 
to the gnomon MNO. And since BA is double AD, the 
(square) on BA is four times the (square) on AD —that 
is to say, AE (is four times) DH. And AE (is) equal to 
gnomon MNO. And, thus, gnomon MNO is also four 
times AP. Thus, the whole of DF is five times AP. And 
DF is the (square) on DC, and AP the (square) on DA. 
Thus, the (square) on CD is five times the (square) on 
DA. 

Thus, if a straight-line is cut in extreme and mean ra¬ 
tio then the square on the greater piece, added to half of 
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P- 

’Eav eu'dela ypa^ljf] eauTfjc nsvTaTiXaaiov 

Buvrjxai, Tfjc; BmXaaiocc; toO elprjtievou T[ir]p,aTo<; axpov xal 
pieaov Xoyov xejivojievric; x 6 p,£i^ov xp,fi[ia x 6 Xoixov piepoc; 
eaxl xfji; euileiac;. 



EOilela yap ypoc^^f] rj AB xtir]^axo<; eauxfjc; xou AF nev- 
xanXaaiov Suvaa'dto, xfjc; 6 e AF SiTiXf) eaxco fj FA. Xeyw, 
6 x 1 xfjc FA axpov xai pisaov Xoyov xe^Jivo^svoc; x 6 (lelCov 
x^xfi^a eaxiv f) FB. 

Avayeypacpilw yap dcp’ exaxepac xov AB, FA xexpdywva 
xd AZ, FF[, xai xaxaysypdcp'dw sv xw AZ x 6 axf)(ia, xal 
Bi.fix'dw f] BE. xal exel TisvxaTiXdaiov eaxi. x 6 dvio xfjc BA 
xoD dTio xfjc AF, 7 i;£vxa 7 i;Xdai. 6 v eaxi x 6 AZ xou A0. xe- 
xpaxXdaioc dpa 6 MNS yvw^wv xou A0. xal exel BixXfj 
eaxLv f] AF xfjc FA, xsxpaxXdaiov dpa eaxi x 6 dxo AF xou 
duo FA, xouxeaxL x 6 FFI xou A0. eSeixilr) 8 e xal 6 MNS 
yvwpiwv xexpaxXdaioc xou A0' laoc dpa 6 MNS yvA^wv 
xo FFE. xal exel BixXfj eaxiv f) AF xfjc FA, larj Be fj ytev 
AF xrj FK, fj 6 e AF xfj F0, [BixXfj dpa xal f) KF xfjc F0], 
BmXdaiov dpa xal x 6 KB xou B0. eial 6 e xal xd A0, 0B 
xou 0B BixXdaia' laov dpa x 6 KB xoTc A0, 0B. eBeixflri 
Be xal oXoc 6 MNS yvAp.wv oXw xw FH laoc xal Xoitiov 
dpa x 6 0Z xw BH eaxiv laov. xai eaxi x 6 (lev BH x 6 uko 
xAv FAB- larj ydp f) FA xfj AH- x 6 Be 0Z x 6 dxo xfjc FB- 
x 6 dpa UKO xAv FAB laov eaxi xA dxo xfjc FB. eaxiv dpa 
Ac f) AF xpoc xfjv FB, ouxwc FB xpoc xf]v BA. ^ei^wv 
Be f) AF xfjc FB- ^ei^wv dpa xal f] FB xfjc BA. xfjc FA 
dpa eu-deiac dxpov xal p,£aov Xoyov xejivojievrjc x 6 p,el^ov 
x^fj^id eaxiv f) FB. 

’Edv dpa eu-dela ypap,[if) x[if]p.axoc eauxfjc nevxanXdaiov 
Buvrjxai, xfjc BmXaaiac xou eipr)p,£vou x[if]p,axoc dxpov xal 
^Jieaov Xoyov xepivopievrjc x 6 (Jel^ov x(jfjpia x 6 Xoixov piepoc 


the whole, is five times the square on the half. (Which is) 
the very thing it was required to show. 

Proposition 2 

If the square on a straight-line is five times the 
(square) on a piece of it, and double the aforementioned 
piece is cut in extreme and mean ratio, then the greater 
piece is the remaining part of the original straight-line. 



For let the square on the straight-line AB be five times 
the (square) on the piece of it, AC. And let CD be double 
AC. I say that if CD is cut in extreme and mean ratio 
then the greater piece is CB. 

For let the squares AF and CG have been described 
on each of AB and CD (respectively). And let the figure 
in AF have been drawn. And let BE have been drawn 
across. And since the (square) on BA is five times the 
(square) on AC, AF is five times AFI. Thus, gnomon 
MNO (is) four times AFI. And since DC is double CA, 
the (square) on DC is thus four times the (square) on 
CA —that is to say, CG (is four times) AFI. And the 
gnomon MNO was also shown (to be) four times AFI. 
Thus, gnomon MNO (is) equal to CG. And since DC is 
double CA, and DC (is) equal to CK, and AC to CH, 
[KC (is) thus also double CiT], (and) KB (is) also dou¬ 
ble BH [Prop. 6.1]. And LH plus HB is also double HB 
[Prop. 1.43]. Thus, KB (is) equal to LH plus HB. And 
the whole gnomon MNO was also shown (to be) equal 
to the whole of CG. Thus, the remainder HF is also 
equal to (the remainder) BG. And BG is the (rectangle 
contained) by CDB. For CD (is) equal to DC. And HF 
(is) the square on CB. Thus, the (rectangle contained) 
by CDB is equal to the (square) on CB. Thus, as DC 
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is) 
greater than CB (see lemma). Thus, CB (is) also greater 
than BD [Prop. 5.14]. Thus, if the straight-line CD is cut 


507 




ETOIXEIfiN ly'. 


ELEMENTS BOOK 13 


eaxl Tfji; eOileiac;' onep eSei 5el^ai. 


"Otl 6e f] 6i7i;Xfj Tfji; AF ^lei^wv eaxl Tfjc; BF, ouxcoi; 
5si.xx£ov. 

Ei yap pirj, eaxw, si Buvaxov, f) BF SLxXfj xfji; FA. xs- 
xpa7i;Xdai.ov dpa x6 duo xfjc; BF xoO axo xf)<; FA- 7i;£vxa7i;Xdai.a 
dpa xd (XKO xwv BF, FA xou dxo xfjc; FA. UTioxsixai 8s xal 
x6 OLKO xfjc; BA xsvxaxXdaiov xou dxo xfjc; FA- x6 dpa cxxo 
xfjc; BA laov sax'i xoTc; dxo xwv BF, FA- oxsp d8uvaxov. 
oOx dpa f] FB 6i.xXaaia saxi xfjc; AF. 6(ioiwc; 8f) Bsi^o^tsv, 
6x1 ou8s f) sXdxxwv xfjc; FB BixXaaiwv saxl xfjc; FA- xoXXw 
ydp [^tsT^ov] x6 dxoxov. 

'H dpa xfjc; AF BmXfj (isi^tov saxl xfjc; FB- oxsp sBsi. 
BsT^ai. 


y'- 

’Edv suTlsta Ypap,[if) dxpov xai pisaov Xoyov xjirjilfj, 
x 6 sXaaaov x(jfjpia xpoaXapov xf]v -fjijiasiav xou pisi^ovoc; 
xtxf)(iaxoc; xsvxaxXdaiov Suvaxai xou dxo xfjc; f)p,ias[ac; xou 
pisi^ovoc; xp.f][iaxoc; xsxpaywvou. 



Eu-dsTa ydp xic; f) AB dxpov xai (Jsaov Xoyov xsxiifia-do) 
xaxd x 6 F arj^xsTov, xal saxw (islCov x[i.fj(ia x 6 AF, xal 
xsxjifja'dco f) AF Biya xaxd x 6 A- Xsyto, oxi. KSvxaxXdaLov 
saxi. x 6 dxo xfjc; BA xou dxo xfjc; AF. 

Avaysypacp-dw ydp dxo xfjc; AB xsxpdywvov x 6 AE, xal 


in extreme and mean ratio then the greater piece is CB. 

Thus, if the square on a straight-line is five times 
the (square) on a piece of itself, and double the afore¬ 
mentioned piece is cut in extreme and mean ratio, then 
the greater piece is the remaining part of the original 
straight-line. (Which is) the very thing it was required 
to show. 

Lemma 

And it can be shown that double AC (i.e., DC) is 
greater than BC, as follows. 

For if (double AC is) not (greater than BC), if possi¬ 
ble, let BChe double CA. Thus, the (square) on BC (is) 
four times the (square) on CA. Thus, the (sum of) the 
(squares) on BC and CA (is) five times the (square) on 
CA. And the (square) on BA was assumed (to be) five 
times the (square) on CA. Thus, the (square) on BA is 
equal to the (sum of) the (squares) on BC and CA. The 
very thing (is) impossible [Prop. 2.4]. Thus, CB is not 
double AC. So, similarly, we can show that a (straight- 
line) less than CB is not double AC either. For (in this 
case) the absurdity is much [greater]. 

Thus, double AC is greater than CB. (Which is) the 
very thing it was required to show. 

Proposition 3 

If a straight-line is cut in extreme and mean ratio then 
the square on the lesser piece added to half of the greater 
piece is five times the square on half of the greater piece. 



For let some straight-line AB have been cut in ex¬ 
treme and mean ratio at point C. And let AC be the 
greater piece. And let AC have been cut in half at D. I 
say that the (square) on BD is five times the (square) on 
DC. 
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xaTayEYpacpilw BltiXouv to axfjpia. enel 5iiiXf) eaxiv fj AF 
Tfjc; AF, T£Tpa7i;Xdai.ov dpa to olko Tfjc; AF toO anb Tf)<; AF, 
TouTsaTi. TO PE TOO ZH. xai etisI to Otio tAv ABF laov 
eotI to olko Tfjc; AF, xa[ eoti. to Oko tAv ABF to FE, to 
dpa FE laov eoti tA PE. TETpa7i;Xdai.ov Be to PE toD ZH' 
TETpaTiXciaiov dpa xal to FE toO ZK. 7iciXi.v etieI Tar] eotiv 
f) AA Tf) AF, Tar] saTi xal f) 0K Tfj KZ. AaTE xal to FIZ 
TETpdyovov Taov eotI tA 0A TETpayAvo. Tarj dpa f) FIK 
Tfi KA, TOUTsaTiv f] MN Tfj NE- Aote xal to MZ tA ZE 
saTLv Taov. dXXd to MZ tA FH eotiv Taov xal to FH dpa 
tA ZE saTiv Taov. xoivov xpoaxEiaDo to FN- 6 dpa SOB 
yvApiov Taoc; eotI tA FE. dXXd to FE TETpa7i;Xdai.ov EBEixTlr] 
TOO HZ' xal 6 son dpa yvA(iov T£Tpa7i;Xdai.6(; eoti. too ZH 
TETpayAvou. 6 SOH dpa yvA(iov xal to ZH TETpdyovov 
KEVTaTiXdaioc; eoti tou ZH. dXXd 6 SOH yvA(jov xal to 
ZH TETpdyovov eoti. to AN. xal eoti to pisv AN to dxo 
Tfjc AB, TO Be HZ to dxo Tfjc; AF. to dpa djio Tfjc; AB 
TiEVTaTiXciaiov eoti. toO aTio Tfjc; AF- oxEp eBei BEl^ai.. 


6 '. 

’Edv EuDEla ypapi(if] dxpov xal (isaov Xoyov TpiTjUfj, to 
duo Tfjc; 6Xr]c; xal toO sXdaaovoc; Tpif)(JaToc;, Ta auvapicpoTEpa 
TETpdyova, TpiTiXdaid eoti. tou duo tou (jeI^ovoc; TpLf]piaToc; 
TETpayAvou. 

A r B 



TilaTW EuilEla f] AB, xal TETpifiaDw dxpov xal pisaov 
Xoyov xaTd to F, xal eotw jiEl^ov Tpifjjia to AF- Xsyw, 
OTi Td duo tAv AB, BF TpiTiXdaid eoti tou dxo Tfjc; FA. 

AvayEypdcpTla) ydp dxo Tfjc; AB TETpdywvov to AAEB, 
xal xaTayEypdcpDw to ayfjpia. ekeI ouv f) AB dxpov xal 
pisaov Xoyov T£T(jr]Tai xaTa to F, xal to piEl^ov Tptfj(jd eotiv 
f] AF, TO dpa Otio tAv ABF laov eotI tA anb Tfjc; AF. xal 
EOTi. TO piEv UKO tAv ABF TO AK, TO Be dTio Tfjc; AF to 0H' 


For let the square AE have been described on AB. 
And let the figure have been drawn double. Since AC is 
double DC, the (square) on AC (is) thus four times the 
(square) on DC —that is to say, RS (is four times) EG. 
And since the (rectangle contained) by ABC is equal to 
the (square) on AC [Def. 6.3, Prop. 6.17], and CE is the 
(rectangle contained) by ABC, CE is thus equal to RS. 
And RS (is) four times EG. Thus, CE (is) also four times 
EG. Again, since AD is equal to DC, HK is also equal to 
KE. Hence, square GE is also equal to square HL. Thus, 
GK (is) equal to KL —that is to say, MN to AE. Hence, 
ME is also equal to EE. But, ME is equal to CG. Thus, 
CG is also equal to FE. Let CN have been added to 
both. Thus, gnomon OPQ is equal to CE. But, CE was 
shown (to be) equal to four times GE. Thus, gnomon 
OPQ is also four times square EG. Thus, gnomon OPQ 
plus square EG is five times EG. But, gnomon OPQ plus 
square EG is (square) DN. And DN is the (square) on 
DB, and GE the (square) on DC. Thus, the (square) on 
DB is five times the (square) on DC. (Which is) the very 
thing it was required to show. 

Proposition 4 

If a straight-line is cut in extreme and mean ratio then 
the sum of the squares on the whole and the lesser piece 
is three times the square on the greater piece. 


A C B 



Let AB be a straight-line, and let it have been cut in 
extreme and mean ratio at C, and let AC be the greater 
piece. I say that the (sum of the squares) on AB and BC 
is three times the (square) on CA. 

For let the square ADEB have been described on AB, 
and let the (remainder of the) figure have been drawn. 
Therefore, since AB has been cut in extreme and mean 
ratio at C, and AC is the greater piece, the (rectangle 
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laov Spec eoTi to AK tw 0H. xal enel laov eaxl to AZ tw 
ZE, xoivov xpooxeia'dw to FK' oXov apa to AK 6 X 0 tw 
FE eaTLv laov Ta apa AK, FE too AK eoTi. 6 i 7 i;Xdai.a. dXXd 
Td AK, FE 6 AMN yvcopiwv eotI xal to FK TSTpaytovov 6 
dpa AMN Yvtojitov xal to FK TeTpdywvov 5iiiXdaid eoTi tou 
AK. dXXd [i^v xal to AK tw 0H e5elx'd'/l laov 6 dpa AMN 
yvtojitov xal [to FK TSTpdywvov 6 i 7 i;Xdai.d eoTi. toO 0H' 
woTE 6 AMN yvd)(i63v xal] Ta FK, 0H TSTpdyova TpLxXdaid 
EOTi. TOU 0H TETpaywvou. xai eotiv 6 [(jev] AMN yvd)(i(£)v 
xal Ta FK, 0H TSTpdywva oXov to AE xal to FK, aTisp eotI 
Ta duo Twv AB, BF TSTpdywva, to Be H0 to aKo Tfjc; AF 
TETpdywvov. Ta dpa aKO twv AB, BF TETpdywva TpiTiXdaid 
EOTi. TOU OLKO Tfjc; AF TETpaywvou- oxEp eBei. BEl^ai- 


’Edv EullEla ypapi(jf] dxpov xal [isaov Xoyov TpiriDf), xal 
TpoaTEilfj auTrj lar) tw pisl^ovi T(if]piaTi., f] okx] EuilEla dxpov 
xal (isaov Xoyov TSTpiriTai, xal to (jeT^ov Tpif)(id eotiv f] 
dpxfjc; EuflEla. 



EuilEla ydp ypa(ipifi f] AB dxpov xal pisaov Xoyov 
TETpirja'da) xaTd to F arjpiElov, xal eotw piEl^ov Tpifjpia f) 
AF, xal TT) AF larj [xEiaDw] fj AA. Xsyo), oti fj AB EuDEla 
dxpov xal pisaov Xoyov TETjirjTai xaTd to A, xal to piEl^ov 
Tpifjpid EOTiv f) E^ dpxfji; EuDEla fj AB. 

AvayEypdcpfla) ydp duo Tfjc; AB TETpdywvov to AE, xal 
xaTayEypdcpfla) to axfip.a. etceI f) AB dxpov xal pisaov Xoyov 
TETjirjTai xaTd to F, to dpa uxo ABF laov egtI tA dxo AF. 
xal EOTi TO piEv U7i6 ABF to FE, to Be duo Tfjc; AF to F0' 
laov dpa to FE tA 0F. dXXd tA (iev FE laov eotI to 0E, 
tA Be 0F laov to A0' xal to A0 dpa laov eotI tA 0E 
[xoivov xpoaxElaDo to 0B]. oXov dpa to AK oXw tA AE 
saTiv laov. xal saTi to (iev AK to uko tAv BA, AA- lar] 


contained) by ABC is thus equal to the (square) on AC 
[Def. 6.3, Prop. 6.17]. And AK is the (rectangle con¬ 
tained) by ABC, and HG the (square) on AC. Thus, 
AK is equal to HG. And since AF is equal to FE 
[Prop. 1.43], let CK have been added to both. Thus, 
the whole of AK is equal to the whole of CE. Thus, AK 
plus CE is double AK. But, AK plus CE is the gnomon 
LMN plus the square CK. Thus, gnomon LMN plus 
square CK is double AK. But, indeed, AK was also 
shown (to be) equal to HG. Thus, gnomon LMN plus 
[square CK is double HG. Hence, gnomon LMN plus] 
the squares CK and HG is three times the square HG. 
And gnomon LMN plus the squares CK and HG is the 
whole of AE plus CK —which are the squares on AB 
and BC (respectively)—and GH (is) the square on AC. 
Thus, the (sum of the) squares on AB and BC is three 
times the square on AC. (Which is) the very thing it was 
required to show. 


Proposition 5 

If a straight-line is cut in extreme and mean ratio, and 
a (straight-line) equal to the greater piece is added to it, 
then the whole straight-line has been cut in extreme and 
mean ratio, and the original straight-line is the greater 
piece. 



For let the straight-line AB have been cut in extreme 
and mean ratio at point C. And let AC be the greater 
piece. And let AD be [made] equal to AC. I say that the 
straight-line DB has been cut in extreme and mean ratio 
at A, and that the original straight-line AB is the greater 
piece. 

For let the square AE have been described on AB, 
and let the (remainder of the) figure have been drawn. 
And since AB has been cut in extreme and mean ratio at 
C, the (rectangle contained) by ABC is thus equal to the 
(square) on AC [Def 6.3, Prop. 6.17]. And CE is the 
(rectangle contained) by ABC, and CH the (square) on 
AC. But, HE is equal to CE [Prop. 1.43], and DH equal 
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yap f] AA tt) AA- to 6e AE to anb Tf)<; AB- to apa bnb 
Twv BAA laov sotI tw anb Tfji; AB. eotiv apa A<; fj AB 
Tipoi; Tf]v BA, ouTOc f] BA 7ip6(; tiqv AA. 6e fj AB 

Tfji; BA- apa xal f) BA Tfjc AA. 

'H apa AB axpov xai (Jeaov Xoyov TSTpirjTai. xaTa to A, 
xai TO pisT^ov T(ifjpta eotiv fj AB- oxep e8si. 


f'. 

’Eav eu-dsTa pr]Tr] axpov xai pisaov Xoyov T(i-r)T[)fj, 
exaTspov twv T(jr)piaTWv aXoyoc; sotiv -i^ xaXoupisvr] dxo- 
Topirj. 

A A r B 

I-1-1-1 

TaTa) su-dela prjTi^ f] AB xal TSTpir^aDa) axpov xal pieaov 
Xoyov xaToi to E, xal eotw pisT^ov T(ifjpia -i^ AE- Xsyw, oti 
exaTspa tSv AE, EB dXoyoc eotiv fj xaXou(iev-r) dKOTopi-r]. 

’ExpspXrja'dw ydp f] BA, xal xsia-dw Tfjc BA fipiiaeia 
f] AA. exel ouv eO-dsTa fj AB TeTpirjTai dxpov xal pisaov 
Xoyov xaTa to E, xal to piei^ovi T(jLr]piaTi to AE xpoaxsiTai 
f) A A fj^iasia ouaa Tfjc; AB, to dpa dxo EA tou dxo A A 
-KSVTaxXdaiov eotiv. to dpa duo EA xpo^ to duo AA Xoyov 
eyei, 6v dpi-dpioc npbz dpi-dpiov- au(jpiSTpov dpa to dxo EA 
TO duo AA. prjTov 6e to duo AA- prjT-ir) ydp [eotiv] fj AA 
fjpiiasia ouaa Tfjc; AB prjTfjc; ouarjc;- prjTov dpa xal to dxo 
EA- pr)T-f) dpa sotI xal -f) EA. xal exsl to anb EA xpoc; 
TO duo AA Xoyov oux TSTpdyovoc; dpi-dpioc; xpoc; 

TETpdyovov dpi-diiov, daupi(ieTpoc; dpa pi-f)xsi -f) EA Tfj AA- at 
EA, AA dpa prjTai eiai 6uvd(j£i piovov a6pi(J£Tpoi- dxoTopifi 
dpa eqtIv -f) AE. xdXiv, exeI f] AB dxpov xal pisaov Xoyov 
T£Tpi-r)Tai, xal to pisT^ov T(jfjpid eotiv f] AE, to dpa 0x6 AB, 
BE TO dxo AE laov eotiv. to dpa dxo Tfjc; AE dxoTO(ifjc; 
xapd Tf)v AB pr)Tf)v xapapXiydEv xXdToc; xoieT ttjv BE. to 
Be dxo dxoTO(jLfjc; xapd pr)Tf]v xapapaXX6(J£vov xXdxoc; xoieT 
dxoTO(if)v xpoTrjv- dxoTopif) dpa xpoT-r) eotIv f) EB. sBEix-dr] 
Be xal f) EA dxoTopifi. 

’Edv dpa EU-dEla pr]Tf] dxpov xal pisaov Xoyov Tpiiydfj, 
ExdTEpov Tov T(ir)pidTOv dXoyoc; saxiv -f) xaXoupiEvr) dxo- 
Topif)- oxEp eBei BeT^oii. 


to HC. Thus, DH is also equal to HE. [Let HB have 
been added to both.] Thus, the whole of DK is equal to 
the whole of AE. And DK is the (rectangle contained) 
by BD and DA. For AD (is) equal to DL. And AE (is) 
the (square) on AB. Thus, the (rectangle contained) by 
BDA is equal to the (square) on AB. Thus, as DB (is) 
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is) 
greater than BA. Thus, BA (is) also greater than AD 
[Prop. 5.14]. 

Thus, DB has been cut in extreme and mean ratio at 
A, and the greater piece is AB. (Which is) the very thing 
it was required to show. 

Proposition 6 

If a rational straight-line is cut in extreme and mean 
ratio then each of the pieces is that irrational (straight- 
line) called an apotome. 

DA C B 

I-1-1-1 

Let AB be a rational straight-line cut in extreme and 
mean ratio at C, and let AC be the greater piece. I say 
that AC and CB is each that irrational (straight-line) 
called an apotome. 

For let BA have been produced, and let AD be made 
(equal) to half of BA. Therefore, since the straight- 
line AB has been cut in extreme and mean ratio at C, 
and AD, which is half of AB, has been added to the 
greater piece AC, the (square) on CD is thus five times 
the (square) on DA [Prop. 13.1]. Thus, the (square) on 
CD has to the (square) on DA the ratio which a number 
(has) to a number. The (square) on CD (is) thus com¬ 
mensurable with the (square) on DA [Prop. 10.6]. And 
the (square) on DA (is) rational. For DA [is] rational, 
being half of AB, which is rational. Thus, the (square) 
on CD (is) also rational [Def. 10.4]. Thus, CD is also 
rational. And since the (square) on CH does not have 
to the (square) on DA the ratio which a square num¬ 
ber (has) to a square number, CD (is) thus incommensu¬ 
rable in length with DA [Prop. 10.9]. Thus, CD and DA 
are rational (straight-lines which are) commensurable in 
square only. Thus, AC is an apotome [Prop. 10.73]. 
Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater piece, the (rectangle contained) by 
AB and BC is thus equal to the (square) on AC [Def. 6.3, 
Prop. 6.17]. Thus, the (square) on the apotome AC, ap¬ 
plied to the rational (straight-line) AB, makes BC as 
width. And the (square) on an apotome, applied to a 
rational (straight-line), makes a first apotome as width 
[Prop. 10.97]. Thus, CB is a first apotome. And CA was 
also shown (to be) an apotome. 
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C'. 

’Eav nevTaycovou laonXeupou al xpeic ot'i 

xaxa TO zExfi f\ ai p,i^ xoctoc to e^fjc; laai Saw, laoySviov 
eaxai to xevTaywvov. 


A 



r A 


nsvTotySvou yap laoxXeupov toO ABFAE al Tpeic; 
ywviai. xpoTspov al xaxa to e^fjc; al xpoc; xoTc; A, B, E laai. 
dXXr]Xai<; eaxwaav Xeyw, oxi. laoySviov eaxi to ABFAE 
xevxdywvov. 

’EKE^suyilwaav ydp al AF, BE, ZA. xai exei 60o al 
FB, BA 6uai xaTc BA, AE laai sialv exaxepa exaxepa, xal 
ywvia f) uxo FBA ywvla xfj uxo BAE eaxiv lar), pdai<; dpa f) 
AF pdaEL xfj BE saxw lar], xai to ABF xpiywvov xS ABE 
xpiySva) laov, xal al Xoixal ywvlai xalc XoixaTc ywvlan; laai. 
saovxai, Ocp’ dc; al Taai xXEupai OxoTElvouaw, f) psv 0x6 BFA 
xfj 0x6 BEA, f) 56 0x6 ABE xfj 0x6 FAB- SaxE xal xXEupd 
f) AZ xXEupa xfj BZ saxw larj. sBElx'dr) 66 xal oXr) fj AF 
oXr) xfj BE lar)- xal Xoixf] dpa fj ZF Xoixfj xfj ZE saxw lar). 
saxL 66 xal f] FA xfj AE lar]. 60o 6f] al ZF, FA 6ual xaTc 
ZE, EA laai Eiaiv xal pdai.? aOxSv xoivf) f) ZA- ywvla dpa 
f] 0x6 ZFA ywvla xfj 0x6 ZEA 6axiv larj. 66Eix'dr] 66 xal 
f] 0x6 BFA xfj 0x6 AEB lar)- xal oXr) dpa f] 0x6 BFA oXrj 
xfj 0x6 AEA la-T). dXX’ -rj 0x6 BFA la-r) OxoxEixai. xdlc xp6c; 
xoTc A, B ywvlan;- xal f) 0x6 AEA dpa xdlc; xp6<; xoTc A, B 
ywviai.c; Tar] saxlv. 6[jLoiW(; 6f) 6e[^o(jev, oxi xal f) 0x6 FAE 
ywvia \ar\ saxl xaTc xp6<; xoTc; A, B, F ywvlan;- laoySviov 
dpa saxl x6 ABFAE xEvxdywvov. 

AXXd 6f) pf) saxwaav laai al xaxd x6 s^fjc; ywvlai, dXX’ 
saxwaav laai al xp6c; xoTc A, F, A arjpEioK;- Xsyw, oxi xal 
o0xw<; laoySviov 6axi x6 ABFAE xEvxdywvov. 

’Exe^euxiIw ydp f] BA. xal 6 xeI 6uo al BA, AE 6ual 
xaTc BF, FA laai Elal xal ywvlac; iaa<; xEpisxouaiv, pdaic 
dpa f] BE pdaEi xfj BA la-r) 6axlv, xal x6 ABE xplywvov xS 
BFA xpiySvw Taov 6axlv, xal al Xoixal ywvlai xdic; Xoixdic 
ywvlaic; laai saovxai, Ocp’ dc; al ’laai xXsupal Oxoxslvouaiv- 


Thus, if a rational straight-line is cut in extreme and 
mean ratio then each of the pieces is that irrational 
(straight-line) called an apotome. 

Proposition 7 

If three angles, either consecutive or not consecutive, 
of an equilateral pentagon are equal then the pentagon 
■will be equiangular. 



C D 


For let three angles of the equilateral pentagon 
ABCDE —first of all, the consecutive (angles) at A, B, 
and C —be equal to one another. I say that pentagon 
ABCDE is equiangular. 

For let AC, BE, and ED have been joined. And since 
the two (straight-lines) CB and BA are equal to the two 
(straight-lines) BA and AE, respectively, and angle CBA 
is equal to angle BAE, base AC is thus equal to base 
BE, and triangle ABC equal to triangle ABE, and the 
remaining angles will be equal to the remaining angles 
which the equal sides subtend [Prop. 1.4], (that is), BCA 
(equal) to BEA, and ABE to CAB. And hence side AF 
is also equal to side BF [Prop. 1.6]. And the whole of AC 
was also shown (to be) equal to the whole of BE. Thus, 
the remainder EC is also equal to the remainder EE. 
And CD is also equal to DE. So, the two (straight-lines) 
EC and CD are equal to the two (straight-lines) EE and 
ED (respectively). And ED is their common base. Thus, 
angle FCD is equal to angle FED [Prop. 1.8]. And BCA 
was also shown (to be) equal to AEB. And thus the 
whole of BCD (is) equal to the whole of AED. But, 
(angle) BCD was assumed (to be) equal to the angles at 
A and B. Thus, (angle) AED is also equal to the angles 
at A and B. So, similarly, we can show that angle CDE 
is also equal to the angles at A, B, C. Thus, pentagon 
ABCDE is equiangular. 

And so let consecutive angles not be equal, but let 
the (angles) at points A, C, and D be equal. I say that 
pentagon ABCDE is also equiangular in this case. 

For let BD have been joined. And since the two 
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Tar) apa eaxlv f) uno AEB ytovia xf) uxo FAB. eaxi 5e xal 
f) 0x6 BEA ywvia xfj 0x6 BAE lar), exsl xal xXsupa f] BE 
xXsupa xfj BA eaxiv lar]. xal oXr) apa f) 0x6 AEA ywvia 
okx] xf) 0x6 FAE eaxiv lar). dXXa f) 0x6 FAE xaTc xp6c; x6i<; 
A, F ywviaK; Oxoxeixai lar)' xal f) 0x6 AEA dpa ywvia xaTc 
xp6c; x6i<; A, F lax] eaxiv. 6id xd aOxd 5f) xal f) 0x6 ABF Tar) 
eaxl xdic; xp6c; xoTc; A, F, A ywviaic. laoyAviov dpa eaxl x6 
ABFAE xevxdywvov oxep e6ei BeT^ai- 


1 ^'- 

’Edv xevxaycOvou laoxXeOpou xal laoywviou xdi; xaxd 
x6 e^fjc; 8uo ywviac; Oxoxeivwaiv eOileTai, dxpov xal peaov 
Xoyov xc(ivouaiv dXXfjXac;, xal xd p,e[^ova aOxwv x[if]p,axa 
laa eaxl xfj xoO xevxaywvou xXeupd. 

A 



IlevxaycOvou ydp laoxXeupov xal laoywviou xoO ABFAE 
50o ytoviag xdc; xaxd x6 e^fjc; xdg xpdc; xoic; A, B Oxo- 
xeivextoaav eOflelai ai AF, BE xejivouaai dXXfjXai; xaxd x6 
0 arjjielov Xeyto, 6xi exaxepa auxwv dxpov xal jieaov Xoyov 
xexjiTjxai xaxd x6 0 arj^ielov, xal xd (iei^ova aOxwv x(if]p,axa 
laa eaxl xfj xou xevxaycovou xXeupd. 

nepiyeypacpHto ydp xepl x6 ABFAE xevxdycovov xuxXoi; 
6 ABFAE. xal exel 8uo eODelai ai EA, AB 8ual xalc; 
AB, BF laai eial xal ytoviag laag xepieyouaiv, pdaic; dpa 
f) BE pdaei xfj AF larj eaxiv, xal x6 ABE xpiycovov xw 
ABF xpiytovtp laov eaxiv, xal ai Xoixal ycoviai xali; Xoixalc 
ywvian; laai eaovxai exaxepa exaxepa, Ocp’ aq ai laai xXeupal 
Oxoxeivouaiv. larj dpa eaxiv f) 0x6 BAF ycovia xfj 0x6 ABE- 
SixXfj dpa f) 0x6 A0E xfji; 0x6 BA0. caxi 6e xal f) 0x6 EAF 
xfjg 0x6 BAF 5ixXfj, exeiSfjxep xal xepicpepeia f) EAF xepi- 
(pepeiag xfji; FB eaxi SixXfj- larj dpa f) 0x6 0AE ycovia xfj 
0x6 A0E- waxe xal fj 0E eODeTa xfj EA, xouxcaxi xfj AB 


(straight-lines) BA and AE are equal to the (straight¬ 
lines) BC and CD, and they contain equal angles, base 
BE is thus equal to base BD, and triangle ABE is equal 
to triangle BCD, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle AEB is equal to (angle) CDB. 
And angle BED is also equal to (angle) BDE, since side 
BE is also equal to side BD [Prop. 1.5]. Thus, the whole 
angle AED is also equal to the whole (angle) CDE. But, 
(angle) CDE was assumed (to be) equal to the angles at 
A and C. Thus, angle AED is also equal to the (angles) 
at A and C. So, for the same (reasons), (angle) ABC is 
also equal to the angles at A, C, and D. Thus, pentagon 
ABCDE is equiangular. (Which is) the very thing it was 
required to show. 

Proposition 8 

If straight-lines subtend two consecutive angles of an 
equilateral and equiangular pentagon then they cut one 
another in extreme and mean ratio, and their greater 
pieces are equal to the sides of the pentagon. 


A 



For let the two straight-lines, AC and BE, cutting one 
another at point H, have subtended two consecutive an¬ 
gles, at A and B (respectively), of the equilateral and 
equiangular pentagon ABCDE. I say that each of them 
has been cut in extreme and mean ratio at point H, and 
that their greater pieces are equal to the sides of the pen¬ 
tagon. 

For let the circle ABCDE have been circumscribed 
about pentagon ABCDE [Prop. 4.14]. And since the two 
straight-lines EA and AB are equal to the two (straight¬ 
lines) AB and BC (respectively), and they contain equal 
angles, the base BE is thus equal to the base AC, and tri¬ 
angle ABE is equal to triangle ABC, and the remaining 
angles will be equal to the remaining angles, respectively, 
which the equal sides subtend [Prop. 1.4]. Thus, angle 
BAC is equal to (angle) ABE. Thus, (angle) AHE (is) 
double (angle) BAH [Prop. 1.32]. And EAC is also dou- 
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eaTLv far), xai exel far) eaxlv f) BA sOiDela Tfj AE, far) eaxi 
xai yovia f) unb ABE xfj unb AEB. dXXa f) 0x6 ABE xfj 
uxo BA0 eSeix'dr) far)- xai f) 0x6 BEA dpa xfj 0x6 BA0 
eaxiv far), xai xoivr) xwv 6uo xpiywvwv xoO xe ABE xai 
xoO AB0 eaxiv f) 0x6 ABE- Xoixi^ dpa 0x6 BAE yorvia 
Xoixfj xfj 0x6 A0B eaxiv far)- laoywviov dpa eaxl x6 ABE 
xpiyovov xO AB0 xpiycOvw- dvdXoyov dpa eaxiv cdc, f) EB 
xp6(; xf)v BA, ouxwc f) AB xp6<; xf)v B0. far) 5e f) BA xfj 
E0- idc, dpa f) BE xp6<; xf)v E0, oujc^c, f) E0 xp6<; xf)v 0B. 
piei^wv 6e f) BE xfji; E0- ptei^wv dpa xai f) E0 xfji; 0B. f) 
BE dpa dxpov xai pieaov Xoyov xex(ir)xai xaxd x6 0, xai x6 
piel^ov x(ifjpia x6 0E laov eaxl xfj xoO xevxaywvou xXeupS. 
opioiwc 6f) Bei^opiev, 6xi xai f) AE dxpov xai (leaov Xoyov 
xexpir)xai xaxd x6 0, xai x6 pieT^ov aOxfjc xpi-fjiia f) r0 faov 
eaxl xfj xou xevxaywvou xXeupS- oxep e8ei BeT^ai. 


’Edv f) xou c^aycovou xXeupd xai f) xou Sexaycovou xwv 
ei<; x6v a0x6v xuxXov eyypacpopievtov auvxeflwaiv, f) oXr) 
eu-dela dxpov xai (jeaov Xoyov xcx(ir)xai, xai x6 [iel^ov auxfjc 
xpi-rjiid eaxiv f) xou e^aywvou xXeupd. 



Tlaxa) xuxXoi; 6 ABE, xai xwv eic. x6v ABE xuxXov 
eyypacpopicvwv axr)(idxtov, Sexaytovou piev caxco nXeupd f) 
BE, e^aywvou 6e f) EA, xai eaxwaav ex’ eO-deiac;- Xeyw, 6xi 
f) oXr) eO-deTa f) BA dxpov xai (leaov Xoyov xex(ir)xai, xai x6 
piel^ov aOxfji; xpifjpid eaxiv f) EA. 

EiXficp-dw ydp x6 xevxpov xou xuxXou x6 E arjpiefav, xai 
exe^eux-Owaav at EB, EE, EA, xai Bi/jX-Ow f) BE exl x6 


ble BAC, inasmuch as circumference EDC is also dou¬ 
ble circumference CB [Props. 3.28, 6.33]. Thus, angle 
HAE (is) equal to (angle) ABLE. Hence, straight-line 
ElE IS also equal to (straight-line) EA — that is to say, 
to (straight-line) AB [Prop. 1.6]. And since straight-line 
BA is equal to AE, angle ABE is also equal to AEB 
[Prop. 1.5]. But, ABE was shown (to be) equal to BAH. 
Thus, BEA is also equal to BAH. And (angle) ABE is 
common to the two triangles ABE and ABH. Thus, the 
remaining angle BAE is equal to the remaining (angle) 
AHB [Prop. 1.32]. Thus, triangle ABE is equiangular to 
triangle ABH. Thus, proportionally, as EB is to BA, so 
AB (is) to BH [Prop. 6.4]. And BA (is) equal to EH. 
Thus, as BE (is) to EH, so EH (is) to HB. And BE 
(is) greater than EH. EH (is) thus also greater than 
HB [Prop. 5.14]. Thus, BE has been cut in extreme and 
mean ratio at H, and the greater piece HE is equal to 
the side of the pentagon. So, similarly, we can show that 
AC has also been cut in extreme and mean ratio at H, 
and that its greater piece CH is equal to the side of the 
pentagon. (Which is) the very thing it was required to 
show. 

Proposition 9 

If the side of a hexagon and of a decagon inscribed 
in the same circle are added together then the whole 
straight-line has been cut in extreme and mean ratio (at 
the junction point), and its greater piece is the side of the 
hexagon. 1 



D 


Let ABC be a circle. And of the figures inscribed in 
circle ABC, let BC be the side of a decagon, and CD (the 
side) of a hexagon. And let them be (laid down) straight- 
on (to one another). I say that the whole straight-line 
BD has been cut in extreme and mean ratio (at C), and 
that CD is its greater piece. 

For let the center of the circle, point E, have been 
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A. ETiel Ssxaywvou iaoTiXeupov TiXsupd eaxiv fj BF, TiEVTa- 
TiXaaiwv otpa f) AFB 7i;epi.(pepsi.a Tf)<; BF -Kspicpspeiat;- xe- 
xpauXaaiwv dpa f) AF nepicpepeia xfjc; FB. (be; 6e fj AF ne- 
picpepeia npoe; xf)v FB, ouxcoc; fj uno AEF ycovia upoc; xrjv 
uno FEB' xexpaTiXaaLcov dpa f) Oko AEF xfjc Oko FEB. xal 
exel lar] f] 0x6 EBF ycovicx xfj 0x6 EFB, fj dpa 0x6 AEF 
ywvia 5i.xXaaia sax'i xf)<; 0x6 EFB. xal exsl lar) eaxlv f) EF 
eOiSETa xfj FA- exaxcpa ydp aOxAv lar] eaxi xfj xoO e^ayAvou 
xXsupa xoO sic; x6v ABF xuxXov [syypacpopisvou] • lar] saxi 
xal f] 0x6 FEA ycovia xfj 0x6 FAE ycoviqc 8i.xXaaia dpa 
f] 0x6 EFB ycovia x'ijc; 0x6 EAF. dXXd xfjc; 0x6 EFB 6i- 
xXaaia sBsix'dr) f] 0x6 AEF- xsxpaxXaaia dpa f) 0x6 AEF 
xfjc; 0x6 EAF. sBEixilr] 86 xal xfj? 0x6 BEF xsxpaxXaaia 
f] 0x6 AEF- lar) dpa f) 0x6 EAF xfj 0x6 BEF. xoivf) 86 
xAv 8uo xpi.yAv(ov, xou xs BEF xal xou BEA, f) 0x6 EBA 
ycovia- xal Xoixf] dpa f) 0x6 BEA xfj 0x6 EFB saxiv lar)' 
iaoyoviov dpa saxl x6 EBA xpiycovov xA EBF xpiyAvco. 
dvdXoyov dpa saxlv Ac; f) AB xp6c; xf)v BE, ouxcoc; f) EB 
xp6(; xf)v BF. lar) 86 f) EB xfj FA. saxiv dpa Ac; f) BA npd^ 
xf)v AF, oOxorc; f) AF xp6i; xf)v FB. pisi^cov 86 f) BA xfjc; 
AF' piEiCov dpa xal f) AF xfjc; FB. f) BA dpa sOilETa dxpov 
xal pisaov Xoyov x£x[ir)xai [xaxd x6 F], xal x6 pisT^ov xpifj(Ja 
aOxfjc; saxLv f) AF- oxsp £8£i. Ssl^ai- 


found [Prop. 3.1], and let UB, EC, and ED have been 
joined, and let BE have been drawn across to A. Since 
BC is a side on an equilateral decagon, circumference 
ACB (is) thus five times circumference BC. Thus, cir¬ 
cumference AC (is) four times CB. And as circumference 
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33]. 
Thus, (angle) AEC (is) four times CEB. And since angle 
EBC (is) equal to ECB [Prop. 1.5], angle AEC is thus 
double ECB [Prop. 1.32]. And since straight-line EC is 
equal to CD —for each of them is equal to the side of the 
hexagon [inscribed] in circle ABC [Prop. 4.15 corn]— 
angle CED is also equal to angle CDE [Prop. 1.5]. Thus, 
angle ECB (is) double EDC [Prop. 1.32]. But, AEC 
was shown (to be) double ECB. Thus, AEC (is) four 
times EDC. And AEC was also shown (to be) four times 
BEC. Thus, EDC (is) equal to BEC. And angle EBD 
(is) common to the two triangles BEC and BED. Thus, 
the remaining (angle) BED is equal to the (remaining 
angle) ECB [Prop. 1.32]. Thus, triangle EBD is equian¬ 
gular to triangle EBC. Thus, proportionally, as DB is to 
BE, so EB (is) to BC [Prop. 6.4]. And EB (is) equal 
to CD. Thus, as BD is to DC, so DC (is) to CB. And 
BD (is) greater than DC. Thus, DC (is) also greater 
than CB [Prop. 5.14]. Thus, the straight-line BD has 
been cut in extreme and mean ratio [at C], and DC is its 
greater piece. (Which is), the very thing it was required 
to show. 


t If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (\/5 — 1). 


i'. Proposition 10 


’Eav Etc; xuxXov xEvxdycovov iaoxXsupov 6yypa(pfj, f) xou 
xsvxayAvou xXsupd 8uvaxai xf]v xs xou s^ayAvou xal xf)v 
xou 8£xayAvou xAv sic; x6v aux6v xuxXov syypaqjopsvtov. 



If an equilateral pentagon is inscribed in a circle then 
the square on the side of the pentagon is (equal to) the 
(sum of the squares) on the (sides) of the hexagon and of 
the decagon inscribed in the same circle.! 
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TilaTa) xuxXoc 6 ABFAE, xal sic; to ABFAE xuxXov 
xsvTcxywvov laoTiXsupov syysyP®^''®^ ABFAE. Xeyw, 
OTi f) ToO ABFAE KEVTaYWvou xXEupa Buvcxxai Tr)v te toO 
E^aYWvou xai ttjv toO BsxaYAvou TiXsopav xAv sic; xov 
ABFAE xuxXov syYpa'^'otJiEvwv. 

ElXi^cpiSw yap xsvxpov xoO xuxXou x6 Z arj^xslov, xal 
EXL^EUXTlsIaa f) AZ Birixilw sxl x6 FE ar]tXETov, xal ETisCeOx'dw 
f) ZB, xal dxo xoO Z ekI xr)v AB xaiSExoc; fixilw f) Z0, xal 
8Lr]X'®“ K, xal sxECeOx'Owaav at AK, KB, xal xcxXlv 

cxTio xoO Z £xl xr)v AK xciiSExoc; tixtIw f) ZA, xal 8Lr]X'®“ 
x6 M, xal eke^euxtIo) f) KN. 

’EkeI Tar) saxlv fj ABFH Tispicpspsia xfj AEAH Kspi- 
cpspsla, Sv f) ABF xfj AEA soxiv larj, Xolky] dpa fj FH 
xEpicpEpEia XoLTif) xfj HA EaxLv lar]. KEvxaywvou Be f) FA- 
Bsxaywvou dpa f) FH. xal exeI Tar] saxlv fj ZA xfj ZB, xal 
xci-dsToc; f) Z0, larj dpa xal f] Oko AZK ywvla xfj uko KZB. 
AaxE xal KEpLcpspEia f] AK xfj KB saxiv lar)- BiTiX-jj dpa f) 
AB KEpLcpspELa x-fjc; BK TiEpicpEpEiac;- BsxayAvou dpa xXEupd 
saxLv f) AK Eu-dsla. 6id xd auxd Bf) xal f) AK xfjc; KM saxi 
BiTiX-jj. xal ekeI BiTiX-jj saxiv f) AB TiEpicpspsia xfji; BK Kspi- 
(pspslac;, lar] Be f) FA KspicpspEia xfj AB KspicpspEla, BixXfj 
dpa xal f) FA KspicpspEia xfjc; BK TispicpspEiac;. saxi Be f] FA 
TiEpicpspEia xal xfjc; FH BixXfj- lar) dpa f) FH KEpicpspsia xfj 
BK KEpicpspEia. dXXd f) BK xfjc; KM saxi BixXfj, ekeI xal 
f) KA- xal f) FH dpa xfjc; KM saxi BixXfj. cxXXd ^f)v xal f) 
FB KspicpspEia xfjc; BK TispicpEpslac; saxi BixXfj- lar) ydp f) 
FB TiEpicpspEia xfj BA. xal oXr) dpa f) HB nEpicpEpsia xfjc; 
BM saxi BixXfj- oaxs xal ywvia f) Otio HZB ywvlac; xfjc; 0x6 
BZM [saxi] BixXfj. saxi Be f) 0x6 HZB xal xfjc; 0x6 ZAB 
BixXfj- lar) ydp f) uko ZAB xfj Otio ABZ. xal f) Otio BZN dpa 
xfj Otio ZAB saxiv lar). xoivf) Be xwv BOo xpiywvwv, xoO 
x£ ABZ xal xoO BZN, f) Otio ABZ ywvia- XoiTif) dpa f) Otio 
AZB XoiTifj xfj Otio BNZ saxiv lar)- laoywviov dpa saxi x6 
ABZ xpiyovov xw BZN xpiycOvw. dvcxXoyov dpa saxlv Ac; f) 
AB EU-dsla Tipoc; xf)v BZ, oOxwc; f) ZB Tipoc; xf)v BN- x6 dpa 
Otio xAv ABN laov saxi xA duo BZ. TidXiv etieI lar) saxlv f) 
AA xfj AK, xoivf) Be xal Tipoc; op-ddi; f) AN, pdaic; dpa f) KN 
pdasi xfj AN saxiv lar)- xal ywvia dpa f) Otio AKN ywvicx xfj 
Otio AAN saxiv lar). dXXd f) Otio AAN xfj Otio KBN saxiv 
lar)- xal f) Otio AKN dpa xfj Otio KBN saxiv lar). xal xoivf) 
xAv BOo xpiyAvov xoO xe AKB xal xou AKN f) Tipoc; xA 
A. XoiTif) dpa f) Otio AKB Xomfj xfj Otio KNA saxiv lar)- 
laoyAviov dpa saxi x6 KBA xpiywvov xA KNA xpiyAvw. 
dvdXoyov dpa saxlv Ac; f) BA sO-dsTa Tipoc; xf)v AK, oOxwc; 
f) KA Tipoi; xf)v AN- x6 dpa Otio xAv BAN laov saxi xA 
dTio xfjc; AK. EBsix-dr) Be xal x6 Otio xAv ABN laov xA duo 
xfjc; BZ- x6 dpa Otio xAv ABN p,£xd xou Otio BAN, oTisp 
saxi x6 duo xfjc; BA, laov saxi xA duo xfjc; BZ p,£xd xou duo 
xfjc; AK. xai saxiv f) p,£v BA TisvxayAvou iiXEupd, f) Be BZ 
s^ayAvou, f) Be AK BsxayAvou. 

'H dpa xou TisvxayAvou TiXsupd Buvaxai xf)v xe xou 


Let ABODE be a circle. And let the equilateral pen¬ 
tagon ABODE have been inscribed in circle ABODE. I 
say that the square on the side of pentagon ABODE is 
the (sum of the squares) on the sides of the hexagon and 
of the decagon inscribed in circle ABODE. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And, AF being joined, let it have been 
drawn across to point G. And let FB have been joined. 
And let FH have been drawn from F perpendicular to 
AB. And let it have been drawn across to K. And let AK 
and KB have been joined. And, again, let FL have been 
drawn from F perpendicular to AK. And let it have been 
drawn across to M. And let KN have been joined. 

Since circumference ABCG is equal to circumference 
AEDG, of which ABO is equal to AED, the remain¬ 
ing circumference CG is thus equal to the remaining 
(circumference) GD. And GD (is the side) of the pen¬ 
tagon. GO (is) thus (the side) of the decagon. And since 
FA is equal to FB, and FH is perpendicular (to AB), 
angle AFK (is) thus also equal to KFB [Props. 1.5, 
1.26]. Hence, circumference AK is also equal to KB 
[Prop. 3.26]. Thus, circumference AB (is) double cir¬ 
cumference BK. Thus, straight-line AK is the side of 
the decagon. So, for the same (reasons, circumference) 
AK is also double KM. And since circumference AB 
is double circumference BK, and circumference GD (is) 
equal to circumference AB, circumference GD (is) thus 
also double circumference BK. And circumference GD 
is also double GG. Thus, circumference GG (is) equal 
to circumference BK. But, BK is double KM, since 
KA (is) also (double KM). Thus, (circumference) GG 
is also double KM. But, indeed, circumference OB is 
also double circumference BK. For circumference OB 
(is) equal to BA. Thus, the whole circumference GB 
is also double BM. Hence, angle GFB [is] also dou¬ 
ble angle BFM [Prop. 6.33]. And GFB (is) also dou¬ 
ble FAB. For FAB (is) equal to ABF. Thus, BFN 
is also equal to FAB. And angle ABF (is) common to 
the two triangles ABF and BFN. Thus, the remain¬ 
ing (angle) AFB is equal to the remaining (angle) BNF 
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian¬ 
gle BFN. Thus, proportionally, as straight-line AB (is) 
to BF, so FB (is) to BN [Prop. 6.4]. Thus, the (rectan¬ 
gle contained) by ABN is equal to the (square) on HE 
[Prop. 6.17]. Again, since AL is equal to LK, and LN 
is common and at right-angles (to KA), base KN \s thus 
equal to base AN [Prop. 1.4]. And, thus, angle LKN 
is equal to angle LAN. But, LAN is equal to KBN 
[Props. 3.29, 1.5]. Thus, LKN is also equal to KBN. 
And the (angle) at A (is) common to the two triangles 
AKB and AKN. Thus, the remaining (angle) AKB is 
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e^aywvou xal ti^v toO Bsxaywvou twv eiz tov auTov xuxXov 
EYYpacpoiievwv onep eBei. Sei^ai. 


equal to the remaining (angle) KNA [Prop. 1.32]. Thus, 
triangle KB A is equiangular to triangle KNA. Thus, 
proportionally, as straight-line is to AK, so KA (is) to 
AN [Prop. 6.4]. Thus, the (rectangle contained) hy BAN 
is equal to the (square) on AK [Prop. 6.17]. And the 
(rectangle contained) by ABN was also shown (to be) 
equal to the (square) on BF. Thus, the (rectangle con¬ 
tained) by ABN plus the (rectangle contained) by BAN, 
which is the (square) on BA [Prop. 2.2], is equal to the 
(square) on BF plus the (square) on AK. And BA is the 
side of the pentagon, and BF (the side) of the hexagon 
[Prop. 4.15 corn], and AK (the side) of the decagon. 

Thus, the square on the side of the pentagon (in¬ 
scribed in a circle) is (equal to) the (sum of the squares) 
on the (sides) of the hexagon and of the decagon in¬ 
scribed in the same circle. 


If the circle is of unit radius then the side of the pentagon is (1/2) \/10 — 2 \/E. 


la'. 

’Eav sic; xuxXov prjTTjv syovra xqv SicxpExpov itEVTayw- 
vov iaoTtXsupov syypctcpf), fj too itEVTctytovou itXsupa aXoyoc; 
saxiv f) xaXoupsvT) sXaaatov. 


A 



Ei(; yap xuxXov tov ABTAE pqxrjv syovra xrjv Biapsxpov 
TtsvxciytPvov iaoTtXsupov syysypdcp'dw x6 ABTAE' Xeyto, 
6x1 f] xou [ABTAE] Ttsvxaywvou TtXsupd dXoyo^ saxiv f) 
xaXoupsvr) sXdaacPv. 

EiXy^cpOw ydp x6 xsvxpov xou xuxXou x6 Z arjpslov, 
xai STtE^suxhwaav ai AZ, ZB xai 1 ^“ H, 0 

aripsla, xal STzs^eox&cD fj AT, xal XEiahw xfjc; AZ xsxapxov 
pspoi; f] ZK. prjxr) Be f] AZ- prjxf] dpa xal f) ZK. saxi Be 
xal f) BZ pr]xr]' oXr) dpa f] BK prjxri soxiv. xal exeI Xar] 
saxlv f) ATH KEpupspEia xfj AAH TtEpicpspEia, Sv f) ABT 
xfj AEA Eoxiv larj, XoiTtf] dpa fj TH XoiTtfj xfj HA saxiv 
lar]. xal sdv ETU^EU^wpEv xf]v AA, auvdyovxai opDal al 


Proposition 11 

If an equilateral pentagon is inscribed in a circle which 
has a rational diameter then the side of the pentagon is 
that irrational (straight-line) called minor. 


A 



For let the equilateral pentagon ABODE have been 
inscribed in the circle ABODE which has a rational di¬ 
ameter. I say that the side of pentagon \_ABODE] is that 
irrational (straight-line) called minor. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And let AF and FB have been joined. 
And let them have been drawn across to points G and F[ 
(respectively). And let AO have been joined. And let FK 
made (equal) to the fourth part of AF. And AF (is) ratio¬ 
nal. FK (is) thus also rational. And BF is also rational. 
Thus, the whole of BK is rational. And since circum¬ 
ference AOG is equal to circumference ADO, of which 


517 




ETOIXEIfiN ly'. 


ELEMENTS BOOK 13 


npot; xG A ycoviai, xai BixXfj f) FA xfjt; FA. 6ia xa aOxa 
5f) xal al Tzpbz xG M op'dai elaiv, xal 6mXf) fj AF xfjc; FM. 
exel ouv larj eaxlv rj uxo AAF ycovia xfj uxo AMZ, xoivr) 
5e xGv 8uo xpiyGvwv xou xs AFA xal xou AMZ fj 0x6 
AAF, Xoixf) apa rj 0x6 AFA Xoixfj xrj 0x6 MZA eaxiv larj- 
laoyGviov apa eaxl x6 AFA xpiycovov xG AMZ xpiyGvw' 
dvaXoyov dpa eaxlv Gc; fj AF xp6c; FA, ouxwc; fj MZ xp6c; 
ZA' xal xGv f)youp.evtov xd SixXdaia' Gc; dpa rj xfjc; AF 
BixXfj xp6(; xfjv FA, ouxwc; fj xfjc; MZ 6ixXfj xp6c; xfjv ZA. 
Gc; 6e f] xfjc; MZ SixXfj xp6c; xfjv ZA, ouxwc; f) MZ xp6c; xfjv 
fijiiaeiav xfjc; ZA- xal Gc; dpa fj xfjc; AF 8ixXfj xp6c; xfjv FA, 
ouxoc; f] MZ xp6c; xf)v f]tJi[a8i.av xfjc; ZA- xal xGv exo(ievwv 
xd fijiiaea- Gc; dpa fj xfjc; AF SixXfj xp6c; xfjv f](Jiaeiav xfjc; 
FA, oOxwc f] MZ xp6c; x6 xexaxpov xfjc; ZA. xai eaxi. xfjc; 
^cv AF 8ixXfj f] AF, xfjc; 86 FA fj^xlaeia fj FM, xfj? 8e ZA 
xexaxpov (lepoc; -fj ZK- eaxiv dpa Gc; fj AF npoQ xfjv FM, 
oOxoc; fj MZ npoQ xfjv ZK. auvdevxi xal Gc; auva^cpoxepoc; 
fj AFM xpdc; xfjv FM, oOxwc fj MK npbc, KZ- xal Gc; dpa x6 
dxd auvajicpoxepou xfjc; AFM npbz x6 dxd FM, ouxwc; x6 
dxd MK iip6c; x6 dxd KZ. xal exel xfjc; 0x6 80o xXeupdc; xou 
xevxayGvou OxoxeivoOarjc;, oTov xfjc; AF, dxpov xal ^eaov 
Xoyov xe(Jvo(ievrjc; x6 ^JisT^ov x^xfjjia laov eaxl xfj xou xev- 
xayGvou xXeupd, xouxeaxi xfj AF, x6 8e ^JieT^ov xjufj^xa xpo- 
aXap6v xfjv fj^xlaeiav xfjc; oXfjc; xevxaxXdaiov 8uvaxai. xou 
dx6 xfjc; fj^xiaelac; xfjc; oXrjc;, xai eaxiv oXrjc; xfjc; AF fj(iiaeia 
fj FM, x6 dpa dx6 xfjc; AFM Gc; ^idc; xevxaxXdaiov eaxi 
xou dx6 xfjc; FM. Gc; 8e x6 dx6 xfjc; AFM Gc; (iidc; xp6c; x6 
dx6 xfjc; FM, ouxwc; edeix-drj x6 dx6 xfjc; MK xp6c; x6 dx6 
xfjc; KZ- xevxaxXdaiov dpa x6 dx6 xfjc; MK xou dxd xfjc; 
KZ. prjx6v 8e x6 dxd xfjc; KZ- prjxfj ydp fj 8id(iexpoc;- prjx6v 
dpa xal x6 dxd xfjc; MK- prjxfj dpa eaxlv fj MK [8uvdtxei 
txovov]. xal exel xexpaxXaaia eaxlv fj BZ xfjc; ZK, xevxa- 
xXaaia dpa eaxlv fj BK xfj? KZ- eixoaiKevxaxXdaiov dpa x6 
dxd xfjc; BK xou dxd xfj? KZ. xevxaxXdaiov 8e x6 dxd xfjc; 
MK xou anb xfjc; KZ- xevxaiiXdaiov dpa x6 dxd xfj? BK 
xou anb xfjc; KM- x6 dpa dxd xfjc; BK npbz x6 dxd KM 
Xoyov oOx ov xexpdywvoc; dpiilpidc; 7ip6c; xexpdywvov 
dpi-d^xov- dau^^expoc; dpa eaxlv fj BK xfj KM ^fjxei. xai eaxi 
prjxfj exaxcpa auxGv. ai BK, KM dpa prjxai eiai 8uvdtxei 
^ovov autx(iexpoi. edv 8e anb prjxfjc; prjxfj dcpaipeilfj 8uvdtxei 
^ovov aOji^expoc; ouaa xfj oXrj, fj Xoixfj dXoyoc; eaxiv dxo- 
xo^jcrj- dxoxojjifj dpa eaxlv fj MB, xpoaapjjo^ouaa 8e aOxfj fj 
MK. Xcyw 8fj, 6xi xal xexdpxrj. G 8fj \ie%bv eaxi x6 anb 
xfjc; BK xou OLTib xfjc; KM, exeivw laov eaxw x6 dxd xfjc; N- 
fj BK dpa xfjc; KM ^eT^ov 8uvaxai xfj N. xal exel aO^^expoi; 
eaxiv fj KZ xfj ZB, xal auvDevxi au^x^expoc; eaxi fj KB xfj 
ZB. dXXd fj BZ xfj B0 au^jjexpoc; eaxiv- xal fj BK dpa xfj 
B0 au^jiexpoc; eaxiv. xal exel xevxaiiXdaiov eaxi x6 anb 
xfjc; BK xou dxd xfjc; KM, x6 dpa anb xfjc; BK xpdc; x6 
dxd xfjc; KM Xoyov ^ 5ip6c; cv. dvaaxpeijxavxi dpa 

x6 dxd xfjc; BK iip6c; x6 dxd xfjc; N Xoyov exei, 6v c iip6c; 


ABC is equal to AED, the remainder CG is thus equal 
to the remainder CD. And if we join AD then the angles 
at L are inferred (to be) right-angles, and CD (is inferred 
to be) double CL [Prop. 1.4]. So, for the same (reasons), 
the (angles) at M are also right-angles, and AC (is) dou¬ 
ble CM. Therefore, since angle ALC (is) equal to AMF, 
and (angle) LAC (is) common to the two triangles ACL 
and AMF, the remaining (angle) ACL is thus equal to 
the remaining (angle) MFA [Prop. 1.32]. Thus, triangle 
ACL is equiangular to triangle AMF. Thus, proportion¬ 
ally, as LC (is) to CA, so MF (is) to FA [Prop. 6.4]. And 
(we can take) the doubles of the leading (magnitudes). 
Thus, as double LC (is) to CA, so double MF (is) to 
FA. And as double MF (is) to FA, so MF (is) to half of 
FA. And, thus, as double LC (is) to CA, so MF (is) to 
half of FA. And (we can take) the halves of the following 
(magnitudes). Thus, as double LC (is) to half of CA, so 
MF (is) to the fourth of FA. And DC is double LC, and 
CM half of CA, and FK the fourth part of FA. Thus, 
as DC is to CM, so MF (is) to FK. Via composition, as 
the sum of DCM (i.e., DC and CM) (is) to CM, so MK 
(is) to KF [Prop. 5.18]. And, thus, as the (square) on the 
sum of DCM (is) to the (square) on CM, so the (square) 
on MK (is) to the (square) on KF. And since the greater 
piece of a (straight-line) subtending two sides of a pen¬ 
tagon, such as AC, (which is) cut in extreme and mean 
ratio is equal to the side of the pentagon [Prop. 13.8]— 
that is to say, to DC —and the square on the greater piece 
added to half of the whole is five times the (square) on 
half of the whole [Prop. 13.1], and CM (is) half of the 
whole, AC, thus the (square) on DCM, (taken) as one, 
is five times the (square) on CM. And the (square) on 
DCM, (taken) as one, (is) to the (square) on CM, so 
the (square) on MK was shown (to be) to the (square) 
on KF. Thus, the (square) on MK (is) five times the 
(square) on KF. And the square on KF (is) rational. 
For the diameter (is) rational. Thus, the (square) on 
MK (is) also rational. Thus, MK is rational [in square 
only]. And since BF is four times FK, BK is thus five 
times KF. Thus, the (square) on BK (is) twenty-five 
times the (square) on KF. And the (square) on MK 
(is) five times the square on KF. Thus, the (square) 
on BK (is) five times the (square) on KM. Thus, the 
(square) on BK does not have to the (square) on KM 
the ratio which a square number (has) to a square num¬ 
ber. Thus, BK is incommensurable in length with KM 
[Prop. 10.9]. And each of them is a rational (straight- 
line). Thus, BK and KM are rational (straight-lines 
which are) commensurable in square only. And if from 
a rational (straight-line) a rational (straight-line) is sub¬ 
tracted, which is commensurable in square only with the 
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5, ouy 6v xexpaYWvoc npdz xexpaywvov daupipisxpo^ dpa 
eaxlv f) BK xfj N- f) BK dpa xf)<; KM (jeT^ov Buvaxai. xw olko 
daupijiExpou Eauxfj. etieI ouv oXt) fj BK xfjc 7ipoaappioCo0ar)<; 
xfjc; KM piEl^ov 5uvaxai xw duo daupijiExpou sauxT), xal oXr) 
f) BK aupipiExpoc; saxi xfj EXXEipiEvrj prjxfi xrj B0, d^oxopi^ 
dpa xExdpxT) Eaxlv f) MB. x6 5£ uko prjxfjc; xal dnoxopfic; 
xExdpxrjc; nEpiExoiiEvov opTloycoviov dXoyov saxiv, xal rj 8u- 
vapiEVT) auxo dXoyoc; saxiv, xaXsTxai Be sXdxxov. Buvaxai 
Be x6 Oko xwv 0BM fj AB Bid x6 £7i;iCeuyvupL£vri<; xfjc A0 
laoycBviov yivsa'dai x6 AB0 xpiyovov xw ABM xpiywvw 
xal slvai (be; xf]v 0B Tipoe; xi^v BA, oux(oc; xf]v AB upoc; xf]v 
BM. 

'H dpa AB xoO nEvxaywvou TiXsupd dXoyoe; saxiv f) xa- 
XoupiEvr] sXdxxwv oTisp eBei BsT^ai. 


whole, then the remainder is that irrational (straight-line 
called) an apotome [Prop. 10.73]. Thus, MB is an apo- 
tome, and MK its attachment. So, I say that (it is) also 
a fourth (apotome). So, let the (square) on N be (made) 
equal to that (magnitude) by which the (square) on BK 
is greater than the (square) on KM. Thus, the square on 
BK is greater than the (square) on ATM by the (square) 
on N. And since KF is commensurable (in length) with 
FB then, via composition, KB is also commensurable (in 
length) with FB [Prop. 10.15]. But, BF is commensu¬ 
rable (in length) with BFl. Thus, BK is also commen¬ 
surable (in length) with BFl [Prop. 10.12]. And since 
the (square) on BK is five times the (square) on KM, 
the (square) on BK thus has to the (square) on KM the 
ratio which 5 (has) to one. Thus, via conversion, the 
(square) on BK has to the (square) on N the ratio which 
5 (has) to 4 [Prop. 5.19 corn], which is not (that) of a 
square (number) to a square (number). BK is thus in¬ 
commensurable (in length) with N [Prop. 10.9]. Thus, 
the square on BK is greater than the (square) on KM 
by the (square) on (some straight-line which is) incom¬ 
mensurable (in length) with (BK). Therefore, since the 
square on the whole, BK, is greater than the (square) on 
the attachment, KM, by the (square) on (some straight- 
line which is) incommensurable (in length) with (BK), 
and the whole, BK, is commensurable (in length) with 
the (previously) laid down rational (straight-line) BFl, 
MB is thus a fourth apotome [Def. 10.14]. And the 
rectangle contained by a rational (straight-line) and a 
fourth apotome is irrational, and its square-root is that 
irrational (straight-line) called minor [Prop. 10.94]. And 
the square on AB is the rectangle contained by HBM, 
on account of joining AH, (so that) triangle ABH be¬ 
comes equiangular with triangle ABM [Prop. 6.8], and 
(proportionally) as HB is to BA, so AB (is) to BM. 

Thus, the side AB of the pentagon is that irrational 
(straight-line) called minor.l (Which is) the very thing it 
was required to show. 


t If the circle has unit radius then the side of the pentagon is (1/2) \/10 — 2 \/5. However, this length can be written in the “minor” form (see 
Prop. 10.94) (pj^fi) ^1-l-fc/Vl-l-fc^ — (p/\/2) \j 1 — kl\J\ + k'^, with p = ^5/2 and k = 2. 


’Edv Eic; xuxXov xpiywvov iaoTtXEupov Eyypacpfj, f) xoO 
xpiycbvou TtXEupd BuvdpEi xpiitXaaiwv caxl xfjc ex xoO 
XEvxpou xoO xuxXou. 

’Eaxo xOxXoc; 6 ABF, xal eic auxov xpiywvov laoitXEup- 
ov EyyEypdcpOco x6 ABF' Xsyw, 6xi xoO ABF xpiycbvou pia 
TtXEupd BuvdpEi xpiTtXaaiov saxl xfjc ex xoO XEvxpou xoO 
ABF xuxXou. 


Proposition 12 

If an equilateral triangle is inscribed in a circle then 
the square on the side of the triangle is three times the 
(square) on the radius of the circle. 

Let there be a circle ABC, and let the equilateral tri¬ 
angle ABC have been inscribed in it [Prop. 4.2]. I say 
that the square on one side of triangle ABC is three times 
the (square) on the radius of circle ABC. 
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A 



EiXi^cpiOw Y«p to xsvxpov xou ABF xuxXou to A, xal 
ETiL^sux'de'iaa fj AA exl to E, xal exe^eux'dw rj BE. 

Kal exel laoxXeupov eaxi to ABF xplywvov, f) BEF apa 
xspicpspeia xpixov (jepoc saxi xfjc; xou ABF xuxXou xepi.- 
(pepeiac;. fj apa BE xepicpepeia exxov soxi pispoc; xfjc; xou 
xuxXou Tiepicpepeiag- e^ayAvou apa eaxiv fj BE suilela- lar] 
apa eaxl xfj ex xou xevxpou xfj AE. xal exel BixXfj eaxiv f) 
AE xfjc AE, xexpaxXaaiov eaxi x6 axo xfjc AE xou dxo xfjc 
EA, xouxeaxi xou dxo xfjc BE. laov 5e x6 dxo xfjc AE xolc 
dxo xAv AB, BE' xd dpa dxo xAv AB, BE xexpaxXdaid eaxi 
xou dxo xfjc BE. 5ieX6vxi dpa x6 dxo xfjc AB xpixXdaiov 
eaxi xou dxo BE. Tar] 6e f] BE xfj AE- x6 dpa dxo xfjc AB 
xpixXdaiov eaxi xou dxo xfjc AE. 

'F[ dpa xou xpiyAvou xXeupd Buvdpiei xpixXaaia eaxi xfjc 
ex xou xevxpou [xou xuxXou]- oxep e8ei BeT^ai. 


ly'. 

F[upa(ii5a auaxf]aaa'dai xal acpaipa xepiXapeTv xfj Boileiar) 
xal Sel^ai, 6xi f] xfjc acpaipac 5idpiexpoc 8uvdpiei fjpiioXia eaxi 
xfjc nXeupac xfjc xupapiiBoc. 


A 



For let the center, D, of circle ABC have been found 
[Prop. 3.1]. And AD (being) joined, let it have been 
drawn across to E. And let BE have been joined. 

And since triangle ABC is equilateral, circumference 
BEC is thus the third part of the circumference of cir¬ 
cle ABC. Thus, circumference BE is the sixth part of 
the circumference of the circle. Thus, straight-line BE is 
(the side) of a hexagon. Thus, it is equal to the radius 
DE [Prop. 4.15 corn]. And since AE is double DE, the 
(square) on AE is four times the (square) on ED —that 
is to say, of the (square) on BE. And the (square) on 
AE (is) equal to the (sum of the squares) on AB and BE 
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on 
AB and BE is four times the (square) on BE. Thus, 
via separation, the (square) on AB is three times the 
(square) on BE. And BE (is) equal to DE. Thus, the 
(square) on AB is three times the (square) on DE. 

Thus, the square on the side of the triangle is three 
times the (square) on the radius [of the circle]. (Which 
is) the very thing it was required to show. 

Proposition 13 

To construct a (regular) p 3 n:amid (i.e., a tetrahedron), 
and to enclose (it) in a given sphere, and to show that 
the square on the diameter of the sphere is one and a 
half times the (square) on the side of the pyramid. 


520 




ETOIXEIfiN ly'. 


ELEMENTS BOOK 13 


A 



E 



’Exxsia'dw f] Tfji; BoTleiarjc; acpaipai; Bia^xsTpoi; f) AB, xotl 
T£TtJir)a'dw xaxa to F arjiJeTov, oaxe BiAaoiav sTvai xi^v AF 
Tfjc; FB- xal AB fj^ixuxXiov to AAB, 

xal y])(TL>a) dxo toO F arj^ieiou Tfj AB xpoc; opildt; fj FA, 
xal exe^euxilw fj AA- xal exxeiaDo) xuxXoc; 6 EZH larjv 
exoiv TTjv ex toO xevxpou xf) AF, xal eyYeypdcp'dw elg xov 
EZH xuxXov xpiytovov laoxXeupov to EZH- xal elXrjcp^a) 
TO xevxpov ToO xuxXou to 0 arip-elov, xal exe^eux-dtoaav 
al E0, 0Z, 0H- xal dveaxaTW duo xoO 0 ar)p,£[ou xw xou 
EZH xuxXou emxeSw xpoi; opMc; fj 0K, xal dcprjpr^aiLla) dxo 
Tfjt; 0K xfi AF eMeia larj fj 0K, xal exe^eux^waav al KE, 
KZ, KH. xal exel fj K0 op-dr] eaxi xpoc; to toO EZH xuxXou 
exlxeSov, xal xpot; xdaac; dpa xdc; d-n:TO(j£va<; auxfjt; eu-delac; 
xal ounac ev xA xou EZH xuxXou exiKeBw op-Odc xoir^aei. 
Ywvlac;. dxTexai Se auxfjc; exdaxri xAv 0E, 0Z, 0H- f) 0K 
dpa xpoc exdaxT) xAv 0E, 0Z, 0H op-dr) eaxiv. xal exeriar) 
eaxlv T) ^ev AF xfj 0K, f) 6e FA xf) 0E, xal opdag y^vlai; 
nepieyouaiv, pdaic dpa f) AA pdaei xf) KE eaxiv lar). 6id 
xd auxd 8f) xal exaxepa xAv KZ, KH xfj AA eaxiv lar)- al 
xpeli; dpa al KE, KZ, KH laai dXXir)Xaic; elalv. xal exel BinXf) 
eaxiv f) AF xfji; FB, xpiTiXf) dpa f) AB xfji; BF. Ac; 5e f) AB 
xpoc; xf)v BF, ouxoc; x6 dxo xfjc; AA xpoc; x6 dxo xfjc; AF, 
Ac; e^fjc; 8eixdir)aexai. xpixXdaiov dpa x6 dxo xfjc; AA xou 
duo xfjc AF. eaxi Be xal x6 duo xfjc; ZE xou duo xfjc; E0 
xpixXdaiov, xal eaxiv Tar) f) AF xfj E0- Tar) dpa xal f) AA 
xfj EZ. dXXd f) AA exdaxr) xAv KE, KZ, KH eBelydr) lar)- 
xal exdaxr) dpa xAv EZ, ZH, HE exdaxr] xAv KE, KZ, KH 
eaxiv lar)- lao-xXeupa dpa eaxi xd xeaaapa xplywva xd EZH, 
KEZ, KZH, KEH. iiupa(il(; dpa auveaxaxai ex xeaadpwv 
xpiYAvwv laoxXeupwv, -fjc; pdaic; jiev eaxi x6 EZH xpiYWvov, 



Let the diameter AB of the given sphere be laid out, 
and let it have been cut at point C such that AC is double 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let CD have been drawn from point C 
at right-angles to AB. And let DA have been joined. And 
let the circle EFG be laid down having a radius equal 
to DC, and let the equilateral triangle EFG have been 
inscribed in circle EFG [Prop. 4.2]. And let the center 
of the circle, point H, have been found [Prop. 3.1]. And 
let EH, HE, and HG have been joined. And let HK 
have been set up, at point H, at right-angles to the plane 
of circle EFG [Prop. 11.12]. And let HK, equal to the 
straight-line AC, have been cut off from HK. And let 

KE, KF, and KG have been joined. And since KH is at 
right-angles to the plane of circle EFG, it will thus also 
make right-angles with all of the straight-lines joining it 
(which are) also in the plane of circle EFG [Def. 11.3]. 
And HE, HE, and HG each join it. Thus, HK is at 
right-angles to each of HE, HE, and HG. And since 
AC is equal to HK, and CD to HE, and they contain 
right-angles, the base DA is thus equal to the base KE 
[Prop. 1.4]. So, for the same (reasons), KF and KG is 
each equal to DA. Thus, the three (straight-lines) KE, 

KF, and KG are equal to one another. And since AC is 
double CB, AB (is) thus triple BC. And as AB (is) to 
BC, so the (square) on AD (is) to the (square) on DC, 
as will be shown later [see lemma]. Thus, the (square) 
on AD (is) three times the (square) on DC. And the 
(square) on EE is also three times the (square) on EH 
[Prop. 13.12], and DC is equal to EH. Thus, DA (is) 
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xopucpi^ 5s TO K arjpiElov. 

Aet hr] auTTjv xal acpaipa nepiXocpelv xf) Soileiar) xocl 
Sel^cxi, 6 x 1 f) xfjc; acpaipac; SiApiexpoc; fijiioXia saxl 5uvdpisi. 
xfjc; nXeupac; xfji; nupctpiiSoc;. 

’ExpepXr^a'dw y“P eu^eiac; xfj K0 eu'dela rj 0A, xocl 
xeiaDto xfj FB lar) f) 0A. xal eksI saxiv (be rj AF xpoe xrjv 
FA, ouxcoe f] FA Tipoe xr)v FB, car) Be f] ptsv AF xfj K0, fj Be 
FA xfj 0E, f) Be FB xfj 0A, saxiv dpa (be f) K0 xpoe xf)v 0E, 
ouxooe 'H E0 Tipoe xf]v 0A- x 6 dpa Otio xc5v K0, 0A laov 
saxl xeb anb xfje E0. xal saxiv opDf) sxaxspa xebv uko K0E, 
E0A ycoviwv x 6 dpa etiI xfje KA ypacpopiEvov fjpiixuxXiov 
fj^Ei xal Bid xoO E [sTisiBfjKEp sdv SKiCeO^copiEv xf]v EA, opDf) 
yivExai f] Otio AEK yoovia Bid x 6 laoyAviov yivEaAai x 6 
EAK xpiywvov Exaxspcp xAv EA0, E0K xpiyAvoov]. sdv 
Bf) piEvouar]e xfje KA TiEpiEVExAsv x 6 fjpiixOxXiov sie x 6 aOxo 
ndXiv dxoxaxaaxa'dfj, oDev fjp^oixo (pEpsaDai, xal Bid 
xAv Z, H ar)(iEiwv £ 7 iiCEuyvu|i£vwv xAv ZA, AH xal opAAv 
opioicoe yivo(i£vwv xAv xpoe xoTe Z, H ycoviAv xal saxai 
f] Tiupapile acpaipcx Ti£pi£iXr]pipi£vri xfj BoDEiafj. f] ydp KA 
xfje acpaipae Bid(i£xpoe lar] saxl xfj xfje BoAsiarje acpaipae 
BiapiExpcp xfj AB, £ 7 i£iBf] 7 i£p xfj pisv AF lar) xsTxai f) K0, xfj 
Be FB f)' 0A. 

Asyw Bfj, 6 x 1 f) xfje acpaipae Bid(j£xpoe f)(iioX[a saxl 
BuvdpiEi xfje TiXsupae xfje nupapiiBoe. 

’EtieI ydp BiTiXfj saxiv f) AF xfje FB, xpiTiXfj dpa saxiv 
f] AB xfje BF- dvaaxp£c|>avxi f]piioXia dpa saxiv f] BA xfje 
AF. Ae Be f] BA Tipoe xfjv AF, ouxcoe x 6 diio xfje BA Tipoe 
x 6 dTio xfje AA [sTiEiBfjTiEp £ 7 ii^£uyvpi£vr]e xfje AB saxiv 
Ae f) BA Tipoe xfjv AA, ouxwe A A xpoe xf]v AF Bid 
xf]v 6 (jioi 6 xr)xa xAv AAB, AAF xpiyAvoov, xal slvai Ae xf]v 
TipAxrjv Tipoe xf)v xpixrjv, ouxooe x 6 duo xfje xpAxrje Tipoe x 6 
dTio xfje BsuxEpae]. f]pii 6 Xiov dpa xal x 6 duo xfje BA xoO 
aTio xfje AA. xai saxiv f] pisv BA f) xfje BoDsiarje acpaipae 
Bidpisxpoe, f) Be AA lar] xfj TiXsupd xfje TiupapiiBoe. 

'H dpa xfje acpaipae Bidpisxpoe f)(iioX[a saxl xfje TiXsupae 
xfje Tiupa(iiBoe- 6 ti£p eBei BsT^ai. 


also equal to EF. But, DA was shown (to be) equal to 
each of KE, KF, and KG. Thus, EF, EG, and GE are 
equal to KE, KF, and KG, respectively. Thus, the four 
triangles EFG, KEF, KEG, and KEG are equilateral. 
Thus, a p 3 n:amid, whose base is triangle EFG, and apex 
the point K, has been constructed from four equilateral 
triangles. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the square on the diameter of 
the sphere is one and a half times the (square) on the side 
of the pyramid. 

For let the straight-line EIL have been produced in 
a straight-line with KE[, and let HL he made equal to 
GB. And since as AG (is) to GD, so CD (is) to GB 
[Prop. 6.8 corn], and AG (is) equal to KEl, and CD to 
ElE, and GB to EIL, thus as KH is to LIE, so ELI (is) 
to HL. Thus, the (rectangle contained) by KH and HL 
is equal to the (square) on EH [Prop. 6.17]. And each 
of the angles KHE and EHL is a right-angle. Thus, 
the semi-circle drawn on ATL will also pass through E 
[inasmuch as if we join EL then the angle LEK be¬ 
comes a right-angle, on account of triangle ELK becom¬ 
ing equiangular to each of the triangles ELH and EHK 
[Props. 6.8, 3.31] ]. So, if KL remains (fixed), and the 
semi-circle is carried around, and again established at the 
same (position) from which it began to be moved, it will 
also pass through points F and G, (because) if EL and 
LG are joined, the angles at F and G will similarly be¬ 
come right-angles. And the p 3 n:amid will have been en¬ 
closed by the given sphere. For the diameter, KL, of the 
sphere is equal to the diameter, AB, of the given sphere— 
inasmuch as KH was made equal to AC, and HL to GB. 

So, I say that the square on the diameter of the sphere 
is one and a half times the (square) on the side of the 
pyramid. 

For since AC is double GB, AB is thus triple BC. 
Thus, via conversion, BA is one and a half times AC. 
And as BA (is) to AC, so the (square) on BA (is) to the 
(square) on AD [inasmuch as if DB is joined then as BA 
is to AD, so DA (is) to AC, on account of the similarity 
of triangles DAB and DAG. And as the first is to the 
third (of four proportional magnitudes), so the (square) 
on the first (is) to the (square) on the second.] Thus, 
the (square) on BA (is) also one and a half times the 
(square) on AD. And BA is the diameter of the given 
sphere, and AD (is) equal to the side of the p 3 n:amid. 

Thus, the square on the diameter of the sphere is one 
and a half times the (square) on the side of the p 3 n:amid.t 
(Which is) the very thing it was required to show. 


t If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is y'8/3. 
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Aeixxeov, oti sotiv uiq f) AB Tipoc; ti^v BF, outw<; to 
dxo Tfjc; AA npoQ to olko Tfjc AF. 

’ExxsLailo ydp f) xoO fj^ixuxXLou xaTaypacprj, xal 
exsCeuy'dw f] AB, xai dvaysYpdtp'dw dxo Tfjc AF TETpdywvov 
TO EF, xai aupiKExXrjpAa'dw to ZB KapaXXrjXoypa^lJov. 
exsl ouv 8i.d to laoywvLov elvoci to AAB Tpiywvov tw AAF 
TpiyAvo) eaxlv Ac f) BA xpoc Tf)v AA, outoc AA xpoc 
Tf]v AF, TO dpa uxo tAv BA, AF laov eaxl tA dxo xfjc 
AA. xal ensi eaxiv Ac f] AB xpoc xfjv BF, outwc to EB 
xpoc TO BZ, xal eoTi to pisv EB to uko tAv BA, AF- Tar] 
ydp f) EA Tf) AF- to 6s BZ to 0x6 tAv AF, FB, Ac dpa f) 
AB xpoc Tf)v BF, ouTWc to 0x6 tAv BA, AF xp6 t6 0x6 
tAv AF, FB. xal soti t6 ^ev 0x6 tAv BA, AF laov tA dx6 
Tfjc AA, t 6 66 0x6 tAv AFB laov tA dx6 Tfjc AF- -f) ydp 
AF xd-dsTOC tAv xfjc pdaswc xpiTj^dTOv xAv AF, FB ^sar) 
dvdXoyov saxi. 6id t 6 op-dfjv sTvai xfjv 0x6 AAB. Ac dpa f) 
AB xp6c Tf)v BF, ouTWc t 6 dx6 xfjc AA xp6c t 6 dx6 xfjc 
AF- oxsp £6 ei 6£T^ai.. 


i6'. 

’OxTdE6pov auaTfjaaa-dai xal acpalpa xEpiXapElv, fj xal 
xd xpoTspa, xal BsT^ai, oxi. f] xfjc acpalpac BidpiExpoc 6uvdpi£i. 
6i.xXaala saxl xfjc xXsupdc xoO 6xTa£6pou. 

’Exxsla-dw f] xfjc 6o'd£lar]c acpalpac 6idpi£Tpoc f) AB, 
xal T£T[if]a'd(J 6 lxa xaxd t6 F, xal ysypacpfla) sxl xfjc AB 
fj^ixuxXiov t6 AAB, xal dx6 xoO F xfj AB xp6c op-ddc 
f) FA, xal exeI^eOxiSw fj AB, xal ExxslaDw TExpdywvov 
t6 EZF[0 larjv sxov Exdaxriv xAv xXsupAv xfj AB, xal 



Lemma 

It must be shown that as AB is to BC, so the (square) 
on AD (is) to the (square) on DC. 

For, let the figure of the semi-circle have been set 
out, and let DB have been joined. And let the square 
EC have been described on AC. And let the parallel¬ 
ogram FB have been completed. Therefore, since, on 
account of triangle DAB being equiangular to triangle 
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD, 
so DA (is) to AC, the (rectangle contained) by BA and 
AC is thus equal to the (square) on AD [Prop. 6.17]. 
And since as AB is to BC, so EB (is) to BF [Prop. 6.1]. 
And EB is the (rectangle contained) by BA and AC —for 
EA (is) equal to AC. And BF the (rectangle contained) 
by AC and CB. Thus, as AB (is) to BC, so the (rectan¬ 
gle contained) by BA and AC (is) to the (rectangle con¬ 
tained) by AC and CB. And the (rectangle contained) 
by BA and AC is equal to the (square) on AD, and the 
(rectangle contained) by ACB (is) equal to the (square) 
on DC. For the perpendicular DC is the mean propor¬ 
tional to the pieces of the base, AC and CB, on account 
of ADB being a right-angle [Prop. 6.8 corn]. Thus, as 
AB (is) to BC, so the (square) on AD (is) to the (square) 
on DC. (Which is) the very thing it was required to show. 

Proposition 14 

To construct an octahedron, and to enclose (it) in a 
(given) sphere, like in the preceding (proposition), and 
to show that the square on the diameter of the sphere is 
double the (square) on the side of the octahedron. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut in half at C. And let the semi¬ 
circle ADB have been drawn on AB. And let CD be 
drawn from C at right-angles to AB. And let DB have 
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ene^eux'dwaav ai 0Z, EH, xal dveaxdxa) duo xoO K arj^iebu 
xSS xou EZH0 xexpaywvou eni.TieBfc) Kpoc 6p'dd<; sOileTa f) 
KA xal 6irixA« ski xd sxspa pispr] xou skikeBou &>c, fj KM, 
xai dcprjprja'dw dcp’ sxaxspac xGv KA, KM (iid xwv EK, ZK, 
HK, 0K Tar] sxaxspa xwv KA, KM, xal SKsCeux'dwaav at 
AE, AZ, AH, A0, ME, MZ, MH, M0. 


been joined. And let the square EFGH, having each of 
its sides equal to DB, be laid out. And let HF and FG 
have been joined. And let the straight-line KL have been 
set up, at point K, at right-angles to the plane of square 
FFGF[ [Prop. 11.12]. And let it have been drawn across 
on the other side of the plane, like KM. And let KL and 
KM, equal to one of FK, FK, GK, and FIK, have been 
cut off from KL and KM, respectively. And let LF, LF, 
LG, LH, MF, MF, MG, and MH have been joined. 



D 



Kal EKsl larj eaxlv fj KE xfj K0, xai saxiv opAf] f) Oko 
EK0 ywvla, x6 dpa dxo xfji; 0E 6i.KXdai6v saxi. xou dxo xfjc 
EK. KdXiv, EKsl larj saxiv fj AK xrj KE, xal saxiv opAf] f) 
UKO AKE ywvla, x6 dpa dKo xfjc EA BiKXdaiov saxi xou dxd 
EK. EBslxflr) Bs xal x6 dKO xfjc; 0E BiKXdaiov xou dxo xf)<; 
EK- x6 dpa dKo xfjc AE laov saxi xo dxo xfjc; E0- lar] dpa 
saxiv f] AE xfj E0. Bid xd auxd Bf) xal f) A0 xfj 0E saxiv 
lar]- iaoKXsupov dpa saxi x6 AE0 xplywvov. opolwc; Bf) 
Bsl^opsv, 6x1 xal sxaaxov xwv XoikSSv xpiywvwv, Sv pdasic; 
psv siaiv ai xou EZH0 xsxpaywvou xXsupal, xopucpal Bs xd 
A, M arjpsla, iaoKXsupov saxiv oxxdsBpov dpa auvsaxaxai 
UKO oxxcB xpiywvwv iaoKXsupwv KspisyopEvov. 

Asl Bf) auxo xal acpalpcx KspiXaPsIv xfj BoAslar) xal Bsl^ai, 
6 x 1 f) xfjc; acpalpac; Bidpsxpoc; Buvdpsi BiKXaalwv saxi xfjc; xou 
oxxasBpou KXsupac;. 

’EkeI ydp ai xpslc; ai AK, KM, KE laai dXXijXaic; sialv, 
x 6 dpa ekI xfjc; AM yp^^dpEvov fjpixuxXiov fj^si xal Bid 
xou E. xal Bid xd auxcx, sdv pEvouarjc; xfjc; AM KEpiEVExAsv 
x 6 fjpixuxXiov sic; x 6 auxo dKoxaxaaxaAfj, 6 'dEv fjp^axo 
(pEpsadai, -ij^Ei xal Bid xwv Z, H, 0 arjpslwv, xal saxai 
acpalpa KspisiXrippEvov x 6 oxxdsBpov. Xsyco Bf), 6 xi xal xfj 
BoAslair). ekeI ydp lar) saxiv f) AK xfj KM, xoivf) Bs f) KE, 


And since KF is equal to KH, and angle FKH is a 
right-angle, the (square) on the HF is thus double the 
(square) on FK [Prop. 1.47]. Again, since LK is equal 
to KF, and angle LKF is a right-angle, the (square) on 
FL is thus double the (square) on FK [Prop. 1.47]. And 
the (square) on HF was also shown (to be) double the 
(square) on FK. Thus, the (square) on LE is equal to 
the (square) on EH. Thus, LE is equal to EH. So, for 
the same (reasons), LH is also equal to HE. Triangle 
LEH is thus equilateral. So, similarly, we can show that 
each of the remaining triangles, whose bases are the sides 
of the square EFGH, and apexes the points L and M, 
are equilateral. Thus, an octahedron contained by eight 
equilateral triangles has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is double the (square) on the side of the octa¬ 
hedron. 

For since the three (straight-lines) LK, KM, and KE 
are equal to one another, the semi-circle drawn on LM 
will thus also pass through E. And, for the same (rea¬ 
sons), if LM remains (fixed), and the semi-circle is car- 
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xal ywviocc; opilac; nepieyouaiv, pdaic; dpa fj AE pdaei tt) 
EM saxiv far), xal eKSi op'drj saxiv f) Otio AEM yovia- ev 
fjjiixuxXitp ydp- x 6 dpa anb xfjc AM 6 i 7 i;Xdai. 6 v eaxi xou dxo 
xfjc; AE. ndXiv, enel larj eaxlv fj AE xfj FB, 5iiiXaa[a eaxlv 
f) AB xfjc; BF. (be; 6 e f) AB upoc; xfjv BF, ouxcoc; x 6 duo 
xfjc; AB npoc; x 6 duo xfjc; BA- 5iiiXdaiov dpa eaxl x 6 duo 
xfjc; AB xou dTio xfjc; BA. eBeix'dr) 5e xal x 6 duo xfjc; AM 
SmXdaiov xou duo xfjc; AE. xal eaxiv laov x 6 dTio xfjc; AB 
xeb duo xfjc; AE- larj ydp xelxai f) E0 xfj AB. laov dpa xal 
x 6 duo xfjc; AB xw duo xfj; AM- larj dpa f) AB x^ AM. xal 
eaxiv f) AB fj xfj; SoDeia-r); acpaipa; 5id[iexpo;- fj AM dpa 
I'aT) eaxl xfj xfj; doTleiar); acpaipa; Siapiexptp. 

nepieArjnxai dpa x6 oxxdedpov xfj So-deiar) acpaipa. xal 
auvaiio6c5eixxai, 6xi fj xfj; acpaipa; Bidjiexpo; Suvdpiei 6i- 
nXaaitov eaxl xfj; xou 6xxac5pou nXeupa;- onep e6ei Sel^ai. 


t If the radius of the sphere is unity then the side of octahedron is \/2. 

is'. 

Ku^ov auaxfjaaa-dai xal acpaipa nepiXapelv, fj xal xfjv 
iiupa(ii 6 a, xal 8 eT^ai, oxi f] xfj; acpalpa; 6 id(iexpo; 5uvdpiei 
xpiitXaaicov eaxl xfj; xou xOpou nXeupa;. 

’ExxeiaDco fj xfj; Bo-deiar); acpalpa; Bidpiexpo; f] AB xal 
xexpifja'dco xaxd x 6 F Aaxe BiitXfjv elvai xf]v AF xfj; FB, xal 
yeypdep-dor era xfj; AB fjpiixuxXiov x 6 AAB, xal dxo xou F 
xfj AB Ttpo; op-dd; fjx-dco f) FA, xal eTte^eux-dco f) AB, xal 
exxeia'dw xexpdywvov x 6 EZFE0 iar]v exov xf]v itXeupdv xfj 
AB, xal OLKO xwv E, Z, H, 0 xw xou EZH0 xexpaycbvou 
e 7 ti 7 te 6 (p Ttpo; op-dd; 'rjx'dwaav al EK, ZA, HM, 0N, xal 
dcpripfja'dco dxo exdaxrj; xAv EK, ZA, HM, 0N pud xAv 
EZ, ZH, H0, 0E XoT] exdaxrj xAv EK, ZA, HM, 0N, xal 
eTteCeuxiSwaav al KA, AM, MN, NK- xupo; dpa auveaxaxai 
6 ZN UKO e^ xexpayAvorv lacov Ttepiexopievo;. 

Ael 6 f] auxov xal acpalpcx ttepiXapelv xfj Bo-deiarj xal 
8 eT^ai, 6 xi fj xfj; acpalpa; 6 id(jexpo; Buvdpiei xpixXaaia eaxl 
xfj; TtXeupd; xou xOpou. 


ried around, and again established at the same (position) 
from which it began to be moved, then it will also pass 
through points F, G, and FI, and the octahedron will 
have been enclosed by a sphere. So, I say that (it is) 
also (enclosed) by the given (sphere). For since LK is 
equal to KM, and KE (is) common, and they contain 
right-angles, the base LE is thus equal to the base EM 
[Prop. 1.4]. And since angle LEM is a right-angle—for 
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM 
is thus double the (square) on LE [Prop. 1.47]. Again, 
since AC is equal to CB, AB is double BC. And as AB 
(is) to BC, so the (square) on AB (is) to the (square) 
on BD [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is 
double the (square) on BD. And the (square) on LM was 
also shown (to be) double the (square) on LE. And the 
(square) on DB is equal to the (square) on LE. For EH 
was made equal to DB. Thus, the (square) on AB (is) 
also equal to the (square) on LM. Thus, AB (is) equal to 
LM. And AB is the diameter of the given sphere. Thus, 
LM is equal to the diameter of the given sphere. 

Thus, the octahedron has been enclosed by the given 
sphere, and it has been simultaneously proved that the 
square on the diameter of the sphere is double the 
(square) on the side of the octahedron.! (which is) the 
very thing it was required to show. 


Proposition 15 

To construct a cube, and to enclose (it) in a sphere, 
like in the (case of the) p 3 n:amid, and to show that the 
square on the diameter of the sphere is three times the 
(square) on the side of the cube. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is double 
CB. And let the semi-circle ADB have been drawn on 
AB. And let CD have been drawn from C at right- 
angles to AB. And let DB have been joined. And let the 
square EEGH, having (its) side equal to DB, be laid out. 
And let EK, FL, CM, and HN have been drawn from 
(points) E, F, G, and H, (respectively), at right-angles to 
the plane of square EFGH. And let EK, EL, CM, and 
HN, equal to one of EF, FG, GH, and HE, have been 
cut off from EK, EL, CM, and HN, respectively. And let 
KL, LM, MN, and NK have been joined. Thus, a cube 
contained by six equal squares has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is three times the (square) on the side of the 
cube. 
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’EKE^suy'dcoaav yap ai KH, EH. xal etisI op-dr) eotiv 
f) UKo KEH ytovia 6ia to xal xfjv KE op-di^v Elvai. xpoc; 
TO EH ekikeBov 6r)Xa5i^ xal npoq xfjv EH EU-dElav, to apa 
ETil Tfji; KH ypacpo^Evov fj^ixuxXiov r)5ei >^“1 6ia tou E 
ar)(JEiou. xdXiv, ekeI f) HZ op-dr] eoti. xpoc; sxaTspav twv ZA, 
ZE, xal xpoc; to ZK dpa exIxeBov op-dr) eotiv i) HZ- wote 
xal sdv £xi.^Eu5o(iEv tc^v ZK, -rj HZ 6p-di) Eaxai. xal xpoc; 
TC^v ZK- xal 6la toOto xciXiv to exI xfjc; HK ypacpo^iEvov 
f])xi.xuxXiov 'r)^Ei. xal Bid toO Z. 6[jLo(wc; xal Bla tSSv Xoixov 
ToO xdpou ar))jLEiwv 'r)^EL. sdv ^lEvouarji; Tfjc; KH xe- 
piEVEy-dEv TO i)(iixuxXi.ov eIc; to auTo cixoxaTaaTa-df), o-dEv 
-^p^aTO cpspEa-dai, saxai acpalpcx xEpiEi.Xr])X(i£voc; 6 xu^oq- 
XEyw Br), oti xal Tfj Bo-dEiar). exeI ydp lar) eotIv i) HZ Tfj 
ZE, xai EOTiv op-df) 1) xpoc; tw Z ywvia, to dpa dxo Tfjc; EH 
BixXdaiov EOTi. tou dxo Tfjc; EZ. lar) Be -f) EZ Tfj EK- to dpa 
dxo Tfj? EH BixXdaiov eoti tou dxo Tfjc; EK- wote xd dxo 
Twv HE, EK, TouTEOTi TO dxo Tfjc; HK, xpixXdaiov saxi tou 
dxo Tfjc; EK. xal exeI xpLxXaaiwv saxlv -f) AB xfjc; BE, (be; 
Be f] AB xpoc; xfjv BE, ouxcoc; to dxo xfjc; AB xpoc; to dxo 
xfjc; BA, xpixXdaiov dpa to dxo xfjc; AB tou dxo xfjc; BA. 
sBElx-dr) Be xal to dxo xfjc; HK tou dxo xfjc; KE xpixXdaiov. 
xal XElxai lar) f) KE xfj AB- lar) dpa xal f) KH xfj AB. xal 
saxiv -f) AB xfjc; 8od£lar)c; acpalpac; Bid(j£Tpoc;- xal -f) KH dpa 
lar) saxl xfj xfjc; 8o-dElar)c; acpalpac; 8ia(i£Tpcp. 

Tfj Bo-dElar) dpa acpalpa x£pi£lXr)XTai. 6 xu^oc;- xal au- 
vaxoBsBEiXTai., oxi. -f) xfjc; acpalpac; 8i.d)X£Tpoc; 8uvd)Ji£i. xpi- 
xXaalcov saxl xfj? xou xOpou xXEupdc;- oxEp eBei BEl^ai.. 



For let KG and EG have been joined. And since an¬ 
gle KEG is a right-angle—on account oi KE also being 
at right-angles to the plane EG, and manifestly also to 
the straight-line EG [Def. 11.3]—the semi-circle drawn 
on ATG will thus also pass through point E. Again, since 
GE is at right-angles to each of EL and EE, GF is thus 
also at right-angles to the plane EK [Prop. 11.4]. Hence, 
if we also join EK then GF will also be at right-angles 
to EK. And, again, on account of this, the semi-circle 
drawn on GK will also pass through point F. Similarly, 
it will also pass through the remaining (angular) points of 
the cube. So, if KG remains (fixed), and the semi-circle is 
carried around, and again established at the same (posi¬ 
tion) from which it began to be moved, then the cube will 
have been enclosed by a sphere. So, I say that (it is) also 
(enclosed) by the given (sphere). For since GF is equal 
to EE, and the angle at F is a right-angle, the (square) 
on EG is thus double the (square) on EE [Prop. 1.47]. 
And EE (is) equal to EK. Thus, the (square) on EG 
is double the (square) on EK. Hence, the (sum of the 
squares) on GE and EK —that is to say, the (square) on 
GK [Prop. 1.47]—is three times the (square) on EK. 
And since AB is three times BG, and as AB (is) to 
BG, so the (square) on AB (is) to the (square) on BE 
[Prop. 6.8, Def 5.9], the (square) on AB (is) thus three 
times the (square) on BD. And the (square) on GK was 
also shown (to be) three times the (square) on KE. And 
KE was made equal to DB. Thus, KG (is) also equal to 
AB. And AB is the radius of the given sphere. Thus, KG 
is also equal to the diameter of the given sphere. 

Thus, the cube has been enclosed by the given sphere. 
And it has simultaneously been shown that the square on 
the diameter of the sphere is three times the (square) on 
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t If the radius of the sphere is unity then the side of the cube is y'4/3. 

If'. 

EixoaasSpov auaxy^aao'dai. xai acpaipa TtepiXaPelv, fj xal 
TOC 7i;po£i.pr)(i£va axr)(iaTa, xal 6£T^ai., oti. f] toO £lxoaa£6pou 
iiX£upa aXoYoc; Eaxiv f) xaXoupiEvr] EXdxxwv. 


A r B 

’ExxEiGDo) f) xfjc BoDEiarit; acpalpac 6idpL£xpo<; f] AB xal 
xExptrja'dw xaxd x6 E waxE xExpaxXfjv Elvai xi^v AT xfjc; EB, 
xal YEYpatpiSw sxl xfji; AB fjpiixuxXiov x6 AAB, xal fixila) 
dxo xoO E xfj AB npoQ opildc; EuDEla Ypapi(if] f) EA, 

xai EXE^eux'^^ t AB, xal EXXElaila) xuxXoi; 6 EZH0K, 
ou f) £v xou XEvxpou lar) saxw xfj AB, xal £yy£YP«'?''®“ 
£i<; xov EZH0K xuxXov xEvxdYWvov laoxXEupov xe xal 
iooyAviov x6 EZEE0K, xal xExptrjo'dwaav ai EZ, ZEE, H0, 
0K, KE xEpicpEpEiai 6ixa xaxd x6 A, M, N, S, O aripLEla, xal 
EnEJ^EUXiSwaav al AM, MN, NS, SO, OA, EO. laoxXEupov 
dpa saxl xal x6 AMNSO xEvxdYWvov, xal BExaYWvou f) 
EO EuilETa. xal dvsaxdxwaav dxo xAv E, Z, H, 0, K 
ar)(i£iwv xA xou xuxXou exixeBw xpoc opiLEdc Ywvia<; EuilETai 
al Eli, ZP, HE, 0T, KT laai ouaai xfj ex xou xsvxpou xou 
EZH0K xuxXou, xal EXE^euxIEwaav al HP, PE, ET, TT, 
TH, HA, AP, PM, ME, EN, NT, TS, ST, TO, OH. 

Kal exeI Exaxspa xAv EH, KT xA auxA £xi.x£6a) xpoc; 
opildi; saxiv, xapdXXrjXoc; dpa saxlv f] EH xfj KT. saxi 
Be auxfj xal lar)' al Be xd<; Xaaz xe xal xapaXXfjXouc exl- 
^EUYvuouaai. sxl xd auxd (ispr) EuDElai laai xe xal xapdXXrjXoi 
Eiaiv. f) HT dpa xfj EK lar] xe xal xapdXXrjXoi; saxiv. xev- 
xaYWvou Be laoxXEupou f) EK- xEvxaYWvou dpa laoxXEupou 
xal f) HT xou eIi; xov EZH0K xuxXov £YYP“<?opL£vou. 
Bid xd auxd Bf) xal sxdaxr] xAv HP, PE, ET, TT xev- 
xaYWvou saxlv laoxXsupou xou sic; xov EZH0K xuxXov 
£YYpot<?o(i£vou- laoxXsupov dpa x6 HPETT xEvxaYWvov. 
xal exeI E^aYWvou pisv saxiv f] HE, BsxaYOvou Be f] EO, 
xal saxiv op-df) f] uxo HEO, xsvxaYWvou dpa saxlv f] HO- f) 
Yap xou xEvxaYWvou xXsupd Buvaxai xf]v xe xou s^aYAvou 
xal xf)v xou BsxaYWvou xAv £i<; xov auxov xuxXov SYYpa- 
cpopiEvwv. Bid xd auxd Bf) xal f) OT xEvxaYWvou saxl 


the side of the cube.I (Which is) the very thing it was 
required to show. 


Proposition 16 

To construct an icosahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the icosahedron is that irrational (straight- 
line) called minor. 


A C B 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is four times 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let the straight-line CD have been 
drawn from C at right-angles to AB. And let DB have 
been joined. And let the circle EFGHK be set down, 
and let its radius be equal to DB. And let the equilat¬ 
eral and equiangular pentagon EFCHK have been in¬ 
scribed in circle EFGHK [Prop. 4.11]. And let the cir¬ 
cumferences EE, EG, GH, HK, and KE have been cut 
in half at points L, M, N, O, and P (respectively). And 
let LM, MN, NO, OP, PL, and EP have been joined. 
Thus, pentagon LMNOP is also equilateral, and EP (is) 
the side of the decagon (inscribed in the circle). And let 
the straight-lines EQ, FR, GS, HT, and KU, which are 
equal to the radius of circle EFGHK, have been set up 
at right-angles to the plane of the circle, at points E, F, 
G, H, and K (respectively). And let QR, RS, ST, TU, 
UQ, QL, LR, RM, MS, SN, NT, TO, OU, UP, and PQ 
have been joined. 

And since EQ and KU are each at right-angles to the 
same plane, EQ is thus parallel to KU [Prop. 11.6]. And 
it is also equal to it. And straight-lines joining equal and 
parallel (straight-lines) on the same side are (themselves) 
equal and parallel [Prop. 1.33]. Thus, QU is equal and 
parallel to EK. And EK (is the side) of an equilateral 
pentagon (inscribed in circle EFGHK). Thus, QU (is) 
also the side of an equilateral pentagon inscribed in circle 
EFGHK. So, for the same (reasons), QR, RS, ST, and 
TU are also the sides of an equilateral pentagon inscribed 
in circle EFGHK. Pentagon QRSTU (is) thus equilat- 
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nXeupd. eaxi 8s xctl fj IIT nevTaytovou' laonXeupov dpa 
saxl TO HOT xpiycovov. 8i.d xd auxd 81^ xai sxaaxov xwv 
HAP, PMS, SNT, TST laoxXsupov saxiv. xal susl xev- 
xaywvou E8sLX'dri sxaxspa xwv HA, HO, saxi 8 e xal f) AO 
xEvxayovou, iaoKXsupov dpa saxl x6 IIAO xplyovov. 8i.d 
xd auxd 81^ xai sxaaxov xov APM, MSN, NTS, STO 
xpiywvwv laoxXsupov saxiv. 



EiXricp'dw x6 xsvxpov xou EZH0K xuxXou x6 <i> ar)(iElov 
xal duo xou $ xw xou xuxXou £'n:i'n:£8w xpog opildc; dvEaxdxw 
f) $0, xal £x[3£[3Xr]aTL)a) etcI xd sxspa ^ispr) wc f) <&'!', xal 
d(pr)pr]a'dto s^aywvou (isv f] $X, 8Exay(Jvou 8£ sxaxspa xwv 
XO, xal SKS^EUxllwaav ai 110, IIX, TO, E<I>, A<i>, A'l', 

Kal sxsl sxaxspa xwv <I>X, HE xw xou xuxXou £'n:i'n:£8tp 
xpog opildc; saxiv, xapdXXrjXoc; dpa saxlv fj (I)X xfj HE. sial 
8e xal laar xal ai E$, IIX dpa laai xs xal xapdXXrjXoi 
siaiv. s^aycovou 8£ rj E<I>- s^aycovou dpa xal rj IIX. xal 
sxsl s^aywvou psv saxiv fj IIX, Ssxaywvou 8s f) XO, xal 
opDr] saxiv fj uxo IIXO ywvia, xsvxaywvou dpa saxiv f) 
no. 8id xd auxd 8r) xal fj TO xsvxaycivou saxiv, £X£i8r]xsp, 


eral. And side QE is (the side) of a hexagon (inscribed 
in circle EFGHK), and EP (the side) of a decagon, and 
(angle) QEP is a right-angle, thus QP is (the side) of a 
pentagon (inscribed in the same circle). For the square 
on the side of a pentagon is (equal to the sum of) the 
(squares) on (the sides of) a hexagon and a decagon in¬ 
scribed in the same circle [Prop. 13.10]. So, for the same 
(reasons), PU is also the side of a pentagon. And QU 
is also (the side) of a pentagon. Thus, triangle QPU is 
equilateral. So, for the same (reasons), (triangles) QLR, 
RMS, SNT, and TOU are each also equilateral. And 
since QL and QP were each shown (to be the sides) of a 
pentagon, and LP is also (the side) of a pentagon, trian¬ 
gle QLP is thus equilateral. So, for the same (reasons), 
triangles LRM, MSN, NTO, and OUP are each also 
equilateral. 



Let the center, point V, of circle EFGPIK have been 
found [Prop. 3.1]. And let VZ have been set up, at 
(point) V, at right-angles to the plane of the circle. And 
let it have been produced on the other side (of the cir¬ 
cle), like VX. And let VW have been cut off (from XZ 
so as to be equal to the side) of a hexagon, and each of 
VX and WZ (so as to be equal to the side) of a decagon. 
And let QZ, QW, UZ, EV, LV, LX, and XM have been 
joined. 

And since VW and QE are each at right-angles 
to the plane of the circle, VW is thus parallel to QE 
[Prop. 11.6]. And they are also equal. EV and QW are 
thus equal and parallel (to one another) [Prop. 1.33]. 
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eav em^eu^w^iev tocc; <i>K, XT, laai xctl dnevavTiov eaov- 
xai, xa[ eaTLv fj <I>K ex tou xevxpou ouaa e^aywvou. 
e^aywvou dpa xal fj XT. Bexaywvou 6e f) Xli, xai op-di^ 
f) UKo TXri' xevTaywvou dpa fj TJl. eaxi. 6e xai f) IIT 
xevTayovou- iaoTiXeupov dpa eaxl to IITfi Tpiywvov. 5i.d 
xd auxd 6f] xai exaaxov twv Xoixwv xpiywvwv, Sv pdacic 
txcv eiaiv at HP, PE, ET, TT eOilelai, xoputpi^ 6e x6 12 
arjiielov, laoxXeupov eaxiv. xdXiv, exei e^aywvou t^ev f) 
<I>A, Bexaywvou Be fj xai opilr] eaxiv f) 0x6 A^'I' 

ywvia, xevxaywvou dpa eaxiv fj A'P. Bid xd auxd Br) edv 
exi^eu5t)(jev xfjv M<I> ouaav e^aywvou, auvdyexai xal f) M^' 
xevxayovou. eaxi Be xal f) AM xevxayovou' laoxXeupov 
dpa eaxi x6 AM^* xpiywvov. 6(ioiwc; Bf] Beix'drjaexai, 6xi 
xal exaaxov xwv Xoixwv xpiywvwv, Sv pdaeic (Jev eiaiv at 
MN, NS, SO, OA, xopucpf) Be x6 'F arj^elov, laoxXeupov 
eaxiv. auveaxaxai dpa eixoadeBpov 0x6 eixoai xpiy«v«v 
laoxXeupwv xepiexo^tsvov. 

AeT Bf] aOxo xal acpaipa xepiXapeTv xfj Boileiar] xal Be!?®, 
6x1 f] xou eixoaaeBpou xXeupd dXoyoc eaxiv f] xaXou(ievr] 
eXdaawv. 

’Exel ydp e^aywvou eaxiv f] <I>X, Bexaywvou Be f] X12, f] 
<1)12 dpa dxpov xal (leaov Xoyov xex[ir)xai xaxd x6 X, xal x6 
^xel^ov aOxfjc xtJif)(jd eaxiv f] <I)X- eaxiv dpa A<; f] If*!* xpoc; 
xf)v <I)X, ouxW(; f] <I>X xp6(; xf]v Xlf. lar] Be f] ^Jiev <I)X xfj 
<I)E, f] Be X12 xfj <I>'I'- eaxiv dpa &>z f] 12<I) xpoi; xf]v <I)E, 
ouxo<; f] E<I) xpoi; xf]v <!)']/. xai eiaiv opflal al 0x6 r2<I)E, 
E*!))!) ywviar edv dpa exi^eu^wiisv xf]v Elf eOilelav, op-df] 
eaxai f] 0x6 'I'Elf yovia Bid xf]v 6pioi6xr]xa xAv ^'Elf, <I)E12 
xpiyovwv. Bid xd aOxd Bf] exei eaxiv A<; f) r2<I) xp6<; xf]v 
<I)X, oOxoc f) <I>X xp6(; xf]v X12, larj Be fj ^ev 12<I) xfj 'PX, 
f] Be <J)X xfj Xn, eaxiv dpa cdc, f] ^'X xp6(; xfjv XII, o0xw<; 
f] nX xp6<; xf)v X12. xal Bid xoOxo xdXiv edv exi^eO^w^ev 
xf]v n)]/, opDf] eaxai f] xp6c; xo 11 ywvia' x6 dpa exl xfj<; 
^'12 ypacpo^evov fj^ixuxXiov xal 8la xou 11. xal edv 
pievouarjc xfj(; 'I'12 Tepieveyflsv x6 f]tJiixOxXiov ei<; x6 a0x6 
xdXiv dxoxaxaaxa'dfj, oflev fjp^axo cpepeaflai, fj^ei xal Bid 
xou n xal xov Xoixov ar]pie[a)v xou eixoaaeBpou, xal eaxai 
acpaipa xepieiXr)(jpievov x6 eixoadeBpov. Xeyw Bf], oxi xal 
xfj BoDeiar). xex^fja'dw ydp f] <I)X Biya xaxd x6 a. xal exel 
eOdeTa ypa^(jf] f) <1)12 dxpov xal (leaov Xoyov xexpirjxai xaxd 
x6 X, xal x6 eXaaaov auxfjc x^fj(id eaxiv f) 12X, f] dpa 12X 
xpoaXaPouaa xf]v f]pi[aeiav xou [lei^ovoQ xpifjiJaxoc; xf]v Xa 
xevxaxXdaiov BOvaxai xou anb xfjc; f]piiae[ai; xou piei^ovoc; 
xtJifj(iaxoc;- xevxaiiXdaiov dpa eaxi x6 dxd xfjc; 12a xou anb 
xfj? aX. xai eaxi xfjc; piev 12a BixXfj f) O']), xfjc; Be aX BixXfj 
f] <j)X' xevxaxXdaiov dpa eaxi x6 anb xfjc; O']/ xou anb xfjc; 
X<]). xal exel xexpaxXfj eaxiv f] AP xfjc; PB, xevxaxXfj dpa 
eaxiv f] AB xfjc; BP. A(; Be f] AB npbz xf]v BP, ouxwi; x6 
dxd xfjc; AB 7ip6c; x6 dxd xfjc; BA- xevxaxXdaiov dpa eaxi 
x6 anb xfjc; AB xou anb xfjc; BA. eBeixilr] Be xal x6 dxd xfjc; 
O^c xevxaxXdaiov xou dxd xfjc; <&X. xai eaxiv lar] f] AB xfj 


And EV (is the side) of a hexagon. Thus, QW (is) also 
(the side) of a hexagon. And since QW is (the side) of 
a hexagon, and WZ (the side) of a decagon, and angle 
QWZ is a right-angle [Def. 11.3, Prop. 1.29], QZ is thus 
(the side) of a pentagon [Prop. 13.10]. So, for the same 
(reasons), UZ is also (the side) of a pentagon—inasmuch 
as, if we join VK and WU then they will be equal and 
opposite. And VK, being (equal) to the radius (of the cir¬ 
cle), is (the side) of a hexagon [Prop. 4.15 corn]. Thus, 
WU (is) also the side of a hexagon. And WZ (is the side) 
of a decagon, and (angle) UWZ (is) a right-angle. Thus, 
UZ (is the side) of a pentagon [Prop. 13.10]. And QU 
is also (the side) of a pentagon. Triangle QUZ is thus 
equilateral. So, for the same (reasons), each of the re¬ 
maining triangles, whose bases are the straight-lines QR, 
RS, ST, and TU, and apexes the point Z, are also equi¬ 
lateral. Again, since VL (is the side) of a hexagon, and 
VX (the side) of a decagon, and angle LVX is a right- 
angle, LX is thus (the side) of a pentagon [Prop. 13.10]. 
So, for the same (reasons), if we join MV, which is (the 
side) of a hexagon, MX is also inferred (to be the side) 
of a pentagon. And LM is also (the side) of a pentagon. 
Thus, triangle LMX is equilateral. So, similarly, it can 
be shown that each of the remaining triangles, whose 
bases are the (straight-lines) MN, NO, OP, and PL, 
and apexes the point X, are also equilateral. Thus, an 
icosahedron contained by twenty equilateral triangles has 
been constructed. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the side of the icosahedron is 
that irrational (straight-line) called minor. 

For, since VW is (the side) of a hexagon, and WZ 
(the side) of a decagon, VZ has thus been cut in ex¬ 
treme and mean ratio at W, and VW is its greater piece 
[Prop. 13.9]. Thus, as ZV is to VW, so VW (is) to WZ. 
And VW (is) equal to VE, and WZ to VX. Thus, as 
ZV is to VE, so EV (is) to VX. And angles ZVE and 
EVX are right-angles. Thus, if we join straight-line EZ 
then angle XEZ will be a right-angle, on account of the 
similarity of triangles XEZ and VEZ. [Prop. 6.8]. So, 
for the same (reasons), since as ZV is to VW, so VW 
(is) to WZ, and ZV (is) equal to XW, and VW to WQ, 
thus as XW is to VFQ, so QW (is) to WZ. And, again, 
on account of this, if we join QX then the angle at Q will 
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn 
on XZ will also pass through Q [Prop. 3.31]. And if XZ 
remains fixed, and the semi-circle is carried around, and 
again established at the same (position) from which it 
began to be moved, then it will also pass through (point) 
Q, and (through) the remaining (angular) points of the 
icosahedron. And the icosahedron will have been en- 
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$X- ExaTspa yap aOxwv far) saxi xf) ex xoO xevxpou xoO 
EZH0K xuxXou- far) apa xal r) AB xfj 'PH. xai eaxiv f) AB 
f) xfjc; BoTlefarjg acpaipat; 5ia[iexpo<;' xocl fj 'PH apa far) eaxl 
xf) xfjc; 6o'defar)c; acpaipac; Siajiexpy xfj apa So'defar) ocpaipa 
xepie[Xr)xxai x6 elxoaaeBpov. 

Aeyw 6r], oxi. f) xoD eixoaaeSpou xXeupa aXoyoc eaxiv f) 
xaXouptevr) eXaxxwv. exei yap pr)xr) eaxiv f) xfjc; acpaipac; 
Bidpiexpoc;, xai eaxi 6uvdpiei xevxaxXaaiwv xfjc ex xou 
xevxpou xou EZH0K xuxXou, prjxf) dpa eaxi xai f) ex 
xou xevxpou xou EZH0K xuxXou- waxe xai f) 6idpiexpo<; 
auxou pr)xf] eaxiv. edv 6e eic; xuxXov prjxfjv eyovxa xf)v 
Bidpiexpov xevxdywvov faoTiXeupov eyypacpr), -f) xou xev- 
xaywvou xXeupd dXoyoc; eaxiv f) xaXou(jevr) eXdxxwv. -f) 8e 
xou EZH0K xevxayovou xXeupd -f) xou eixoaaeSpou eaxiv. 
f) dpa xou eixoaaeBpou xXeupd dXoyoc eaxiv -f) xaXou(ievr) 
eXdxxov. 


n6pia[Jia. 

’Ex 8f) xouxou cpavepov, 6xi -f) xfjc; acpaipac; Bicxpexpoc; 
Suvdpiei xevxaxXaaiwv eaxi xfjc; ex xou xevxpou xou xuxXou, 
cxcp’ o5 x6 eixoacxeBpov cxvayeypaxxai, xai 6xi -f) xfjc; acpaipac; 
Bidpiexpoc; auyxeixai ex xe xfjc; xou e^aywvou xal 6uo xwv 
xou 6exayd)vou xwv eic; xov auxov xuxXov eyypacpopevwv. 
oxep eSei Bel^ai. 


closed by a sphere. So, I say that (it is) also (enclosed) 
by the given (sphere). For let VW have been cut in half 
at a. And since the straight-line VZ has been cut in ex¬ 
treme and mean ratio at W, and ZW is its lesser piece, 
then the square on ZW added to half of the greater piece, 
Wa, is five times the (square) on half of the greater piece 
[Prop. 13.3]. Thus, the (square) on Za is five times the 
(square) on aW. And ZX is double Za, and VW double 
aW. Thus, the (square) on ZX is five times the (square) 
on WV. And since AC is four times CB, AB is thus 
five times BC. And as AB (is) to BC, so the (square) 
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9]. 
Thus, the (square) on AB is five times the (square) on 
BD. And the (square) on ZX was also shown (to be) 
five times the (square) on VW. And DB is equal to VW. 
For each of them is equal to the radius of circle EFGHK. 
Thus, AB (is) also equal to XZ. And AB is the diameter 
of the given sphere. Thus, XZ is equal to the diameter 
of the given sphere. Thus, the icosahedron has been en¬ 
closed by the given sphere. 

So, I say that the side of the icosahedron is that irra¬ 
tional (straight-line) called minor. For since the diameter 
of the sphere is rational, and the square on it is five times 
the (square) on the radius of circle EFGHK, the radius 
of circle EFGHK is thus also rational. Hence, its di¬ 
ameter is also rational. And if an equilateral pentagon 
is inscribed in a circle having a rational diameter then 
the side of the pentagon is that irrational (straight-line) 
called minor [Prop. 13.11]. And the side of pentagon 
EFGHK is (the side) of the icosahedron. Thus, the side 
of the icosahedron is that irrational (straight-line) called 
minor. 

Corollary 

So, (it is) clear, from this, that the square on the di¬ 
ameter of the sphere is five times the square on the ra¬ 
dius of the circle from which the icosahedron has been 
described, and that the the diameter of the sphere is the 
sum of (the side) of the hexagon, and two of (the sides) 
of the decagon, inscribed in the same circle.! 


t If the radius of the sphere is unity then the radius of the circle is 2/ \/5, and the sides of the hexagon, decagon, and pentagon/icosahedron are 
2/\/5, 1 — l/\/5, and {1/Vb) \/W — 2 y/5, respectively. 


iC'. 

Aco8exde5pov auax-rjaaaOai xal acpaipa itepiXapeTv, fj xal 
xd xpoeipripeva ayripaxa, xal Bel^aq 6xi f] xou BwBexaeBpou 
xXeupd dXoyoc; eaxiv f) xaXoupevr] ditoxopf]. 


Proposition 17 

To construct a dodecahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the dodecahedron is that irrational (straight- 
line) called an apotome. 
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’ExxsLailwaav toO 7ipo£ipr]tJisvou xupou 6 uo SKiKsBa 
xpog op'dac; dXXr]Xoi(; xd ABFA, FBEZ, xal TeTp-r^ailw 
exotaxT) xCSv AB, BF, FA, AA, EZ, EB, ZF xXeupwv Biya 
xaxd xd F[, 0, K, A, M, N, S, xal UK, 

0A, M0, NS, xal xsxrjrja'dw exdaxr) xwv NO, OS, OH 
dxpov xal ^Jisaov Xoyov xaxd xd P, E, T arjiieTa, xal saxw 
aOxov (JEi^ova x^rj(iaxa xd PO, OE, TFE, xal dveaxdxwaav 
dxo xwv P, E, T arjtxelwv xoi<; xoD xOpou e 7 ii.x£ 6 oi<; xpoc; 
opildi; exl xd sxx 6 <; ^Jispr] xoO xOpou al PT, E<I), TX, xal 
xeiaDwaav laai xdlc PO, OE, TFI, xal exsCeOxiSwaav al 
TB, BX, XF, F$, $T. 

Asyw, 0X1. x 6 TBXF<I> Kevxdywvov laoTiXeupov xe xal ev 
evl ekikeBm xal exi iaoYWvi. 6 v eaxiv. exe^suxilwaav ydp al 
PB, EB, <I>B. xal exel suileTa fj NO dxpov xal ^saov Xoyov 
xextxrjxai. xaxd x 6 P, xal x 6 (jeT^ov x^f)(id soxiv f) PO, xd dpa 
duo xwv ON, NP xpixXdaid saxi xou dxo xfjc; PO. Tar) Be f) 
^Ev ON xf) NB, f) Be OP xfj PT- xd dpa dxo xAv BN, NP 
xpixXdaid £ 0 X 1 xou dxo x-rjc PT. xoTc Be dxo xAv BN, NP x 6 
dxo x-rjc BP Eoxiv loov x 6 dpa dxo xfjc; BP xpixXdoiov soxi 
xou dxo xfjc; PT- Aoxe xd dxo xAv BP, PT xExpaxXdoid 
£0X1. xou dxo xfjc; PT. xoTc; Be dxo xAv BP, PT loov soxi. x 6 
dxo xfjc; BT- x 6 dpa dxo xfjc; BT xExpaxXdoiov soxi xou dxo 
xfjc TP- BixXfj dpa soxiv f] BT xfjc PT. soxi Be xal f] $T xfjc 
TP BiTiXfj, £ 7 i;£iBf] 7 i£p xal f] EP xfjc OP, xouxEoxi xfjc PT, 
£ 0 X 1 BixXfj- lor) dpa f] BT xfj T<I>. o^oiwc 8 f) Bsix-dfioExai, 
6 x 1 xal ExdoxT] xAv BX, XF, F<I) sxaxspcx xAv BT, T<I> 
EOXIV lor). loo-KXsupov dpa soxi x 6 BT<I>FX KEvxdywvov. 
Xeyw Bf], 6 x 1 xal sv svi soxiv ekikeBw. fixllw Ydp duo xou O 
sxaxspcx xAv PT, E<I> xapdXXrjXoc sxl xd sxxoc xou xupou 
)ji£pr) f) O'?, xal ExsCeux'dwoav al ^'0, 0X- Xey^, 6 xi f) 
^'0X EU-dEld EOXIV. exeI y“P 'H ©n dxpov xal )X£oov Xoyov 
x£x)jir)xai xaxd x 6 T, xal x 6 )Ji£l^ov auxfjc x(jifj)xd eoxiv -f) FIT, 
EOXIV dpa Ac -f) 0n -ncpoc xf)v FIT, ouxwc f) FIT xpoc xf)v 


E M F 



Let two planes of the aforementioned cube [Prop. 
13.15], ABCD and CBEF, (which are) at right-angles 
to one another, be laid out. And let the sides AB, BC, 
CD, DA, EF, EB, and EC have each been cut in half at 
points G, H, K, L, M, N, and O (respectively). And let 
GK, HL, MB, and NO have been joined. And let NP, 
PO, and HQ have each been cut in extreme and mean 
ratio at points R, S, and T (respectively). And let their 
greater pieces be RP, PS, and TQ (respectively). And 
let RU, SV, and TW have been set up on the exterior 
side of the cube, at points R, S, and T (respectively), at 
right-angles to the planes of the cube. And let them be 
made equal to RP, PS, and TQ. And let UB, BW, WC, 
CV, and VU have been joined. 

I say that the pentagon UBWCV is equilateral, and 
in one plane, and, further, equiangular. For let RB, SB, 
and VB have been joined. And since the straight-line NP 
has been cut in extreme and mean ratio at R, and RP is 
the greater piece, the (sum of the squares) on PN and 
NR is thus three times the (square) on RP [Prop. 13.4]. 
And PN (is) equal to NB, and PR to RU. Thus, the 
(sum of the squares) on BN and NR is three times the 
(square) on RU. And the (square) on BR is equal to 
the (sum of the squares) on BN and NR [Prop. 1.47]. 
Thus, the (square) on BR is three times the (square) on 
RU. Hence, the (sum of the squares) on BR and RU 
is four times the (square) on RU. And the (square) on 
BU is equal to the (sum of the squares) on BR and RU 
[Prop. 1.47]. Thus, the (square) on BU is four times the 
(square) on UR. Thus, BU is double RU. And VU is also 
double UR, inasmuch as SR is also double PR —that is 
to say, RU. Thus, BU (is) equal to UV. So, similarly, it 
can be shown that each of BW, WC, CV is equal to each 
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T0. larj 5s fj ^sv 011 xfj 00, f] 5s IIT sxaxspa tGv TX, 
O']/- saTLv apa (5<; f) 00 Tipoi; Tf]v outwc f) XT npog 
Tf]v T0. xai saxL 7iapdXXr]Xoi; f] pisv 00 xfj TX- sxaxspa 
ydp auTWv xw BA E7ii.7is5a) xpoc; op-ddc saxiv f] 5s T0 xfj 
O']/- sxaxspa ydp aOxAv xA BZ S7i;i7i;e5w Tipoc; op-ddc; saxiv. 
sdv 5 e 5uo xpiywva auvxs'dfj xaxd (iiav ywviav, uiq xd ^'00, 
0TX, xdc; 5uo xXsupdt; xaTc; 5uviv dvdXoyov sxovxa, waxs 
Tac, by-dkoYouQ aOxwv KXsupdt; xai 7iapaXXr]Xouc; sTvai, at 
Xoixa'i Eu-dslai. en’ su-OsLac; saovxai.- ek’ sO-dsiac dpa saxlv 
^"0 xfj 0X. Tiaaa 5 e su-dsla sv ev[ saxiv E7i;i7i;E5cp- sv svi dpa 
ETii.7iE5a) saxl x6 TBXr<I> xsvxdywvov. 

Asyw 5f], 0X1. xai iaoyAvi.6v saxiv. 

’Ekei ydp sO-dsIa ypapi(if] f] NO dxpov xai (isaov Xoyov 
xExpirjxai xaxd x6 P, xai x6 pisT^ov xpi-fjiid saxiv -f) OP [saxiv 
dpa cdz auva^cpoxspoi; f] NO, OP Tipoc xfjv ON, ouxwc f) 
NO Tipoc xfjv OP], larj 5e fj OP xfj OE [saxiv dpa Ac f) EN 
Tipoc xf)v NO, ouxoc f) NO Tipoc ifiv OE], fj NE dpa dxpov 
xai pisaov Xoyov xEx(jr]xai xaxd x6 O, xai x6 (jeT^ov x^x-rjiid 
saxiv f] NO- xd dpa aTio xAv NE, EO xpiTiXdaid saxi xoO 
dTio xfjc NO. larj 5e fj pisv NO xfj NB, f] 5e OE xfj E<I)- xd 
dpa aTio xAv NE, E<I> xsxpdywva xpiTiXdaid saxi xou diio 
xfjc NB- Aaxs xd duo xAv <I>E, EN, NB xsxpaxXdaid saxi 
xoD duo xfjc NB. xoTc 5e diio xAv EN, NB laov saxi x6 aTio 
xfjc EB- xd dpa aTio xAv BE, E<I>, xouxsaxi x6 diio xfjc B<I> 
[op-df] ydp f] UTio <I)EB ywvia], xsxpaxXdaiov saxi xou aTio 
xfjc NB- 5iTiXfj dpa saxiv f] <I>B xfjc BN. saxi 5e xai f) BP 
xfjc BN 5iTiXfj- lar) dpa saxiv f] B<I) xfj BP. xai etieI 5uo at 
BT, T<1> 5ual xdic BX, XP laai siaiv, xai pdaic f) B<I> pdasi 
xfj BP larj, ywvia dpa f] Otio BT<I> ywvia xfj Otio BXP saxiv 
lar]. 6(ioiwc 5f] 5e[^o(jev, 6xi xai f] utio T<I>r ywviaiar) saxi 
xfj UTIO BXP- al dpa utio BXP, BT<I>, T<J>r xpsTc ywviai 
laai dXX-fjXaic siaiv. sdv 5e xsvxayAvou laoTiXsupou al xpsTc 
ywviai laai dXXf]Xaic Saiv, laoyAviov saxai x6 Tisvxdywvov- 
laoyAviov dpa saxi x6 BT<I>rX xsvxdywvov. E5E[x'd-r) 5e xai 
laoTiXsupov- x6 dpa BT<I>rX xsvxdywvov laoTiXsupov saxi 
xai iaoyAviov, xai saxiv etiI (iiac xou xOpou TiXsupac xfjc 
BP. sdv dpa scp’ sxdaxrjc xAv xou xOpou 5A5Exa TiXsupAv 
xd auxd xaxaaxEudao(jLEv, auaxa-d-fjoExai xi axfj^ia axspsov 
UTIO 5A5Exa TisvxayAvwv laoTiXsupwv xs xai laoywviwv tie- 
piExotxEvov, 6 xaXsTxai 5w5ExdE5pov. 

As! 5f] auxo xai acpaipa nspiXapsTv xfj 5o'dEiar] xai 5 e'i5oii, 
6x1 -f) xou 5o5ExaE5pou TiXsupd dXoyoc saxiv f] xaXou(jLEv-r) 

dTIOXO(if]. 

’ExpspXfja'dw ydp f] 'EO, xai saxw f] 'EO- au^pdXXsi dpa 
f] 00 xfj xou xupou 5iapiExpa), xai 5[xa xE(ivouaiv dXXf]Xac- 
xouxo ydp 5E5Eixxai sv xA TiapaxsXsuxfc) -dEwp-fjiiaxi xou 
Ev5Exdxou pipXiou. xE^vExwaav xaxd x6 O- x6 O dpa 
XEvxpov saxi xfjc acpaipac xfjc TispiXapipavouarjc tov xOpov, 
xai f] 00 fj^iasia xfjc TiXsupac xou xupou. etieCeux'Ow 5f] f) 
TO. xai ETisl su-dsTa ypatx(if] f] NE dxpov xai (jsaov Xoyov 
xExpi-r)xai xaxd x6 O, xai x6 pisT^ov auxfjc x^xfjiid saxiv -f) NO, 


of BU and UV. Thus, pentagon BUVCW is equilateral. 
So, I say that it is also in one plane. For let PX have 
been drawn from P, parallel to each of RU and SV, on 
the exterior side of the cube. And let XH and HW have 
been joined. I say that XHW is a straight-line. For since 
HQ has been cut in extreme and mean ratio at T, and 
QT is its greater piece, thus as HQ is to QT, so QT (is) 
to TH. And HQ (is) equal to HP, and QT to each of 
TW and PX. Thus, as HP is to PX, so WT (is) to 
TH. And HP is parallel to TW. For of each of them is 
at right-angles to the plane BD [Prop. 11.6]. And TH 
(is parallel) to PX. For each of them is at right-angles 
to the plane BF [Prop. 11.6]. And if two triangles, like 
XPH and HTW, having two sides proportional to two 
sides, are placed together at a single angle such that their 
corresponding sides are also parallel then the remaining 
sides will be straight-on (to one another) [Prop. 6.32]. 
Thus, XH is straight-on to HW. And every straight-line 
is in one plane [Prop. 11.1]. Thus, pentagon UBWCV is 
in one plane. 

So, I say that it is also equiangular. 

For since the straight-line NP has been cut in extreme 
and mean ratio at R, and PR is the greater piece [thus as 
the sum of NP and PR is to PN, so NP (is) to PR], and 
PR (is) equal to PS [thus as SN is to NP, so NP (is) to 
F5], NS has thus also been cut in extreme and mean 
ratio at P, and NP is the greater piece [Prop. 13.5]. 
Thus, the (sum of the squares) on AS' and SP is three 
times the (square) on NP [Prop. 13.4]. And NP (is) 
equal to NB, and PS to SV. Thus, the (sum of the) 
squares on NS and SV is three times the (square) on 
NB. Hence, the (sum of the squares) on VS, SN, and 
NB is four times the (square) on NB. And the (square) 
on SB is equal to the (sum of the squares) on SN and 
NB [Prop. 1.47]. Thus, the (sum of the squares) on BS 
and SV —that is to say, the (square) on BV [for angle 
VSB (is) a right-angle]—is four times the (square) on 
NB [Def. 11.3, Prop. 1.47]. Thus, Hi? is double BN. 
And BC (is) also double BN. Thus, BV is equal to BC. 
And since the two (straight-lines) BU and UV are equal 
to the two (straight-lines) BW and WC (respectively), 
and the base BV (is) equal to the base BC, angle BUV 
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we 
can show that angle UVC is equal to angle BWC. Thus, 
the three angles BWC, BUV, and UVC are equal to one 
another. And if three angles of an equilateral pentagon 
are equal to one another then the pentagon is equiangu¬ 
lar [Prop. 13.7]. Thus, pentagon BUVCW is equiangu¬ 
lar. And it was also shown (to be) equilateral. Thus, pen¬ 
tagon BUVCW is equilateral and equiangular, and it is 
on one of the sides, BC, of the cube. Thus, if we make the 
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xa apa (xko tCSv NS, SO xpiTiXaaia eaxi. xoO duo xfji; NO. 
laT) 6e f] ytev NS xfj e7i;£i6r]7i£p xai f] ytev NO xfj 00 
£axLv far), f) §£ 'I'O xfj OS. dXXd ^f]v xal fj OS xfj ^'T, Exd 
xal xfj PO' xd dpa dxo xwv 'I'T xpi7i;Xdai.d Eaxi. xoO dxo 
xfjc NO. xoTc; Se dxo xwv O']/, 'PT laov saxl x6 dxo xfjc; TO- 
x6 dpa dxo xfjc; TO xpixXdaiov saxi xoD dxo xfjc; NO. saxi 
5£ xal f) EX xoO XEvxpou xfjc; acpaipac; xfjc; xEpiXajiPavouarjc; 
xov xOpov 5uvdpi£i. xpixXaaiwv xfjc; f)(iia£iac; xfjc; xoO x6pou 
xXEupac;- xpoBESEixxai y«P xupov auaxf]aaa'dai. xal acpalpcx 
xEpiXapElv xal SEl^ai, oxi. f] xfjc; acpaipai; 6id(j£xpoc; BuvdpiEi. 
xpLxXaaiwv saxi xfjc; xXEupac; xoO xupou. eI Be oXt) xfjc; oXrjc;, 
xal [fj] fjpilaELa xfj? fipiiaEiac;- xai soxiv f) NO fj^iaEia xfj? xoO 
xOpou xXEupdi;- f) dpa TO larj saxi xfj ex xoO xsvxpou xfjc; 
acpalpac; xfj? KEpiXapipavouarjc; xov xupov. xal saxi. x6 O 
XEvxpov xfjc; acpalpac; xfjc; KEpiXapipavouarjc; xov xOpov x6 
T dpa ar]pi£Tov xpoc; xfj ExicpavEicx saxi xfjc; acpalpac;. 6(iola)c; 
8f) BeI^o^iev, 6 x 1 xal sxdaxr] xwv XoixOv ycoviOv xou Bo- 
BExasBpou xpoc xfj ExicpavElcx saxi xfjc; acpalpac;- xEpiElXrjxxai. 
dpa x6 BwBExasBpov xfj Bo-dElar) acpalpcx. 

Asyw Bf], oxi f] xou BwBExasBpou xXEupd dXoyoc; saxiv 
f] xaXoupiEvr] dxoxopifj. 

’EkeI ydp xfjc; NO dxpov xal (isaov Xoyov x£xpir)(i£vr)c; x6 
piEl^ov x(ifjpid saxiv 6 PO, xfjc; Be OS dxpov xal (isaov Xoyov 
xEx^rjpLEvric; x6 pLsI^ov xpifjpid saxiv f] OS, oXrji; dpa xfjc; NS 
dxpov xal pisaov Xoyov x£(ivo(i£vr)c; x6 (iEl^ov xpifj(id saxiv f) 
PS. [oTov exeI saxiv oc; f] NO xp6(; xf]v OP, f) OP xpo? xf]v 
PN, xal xd BixXdaia- xd ydp (/epr) xoTc; ladxii; xoXXaxXaaloic; 
xov auxov £)(£i Xoyov- (be; dpa f] NS xpoc xf)v PS, ouxwc; f) 
PS xpoc; auvapicpoxEpov xf]v NP, SS. pisl^wv Be f) NS xfjc; 
PS- pisl^cov dpa xal f] PS auvapicpoxspou xfjc; NP, SS- f] NS 
dpa dxpov xal pisaov Xoyov xsxpirjxai, xal x6 pisT^ov auxfjc; 
xpifjpid saxiv f) PS.] lar) Be f] PS xfj T<1>- xfj? dpa NS dxpov 
xal pisaov Xoyov x£^vopi£vr]c; x6 (iEl^ov xpifj(id saxiv f) T(I>. 
xal ekeI pr]xf] saxiv xfjc; acpalpac; Bid(j£xpo(; xal saxi BuvdpiEi 
xpixXaalcov xfjc; xou xupou xXsupdc;, pr]xf) dpa saxiv f] NS 
xXsupd ouaa xou xupou. sdv Be pr]xf] ypapi(jf) dxpov xal 
piEaov Xoyov x(ir]'dfj, sxdxspov xOv xpir)(idxov dXoyoc; saxiv 
dxoxo(if]. 

'H T$ dpa xXsupd ouaa xou BcoBExasBpou dXoyoi; saxiv 
dxoxo(if]. 


same construction on each of the twelve sides of the cube 
then some solid figure contained by twelve equilateral 
and equiangular pentagons will have been constructed, 
which is called a dodecahedron. 

So, it is necessary to enclose it in the given sphere, 
and to show that the side of the dodecahedron is that 
irrational (straight-line) called an apotome. 

For let XP have been produced, and let (the produced 
straight-line) he XZ. Thus, PZ meets the diameter of the 
cube, and they cut one another in half. For, this has been 
proved in the penultimate theorem of the eleventh book 
[Prop. 11.38]. Let them cut (one another) at Z. Thus, 
Z is the center of the sphere enclosing the cube, and ZP 
(is) half the side of the cube. So, let UZ have been joined. 
And since the straight-line NS has been cut in extreme 
and mean ratio at P, and its greater piece is NP, the 
(sum of the squares) on NS' and SP is thus three times 
the (square) on NP [Prop. 13.4]. And NS (is) equal to 
XZ, inasmuch as NP is also equal to PZ, and NP to 
PS. But, indeed, PS (is) also (equal) to XU, since (it 
is) also (equal) to RP. Thus, the (sum of the squares) 
on ZX and XU is three times the (square) on NP. And 
the (square) on PZ is equal to the (sum of the squares) 
on ZN and XU [Prop. 1.47]. Thus, the (square) on PZ 
is three times the (square) on NP. And the square on 
the radius of the sphere enclosing the cube is also three 
times the (square) on half the side of the cube. For it 
has previously been demonstrated (how to) construct the 
cube, and to enclose (it) in a sphere, and to show that 
the square on the diameter of the sphere is three times 
the (square) on the side of the cube [Prop. 13.15]. And 
if the (square on the) whole (is three times) the (square 
on the) whole, then the (square on the) half (is) also 
(three times) the (square on the) half. And NP is half 
of the side of the cube. Thus, PZ is equal to the radius 
of the sphere enclosing the cube. And Z is the center of 
the sphere enclosing the cube. Thus, point P is on the 
surface of the sphere. So, similarly, we can show that 
each of the remaining angles of the dodecahedron is also 
on the surface of the sphere. Thus, the dodecahedron has 
been enclosed by the given sphere. 

So, I say that the side of the dodecahedron is that 
irrational straight-line called an apotome. 

For since RP is the greater piece of NP, which has 
been cut in extreme and mean ratio, and PS is the 
greater piece of PO, which has been cut in extreme and 
mean ratio, RS is thus the greater piece of the whole 
of NO, which has been cut in extreme and mean ratio. 
[Thus, since as NP is to PR, (so) PR (is) to RN, and 
(the same is also true) of the doubles. For parts have the 
same ratio as similar multiples (taken in corresponding 
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order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is) 
to the sum of NR and SO. And NO (is) greater than 
RS. Thus, RS (is) also greater than the sum oi NR and 
SO [Prop. 5.14]. Thus, NO has been cut in extreme and 
mean ratio, and RS is its greater piece.] And RS (is) 
equal to UV. Thus, UV is the greater piece of NO, which 
has been cut in extreme and mean ratio. And since the 
diameter of the sphere is rational, and the square on it 
is three times the (square) on the side of the cube, NO, 
which is the side of the cube, is thus rational. And if 
a rational (straight)-line is cut in extreme and mean ra¬ 
tio then each of the pieces is the irrational (straight-line 
called) an apotome. 

Thus, UV, which is the side of the dodecahedron, 
is the irrational (straight-line called) an apotome [Prop. 
13.6]. 


n6pia[Jia. 

’Ex 5f) TouTou (pavepov, oti Tfjc; toO xu^ou xXcupac; 
axpov xal peaov Xoyov Tepvopevrjc; to pei^ov xpfjpd eaxiv 
f) xoO 5w5sxa£6pou TiXsupd. oxcp ebci 


Corollary 

So, (it is) clear, from this, that the side of the dodeca¬ 
hedron is the greater piece of the side of the cube, when 
it is cut in extreme and mean ratio.! (which is) the very 
thing it was required to show. 


t If the radius of the circumscribed sphere is unity then the side of the cube is ^4/3, and the side of the dodecahedron is (1/3) ( VTE — \/3). 


IT)'. 

Tdc; TtXsupdc; xwv ttsvxe ayrjpdxwv exOsadai. xai auyxpTv- 
ai itpoc dXXr)Xa<;. 

H 



’Exxda'dw f] xfji; 6o'deiar](; acpaipai; Bidpsxpoi; f) AB, xocl 
xexpf]aO(u xaxd x6 T waxe ’(arjv elvai xrjv AT xfj TB, xaxd 5e 
x6 A waxe BiitXaaiova elvcti xrjv A A xfjc; AB, xal 
eitl xfjc; AB fjpixuxXiov x6 AEB, xal dno xwv T, A xfj AB 
itpoc; opOdc; fjxOwaav al TE, AZ, xal eite^euxllwaav ai AZ, 
ZB, EB. xal eitel BiTtXfj eaxiv fj A A xfjc; AB, xpinXfj dpa 
eaxiv f) AB xfjc; BA. dvaaxpc(|iavxi fjpioXia dpa eaxiv f) BA 
xfj? AA. cdc, 6e f] BA xpoc; xf]v AA, ouxwc; x6 dito xfj? BA 


Proposition 18 

To set out the sides of the five (aforementioned) fig¬ 
ures, and to compare (them) with one another.! 


G 



Let the diameter, AB, of the given sphere be laid out. 
And let it have been cut at C, such that AC is equal to 
CB, and at D, such that AD is double DB. And let the 
semi-circle AEB have been drawn on AB. And let CE 
and DE have been drawn from C and D (respectively), 
at right-angles to AB. And let AE, FB, and EB have 
been joined. And since AD is double DB, AB is thus 
triple BD. Thus, via conversion, BA is one and a half 
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npog TO dTio Tfji; AZ- taoywviov ydp eoTi to AZB Tpiywvov 
T« AZA TpLyovfc)' f)(Ji6Xi.ov dpa eotI to (xko Tf)<; BA toO (xko 
T fjc; AZ. eoTi Be xal f) Tfjc acpaipai; 6id(jeTpo<; 6uvd(jei f)(iioX[a 
Tfjc; KXeupat; Tfjc nupa^JiLBoc. xa[ eoTiv f) AB fj Tfjc acpaipac 
8i.d^8Tpoc' AZ dpa far) eoTl Tfj xXeupa Tfjc xupap.iBoc- 

IlaXiv, exel BixXaaiov faTlv f) AA Tfjc AB, TpixXfj dpa 
eoTlv f) AB Tfjc BA. Ac Be AB xpoc Tf)v BA, outwc to 
dxo Tfjc AB xpoc TO (XTio Tfjc BZ- TpLxXdaiov dpa eoTi to 
dxo Tfjc AB toO dxo Tfjc BZ. eoTi Be xal fj Tfjc acpaipac 
BidjieTpoc Buvdjiei TpixXaafav Tfjc tou xOpou xXeupdc. xai 
coTiv f) AB f) Tfjc acpaipac Bid^eTpoc BZ dpa tou xOpou 
caTi xXeupd. 

Kai exei far) eaTiv f) AF Tfj FB, BixXfj dpa eaTlv f) AB 
Tfjc BF. Ac Be f) AB xpoc Tf)v BF, outwc to cxtio Tfjc AB 
xpoc TO dxo Tfjc BE- BixXdaiov dpa eaTl to duo Tfjc AB tou 
dxo Tfjc BE. eaTl Be xal f) Tfjc acpaipac BidjieTpoc Buvdjrei 
BixXaaiwv Tfjc tou oxTaeBpou TiXeupdc- xal eaTiv f) AB f) 
Tfjc Bof)efar)c acpaipac BidjieTpoc f ] BE dpa tou oxTaeBpou 
eaTl xXeupd. 

’'Hx'dw Bf) dxo TOU A arjjieiou Tfj AB euileicx xpoc op-ddc 
f) AH, xal xeia-dw f) AH far) Tfj AB, xal exe^euxiSw f) HF, 
xal dxo TOU 0 exl Tf)v AB xd-deToc ©K. xal exel 

BixXfj eaTiv f) HA Tfjc AF- far) ydp f) HA Tfj AB- Ac Be f) 
HA xpoc Tf)v AF, ouTWc 0K xpoc Tf)v KF, BixXfj dpa 
xal f) 0K Tfjc KF. TeTpaxXdaiov dpa eaTl to dxo Tfjc 0K 
TOU dxo Tfjc KF- Ta dpa dxo tAv 0K, KF, oxep eaxl to 
dxo Tfjc 0F, xevTaxXdaiov caTi tou dxo Tfjc KF. far) Be 
f) 0F Tfj FB- xevTaxXdaiov dpa caAi to dxo Tfjc BF tou 
dxo Tfjc FK. xal exel BixXfj caxiv f) AB Tfjc FB, Av f) 
AA Tfjc AB eaTl BixXfj, Xoixf) dpa f) BA Xoixfjc Tfjc AF 
eaTl BixXfj. xpixXfj dpa f) BF Tfjc FA- evvaxXdaiov dpa 
TO dxo Tfjc BF TOU dxo Tfjc FA. xevTaxXdaiov Be to dxo 
Tfjc BF TOU dxo Tfjc FK- jiel^ov dpa to dxo Tfjc FK tou 
dxo Tfjc FA. jieiJ^wv dpa eaAiv f) FK Tfjc FA. xefa-dco Tfj 
FK far) f) FA, xal dxo tou A Tfj AB xpoc op-ddc 
AM, xal exe^eux-dw f) MB. xal exel xevxaxXdaiov caxi to 
dxo Tfjc BF TOU dxo Tfjc FK, xai eaTi Tfjc Jiev BF BixXfj 
f) AB, Tfjc Be FK BixXfj f) KA, xevxaxXdaiov dpa eaxl to 
dxo Tfjc AB TOU dxo Tfjc KA. eaTi Be xal f) Tfjc acpaipac 
BidjieTpoc Buvdjiei xevTaxXaaicov Tfjc ex tou xcvTpou tou 
xuxXou, dcp’ ou TO eixoadeBpov dvaycypaxTai. xai eaTiv f) 
AB f) Tfjc acpaipac BidjieTpoc- f) KA dpa ex tou xcvTpou 
eaTl TOU xuxXou, dcp’ ou to eixoadeBpov dvaycypaxTai- 
f) KA dpa e^ayAvou eaAi xXeupd tou eiprjjievou xuxXou. 
xal exel f) Tfjc acpaipac BidjieTpoc auyxeiTai ex Te Tfjc tou 
c^ayAvou xal Buo tAv tou BexayAvou tAv eic tov eiprjjievov 
xuxXov eyypacpojievwv, xai eaTiv f) jiev AB f) Tfjc acpaipac 
BidjieTpoc, Be KA e^ayAvou xXeupd, xal ’far) f) AK Tfj 
AB, cxaTcpa dpa tAv AK, AB BexayAvou sot\ xXeupd 
TOU eyypacpojievou e’lc tov xuxXov, dcp’ o5 to eixoadeBpov 
dvayeypaxTai. xal exel BexayAvou jiev f) AB, e^ayAvou 


times AD. And as BA (is) to AD, so the (square) on 
BA (is) to the (square) on AF [Def. 5.9]. For triangle 
AFB is equiangular to triangle AFD [Prop. 6.8]. Thus, 
the (square) on BA is one and a half times the (square) 
on AF. And the square on the diameter of the sphere is 
also one and a half times the (square) on the side of the 
P 3 n:amid [Prop. 13.13]. And AB is the diameter of the 
sphere. Thus, AF is equal to the side of the p 3 n:amid. 

Again, since AD is double DB, AB is thus triple BD. 
And as AB (is) to BD, so the (square) on AB (is) to the 
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is three times the (square) on BF. And the square 
on the diameter of the sphere is also three times the 
(square) on the side of the cube [Prop. 13.15]. And AB 
is the diameter of the sphere. Thus, BF is the side of the 
cube. 

And since AC is equal to CB, AB is thus double BC. 
And as AB (is) to BC, so the (square) on AB (is) to the 
(square) on BE [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is double the (square) on BE. And the square 
on the diameter of the sphere is also double the (square) 
on the side of the octagon [Prop. 13.14]. And AB is the 
diameter of the given sphere. Thus, HE is the side of the 
octagon. 

So let AG have been drawn from point A at right- 
angles to the straight-line AB. And let AG be made equal 
to AB. And let GC have been joined. And let HK have 
been drawn from FI, perpendicular to AB. And since GA 
is double AC. For GA (is) equal to AB. And as GA (is) 
to AC, so FIK (is) to ATC [Prop. 6.4]. HK (is) thus also 
double KG. Thus, the (square) on HK is four times the 
(square) on KG. Thus, the (sum of the squares) on HK 
and KC, which is the (square) on HC [Prop. 1.47], is 
five times the (square) on KC. And HC (is) equal to CB. 
Thus, the (square) on BC (is) five times the (square) on 

CK. And since AB is double CB, of which AD is double 

DB, the remainder BD is thus double the remainder DC. 
BC (is) thus triple CD. The (square) on BC (is) thus 
nine times the (square) on CD. And the (square) on HC 
(is) five times the (square) on CK. Thus, the (square) 
on CK (is) greater than the (square) on CD. CK is thus 
greater than CD. Let CL be made equal to CK. And 
let LM have been drawn from L at right-angles to AB. 
And let MB have been joined. And since the (square) on 
HC is five times the (square) on CK, and AB is double 
HC, and KL double CK, the (square) on AB is thus five 
times the (square) on KL. And the square on the diam¬ 
eter of the sphere is also five times the (square) on the 
radius of the circle from which the icosahedron has been 
described [Prop. 13.16 corn]. And AB is the diameter 
of the sphere. Thus, KL is the radius of the circle from 
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5s T) MA- lar) ydp saxi xfj KA, enel xal xf) 0K- Xaov ydp 
dxexouaiv axo xoD xsvxpou- xa[ eaxiv sxaxspa xSv 0K, 
KA BmXaaiwv xfji; KF' xsvxaywvou dpa saxlv fj MB. f) 5s 
xoO Ksvxaywvou saxlv fj xoO sixoaaE5pou' stxoaas5pou dpa 
saxlv f) MB. 

Kal ETisl f) ZB xupou saxl xXsupd, xsxptr^aiLla) dxpov xal 
[isaov Xoyov xaxd x6 N, xal saxto pisl^ov xpifijia x6 NB- rj 
NB dpa 5o5ExaE5pou saxl xXsupd. 

Kal Exsl f) xfjc acpalpac 5id(iExpo<; E5E[x'dr) xfjc; (jsv 
AZ xXsupdi; xfjc 7i;upa(i(5oi; 5uvdpiEi. f)(iioX[a, xfji; 5e xoO 
6xxaE5pou xfji; BE 5uvdpLEi 5i7i;Xaa[wv, xfj; 5e xoO xOpou xfj; 
ZB 5uvd[iEi xpixXaaicov, oiwv dpa f) xfj; acpaipa; Sidpisxpo; 
5uvdpiEi. E^, xoiouxwv f] piEv xfj; 7i:upapi[5o; xsaadpwv, f] 5e 
xou oxxasSpou xpiCiv, fj 6e xoO xOpou 6uo. f) [isv dpa xfj; 
■n:upapi[5o; xXEupd xfj; (isv xou 6xxaE5pou KXsupa; 5uvd[iEi 
saxlv ETilxpixo;, xfj; 5e xou xOpou 5uvdpiEi. 5i7i;Xfj, f] 5e xou 
6xxaE5pou xfj; xou xOpou 5uvdptEL f]piLoXia. ai pisv ouv 
Elpri(iEvai xOv xpiwv axTi(idxtov nXEupai, Xsyw Sf) iiupa(i(5o; 
xal 6xxaE5pou xal xupou, xpo; dXXfjXa; slalv sv Xoyoi; 
prjxoT;. at 5e Xoixal 5uo, Xsyw 5f] fj xs xou ElxoaaE5pou 
xal f] xou 5w5ExaE5pou, ouxs xpo; dXXf]Xa; ouxs xpo; xd; 
7 ipoEipr]piEva; sialv sv Xoyoi.; prjxoT;- dXoyoi. ydp siaiv, f] (isv 
sXdxxov, f] 5e d7ioxo(if]. 

"0x1 pLEi^wv saxlv f] xou EixoaaE5pou xXsupd f] MB xfj; 
xou 5w5ExaE5pou xfj; NB, 5Ei5opiEv ouxw;. 

’EkeI ydp laoyoviov saxi. x6 ZAB xplywvov xw ZAB 
xpiyAvo), dvdXoyov saxiv A; f] AB Tipo; xf]v BZ, ouxw; 
f] BZ xpo; xf)v BA. xal ekeI xpsT; suDsTai dvdXoyov slaiv, 
saxiv A; f) xpAxr) xpo; xf)v xplxrjv, ouxw; x6 dxo xfj; xpAxr]; 
Tipo; x6 dxo xfj; dsuxspa;- saxiv dpa A; f] AB Tipo; xf)v BA, 
ouxw; x6 dxo xfj; AB xpo; x6 dxo xfj; BZ- dvdxaXiv dpa 
A; f] AB Tipo; xf)v BA, ouxw; x6 diio xfj; ZB Tipo; x6 duo 
xfj; BA. xpiTiXfj 5e -f) AB xfj; BA- xpiTiXdaiov dpa x6 duo 
xfj; ZB xou duo xfj; BA. saxi 5e xal x6 diio xfj; AA xou 
dTio xfj; AB xsxpaTiXdaiov- 5iTiXfj ydp -f) AA xfj; AB- (jeT^ov 
dpa x6 dTio xfj; A A xou diio xfj; ZB- (isi^ov dpa f] A A xfj; 
ZB- tioXXA dpa f) AA xfj; ZB pisl^wv saxlv. xal xfj; ytev 
AA dxpov xal ptsaov Xoyov xspivopiEvr]; x6 pisT^ov xpifj(jd 
saxiv f] KA, ETiEi5fiTiEp f] piEv AK s^ayAvou saxlv, f] 5e KA 
5ExayAvou- xfj; 5e ZB dxpov xal (Jsaov Xoyov xE(Jvo(JEvr); 
x6 pisTCov xpifjpid saxiv f] NB- pisl^wv dpa f] KA xfj; NB. 
lOY] 5e f) KA xfj AM- pisl^wv dpa f] AM xfj; NB [xfj; 5e 
AM pisl^wv saxlv f] MB]. tioXXA dpa f] MB TiXsupd ouaa 
xou Eixoaasdpou pisl^wv saxl xfj; NB TiXEupd; ouar); xou 
5a)5ExaE5pou- ousp e5ei 5ET^ai. 


■which the icosahedron has been described. Thus, KL is 
(the side) of the hexagon (inscribed) in the aforemen¬ 
tioned circle [Prop. 4.15 corn]. And since the diameter of 
the sphere is composed of (the side) of the hexagon, and 
two of (the sides) of the decagon, inscribed in the afore¬ 
mentioned circle, and AB is the diameter of the sphere, 
and KL the side of the hexagon, and AK (is) equal to 
LB, thus AK and LB are each sides of the decagon in¬ 
scribed in the circle from which the icosahedron has been 
described. And since LB is (the side) of the decagon. 
And ML (is the side) of the hexagon—for (it is) equal to 
KL, since (it is) also (equal) to KK, for they are equally 
far from the center. And KK and KL are each double 
KC. MB is thus (the side) of the pentagon (inscribed 
in the circle) [Props. 13.10, 1.47]. And (the side) of the 
pentagon is (the side) of the icosahedron [Prop. 13.16]. 
Thus, MB is (the side) of the icosahedron. 

And since FB is the side of the cube, let it have been 
cut in extreme and mean ratio at N, and let AS be the 
greater piece. Thus, KB is the side of the dodecahedron 
[Prop. 13.17 corn]. 

And since the (square) on the diameter of the sphere 
was shown (to be) one and a half times the square on the 
side, AF, of the p 3 n:amid, and twice the square on (the 
side), BF, of the octagon, and three times the square 
on (the side), FB, of the cube, thus, of whatever (parts) 
the (square) on the diameter of the sphere (makes) six, 
of such (parts) the (square) on (the side) of the p 3 n:amid 
(makes) four, and (the square) on (the side) of the oc¬ 
tagon three, and (the square) on (the side) of the cube 
two. Thus, the (square) on the side of the pyramid is one 
and a third times the square on the side of the octagon, 
and double the square on (the side) of the cube. And the 
(square) on (the side) of the octahedron is one and a half 
times the square on (the side) of the cube. Therefore, 
the aforementioned sides of the three figures—I mean, of 
the pyramid, and of the octahedron, and of the cube— 
are in rational ratios to one another. And (the sides 
of) the remaining two (figures)—I mean, of the icosahe¬ 
dron, and of the dodecahedron—are neither in rational 
ratios to one another, nor to the (sides) of the aforemen¬ 
tioned (three figures). For they are irrational (straight¬ 
lines): (namely), a minor [Prop. 13.16], and an apotome 
[Prop. 13.17]. 

(And), we can show that the side, MB, of the icosahe¬ 
dron is greater that the (side), NB, or the dodecahedron, 
as follows. 

For, since triangle FDB is equiangular to triangle 
FAB [Prop. 6.8], proportionally, as DB is to BF, so BF 
(is) to BA [Prop. 6.4]. And since three straight-lines are 
(continually) proportional, as the first (is) to the third. 
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so the (square) on the first (is) to the (square) on the 
second [Def. 5.9, Prop. 6.20 corn]. Thus, as DB is to 
BA, so the (square) on DB (is) to the (square) on BF. 
Thus, inversely, as AB (is) to BD, so the (square) on 
FB (is) to the (square) on BD. And AB (is) triple BD. 
Thus, the (square) on FB (is) three times the (square) 
on BD. And the (square) on AD is also four times the 
(square) on DB. For AD (is) double DB. Thus, the 
(square) on AD (is) greater than the (square) on FB. 
Thus, AD (is) greater than FB. Thus, AL is much greater 
than FB. And KL is the greater piece of AL, which is 
cut in extreme and mean ratio—inasmuch as LK is (the 
side) of the hexagon, and KA (the side) of the decagon 
[Prop. 13.9]. And NB is the greater piece of FB, which 
is cut in extreme and mean ratio. Thus, KL (is) greater 
than NB. And KL (is) equal to LM. Thus, LM (is) 
greater than NB [and MB is greater than LM]. Thus, 
MB, which is (the side) of the icosahedron, is much 
greater than NB, which is (the side) of the dodecahe¬ 
dron. (Which is) the very thing it was required to show. 


t If the radius of the given sphere is unity then the sides of the pyramid (t.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron, 
respectively, satisfy the following inequality: y'8/3 > \/2 > y'4/3 > (l/\/5) ^/10 — 2 \/5 > (1/3) (vTS — \/3). 


Asyw 6r], oti napa xa eipripeva itevxe axqpotxa ou au- 
axailqasxai. exspov axfjpa TtcpiExopsvov Otto iaoTtXeuptov xs 
xai iaoywvitov latov dXXfjXoic;. 

'Tito psv ydp 6uo xpiYWvwv f] oXoq eraTteBwv axepsd 
yovia ou auvtaxaxat. Otto 5e xpttov xpiycovov f) xfjc; Ttu- 
papiBoc;, UTto 6e xsaadpcov f) xou oxxaeBpou, 0x6 6s xsvxs 
f) xou sixoaas6pou- 0x6 6e §5 xpiywvcov laoxXEupwv xs 
xai iaoywvitov xp6(; svl arjpEiq) auviaxctpEvtov oOx saxoti 
axspsd ytovia- ouar)<; ydp xfjq xou iaoxXsupou xpiytovou 
yoviaq 8i.po[pou opDfjc; saovxai ai §5 xsaaapaiv opdaTc; laar 
oxsp dBOvaxov dxaaa ydp axspsd ywvta 0x6 sXaaaovwv 
f) xsaadpov opdcov xspsxsxai.. 6id xd aOxd 6f] ou8e 0x6 
xXsiovwv f] §5 ywviwv exi.xe6ov axspsd yovia auvtaxaxai. 
0x6 6e xExpaywvwv xpicov fj xou xOpou yovia xspisxsxac 
0x6 6e xsaadptov d6uvaxov saovxat ydp xdXiv xEaaapsc; 
opDai. 0x6 6e xEvxotyovtov iaoxXEupcov xai iaoytovitov, 0x6 
psv xpicSv f) xou 6o6ExaE8pou' 0x6 6e xsaadpov dBOvaxov 
ouar)<; ydp xfjc; xou xsvxaycOvou iaoxXsupou ytoviaq opilfjc; 
xai xspxxou, saovxai ai xsaaapsq ytoviai xsaadpcov opdcSv 
psi^ouq' oxsp d60vaxov. o06e pf)v 0x6 xoXuytOvcov sxspwv 
axqpdxtov xEpioxs'drjasxai axspsd ycovia 6id x6 aux6 dxo- 
xov. 

Oux dpa xapd xd sipqpEva xevxe ayqpaxa sxspov axfjpa 
axspsdv auaxailqaExai 0x6 iaoxXsOptov xs xai iaoytovitov 
xspiExopEvov oxsp e6ei Bsl^ai- 


So, I say that, beside the five aforementioned figures, 
no other (solid) figure can be constructed (which is) con¬ 
tained by equilateral and equiangular (planes), equal to 
one another. 

For a solid angle cannot be constructed from two tri¬ 
angles, or indeed (two) planes (of any sort) [Def. 11.11]. 
And (the solid angle) of the p 3 n:amid (is constructed) 
from three (equiangular) triangles, and (that) of the oc¬ 
tahedron from four (triangles), and (that) of the icosahe¬ 
dron from (five) triangles. And a solid angle cannot be 
(made) from six equilateral and equiangular triangles set 
up together at one point. For, since the angles of a equi¬ 
lateral triangle are (each) two-thirds of a right-angle, the 
(sum of the) six (plane) angles (containing the solid an¬ 
gle) will be four right-angles. The very thing (is) impos¬ 
sible. For every solid angle is contained by (plane angles 
whose sum is) less than four right-angles [Prop. 11.21]. 
So, for the same (reasons), a solid angle cannot be con¬ 
structed from more than six plane angles (equal to two- 
thirds of a right-angle) either. And the (solid) angle of 
a cube is contained by three squares. And (a solid angle 
contained) by four (squares is) impossible. For, again, the 
(sum of the plane angles containing the solid angle) will 
be four right-angles. And (the solid angle) of a dodec¬ 
ahedron (is contained) by three equilateral and equian¬ 
gular pentagons. And (a solid angle contained) by four 
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"Oti. Se f) Tou laoTiXsupou xal iaoywvbu nevTaycivou 
ywvia op-dr) eaxi. xal nep-XTou, outw Beixteov. 

TilaTa) yap KEvxdywvov laoxXEupov xal laoywviov to 
ABFAE, xal xEpiyEypdtp-dw xEpl auTO xuxXoc 6 ABTAE, 
xal EiXricpda) aOxoD to XEVTpov to Z, xal EXE^EUx-dtoaav al 
ZA, ZB, Zr, ZA, ZE. Biya dpa T£(ivouai Tag xpog Tolg A, 
B, r, A, E TOU TEVTaycovou ycoviag. xal ekeI ai xpog tG Z 
TEVTE ywviai TEaaapoiv op-Oalg laai. Eial xai eIolv laai, )x[a 
dpa auTWv, (bg r) 0x6 AZB, [iiag opdfjg eoti xapd xEjiXTov 
Xoixal dpa al 0x6 ZAB, ABZ )jii.dg eIolv op-dfjg xal x£)jixtou. 
I'aT) 56 t) 0x6 ZAB tt) 0x6 ZBE- xal oXt) dpa t) 0x6 ABE tou 
xEVTaycOvou ycovla [iiag eotiv op-dfjg xal xEjiXTou' oxEp £5ei 
5£l^ai. 


(equiangular pentagons is) impossible. For, the angle of 
an equilateral pentagon being one and one-fifth of right- 
angle, four (such) angles will be greater (in sum) than 
four right-angles. The very thing (is) impossible. And, 
on account of the same absurdity, a solid angle cannot 
be constructed from any other (equiangular) polygonal 
figures either. 

Thus, beside the five aforementioned figures, no other 
solid figure can be constructed (which is) contained by 
equilateral and equiangular (planes). (Which is) the very 
thing it was required to show. 


A 



It can be shown that the angle of an equilateral and 
equiangular pentagon is one and one-fifth of a right- 
angle, as follows. 

For let ABODE be an equilateral and equiangular 
pentagon, and let the circle ABODE have been circum¬ 
scribed about it [Prop. 4.14]. And let its center, E, have 
been found [Prop. 3.1]. And let EA, FB, FO, ED, 
and EE have been joined. Thus, they cut the angles 
of the pentagon in half at (points) A, B, O, D, and E 
[Prop. 1.4]. And since the five angles at F are equal (in 
sum) to four right-angles, and are also equal (to one an¬ 
other), (any) one of them, like AFB, is thus one less a 
fifth of a right-angle. Thus, the (sum of the) remaining 
(angles in triangle ABF), FAB and ABF, is one plus a 
fifth of a right-angle [Prop. 1.32]. And FAB (is) equal 
to FBO. Thus, the whole angle, ABO, of the pentagon 
is also one and one-fifth of a right-angle. (Which is) the 
very thing it was required to show. 


538 




GREEK-ENGLISH LEXICON 


539 



ETOIXEIfiN 


GREEK-ENGLISH LEXIGON 


ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj 
- conjunction; jut - future; gen - genitive; impemt - imperative; 
impf - imperfect; ind - indeclinable; indie - indicative; intr - in¬ 
transitive; mid - middle; neut - neuter; no - noun; par - particle; 
part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - 
verb. 

ayu>, a^co, f^yctYov, : vb, lead, draw (a line). 

txSbvaToc -ov : adj, impossible. 
ae'i : adv, always, for ever. 

aipew, aipriow, e[l]Xov, Bpr]xa, f^pr][tai, fipeDriv : vb, grasp. 
dtiTEW, ahr]ow, r^trioa, BTr]xa, BTfiDri : vb, postulate. 

aiTr][ta -atoc, to : no, postulate. 

axoXouDoc -ov : adj, analogous, consequent on, in conformity 
with. 

axpoc -a -ov : adj, outermost, end, extreme. 
txXXd : conj, but, otherwise. 

SXoyoc -ov : adj, irrational. 

Spa : adv, at once, at the same time, together. 

SppXuytovioc -ov : adj, obtuse-angled; to SppXuytoviov, no, ob¬ 
tuse angle. 

SppXbc -eia -6 : adj, obtuse. 

SpcpoTepoc -a -ov : pro, both. 

SvaypScpco : vb, describe (a figure); see ypScpco. 

SvaXoyia, f] : no, proportion, (geometric) progression. 
SvSXoYoc; -ov : adj, proportional. 

SvaTtaXiv : adv, inverse(ly). 
avaTtXripow : vb, fill up. 

SvaoTpeepw : vb, turn upside down, convert (ratio); see oTpeepw. 
SvaoTpoepT], f] : no, turning upside down, conversion (of ratio). 
SvDucpaipeco : vb, take away in turn; see aipeco. 

SvioTTipi : vb, set up; see loTripi. 

Sviooc -ov : adj, unequal, uneven. 

SvTiTtSoxw : vb, be reciprocally proportional; see tiSoxw. 

S^cov -ovoc, 6 : vb, axis. 

Stta^ : adv, once. 

anaa, amaaa, amav : adj, quite all, the whole. 

Sneipoc -ov : adj, infinite. 

SttevavTiov : ind, opposite. 

Snexto : vb, be far from, be away from; see ex^- 
StiXaTTic; -ec : adj, without breadth. 

STtobei^ic -ewe, f] : no, proof. 

STtoxaDioTTipi : vb, re-establish, restore; see ioTr]pi. 

STtoXappSvw : vb, take from, subtract from, cut off from; see 
XappSvw. 

STtoTepvw : vb, cut off, subtend. 

OTOTpripa -aToc, to : no, piece cut off, segment. 

OTOTopr], f] : vb, piece cut off, apotome. 


Stitw, —j — : vb, touch, join, meet. 

OTWTepoc -a -ov : adj, further off. 

Spa : par, thus, as it seems (inferential). 

apiDpoc, 6 : no, number. 

apTidxie : adv, an even number of times. 

apTioTtXeupoc -ov : adj, having a even number of sides. 

apxw, ap^w, i^pSa, '^PYltcfi, '^px'^h'' • vb, rule; mid., be¬ 

gin. 

aobppeTpoc -ov : adj, incommensurable. 
aobpTtTWToc -ov : adj, not touching, not meeting. 
apTioc -a -ov : adj, even, perfect. 
aTpriToc -ov : adj, uncut. 

Stotioc -ov : adj, absurd, paradoxical. 
auToOev : adv, immediately, obviously. 

acpaipew : vb, take from, subtract from, cut off from; see aipeco. 
aepT], f] : no, point of contact. 
pdOoc -eoc, TO : no, depth, height. 

Paivco, -p-qoopai, -epr]v, peprixa, —, — : vb, walk; perf, stand 
(of angle). 

pdXXco, paXco, ipaXov, pepXrixa, pepXripai, epX'q'ftriv : vb, throw, 
pdaic -ecoc, r] : no, base (of a triangle), 
ydp : conj, for (explanatory). 

Yi[Y]vopai, Yevr]oopai, eYev6pr]v, yeyova, Yeyevripai, — : vb, 
happen, become. 

yvebpeov -ovoc, T] : no, gnomon. 

Ypeeppr], T] : no, line. 

Ypdepco, Ypdcjico, eYpa[c];/(p]a, yeYpcccpcc, yeYpccppai, epac];dpir]v : vb, 
draw (a figure). 

ycovia, f : no, angle. 

5ei : vb, be necessary; 8ei, it is necessary; e5ei, it was necassary; 
5eov, being necessary. 

Seixvupi, Sei^co, eSei^a, 5e5eixo(, SeSeiypoci, eSeixOtlv : vb, show, 
demonstrate. 

SeiXTeov : ind, one must show. 

5ei5ic -ecoc, f] : no, proof. 

Sexaycbvoc -ov : adj, ten-sided; to Sexaycovov, no, decagon. 

8exopai, Be^opai, e8e5dpr]v, —, SeSeypai, eSexOTlv : vb, receive, 
accept. 

St] : conj, so (explanatory). 

SrjXaSr] : ind, quite clear, manifest. 

SijXoc -t] -ov : adj, clear. 

SrjXovoTi : adv, manifestly. 

Sidyco : vb, carry over, draw through, draw across; see ayco. 
Siaycbvioc -ov : adj, diagonal. 

SiaXeiTtco : vb, leave an interval between. 

SidpeTpoc -ov : adj, diametrical; f] SidpeTpoc, no, diameter, di¬ 
agonal. 

8iaipeoic -ecoc, f] : no, division, separation. 
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Siaipeco : vb, divide (in two); SiapeOevToc -r] -ov, adj, separated 
(ratio); see aipew. 

8iaoTr][ra -aToc, to : no, radius. 

Siacpepco : vb, differ; see cpepco. 

SiScopi, Scoaco, eScoxa, SeScoxa, SeSopai, e56i[)r]v : vb, give. 
Sipoipoc -ov : adj, two-thirds. 

SiTtXaoitx^w : vb, double. 

SiTtXdaioc -a -ov : adj, double, twofold. 

SiTtXaaicov -ov : adj, double, twofold. 

SiTtXoOc -i^ -oOv : adj, double. 

Sic : adv, twice. 

Si/cf : adv, in two, in half 
Si/opopia, T] : no, point of bisection. 

5udc -d5oc, f] : no, the number two, dyad. 

56vapai : vb, be able, be capable, generate, square, be when 
squared; Buvapevr], r], no, square-root (of area)— i.e., strai¬ 
ght-line whose square is equal to a given area. 

56vapic -ecoc, f] : no, power (usually 2nd power when used in 
mathematical sence, hence), square. 

Suvaxoc -f] -ov : adj, possible. 

8w8exde8poc -ov : adj, twelve-sided. 

eauToO -i^c -oO : adj, of him/her/it/self, his/her/its/own. 

eyyiuiv -ov : adj, nearer, nearest. 

EYYpacpw : vb, inscribe; see Ypdcpw. 
ei8oc -eoc, to : no, figure, form, shape. 
eixoooteSpoc -ov : adj, twenty-sided. 

eipco/XeYw, epco/epeco, eraov, e’ipir]xa, eipr]pai, epprjOriv : vb, 

say, speak; per pass part, eipr]pevoc -T] -ov, adj, said, afore¬ 
mentioned. 

eiTe ... eiTe : ind, either ... or. 
exaoToc -T] -ov : pro, each, every one. 
exaTEpoc -a -ov : pro, each (of two). 
expdXXw : vb, produce (a line); see pdXXw. 
exOeco : vb, set out. 

exxeipai : vb, be set out, be taken; see xeipai. 
exTiOripi : vb, set out; see TiOripi. 
exToc : pre + gen, outside, external. 
eXotaacov/eXoiTTCov -ov : adj, less, lesser. 
eXot/ioToc -T] -ov : adj, least. 
eXXeiTtco : vb, be less than, fall short of 
epTtiTtTW : vb, meet (of lines), fall on; see tiititw. 
epTtpooOev : adv, in front. 
evaXXd? : adv, alternate (ly). 

evappo^co : vb, insert; perf indie pass 3rd sg, evrippooTai. 
evhe/opai : vb, admit, allow, 
evexev : ind, on account of, for the sake of 
evvaTtXdaioc -a -ov : adj, nine-fold, nine-times, 
evvoia, T] : no, notion. 


evTtepie/co : vb, encompass; see e/co. 
evTtiTtTW : see epniTiTW. 

evToc : pre + gen, inside, interior, within, internal. 

e^dywvoc -ov : adj, hexagonal; to eSaytovov, no, hexagon. 

e^oiTtXdoioc -a -ov : adj, sixfold. 

e^'^C : adv, in order, successively, consecutively. 

e^wOev : adv, outside, extrinsic. 

endveo : adv, above. 

ETtaepr], T] : no, point of contact. 

ETtei : conj, since (causal). 

ETteihriTtep : ind, inasmuch as, seeing that. 

ETu^ehyvOpi, eneZev^a, —, ETte^euYpai, eTte^eh/OTlv : 

vb, join (by a line). 

eTuXoYiCopofi : vb, conclude. 

ETUvoeco : vb, think of, contrive. 

E7U7tE8oc -ov : adj, level, fiat, plane; to ETUTtshov, no, plane. 
ETuoxETtTopai : vb, investigate. 

ETtiaxEijiic -Ecoc, f] : no, inspection, investigation. 

ETUTdoow : vb, put upon, enjoin; to ETUTa/Oev, no, the (thing) 
prescribed; see Tdaaco. 

ETtiTpiToc -ov : adj, one and a third times. 

ETucpdvEia, f] : no, surface. 

ETtopai : vb, follow. 

Ep/opai, sXEhaopai, f^XOov, sXriXuOa, —, — : vb, come, go. 
Eo/cfToc; -T] -ov : adj, outermost, uttermost, last. 

ETEp6pr]xr]C -ec : adj, oblong; to ETEp6pir]XEC, no, rectangle. 

ETEpoc -a -ov : adj, other (of two). 

ETi : par, yet, still, besides. 

EijOhYpappoc -ov : adj, rectilinear; to EuOhYpappov, no, recti¬ 
linear figure. 

EijOhc -Eia -6 : adj, straight; r] EuflEia, no, straight-line; ett:’ 
EijOEiac, in a straight-line, straight-on. 

EUpiaxco, EUpriaxco, ir](ipov, EUpExa, EUpr]pai, EUpEOriv : vb, find. 

EcpdTtTW : vb, bind to; mid, touch; r] EcpaTtTopEvr], no, tangent; 
see Stitw. 

Ecpappo^w, Ecpappoow, Ecptjppooa, Ecptjpoxa, Ecpripoopai, EcpripooOriv 
: vb, coincide; pass, be applied. 

EcpE^'^c : adv, in order, adjacent. 

EcpiaTTipi : vb, set, stand, place upon; see ’iaTir]pi. 

E/w, e5w, eo/ov, Eo/rixa, -Eo/ripai, — : vb, have. 
fiYEopai, fiYTiaopai, fiYTlodpir]v, fiYtlpai, —, f]'{r]'dr]V : vb, lead. 
f^8r] : ind, already, now. 

f^xco, —, —, —, — : vb, have come, be present. 

fipixhxXiov, TO : no, semi-circle. 

fipioXioc -a -ov : adj, containing one and a half, one and a half 
times. 

f^piauc -Eia -u : adj, half 

f^TtEp = + TtEp : conj, than, than indeed. 
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f^Toi... : par, surely, either ... or; in fact, either ... or. 

Deaic -ecoc, f] : no, placing, setting, position. 

Decopripa -axoc, to : no, theorem. 

ISioc -a -ov : adj, one’s own. 

lodxic : adv, the same number of times; lodxic noXXanXaaia, 
the same multiples, equal multiples. 

looYcovioc; -ov : adj, equiangular. 
looTiXeupoc -ov : adj, equilateral. 
looTiXiYilric; -ec : adj, equal in number. 

Xaoz -T] -ov : adj, equal; loou, equally, evenly. 
loooxeXrjc; -ec : adj, isosceles. 

’laxTipi, aTTjaco, eaTr]aa, —, —, eaTdi[)ir]v : vb tr, stand (some¬ 
thing). 

’laxTipi, axr]aco, eaxr]V, eaxir]xa, eaxapai, eaxai[)r]V : vb intr, stand 
up (oneself); Note: perfect I have stood up can be taken 
to mean present I am standing. 

Iao0(];fic -ec : adj, of equal height. 
xaOOTep : ind, according as, just as. 
xdOexoc -ov : adj, perpendicular. 
xaOoXou : adv, on the whole, in general. 
xaXeco : vb, call, 
xdxeivoc = xai exeivoc . 
xdv = xai dv : ind, even if, and if. 
xaxaYpcfcpr], f] : no, diagram, figure. 

xaxaYpdcpco : vb, describe/draw, inscribe (a figure); see ypdcpco. 
xaxaxoXouOeco : vb, follow after. 

xaxaXeiTiw : vb, leave behind; see XeiTiw; xd xaxaXemopeva, no, 
remainder. 

xaxdXXriXoc -ov : adj, in succession, in corresponding order, 
xaxapexpew : vb, measure (exactly), 
xaxavxdw : vb, come to, arrive at. 
xaxaaxeudCco : vb, furnish, construct. 

xeipai, xeiaopai, —, —, —, — : vb, have been placed, lie, be 
made; see xillripi. 

xevxpov, x6 : no, center. 
xXdco : vb, break off, inflect. 

xXivw, xXivw, exXiva, xexXixa, xexXipai, exXiOriv : vb, lean, in¬ 
cline. 

xXioic; -ewe, r] : no, inclination, bending. 
xoiXoe -T] -ov : adj, hollow, concave. 

xopuepT], f] : no, top, summit, apex; xaxd xopucpr]v, vertically 
opposite (of angles). 

xpivw, xpivw, expiva, xexpixa, xexpipai, expiOriv : vb, judge. 

xhpoe, 6 : no, cube. 

xhxXoe, 6 : no, circle. 

x6Xiv5poc, 6 : no, cylinder. 

xupxoc -T] -ov : adj, convex. 

xwvoe, 6 : no, cone. 


XapPdvw, Xr](];opai, eXaPov, e’iXir](pa e’iXir]ppai, eXt^cpOriv : vb, 
take. 

Xeyw : vb, say; pres pass part, Xeyopevoe -T] -ov, adj, so-called; 
see eipw. 

XeiTiw, Xe[(];w, eXmov, XeXoma, XeXeippai, eXeicpOriv : vb, leave, 
leave behind. 

Xr]ppdxiov, x6 : no, diminutive of Xijppa. 

X'^ppa -axoc, TO : no, lemma. 

-ewe, f] : no, taking, catching. 

XoYoe, o : no, ratio, proportion, argument. 

XoiTioe -f] -ov : adj, remaining. 

pavOdvw, paOrioopai, epaOov, pepdOrixa, —, — : vb, learn. 
peYsOoe -eoe, x6 : no, magnitude, size, 
pei^wv -ov : adj, greater. 

pevw, pevw, epeiva, pepevrjxa, —, — : vb, stay, remain, 
pepoe -oue, x6 : no, part, direction, side. 

peooe -T] -ov : adj, middle, mean, medial; ex 86o peowv, bime- 
dial. 

pexaXapPdvw : vb, take up. 

pexa^u : adv, between. 

pexewpoe -ov : adj, raised off the ground. 

pexpew : vb, measure. 

pexpov, TO : no, measure. 

pir]5e£e, pT]5ep£a, pir]5ev : adj, not even one, (neut.) nothing. 

pir]5e7T:oxe : adv, never. 

pir]5exepoc -a -ov : pro, neither (of two). 

pijxoc -eoc, TO : no, length. 

pr]v : par, truely, indeed. 

povde -dSoc, T] : no, unit, unity. 

pova/oc -T] -ov : adj, unique. 

pova/wc : adv, uniquely. 

povoc -T] -ov : adj, alone. 

voew, —, v6r]oa, vev6r]xa, vevoripai, evor]Oriv : vb, apprehend, 
conceive. 

oioc -a -ov : pre, such as, of what sort. 
oxxdeSpoc -ov : adj, eight-sided. 
oXoc -T] -ov : adj, whole. 

6poYevr](; -ec : adj, of the same kind, 
opoioc -a -ov : adj, similar. 
opoioTiXriOric; -ec : adj, similar in number. 
opoioxaYfic -ec : adj, similarly arranged. 

6poi6xir]c -rixoc, T] : no similarity, 
opoiwc : adv, similarly. 

opoXoYoc -ov : adj, corresponding, homologous. 

6poxaYf]C -ec : adj, ranged in the same row or line. 

opwvupoc -ov : adj, having the same name. 

ovopa -axoc, to : no, name; ex 86o ovopdxwv, binomial. 
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o^uycovioc -ov : adj, acute-angled; to o^uytoviov, no, acute an¬ 
gle. 

656c -eia -6 : adj, acute. 

OTtoioaoOv = OTtoioc -a -ov -I- o6v : adj, of whatever kind, any 
kind whatsoever. 

OTtoaoc -T] -ov : pro, as many, as many as. 

OTtoaoaSriTtOToOv = OTtoaoc -i] -ov -I- 5r] -(- tote -I- o6v : adj, of 
whatever number, any number whatsoever. 

oTtoooooOv = bizoaod -T] -ov + o6v : adj, of whatever number, 
any number whatsoever. 

oTtotepoc -a. -ov : pro, either (of two), which (of two), 
opdoycoviov, to : no, rectangle, right-angle. 

opOoc -f] -ov : adj, straight, right-angled, perpendicular; Ttpoc 
opOcfc yuiViac:, at right-angles. 

opoc, 6 : no, boundary, definition, term (of a ratio). 

ooahriTtoToOv = ooa -I- hr] -I- tiote -I- o6v : ind, any number 
whatsoever. 

oodxic : ind, as many times as, as often as. 
ooaTtXdoioc -ov : pro, as many times as. 
oooc -T] -ov : pro, as many as. 

ooTtep, f^Ttep, oTtep : pro, the very man who, the very thing 
which. 

ooTic, f^Tic, 6 Ti : pro, anyone who, anything which. 

OTav : adv, when, whenever. 

OTioOv : ind, whatsoever. 

o68e(c, ouBepia, o68ev : pro, not one, nothing. 

ouSeTEpoc -a -ov : pro, not either. 

ouOeTepoc : see ouSetepoc. 

ouOev : ind, nothing. 

o6v : adv, therefore, in fact. 

ouTcoc : adv, thusly, in this case. 

TtdXiv ; adv, back, again. 

TtdvTcoc : adv, in all ways. 

Ttapd : prep + acc, parallel to. 

TtapapdXXco : vb, apply (a figure); see pdXXco. 

TtapaPoXr], f] : no, application. 

Ttapdxeipai : vb, lie beside, apply (a figure); see xeipai. 

TtapaXXdoow, TtapaXXd^w, —, TtaprjXXaxa, —, — : vb, miss, fall 
awry. 

TtapaXXriXeTtiTteSoc, -ov : adj, with parallel surfaces; to TtapaX- 
XrjXeTtiTtehov, no, parallelepiped. 

TtapaXXrjXoYpappoc -ov : adj, bounded by parallel lines; to Tta- 
paXXriXoypappov, no, parallelogram. 

TtapdXXrjXoc -ov : adj, parallel; to TtapdXXriXov, no, parallel, 
parallel-line. 

TtapaTtXripwpa -wtoc, to : no, complement (of a parallelogram). 
TtapaTeXuEToc -ov : adj, penultimate. 

Ttapex : prep + gen, except. 

TtapepTtiTtTco : vb, insert; see tititco. 


Ttota/co, Tteiaopai, eTtaOov, TteTtovOa, —, — : vb, suffer. 

TtevTaycovoc -ov : adj, pentagonal; to TtevTaycovov, no, pen¬ 
tagon. 

TtevTaTtXdoioc -a -ov : adj, five-fold, five-times. 

TtevTexaihextxYWvov, to : no, fifteen-sided figure. 

TtETtepaapevoc -i] -ov : adj, finite, limited; see Ttepaivco. 

Ttepaivco, Ttepavco, tnepava, —, TteTtepdapai, e7T:epavdvi[)ir]v : vb, bring 
to end, finish, complete; pass, be finite. 

Ttepac -aToc, to : no, end, extremity. 

TtepaTow, —, —, —, —, — : vb, bring to an end. 

TtepiYpdcpco : vb, circumscribe; see Ypdcpco. 

Ttepie/to : vb, encompass, surround, contain, comprise; see e/w. 
TtepiXapPdvco : vb, enclose; see XapPdvco. 

Ttepioodxic : adv, an odd number of times. 

Ttepioooc -r^ -ov : adj, odd. 

Ttepicpepeia, r] : no, circumference. 

Ttepicpepco : vb, carry round; see cpepco. 

TtrjXixoTric -tlToc, f] '■ no, magnitude, size. 

TtiTtTW, TteooOpai, etteoov, TtetiTtoxa, —, — : vb, fall. 

TtXdToc -eoc, TO : no, breadth, width. 

TtXeicov -ov : adj, more, several. 

TtXeupd, T] : no, side. 

TtX'^Ooc -eoc, TO : no, great number, multitude, number. 

TtXrjv : adv & prep gen, more than. 

Ttoioc -d -ov : adj, of a certain nature, kind, quality, type. 
TtoXXaTtXaoidi^w : vb, multiply. 

TtoXXaTtXaaiaapoc, 6 : no, multiplication. 

TtoXXaTtXdaiov, to : no, multiple. 

TtoXheSpoc -ov : adj, polyhedral; to TtoXheSpov, no, polyhedron. 
TtoXhYcovoc -ov : adj, polygonal; to 7t:oX6ycovov, no, polygon. 
TtoXhTtXeupoc -ov : adj, multilateral. 

Ttopiopa -aToc, TO : no, corollary. 

TtoTE : ind, at some time. 

Ttpiapa -aTOC, to : no, prism. 

TtpoPaivw : vb, step forward, advance. 

Ttpoheixvupi : vb, show previously; see Seixvupi. 

TtpoexTiOripi : vb, set forth beforehand; see TiOripi. 

Ttpoepeco : vb, say beforehand; perf pass part, Ttpoeipripevoc -t] 

-ov, adj, aforementioned; see eipw. 

TtpoaavaTtXripoco : vb, fill up, complete. 

Ttpoaavaypdcpco : vb, complete (tracing of); see ypdcpco. 

Ttpooappo^w : vb, fit to, attach to. 

TtpooexpdXXw : vb, produce (a line); see expdXXw. 

Ttpooeupioxw : vb, find besides, find; see eupioxw. 

TtpoaXapPdpco : vb, add. 

Ttpoxeipai : vb, set before, prescribe; see xeipai. 

Ttpooxeipai : vb, be laid on, have been added to; see xeipai. 
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TipoaniTiTco : vb, fall on, fall toward, meet; see tiititco. 

TipoTaoic -ewe, f] : no, proposition. 

TipooTdoow : vb, prescribe, enjoin; to TpooTa/flev, no, the 
thing prescribed; see Ttxaaw. 

TipoaTifiripi : vb, add; see TiDripi. 

TipoTepoc -a -ov : adj, first (comparative), before, former. 
TipoTiOripi : vb, assign; see TiOripi. 

Tipo/wpew : vb, go/come forward, advance. 

TipWToe -a -ov : adj, first, prime. 

Tiupapic -iSoc, f] : no, pyramid. 
pTiToc -T] -ov : adj, expressible, rational. 

popPoeiSrie -ee : adj, rhomboidal; to popPoeiBee, no, romboid. 
popPoe, 6 no, rhombus, 
aripeiov, to : no, point. 
axaXr]v6c -r] -ov : adj, scalene. 

oTepeoe -a -ov : adj, solid; to oTepeov, no, solid, solid body. 
oToi/eiov, TO : no, element. 

oTpecpw, -oTpe(];w, eoTpe(];a, —, eoTappai, eoTdcpr]v : vb, turn. 

abyxeipai : vb, lie together, be the sum of, be composed; 

ouYxeipevoc -T] -ov, adj, composed (ratio), compounded; 
see xeipai. 

auyxpivw : vb, compare; see xpivw. 

aupPaivw : vb, come to pass, happen, follow; see paivw. 

ouppdXXw : vb, throw together, meet; see pdXXw. 

ouppeTpoc -ov : adj, commensurable. 

aupnac -avToc, 6 : no, sum, whole. 

aupniTiTW : vb, meet together (of lines); see tiititw. 

oupTiXripow : vb, complete (a figure), fill in. 

ouvotyw : vb, conclude, infer; see Syw. 

auvapcpoTepoi -ai -a : adj, both together; 6 auvapepoTepoc, no, 
sum (of two things). 

auvanoSeixvupi : no, demonstrate together; see Seixvupi. 

auvaepr], T] : no, point of junction. 

ouvSuo, oi, ai, Td : no, two together, in pairs. 

auve/fic -ec : adj, continuous; xaTd to auve/ec, continuously. 

ouvOeoic -ewe, r] : no, putting together, composition. 

obvOeToe -ov : adj, composite. 

au[v][aTir]pi : vb, construct (a figure), set up together; perfim- 
perat pass 3rd sg, auveoTdTw; see iaTr]pi. 

ouvTiOripi : vb, put together, add together, compound (ratio); 
see TiOripi. 

a/eaic -ewe, r] : no, state, condition. 
a)C^pa -aToe, to : no, figure, 
oepdipa -ae, T] : no, sphere. 

Td^ie -ewe, r] : no, arrangement, order. 

Tapdoow, Tapd^w, —, —, TeTdpaypai, eTapdxOT]v : vb, stir, trou¬ 
ble, disturbe; TeTapaypevoe -r] -ov, adj, disturbed, per¬ 
turbed. 


Tdaaw, Td^w, eTa^a, Teea/a, TeTaypofi, eTd/Oriv : vb, arrange, 
draw up. 

TeXeioe -a -ov : adj, perfect. 

Tepvw, Tepvw, erepov, -TeTpr]xa, TeTpr]pai, eTptjOriv : vb, cut; 
pres/fut indie act 3rd sg, Tepei. 

TeTapTTipopiov, TO : no, quadrant. 

TeTpdywvoe -ov : adj, square; to TeTpdywvov, no, square. 
TeTpdxie : adv, four times. 

TeTpanXdaioe -a -ov : adj, quadruple. 

TeTpdnXeupoe -ov : adj, quadrilateral. 

TeTpanXooe -T] -ov : adj, fourfold. 

TiOripi, Otjow, eOrixa, TeOrixa, xeipai, eTeOriv : vb, place, put. 
Tp-^pa -aToe, TO : no, part cut off, piece, segment. 

Toivuv : par, accordingly. 

ToiouToe -abTT] -oOto : pro, such as this. 

Topebe -ewe, b : no, sector (of circle). 

Topr], f] : no, cutting, stump, piece. 

TOTioe, b : no, place, space. 

TooauTdxie : adv, so many times. 

ToaauTanXdaioe -a -ov : pro, so many times. 

TooouToe -abTT] -oOto : pro, so many. 

TouTEOTi = tout’ EOTi : par, that is to say. 

TpaneOov, TO : no, trapezium. 

Tpiywvoe -ov : adj, triangular; Tb Tpiywvov, no, triangle. 
TpiTiXdoioe -a -ov : adj, triple, threefold. 

TpiTiXeupoe -ov : adj, trilateral. 

TpiTiX-boe -q -ov : adj, triple. 

TpoTioe, b : no, way. 

TUYX^vw, Teb^opai, etuxov, TeT6xT]xa, TeTeuypai, eTebxOqv : 
vb, hit, happen to be at (a place). 

UTidpxw : vb, begin, be, exist; see dpxw. 

UTie^cfipeoie -ewe, f] : no, removal. 

UTieppdXXw : vb, overshoot, exceed; see pdXXw. 

UTiepoxf], f] : no, excess, difference. 

UTiepexw : vb, exceed; see exw. 

UTibOeoie -ewe, r] : no, hjqoothesis. 

UTibxeipai : vb, underlie, be assumed (as h5q30thesis); see xeipai. 
UTioXeiTiw : vb, leave remaining. 

UTiOTeivw, UTiOTevw, UTieTeiva, UTiOTSTaxa, UTiOTSTapai, UTieTdOqv 
: vb, subtend. 

u(];oe -eoe, to : no, height. 

epavepbe -d -ov : adj, visible, manifest. 

cpqpi, cpriaw, ecpqv, —, —, — : vb, say; ecpapev, we said. 

epepw, o’low, f^veYXov, evrivoxa, evriveYpai, i^vexOriv : vb, carry. 

XWpiov, TO : no, place, spot, area, figure. 

Xwpie : pre gen, apart from. 

(];abw : vb, touch. 

we : par, as, like, for instance. 

we ETUxev : par, at random. 

waabTwe : adv, in the same manner, just so. 

woTe : conj, so that (causal), hence. 
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